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PART ONE

The Physical Basis 
of Classical Mechauics

C H A P T E H  1

Kinematics of Particles and Rigid Bodies

1.1. Introductory Concepts
1.1.1. Mechanics is the branch of physical science which treats of 
the simplest form of motion of matter -mechanical motion. Such 
motion is made up of the changes in the relative positions of bo
dies, or their parts, in space in the course of time. Bodies arc 
macroscopie Systems consisting of a very large number of molé
cules or atoms, so that the sizes of these Systems are many times 
larger than the intermolecular distances. Classical, or Newtonian, 
mechanics deals with the motions of bodies travelling at velocities 
that are very much less than that of light in a vacuum. The 
investigation of the motion of bodies travelling at velocities com- 
mensurate with the velocity of light is taken up in relativistic 
mechanics which is based on the theory of relativity (see 32.6.1). 
Spécifie features of the motion of microparticles are dealt with 
in quantum (wave) mechanics (see 44.1.1). Microparticles are par
ticles whose rest mass (see 32.6.2) is commensurate with, or 
smaller than, the rest masses of atoms.
1.1.2. Problems of the internai structure of bodies, as well as the 
nature and laws of their interaction are beyond the scope of 
mechanics, and constitute the content of other branches of phys- 
ics. Depending upon the properties of the bodies and the problem 
on hand, various approximate models of real bodies are made use 
of in classical mechanics. These include the particle, the perfectly 
rigid body, and others.
1.1.3. A material point, or particle, is a body whose size and shape 
are of no conséquence in the problem being considered. For 
example, in studying the motion of the planets around the sun,

15



Classical Mechanics i .

they can be regarded as particles since the distances of the planets 
from the sun are many times greater than their sizes.
A system of particles or bodies (material System) is the conception 
of a singled-out complex of particles or bodies which, in the gen
eral case, interact with one another, as well as with bodies not 
included in the system.
1.1.4. A perfectly rigid body, or simply, rigid body, is one in which 
the distance between any two points remains constant in time. 
In other words, the size and shape of a rigid body do not change 
while it is in motion. Any rigid body can be conceived of as being 
broken down into a sufficiently large number of elementary parts 
in such a manner that the size of each part is much less than that 
of the whole body. Consequently, a rigid body is often regarded as 
a system of particles rigidly connected to one another.
1.1.5. Classical mechanics comprises threc principal branches: 
statics, kinematics and dynamics. Statics deals with the laws of 
the composition of forces and with the conditions of equilibrium 
of solid, liquid and gaseous bodies. Kinematics is the study of the 
mechanical motion of bodies, without regard for the interaction 
between bodies causing this motion. Dynamics treats of the in
fluence of the interaction between bodies on their mechanical 
motion.
1.1.6 A frame of reference is a real or conditionally rigid. body 
with respect to which the motion of the body being studied is to 
be considered. Rigidly fixed in the frame of reference is some kind 
of coordinate system so that the position of each point of a moving 
body can be uniquely determined by the three coordinates of 
the point. Moreover, the frame of reference should be furnished 
with a “clock” by means of which the instants of time, corre- 
sponding to the various positions of the moving body in space, are 
uniquely determined (with an accuracy to an arbitrary constant 
addend which dépends on the time reference point). The following 
Systems of coordinates are most frequently employed in mechan-

16



i . Kinematics
ics: right-handed Cartesian rectangular, (Fig. 1.1a), cylindrical 
(Fig. 1.16) and spherical (Fig. 1.1c). The formulas for conversion 
from Cartesian to cylindrical coordinates and vice versa are of 
the form

o = Yx2+y2 x = g cos <p 

(p = arctan — y = g sin q>

Z =  Z Z =  Z

and those for the conversion from Cartesian to spherical coordi
nates and vice versa are

r = f x 2 + y2 + z2 x = r sin 6 cos (p

(p = arctan --- y = r sin 0 sin q>

0 = arctan — ■+v%- z = r cos 0Z
1.1.7. The motion of a particle is completely specified if a single- 
valued law is indicated for the variations in time of its spatial 
coordinates g,, q2 and q3 (which may be Cartesian, cylindrical or 
any other kind of coordinates). Thus

<h = qM  q* = q%(t) q3 = ftW
These équations are équivalent to the single vector équation

r = r(f)
where r is the radius vector connecting the origin of the coordi
nates with the moving particle M(qu q2l q3). If the rectangular 
coordinates of particle M  are equal to x , y and zy then

r = xi + yj + zfr

where i, j and k are unit vectors which coïncide with the positive 
directions of the corresponding axes Ox, O y and O z, and the 
vectors xi, y\ and zk are the components of vector r along these 
axes.
In mechanics, the time dérivatives of the radius vector r and the 
coordinates qr, q2 and q3 of a moving particle are denoted by:

_  dr_ 
dt r d2 r

dt*
etc.

dq(
dt

~ _  d*qL 
q* ”  dt2 etc.
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Classical Méchantes i.
1.1.8. The path is the line described by a inoving particleinspace. 
The équations </, — qt(t)t in which i = 1, 2, 3, are the path équa
tions in parametric form. By solving these as a set of simultaneous 
équations and eliminating the parameter t, we can find the rela
tions between the coordinates of the points of space through 
which the path passes:

?2> (h) = 0 F AV1. ?s. <h) = 0
Fxample. The tnotion of a particle complies with the conditions : 
x = a sin cot, y = b cos œt and z = c sin œt, where a, b and c 
are constants different from zéro, and œ ^  0. After eliminating 
time t, wc can write

4 + £  = ! and x = ± z  a* b* c

The path of the particle is the intersection of these two surfaces.
1.1.9. The géométrie shape of the path dépends upon the selected 
frame of reference. For instance, a particle moving uniformly 
along a radius of a disk rotating at constant speed about a station- 
ary axis has a path which is a straight line with respect to the 
disk. With respect to the axis, however, the path of this particle 
will be an Archimedean spiral. Depending upon the shape of the 
path, distinction is made between rectilinear and curvilinear 
motion of particles. The motion of a particle is said to be plane 
if ail the parts of its path lie in a single plane. Usually, this plane 
is taken as the coordinate plane 2  = 0. Then the plane motion of 
the particle is completely determined by the time relations of 
two of its Cartesian coordinates x and y or polar coordinates q 
and (p.
1.1.10. The path length s is the sum of the lengths of ail the por
tions of the path passed through by the particle in the considerëd 
interval of time from t0 to t. If the équations of motion (see
1.1.7.) are given in Cartesian coordinates, then

s = /  Ÿ i f î + i w î + i ^ r î  dt = J fv+ ÿ+ ï*  dt 
<0 <0

in cylindrical coordinates, the path length is

s = /  / ( § - ) ’+ (e dw ï +{ w ï  dt = J
'o <0

18



1. Kinematics
and in spherical coordinates it is

s = /  f ( f - ) ‘+ (r f-) ,+ (rsin^ ) !rf<
*o

t
= J i r lJr (ré)2 -f- (rcp sin 0)2 dt 

l0
The position of the moving particle at any üxed instant of time 
t — t0 is called its initial position. Owing to the arbitrary nature 
of the time reference point, it is usually assumed that t0 = 0. 
The length of the path travelled by the point from the initial 
position is a scalar function of time: .s* =  s(t).
1.1.11. A material System is said to be free if ail of its constituent 
partioles or bodies can occupy arbitrary positions in space or 
hâve arbitrary velocities. Otherwise, it is called a constrained 
systern.
Constraints (mechanical constraints) are restrictions imposed on 
the position or motion of the material System being considered 
in space. Constraints are said to be internai if they do not impede 
Iree displacement of the System after it has suddenly solidified. 
Ail other kinds of constraints are called external. Systems subject 
only to internai constraints are free material Systems.
A cons train t is called bilateral if the relations between the coordi
nates and velocities of the points in the System, resulting from 
the constraint, are expressed analytically by an équation of the 
form

0 ( . .  x{, y{, zt, . . . ,  xh ÿu zu . .. ,* )  = ()
where t = time
X;, y t, and zu — coordinates of the i-th point of the System

(i = 1,2, . . ., n) â’i dx{
dt

dyi
dt and ^ dZ{

dt
This relationship is known as the constraint équation. An example 
of bilateral constraints are internai constraints which give rise 
to the constant distances between the points of a perfectly rigid 
body.
A constraint is said to be unilatéral if the restrictions it imposes 
on a material System are expressed analytically by an inoquality 
of the form

0i(. . ., y{, zh . . ., x{, ÿ{, zh . • ., t) >  0

2* 19



Classical M échardes i.

This kind of cons train t is accomplished, for example, in the 
motion of a body suspended from a flexible inextensible thread or 
in the motion of a body along a horizontal plane.
Gonstraints are called stationary (scieronomous) if the corre- 
sponding constraint équations* do not explicitly contain time. 
They are also called constraints independent of time. Otherwise, 
they are called time-dépendent (rheonomous) constraints. 
Gonstraints are said to be géométrie if they impose restrictions only 
on the positions of the points of a System in space and are express- 
ed analytically as

=  0 '

Gonstraints are called kinematic if they impose restrictions, not 
only on the positions of the points of a System, but on their veloc- 
ities as well. Thus

< p ( . . . , x t , y , ,  z , ,  X , ,  ÿ i ,  Zi ...................t) = 0
Gonstraints are called holonomie if their corresponding équations 
do not contain dérivatives of the coordinates of the points in 
the System, or can be reduced to such a form by intégration. 
Otherwise, the constraints are nonholonomic. An example of a 
nonholonomic constraint is the condition that the velocity of 
the point of contact of a sphere, rolling without slipping along a 
stationary rough surface, is equal to zéro.
A material System is holonomie if it complies only with holonomie 
constraints. If there is at least one nonholonomic constraint 
among them, the material System is said to be nonholonomic.

1.2. Velocity
1.2.1. Velocity (or instantaneous velocity) is the vector quantity v 
equal to the first time dérivative of the radius vector r of the 
moving particle. Thus

The velocity is directed along the tangent to the path toward 
the motion of the particle and is numerically equal to the first 
dérivative of the path length with respect to time:

* Only bilateral constraints will be dealt with below.
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Kinematics
The magnitude v of the velocity is sometimes called the speed. 
The projections vXi vy and vz of the velocity on the axes of Car- 
tesian coordinates are equal to the first time dérivatives of the 
corresponding coordinates of the moving point. Thus

v9 = x V y  = y vz = z
from which

y = ii-fÿ j + ik and v = l x 2 + ÿ 2 + z2 
In ternis of cylindrical coordinates,

v = Y$2+ (e£)2+£2 
and in spherical coordinates

v = }/ r2 + (rd)2 + (r<p sin 6)2.

1.2.2. In a case of plane motion, specified in polar coordinates, 
the velocity v of particle M (q, <p) can be resolved into two mutu- 
ally perpendicular components -  the radial 
velocity v6 and the transverse velocity 
(Fig. 1.2). Thus

V = Yp + Yç,

= — e and \ 9 = <p\ kp]
FIG.1.2

where p = polar radius vector drawn from pôle O to particle M  
k = unit vector directed perpendicular to the plane of 

motion of the particle in such a way that the rota
tion of radius vector p to increase angle cp is seen 
from its end as occurring counterclockwise.

The numerical values of the radial and transverse velocities of 
the particle are equal to the algebraic values, respectively, of the 
projections of its velocity y on the direction of the radius vector 
and on a straight line drawn perpendicular to p in the direction 
in which angle (p increases. Thus

ve = o and Vq> = p<p
Example. The motion of a particle is specified by the équations: 
x = at cos ht, y = at sin bt and z = 0, with a and b being con
stant factors. The équations of motion of the particle in polar 
coordinates are q = at and (p = bt. Gonsequently, ç> = a, (p = b,

vL> = a vq, = abt and v = iv l + v§, = a)/\+b2t2
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Classical Mechanics I.

1.2.3. The motion of a particle is said to be uniform  if the magni
tude of its velocity is independent of time (v = const). The 
length of the path travelled by a uniformly moving particle is a 
linear function of time:

s = v ( t - t 0)
1.2.4. The average velocity of a particle in the in ter val of time 
from t to t+  zh is denoted by the scalar vav which is equal to the 
ratio of the path length As, travelled by the particle during this 
time interval, to the incrément of time Ai. Thus

„ tt At) = —  = 8(t+ ■d°~s(1LVav\l> Al) At M

With the length of time approaching zéro as a limit (At 0) 
the average velocity coincides with the magnitude v of the veloc
ity of the particle at the instant of time t. Thus

lini vav(l, At) = lim —
At —► 0 At —v O m

ds
(H v ( t )

In lhe case of uniform motion vav = v.
The average velocity vector Yav of a particle in the interval of time 
from t to t+ At is the ratio of the incrément Av of the radius 
vector of the particle, during the time interval, to the incrément 
of time At:

y lt At\ = r(l+ At)-T(t)^ap\h Al) M ^

With the length of time approaching zéro as a limit (At -► 0), 
the average velocity vector coincides with the velocity vector of 
the particle at the instant of time t:

lim v „(t, At) = lim ~T
At -+■ 0 At->  0 At

dr
It = ▼(«)

lu uniform rectilinear motion of the particle, yav = v. The abso
lu te magnitude (modulus) of vector v„„ coincides with the average 
speed v av only when the particle travels in a straight line with a 
velocity y  of constant direction. In ail other cases, |v tfB| <  vae. 
1.2.5. The areal velocity of a particle with respect to some pôle is 
the scalar a which is equal to the first time dérivative of the area 
S of the surface swept over by the radius vector of the particle 
drawn from the pôle. Thus

dS 1 . / ,
a = ~dT = T  rvsln  (r> v'

where r and v = radius vector and velocity of the particle 
r and v = absolute magnitudes of these vectors.



1. Kinematic>>
If the particle moves in a plane and the pôle coincides with the 
origin of the Cartesian eoordinate System xOy in this plane, then

" = Y  (x"»-yuz) = .v <?V 
where g and tp are the polar coordinates of the particle.

1.3. Accélération
1.3.1. Accélération (or inslantaneous accélération) is the veotor 
quantity a defined as the rate of change of the velocity of a moving 
particle. It is equal to the first time dérivative of the velocity:

dv
dt

d2 t 
dt2

The accélération vector lies in the osculating plane passing through 
the principal normal and tangent to the path, and is directed 
toward the concavity of the path.
The projections ax, ay and az of the accélération on the axes of a 
System of Cartesian coordinates equal

ax = vx = x ay = vy = ÿ az = vt = z
from which

a = .ri + ÿj + 2k
|a[ = a = ÿP  + lP + z-

In tenus of cylindrical coordinates

« = / ( ë - ^ ) 2 + ( ^  + 2ê^)2+^2
and in spherical coordinates
a = [(r — rqp2 sin2 0 — rÔ2)2 +  (2r<p sin 6 + rÿ sin 6 +

+ 2rdq> cos d)2 + (2rd + rÔ — r<p2 sin 6 cos 6)2]*
1.3.2. In the case of plane motion, specified in terms of polar 
coordinates, the accélération a of particle 
M(q, <p) can be resolved into two mutually 
perpendicular components -  the radial accé
lération Aq and the transverse accélération 

(Fig. 1.3). Tlius

a = +

a

FIG.1.3
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Classical Méchantes i .

and also
ae = (ë -W 2)-- and a,, = (çÿ + ièy) [k-?-]

in which the vectors p and k hâve thesame meanings as in the 
formulas for yq and (see 1.2.2.) The magnitudes of the 
radial and transverse accélérations of a particle are equal to 
the algebraic values, respectively, of the projections of its accélér
ation a' in the direction of the polar radius vector p and on a 
straight line drawn perpendicular to p in the direction in which 
angle <p increases. Thus

aQ = g — gj? and = g<p+2oq)
Example. The motion of a particle is specified in ternis of polar 
coordinates by the équations: g = l + mt and q> = nt, where l> m 
and n are constant factors. Consequently

g = m j) = n and Ig — q> = 0
in which case

and
aQ — —n2(l+mt) a^ =  2 mn

a = ]/a \-\-a \— n Ÿn2(l + mt)2+ km2
1.3.8. In an osculating plane, passing through an arbitrary 
point of the path, the accélération [vector a can be resolved 
into two mutually perpendicular components a„ and aT. 
Thus a = an + aT.
The component an, directed along the principal normal to the 
path, is called the normal accélération. The component aT, 
directed along the tangent to the path, is called the tangential 
accélération. Their magnitudes are

an = — and a.r = v

where v = speed
R  = radius of curvature of the path.

The normal accélération an is always directed toward the centre 
of curvature of the path.
1.3.4. The motion of a particle is said to be accelerated if its 
speed increases in the course of time, i. e. aT >  0. It is said to be 
decelerated if its speed decreases in the course of time, i. e. ar <  0. 
With uniform motion, aT = 0. In accelerated motion, vector aT 
coïncides in direction with the velocity vector v of the motion i 
of the particle; in decelerated motion its direction is opposite to 
that of vector v. The values ax and an characterize the rates of

24



1. Kinematics
change of the magnitude and direction, respectively, of the 
velocity of a moving particle. Motion in which the magnitude of 
the tangential accélération is constant is called uniformly acceler- 
ated curvilinear motion.
1.3.5. The average accélération in the time intervaHrom t to t + At 
is the vector afl„ which is equal to the ratio of thé incrément Av 
of the velocity v of the particle, during the time interval, to the 
incrément of time A t:

Kv(t, At) = ^ - =

With the incrément of time approaching zéro as a limit (At -► 0), 
the average accélération coincides with the instantaneous accél
ération at the instant of time t. Thus

lim »„„(«, A t) = lim —  = —  = a(f)
At~+  0 At-+  o m  at

1.4. Translatory and Rotary Motion 
of a Rigid Body

1.4.1. Translation is the kind of motion of a perfectly rigid body 
in which any straight line, fixed in the body, remains parallel to 
its original position. At each instant of time, ail points of a body 
in translatory motion hâve tfca same velocity and accélération, 
and their paths exactly coinciae when being shifted parallel to 
their original positions. Therefore, the kinematic study of the 
translatory motion of a rigid body reduces to the study of the 
motion of any of its points. In the most general case, a rigid 
body in translatory motion has three degrees of freedom.
1.4.2. The motion of a perfectly rigid body in which two of its 
points A  and B  remain fixed is called rotation (rotary motion) 
about a fixed straight line À B  which is called the axis of rotation. 
Upon rotation of a rigid body about a fixed axis, ail of its points de- 
scribe circles whose centres lie on the axis of rotation and whose 
planes are perpendicular to this axis. A body rotating about a 
fixed axis has only one degree of freedom. Its position can be 
completely determined by specifying the angle of rotation (p 
from some initial position.
1.4.3. The angular velocity of rotation of a rigid body is the vector 
co, equal in magnitude to the first time dérivative of the angle 
of rotation

25



Classical Méchantes 1.

and directed along the axis of rotation in such a way that from 
its end the rotation of the body is seen as occurring counterclock- 
wise (Fig. 1.4). The direction of vector co coïncides with that of 
the translatory motion of a gimlet or corkscrew rotating together 
with the body (Fig. 1.4).

l-'IG.l A

V

FIG.1.5

1.4.4. The linear velocity v of an arbitrary point M  on a rotating 
body is determined by the Euler formula (Fig. 1.5):

y = [cor]
where r is a radius vector drawn to point M  from an arbitrary 
point O on the axis of rotation of the body. The magnitude v of 
the linear velocity of point M  is directly proportional to its 
distance R  from the axis of rotation. Thus

v = cor sin a = coR

The projections vx, vy and vz of vector y on the axes of a Cartesian 
system of coordinates are related to the projections of vectors 
co and r on these axes by the following équations:

vx =  (oyz — œzy Vy =  cozx  —  coxz v2 =  œxy — coyx

1.4.6. The period of révolution T  of a body is the time required 
for it to rotate about a fixed axis of rotation through the angle 
(p = 27i. Thus

r
J* o) dt — 2 n
o
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1. Kinematics
The number of révolutions n made by a body in unit lime equals

1.4.6. Motion of a rigid body in which one of its points remains 
stationary is called rotation about a fixed point (centre). In eacli 
instant of time, this motion can be regarded as motion about an 
instantaneous axis of rotation passing through the fixed point. 
The position of the instantaneous axis of rotation varies contin- 
ually, both with respect to a frame of reference fixed in the 
rotating body itself (relative or moving frame of reference) and 
with respect to a stationary frame of reference (absolute or fixed 
frame of reference) fixed in the surrounding stationary bodies. 
The équations of the instantaneous axis of rotation are of the 
form

v = [cor] = 0

where co = vector function of time t 
o)x, (oy and œz = scalar f un étions of time t.
Eliminating the parameter t from the last équation we oblain the 
équation of an axoid which is the surface developed in space by 
the instantaneous axis of rota
tion.
A body rotating about a fixed 
point has three degrees of free- 
dom. Its position with respect to 
a System of fixed axes is comple- 
tely determined by specifying 
three coordinates (for instance, 
by two direction cosines of some 
axis, passing through the fixed 
point of the body and connected 
rigidly with it, and the angle of 
rotation of the body about this 
axis). Usually three Euler9s ang
les, y, 0 and tp, (Fig. 1.6) are
selected as the independent coordinates. In Fig. 1.6, Ox, Oy 
and Oz are the axes of a fixed right-handed Gartesian coor- 
dinate System; Ox't Oy' and Oz' are the coordinate axes of 
an analogical moving frame; i, j and k, and i', j' and k' are the

27



Classical Mechamcs t.

unit vectors of the coordinate axes in these two Systems, res- 
pectively; and O is the fixed centre. The intersection ON of 
planes xOy and x'Oy' is called the nodal line. The nodal line is per- 
pendicular to plane zOz'. Unit vector n, determining the positive 
direction on the nodal line, coincides in direction with the vector 
productfkk'], i. e. the triad of vectors k, k' and n hâve thesame 
orientation as the unit vectors of the coordinate axes.
Angle y) between axes Ox and ON is called the angle of precession. 
Angle 0 between axes Oz and Oz' is called the angle of nutation. 
Angle (p between axes ON and Ox' is called the longitude of the 
nodal line (angle of pure rotation). Angles 0 and q> are read off 
in directions which comply with the rule of a right hand screw. 
This is in accordance with the directions of rotation indicated in 
Fig. 1.6 for angle rp about axis Oz, angle 0 about axis ON and angle 
(p about axis Oz'. Euler’s angles vary within the following ranges:

0 xp ^  2n

0 =£ tp <= 2tt

The projections of the angular velocity vector o> on the fixed 
(.x, y , z) and the moving (x\ y \  z') coordinate axes çomply with 
Euler's kinematic équations for a rigid body:

cox = 0 cos y> + q> sin 0 sin y)
cox, = 6 cos <p + rp sin d sin q>
coy = 6 sin xp -  q> sin 6 cos y)
cov, = - 6  f in <p + ÿ) sin 0 cos çp
coz = ip + (p cos 0

œz, = y + ÿ) cos d
1.4.7. The angular accélération is the vector a, equal to the first 
time dérivative of the angular velocity :

The angular accélération indicates the rate of change of the 
angular velocity vector with time. Upon rotation about a fixed 
axis, the direction of vector co remains unchanged and

a dœ dzq> . .

dT  ~  dt2 '  ^
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1 Kinematics
Vector a coincides in direction with <o in the case of accelerated 
rotation (a = ^  > o) and is opposite in direction in the case of
decelerated rotation (a = ~  < o).
The l in e a r  a c c é lé r a tio n  of an arbitrary point M { t ) of a rotating body 
is equal to

R = W  = W  = = [«r] + [w[wr]]

1.4.8. Vector ar = [ar], directed perpendicular to the plane formed 
by vectors a and r, is called the r o ta t io n a l  a c c é lé r a tio n . Vector 
ac = [co[cor]], perpendicular to the axis of rotation and directed 
from point M  toward the axis, is called the c e n tr ip e ta l  a c c é lé r a tio n .  
In the case when the body rotâtes about a fixed axis, vectors ar 
and a, are identical, respectively, with the tangential and normal 
accélérations. Thus

a, = Ar = [ar]
ac = an = [co[cor]] = (cor)a> ~ arr

1.5. Absolute Motion, Relative Motion 
and Transportation

1.6.1. The absolute motion of a particle is defrned as its motion 
with respect to some inertial frame of reference (see 2.1.3.), which 
is conditionally accepted as being fixed and is called the absolute 
frame of reference*. Relative motion of a particle is its motion with 
respect to a moving frame of reference. Transportation refers to 
the absolute motion of the point of a moving frame through 
which the moving particle passes at the instant of time being 
considered.
The choice of the absolute and relative frames of reference is 
arbitrary. It dépends on the problem on hand and is subject to a 
single purpose — maximum simplification of the solution of the 
problem.
1.6.2. The relationship between the radius vectors r and r' of a 
moving particle M , drawn, respectively, from the origin O of a

* The terms ‘absolute motion’ and ‘absolute frame of reference’ are hardly 
suitable since, according to the mechanical principle of relativity (see 2.9.3.), 
ail inertial frames of reference are equally valid.
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Classical Mechanics i.

fixed frame of reference (x , y , z) and origin O7 of a moving frame 
(x\ y7, z'), is of the form (Fig. 1.7)

FI  G . 1 . 7

r = r0 + r  = ro+fa'i' + y'j' + s'k')
where a:', y' and z' = projections 

of r' on the 
axes of the 
moving 
frame

i7, j7 and k7 = unit vec- 
tors of 
these axes.

The absolute velocity vfl of particle 
M(r) is equal to

dr dr0 , . dV . , d j 7 . . d k '  d x ' , d y '  . . .  d z ' ,  .
v» = ~dt = -ST + * + y -5T + * -WT+-S-1 + F  I + '  kdt dt dt dt dt

The relative velocity vr of particle A/(r') is equal to

v, | / 4 _ ^  i , ,  dë_  i w  dr '
d t ^  d t * ^  d t d t

where is the relative time dérivative of radius vector r7, cal- dt
culated with the assumption that unit vectors i7, j7 and k7 of the 
moving frame of reference hâve constant direction.
Changes of the unit vectors i7, j7 and k7 in time can only be due to 
rotation of the moving coordinate System. If the angular velocity 
of this rotation equals <o, then

f  = [wi'] f  = [“ i'I and "dT =
lle iice*

V. = v„ + [wr'] + v 

wliere v0 = —■ = f0 = translational velocity of the inovingsysleni

* Lf the origins of the moving and fixed coordinatesysU ms aiways ooincidc, 
Uien

r7 = r r0 = 0 and —  = —  +[wr]

This relation?hip between the absolute and relative time dérivatives holds 
l rue, not only ror the radius vector r, but for any vector applied to the com- 
inon origin of the moving and fixed coordinate syslems.
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I. Kimmatics
v< = y0 + [<*>r ] = bulk, or transport, velocity of particle M. 

The absolute velocity of a particle is equal to the vector sum of 
its transport and relative velocities (law of composition of veloc- 
ities). Thns

v„ = V,H-Vr

1.5.8. The absolute accélération ac of particle M (r) is

= $  = %  = %  + [ - ' ]  + [ 1 - r ] ]  + ^ r ]  + - ^

The relative accélération ar of particle M(t') is

ar = dVr
dl

d2x’
dt* + -d*y' 

dt2 i' + dV
dt2 k

The bulk, or transport, accélération a, of particle M  equals 

a, = a„-i-[ar'J f [co[<or ]]

where a0 = .
Complementary, or Coriolis, accélération ac is 

ac = 2[covf]

The absolute accélération of a particle is equal to the vector sum 
of its transport, Coriolis and relative accélérations (law of compo
sition of accélérations,):

afl = a, + a* + ar

rrhe Coriolis accélération is equal to zéro if:
(a) the moving System.is^in translatory mo
tion (co = 0) ; (b) the particle is at rest with 
respect to the moving frame of reference 
(vr = 0) or (c) the particle moves parallel to 
the axis of rotation of thejnoving frame, i.e. 
v ce tors vf and co are parallel to each other.
Hxample. A particle travels with uniform velo- 
• ity vx along a radius of a fiat disk which, in 
I uni, rotâtes uniformly with an angular velo- 
« ity ü>2 about an axis perpendicular to its 
face. The velocities and accélérations of thear- F I G . I . S
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Classical Mechanics 1.
bitrary point M (r) on the disk are equal to (Fig. 1.8) :

vo = 0 ;  v, = [co2r']; Yr = vx; v. = [cOjr'J + Vi

V a = i  ( œ 2r')2 +  V1
a, = [<o2[co2r']] = -co \r \ a, = 2[<o2V!]; ar = 0 
a, = - colr + 2[co2v J ; aa = œ2 ]/(œ2r')2 +

1.6. Composition of the Motions 
of a Rigid Body

1.6.1. A body simultaneously participâtes in several translatory 
motions at the velocities vlf v2, v3, . . . ,  Y*. The résultant motion is 
also translatory and its velocity v is equal to the vector sum of 
the velocities Vi, v2, . . v*. Thus

k
V = V1 +  V2+ • • • +v* = £  T,<=1

1.6.2. A body simultaneously participâtes in translatory motion 
at a velocity v0 and in rotation at an angular velocity co. The 
résultant velocity y  of an arbitrary point M  of the body equals

v = v0 + [cor]
where r is a radius vector drawn to point M  frorn any point on the 
axis of rotation.
If ( i ) l v 0, the body is said to be in instantaneous plane-parallel 
motion in which the velocities of ail the points of the body, at the 
instant of time being considered, are directed perpendicular to 
vector co.
1.6.3. A body simultaneously participâtes in two rotary motions : 
it rotâtes at an angular velocity co! about an axis A 1B 1 which, in 
turn, rotâtes at an angular velocity co2 about a fixed axis 4̂22?2- 
Dealing with the first rotation as relative motion and the second 
as transportation (see 1.5.3), we find the following values for the 
transport v„ relative vr and absolute vfl velocities of an arbitrary 
point M  of the body:

v, = [co2r0] + [to2r j  = [co2r]
vr = [coir'] = [«frjt]—[co^o]
Va = t , + vr = [(«Oi + CÔ r]—[COifo]
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1. Kinematics
where r, r' and r0 are radins vectors hnving the same meaning as 
in Fig. 1.7.
1.6.4. A body rotâtes about the intersecting axes yl.,2?, and yi27?2. 
Bringing the origins of the moving and fixed trames of reference 
into coincidence with the point 
of intersection of the axes 
(Fig. 1.9) we can write
r„ = 0 and v = [(co, + co2)r]
Simultaneous rotation of a 
body about two intersecting 
axes A lB 1 and A 2B 2 with the 
angular velocities co, and co2 
is équivalent in each instant 
of time to rotation of the 
body about the instantaneous 
axis A B  with the angular ve- 
locity co = co, -|-co2.
1.6.5. A body rotâtes about parailel axes (co, ^  -co2). Wedraw vec- 
tor r0 perpendicular to the axes oFrolation (Fig. 1.10) and take

A, A A2
FIG.l .9 F I G . 1 . 1 0

r — i*i f d, wliere d = T °, 1 7  h +1 Ilerc, k -  2iA “  l-i I if vectors co2 and to.

bave the same direction, and k = - —2] if the vectors are in on-l-il
posite directions. Thon co2 = Zrco,, co, + co2 = (/c+1)co,, and v = 
— [(co, + to2)r,]. Simultaneous rotation of a body about two parallel 
axes A XB X and 4̂2̂ 2 with the angular velocities co, and co2 (co, 

-co2) is équivalent, in each instant of time, to rotation with 
an angular velocity co = co, + co2 about an instantaneous axis A B , 
parallel to the first two axes. The position of the instantaneous 
axis in respect to axes A lB 1 and A 2B 2 is determined by the above- 
indicated value of vector d.
The rotation of a body about parallel axes with the angular veloc- 
ilies co, and co2 = — co, is called & couple of rotation. In this case, 
the résultant velocity of ail the points of the body is the same and 
cqual to y = [-co,r0], where r0 is the radius vector connecting 
points O and O' un the axes (Fig. 1.10). The body is in translatory 
motion at a velocity y which is directed perpendicular to the 
plane in which vectors co, and co2 lie.



CHAPTER 2

Dynamics of Translatory Motion

2.1. Newtori’s First Lcav of Motion
2.1.1. Newton?s first law of motion states: every material point 
persists in its State of rest or uniform motion in a straight line 
until the action of other bodies compel it to change that state. 
This law is called the law of inertia, and the motion of a particle, 
free of external action, is called inertial motion.
2.1.2. Any mechanical motion is relative; its nature dépends upon 
the choice of a frame of reference. At one and the same time, a body 
may be at rest with respect to one frame of reference, move 
uniformly in a straight line with respect to another, and be in 
accelerated motion with respect to a third frame. Therefore, the 
law of inertia does not hold true for any frame of reference. 
Thus, for instance, a body which is at rest on the smooth floor of a 
railway car, travelling uniformly in a straight line with respect 
to the earth, begins to move along the floor each time the motion 
of the car is accelerated.
2.1.3. In classical mechanics, inertial frames of reference are ones 
with respect to which the law of inertia holds true.* It can be 
assumed with an extremely high degree of accuracy that the 
heliocentric frame of reference is one such System. The origin of 
its coordinate System coïncides with the centre of inertia (centre 
of mass) of the solar System and the axes are directed toward 
remote stars.

" A generalization of this concept for the case of relativistic mechanics has 
been made in the theory of relativity (Sec. 32.1) where inertial frames of 
reference are dehned as ones in which the law of inertia holds true and in 
which the velocity of light in a vacuum is a universal constant.
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2 . Dynamics of Translatory Motion
Any frame of reference which is at rest or moves uniformly in a 
straight line with respect to some inertial System is itself an 
inertial System. On the contrary, any System being in accelerated 
motion with respect to an inertial System is noninertial.
2.1.4. A frame of reference fixed in the earth (geocentric frame of 
reference) is noninertial, chiefly because of the diurnal rotation 
of the earth. An experimental confirmation of this statement and 
one of the proofs of diurnal rotation was demonstrated by the 
Foucault pendulum which is a heavy body (usually a sphere), 
suspended from a long wire and free to swing in any direction 
with practically no friction in its suspension. The position of the 
plane of swing of such a pendulum with respect to an inertial 
frame of reference should remain constant. Only the force of 
gravity and the reaction of the wire act on the bob, and they are 
in the plane of swing. With respect to the geocentric frame of 
reference, however, the plane of swing of a Foucault pendulum 
gradually rotâtes with an angular velocity of

cop = œ sin <p

where co = angular velocity of diurnal rotation of the earth
(p = geographical latitude of the place where the study is 

conducted.
The maximum accélération of points on the earth’s surface does 
not exceed 0.5 per cent of the accélération due to gravity. Hence, 
in the majority of practical problems, the geocentric frame of 
reference can be approximately assumed to be inertial.

2.2. Force
2.2.1. Force is a vector quantity which is a measure of the mechan- 
ical action exerted on a particle or body by other bodies or 
fields. A force is completely specified by giving its magnitude, 
direction and point of application.
Interaction between bodies, as follows from Newton’s first law, 
is the cause for the change in the state of their motion. Moreover, 
it also leads to deformation of the bodies. By measuring the defor
mations x 1 and x2 of the same elastic body, caused by two forces 
F, and F2 acting in the same direction and applied at the same 
point, we can compare the magnitudes of these forces. Thus

F1 _  X2
Fi Xi
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Classical Méchantes i.

This method, based on Hooke’s law (see 15.7.5.), is used in spring 
balances and dynamometers.
2.2.2. The action on particle A  (Fig. 2.1) of several bodies with 
the forces Plf F2, . . . ,  F* is équivalent to the action of a single 
force F called the résultant of forces and equal to the vector sum

of the forces:

F =  E F<
i = 1

The résultant force is the clos- 
ing line of a polygon constructed 
with the forces F1} F2, . . . ,  F* 
(Fig. 2.2). The projections of the 
résultant force on the axes of a 
Gartesian coordinate System are 

equal to the algebraic sums of the corresponding projections of 
ail the forces F,- :

F I G . 2 . 2

Fx = ^ F ix] Fy = £ F iu] F2 = ' £ F it

The line of action of force F* is the straight line along which vector 
Ft is directed. The action of a force on a rigid body does not change 
when its point of application is displaced along the line of action 
(it is assumed that the point of application either belongs to the 
body or is fixed in it). Hence, forces applied to a rigid body can 
be regarded as nonlocalized, or sliding, vectors.
2.2.3. A concurrent force System is the complex of forces applied 
to a rigid body in such manner that their lines of action intersect 
at a single point O (Fig. 2.3). Displacing these forces along their 
lines of action to point O, we obtain a 
System of forces applied at a single ?3
point and équivalent to a single résul
tant force F. This force is applied at 
the same point O and equals the vector 
sum of ail the forces making up the Sys
tem:

T = Y  F,

2.2.4. In the mosl general case, Iho ac
tion on a rigid body of an arbitrary System of forces is équiva
lent to the action on the body of the résultant moment M of the
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2. Dynamics of Translatory Motion
force syslein (see 4.1.2.) and the résultant force vector F which 
is equal to the vector sum of ail the forces in the System:

F= t  F<i = 1

The point of application O of the résultant force vector of the 
System is called the réduction centre. The choice of this point is 
entirely arbitrary and influences only the magnitude of the résul
tant moment vector M. In the case of translatory motion of a 
perfectly rigid body, the résultant moment of ail the forces 
applied to the body, with respect to its centre of mass (see 2.3.3), 
is equal to zéro.
2.2.5. In considering any System of particles or bodies, the forces 
acting on a certain particle (or body) of the System and exerted 
by other particles (or bodies) included in the System are called 
internai forces. Forces exerted by particles or bodies not included 
in the System being considered are called external forces.
2.2.6. A closed, or isolated, systern of bodies (or particles) is one 
in which no external forces act on any body or particle.
2.2.7. The principle of releasability States that any constrained 
material System can be treated as a free System if the constraints 
imposed on it are discarded and if the action on the System of 
bodies imposing the constraints is substituted by the correspond- 
ing forces, which are called reaction forces of the constraints. 
For example, for a body rnoving along a rough surface, the re
strictions imposed on the motion of the body can befullyaccounted 
for by introducing a normal and a tangential reaction of the 
surface. The second of these forces is the friction force.
As distinguished from the reaction forces of the constraints, ail 
other forces (both external and internai) applied to a material 
System are called active forces. In dealing with problems concern- 
ing the motion of a material System, ail the active forces should be 
specified. The reaction forces of the constraints are not known 
beforehand and are to be determined when solving the problem.

2.3. Mass

2.3.1. The mass of a body is a physical quantity which is a measure 
uf its inertial and gravitational properties.
In Newtonian mechanics, mass is an additive quantity, i. c. 
Uni mass m of any System of particles (for example, a rigid body)
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Classical Mechanics i.
is equal to the sum of the masses of ail n particles of the System :

n
m = J] m{

i= 1

Furthermore, Newtonian mechanics contends that: (a) the mass 
of a body does not dépend on the velocity of its motion, and (b) 
the mass of an isolated System of bodies (or particles) does not 
change with any processes occurring within the System (law of 
conservation of mass).
The inertia of a particle is manifested by the fact that under the 
action of an external force it acquires an accélération of finite 
magnitude and, in the absence of external action, it persists in a 
state of rest or uniform motion in a straight line with respect to 
an inertial reference System. Mass appearing in the équation 
that expresses Newton’s second law represents the inertial proper- 
ties of a particle and is called its inert mass.
The mass of a particle, appearing in the équation that expresses 
the law of gravitation, represents the gravitational properties of 
the particle and is called its gravitating ma^s.
It has been found on the basis of extremely précisé experiments 
that the ratio of their inert mass to their gravitating mass is the 
same for ail bodies. Therefore, having suitably selected the magni
tude of the gravitational constant (see 2.10.1.), it can be contended 
that the inert and gravitating masses are equal and are related to 
the gravity force P by the équation m = P/gy where g is the 
gravitational, or free fall, accélération. Expérience shows that it 
is the same for ail bodies at the same observation point. Hence, 
the ratio of the masses of two bodies is equal to the ratio of their
gravi ty forces, i. e. —- = —  . This is the basis for comparing
the masses of bodies with a beam balance.
2.3.2. The density g of a body is the limit approached by the ratio 
of the mass A m of an element of the body to its volume AV  as 
AV  approaches zéro as a limit. Thus

g = lim
AV -v

Am  
A V

dm
d V

The mass of the whole body equals
v

m = J g dV
o

in which intégration is extended to the whole volume V of the 
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2 . Dynamics of Translatory Motion
body. With a homogeneous body, its density is constant through- 
out the whole volume V and its mass is m = qV.
The mean density gm of an inhomogeneous body is the ratio of 
its mass to its volume:

m
Q*n y

2.3.3. The centre of inertia, or centre of mass, of a System of parti- 
cles is point C(xey yey ze) whose radius vector rc is related to the 
masses m{ and radius vectors r{ of ail n particles of the System 
by the équation

r- =
2 rriiTt

<-1

whence

Si™**
2 rnt

i - 1

Vc =
S rriiVi 

i= i

S mt
Zc =

2 miZt i
n
2 rn{i-i

The coordinates of the centre of mass of a body are

J oc d m  J qx d V  J y  dm  J qv d V

(m) (F)(m) (F)
Vc = m

J  Q Z d V  

(F) __
m

' m m

I 2 dm

_ (m)
Z° ~  m

For a homogeneous body

x' = ~v  J x d V > y» = - v  J y d V < z'=  y~ J z d V
F F F

In Gartesian coordinates

dV  = dx dy dz\ J  x dV = JJJ x dx dy dz\ etc.
F (F)

2.8.4. The momentum of a ^article is the vector quantity p<, 
deflned as the product of the mass m{ of the particle by its vector 
velocity v<. Thus
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Classiml Mcchanics i.

The momentum of a System ol n partioles is denoled by veotor p 
and is equal to the géométrie sum of the momenla of ail Mie 
particles making up the System:

P = E P< = E m,\t 1=1 1=1
The momentum of a body is

p = f y dm = T y p dV
(m) ( V)

The momentum of a System of particles is equal to the product
of the mass m of the whole System by the velocity vc = —  of
its centre of mass: p = mvc, where vc is the translational velocity 
of the System.

2.4. Newton's Second Law of Motion
2.4.1. Newton* s second law of motion may be stated as follows: 
the first time dérivative of the momentum of a particle is equal 
to the force acting on it. Thus

- f r  = ï ‘ or w  = F<
The vector Ft dt is called an impulse of force F< acting in the time 
dt. The impulse of force F, acting in a finite length of time At

Ai
is equal to J Ft dt. If force F, is constant, then its impulse dur- 

o
ing the time At is equal to F, At.
Newton’s second law of motion can also be stated in the form: 
an elementary change in the momentum of a particle is equal to 
the elementary impulse of the force acting on it:

d(mpfi) = F< dt

however, since m{ = const,

Still another statement of Newton’s second law is: the accéléra
tion of a particle is directly proportional to the force acting on it,
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2 . D y n a m ic s  o f T r a n s la to r y  M o tio n

inversely proportional to the mass of the particle, and coïncides 
in direction with the force.
The équations expressing the relations of a# and F, are called 
the differential équations of motion of a particle. They are of the 
form:
(a) In Cartesian coordinates

mfxi = F ix\ m(y{ = Fiy\ mfz{ = Fiz
(b) In cylindrical coordinates

= FiQ\ m^Qitpi + ÎQWi) = Fiq}\ mfZi = Fiz
vvhere FiQ and Fi(p are the projections of force F { along the direc
tion, respectively, of straight line OM' (see Fig. 1.16, where M  is 
the moving particle of mass mt) and of a straight line lying in 
plane xOy, perpendicular to OM' and directed so as to increase 
angle <p.
(c) In sphorical coordinates

m^ri — r$'{ sin2 0t — r/if ) = Fir 

I 2r&i) sin 0 + 2r,<pÂ cos 0,] = Fi<p 

mi(2riÔi + rflt — rwi sin 0* cos 0.) = FiQ
where Fir --- projection of force F* along the straight line OM 

(Fig. 1.1c)
Fitp ----- projection of force F, on a straight line, lying in 

plane xOy, perpendicular to OM' and directed so 
as to increase angle (p 

Fi() = projection of force F* on a straight line, lying in 
plane OMM', perpendicular to OM and directed so 
as to increase angle 0.

2.4.2. The principle of superposition, or independence of forces, 
statcs that if several forces act simultaneously on a particle, 
each force imparts an accélération to the particle in accordance 
with Newton’s second law, as if the other forces did not exist. 
Consequcntly, the résultant accélération of the particle can be 
determincd by Newton’s second law, substituting in it the résul
tant force F*.
2.4.3. In an osculating plane, the accélération of a particle and 
the force acting on it can be resolved into normal and tangential 
coinponents. Tlius

/n#(alM ta,-T) = FiH-|-F<r
where

Vin ^  "Win and F,T = niia<T
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C la ss ic a l M ech a n ic s  i.
The magnitude of the normal force is

r  {n — — --

It is directed toward the centre of curvature of the path along 
which the particle travels. For this reason it is often called the 
centripetal force. In the case of a circular path of radius R it the 
force Fin = m{œjR{l where œ{ is the angular velocity of rotation 
of the particle.
The magnitude of the tangential force is

Fix = mi(iiT =
If v{ > 0, then force F*T coincides in direction with the velocity 
vector v, and is called the motive force; if vt ■< 0, force F<T opposes 
the direction of velocity v, and is called the retarding force.

2.5. Newton's Third Law of Motion
The actions of two particles on each other are equal in magnitude 
and opposite in sense:

ï 1ij ~ {i ^  j)
where Fy = force acting on the i-th particle and exerted by 

the j-th particle 
F* = force acting on the j-th particle and exerted by 

the i-th particle.
These forces are applied to different points and are mutually 
counterbalanced only when particles i and j  belong to the same 
rigid body.

2.6. The Fundamental Law in the Dynamics 
of Translatory Motion

2.6.1. The time dérivative of the momentum p of a particle or 
System of particles with respect to a fixed (inertial) frame of 
reference is equal to the résultant force vector F of ail external 
forces applied to the System:

—• = F or ma, = F

where ae = accélération of the centre of mass of the System 
m = mass of the System.
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In translatory motion of a rigid body at an absolute velocity v, 
the velocity of the centre of mass is se = v. Hence, in considering 
the translation of a rigid body, the body can be thought of as 
being replaced by a particle, coinciding in position with the 
centre of mass of the body, possessing its full mass and travelling 
by the action of the résultant of external forces applied to the 
body. Thus, the mass of a body serves as a measure of its inertness 
in translation.
In terms of projections on the axes of a fixed Cartesian System 
of coordinates, the équations of the fundamental law of dynamics 
in translatory motion of a System take the form:

2.6.2. The following are the simplest cases of translatory motion 
of a rigid body:
(a) Inertial motion (F = 0) :

where ms0 is the momentum of the body at the initial instant of 
time (t = 0).
Example. Gonsider a body thrown at an angle a to the horizontal. 
The body is acted on by the constant force of gravity P directed 
vertically dovvnward (Fig. 2.4.). For an arbitrary point M(x, y) 
on the path of the body, we can write

or
macx = Fx\ maey = Fy\ maez = F

ms = const; a = 0
(b) Motion under the action of a constant force:

- -  (ms) = F = const; ms = Ft + »iv0

ms = P t + m s0 or v = gJ + v0
vx = cos a ’» vv — vo sin a ~ ë t

. gt5x = v0t cos a; y = vJ  sin a — ---

y

0
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Classical Mechanics l.

The path équation is
< _  g x 2y = x tan a — —----- —* 2vl cos2 a

The maximum height to which the body rises is
(v0 sin a ) 2

Vm 2 g
The maximum range of throw along the horizontal axis x is

vJ sin 2 a

(c) Motion under the action of a variable force:
The change in the momentum of a body in the time interval 
from tx to t2 is equal to

mv2-m v1 = Fav(/2-*i)

j Fdt
where Fflt, = ——-— is the average value of tlie force vector inÎ2 —Il
the time interval from tx to t2.

2.7, Principle of Conservation of Momentum
2.7.1. The momentum of a closed, or isolated, System does not 
change in the course of time. Thus

-d?r = 0 or p = V rriiTi = const

This is one of the fundamental laws of nature and follows from 
the homogeneity of space (see 5.6.3.). In the projections on the 
axes of a fixed Cartesian coordinate System, this principle is 
expressed by a System of three équations:

i - î > Â  = o

- F J > , j r i  = 0 

df £  = 0

n

X] m,xt = èjt = l

or X rriiÿi = b2
i = 1

«
Y  m fii = hi = 1

44



D y n a m ic s  o f T r a n s ia to r y  M o tio n

where x {i Vi and *i ~  projections on axes O.r, Oy  and Oz of the 
velocity vector v* of the i-lh pari idc of 
the System

blt b2) and b3 = constant values equal to the projections 
of the momentum vector p of the System 
on the coordinate axes.

2.7.2. The principle of conservation of momentum shows that 
the interaction of bodies composing a closed System leads only 
to an exchange in momentum between the bodies but does not 
affect the motion of the System as a whole. Upon any interaction 
between the bodies making up a closed System, the velocity of the 
centre of mass of the System does not change, i. e.

dvc
dt 0 or dt-

d'yc 
dt2

æzc
dt2 = 0

where vc = velocity of the centre of mass
xei ye and zc = Cartesian coordinates of the centre of mass.
If the System of bodies is not closed, but the projection of the 
résultant force vector F of ail the external forces on any one of 
the axes equals zéro, then the projection of the momentum 
vector of the System on this axis is independent of time. For 
example, if Fx = 0.

d n n~~n~ Y. rrtiXt = 0 and V m{Xi = const
at t=i i = i

2.8. Motion of a Body of Variable Mass
2.8.1. The differential équation of translatory motion of a rigid 
body whose mass m is dépendent on time is of the form

—  (wy) = F + Vj —

where F = résultant of ail forces acting on the body
vx = velocity of the added mass before being joined to

the body (if > o), or that of the detracted mass 
after being separated from the body (if —  < û).

2.8.2. The accélération a of a body of variable mass is

a = 4 -(F + F r)

45



C la ss ic a l M ech a n ics I.

wliere Fr = (vr v ) y  = u —- is the reactive force. Itisequalto
the product of the time dérivative of the mass of the body by 
the relative velocity u = Vj — v of the mass being joined to or 
separated from the body.
Example 1. Détermine the reactive force developed by an air- 
feed jet engine. This force Fr is equal to the vector sum of two 
reactive forces, exerted simultaneously by the air entering the 
engine (Frl) and by the products of combustion exhausted from 
it (Fr2). Thus

Fr = Frl + Fr2

Frl =
•ei _  /„ „ \ dmi n dm;— 1U1” U2) ~Tt U2 d t

where = -  v = relative velocity of the air 
v = flight velocity

u2 = relative velocity of the products of combus
tion at engine exhaust

= mags j|ow 0f a|r per secon(j

= mass flow of the fuel per second.

Example 2. Détermine the velocity of flight of a rocket on which 
no external forces act. The rocket thrust is found by the preceding 
formula under the assumption that ux = 0 (the oxidizer as well 
as the fuel is carried inside the rocket). Then

where is the rate at which the mass of the rocket is reduced at
by the combustion of the fuel.
The équation of motion of the rocket is

dv
dt = «2 dm

dt
where v and m are the velocity and mass of the rocket at an

dvarbitrary instant of time t. Vectors and u2 are directed oppo- 
sitely, therefore

dv
~dt

dm
dt
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This leads, at u2 = const, to Tsiolkovsky's formula 

V = y0+ u2 ln

where vQ and m0 are the initial velocity and mass of the rocket 
(at t = 0).

2.9. Galileo's Relatiuity Principle
2.9.1. The coordinates and time in two arbitrary inertial frames 
of reference are related by a Galilean transformation:

r' = r - ( r  o + v )  (y, = const)
v =  t

where r and r' = radius vectors of the moving particle in the 
first and second frames of reference 

\ t = velocity of uniform motion in a straight line 
of the second frame with respect to the first 

r0 = radius vector drawn from the origin of the 
first frame to that of the second at the instant 
of time t = 0.

The second condition (t' = t) represents the absolute character 
of time in classical mechanics, i. e. time flows identically in ail 
inertial frames of reference (see 2.1.3.).
2.9.2. Velocities and accélérations of the particle in the two 
frames of reference are related by the équations:

dr1
dV

dr
dt Y, =  Y - Y ,

dv' _  dv_ 
dt' “  dt

Thus, the accélération of any particle is the same in ail inertial 
frames of reference.
In the most general case, the forces acting on a particle and exert- 
ed by other bodies or fields which they set up dépend upon the 
distances between the particle and these bodies, the différence 
in the velocities of the particle and bodies, and also on time. 
It follows from the Galilean transformation formulas that these 
values are the same in ail inertial frames:

rg -r; = t 2- t 1 and y'2- v [  = Va-Vi
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For iliis reason, llie forces thaï act on the moving particle are 
also the same:

H en ce
F' F= — = m a a

i. e. the équations of motion of a particle and System of particles 
are the same in ail inertial frames of reference. They are invariant 
under a Galilean transformation.
2.9.3. This resuit can be formulated as Galileo’s relativity principle: 
uniform motion of a closed System in a straight line (with respect 
to an inertial frame of reference) has no influence on the mechan- 
ical processes occurring in this System.
In other words, in classical mechanics ail inertial frames are 
equally valid. Therefore, within the scope of classical mechanics, 
there is no basis for singling out any “main” frame of reference, 
with respect to which the state of rest or motion of a body could 
be regarded as absolute.
A further generalization of the relativity principle is treated in 
the theory of relativity (see Ghapter 32).

2.10. Law of Universal Gravitation
2.10.1. The forces of mutual attraction that act between any two 
particles are directly proportional to the product of their masses

F I G . 2 . 5

and inversely proportional to the square of the distance between 
them (Fig. 2.5.). Thus

¥ 12
/r m̂ rrii Rj2
G R* R

whcre F 12 — gravitational attraction acting on a particle of 
mass ml

l t 12 = radius vector drawn from this particle to the 
one having a mass m2 

R — |Ri2[ - distance between the particles 
G = gravilational constant.
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The gravitational constant is numerically equal to the gravitation- 
al attraction between two particles having the same unit mass 
and a distance of unit length between them. This constant is 
determined experimentally. Its magnitude dépends only upon 
the choice of the units of measurement:

G = (6.67 ± 0.01) XlO-11— ^- = (6.67 ± 0.01)

According to Newton’s third law, the force F21 acting on a particle 
with a mass m2 is equal in magnitude to force F12 but is of opposite 
sense. Thus

U   U   /nr ri 12 _ /nr fTfljVfl2 -̂ 21*21 ~ * 12 -  R ~ G~R2 -R-

2.10.2. Sufficiently small éléments of two bodies of arbitrary 
shape and size can be regarded as particles whose mass is equal 
to the product of their volume (dV1 and dV2) by their density 
(qi and g2). Therefore, the force of gravity dFn acting on an élé
ment of the first body and exerted by an clement of the second 
body equals

<2F12 = G ^  dV l dV2
ri2 r!2

The résultant force of attraction F12 of the firsl body by the 
second is

r »  = G f e i dV t f - * - r u dV2
Vl V2

whcrc intégration is carried ont throughout the en tire volumes 
Vt and V2 of both bodies. In case of homogeneous bodies, their 
densities are constant and then

= G<h(h J d,V, J n t  d v 2
f3

For two rigid bodies of sphcrical shape, when the density of each 
body dépends only on the distance to its centre,

_ /"» TfliïYlj p
12— 1* R9 W12

where ml and m2 = masses of the bodies
K12 = radius vector connecting the centres of the 

first and second bodies
R = |K12|.

4 -15009 49



Classical Mechanics i.

This formula is also valid for the case when one of the bodies is 
of arbitrary shape, but its size is very much smaller than the 

radius of the second body.
2.10.3. The gravity force of a particle is the 
force P, equal to the vector différence bet- 
ween the gravitational force of attraction 
F ,of the particle toward the earth and 
the centripetal force Fc due to the parti
cipation of the particle in the diurnal rota
tion of the earth (Fig. 2.6.). Thus

with
F I G . 2 . 6

P = F —Fc

F e = mco2R  cos <p

where m = mass of the particle
o) = angular velocity of diurnal rotation of the earth 
R  = radius of the earth
cp = geographical latitude of observation point A.

The gravity force reaches its maximum at the earth’s pôles and 
minimum at the equator. The différence, however, does not 
exceed 0.55 per cent. The gravity force of a body is equal to the 
géométrie sum of the gravity forces of ail the particles that make 
up the body. The point of application of this force is called the 
centre of gravity of the body. The centre of gravity of a body 
coincides with its centre of inertia, or mass (see 2.3.3).
2.10.4. Free fall is the motion of a body that occurs when it is 
acted on only by its gravity force. Free fall accélération (gravita
tional accélération) is g = P/ra. It is the same for ail bodies and 
dépends upon the geographical latitude and height above sea 
level. The magnitude g (in cm/sec2) of the free fall accélération 
at small heights h (in m) above sea level can be computed by the 
approximate formula

g = 978.049 (1 + 0.0052884 sin2<p- 0.0000059 sin2 2<p) -
— 0 .0 0 0 3 0 8 6 /i — 0 .011

The standard (normal) value of g, accepted for barometric compu
tations and in constructing Systems of units, is 980.665 cm/sec2. 
The dependence of g on <p is neglected in most engineering calcula
tions and it is assumed that g = 981 cm/sec2. The following 
approximate formula is used to détermine g at considérable alti-
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1. Dynamics of Translatory Motion
tu des from the earth’s surface :

g =
, M  

(R o + h j2

2

where M = mass of the earth
R0 = 6370 km = mean radius of the earth 
g0 = 981 cm /sec2.

2.10.5. The weight of a body is the force with which the body 
acts, due to the earth’s gravity, on a support (or suspension) 
preventing it from falling freely. If a body and its support are 
fixed with respect to the earth, the weight of the body is equal to 
its gravity force.
The weight density of a body, the physical quantity y, is the limit 
approached by the ratio of the magnitude AP of the gravity 
force of an element of the body to its volume AV  as AV  approaches 
zéro as a limit. Thus

y = lim
AT  —►

AP
A V

d P
d V

The gravity force of the whole body is equal in magnitude to

P — J  y dV  
<n

in which intégration is extended through the whole volume V 
of the body.
The mean weight per unit volume ym of an inhomogeneous body 
is the ratio of the magnitude of the gravity force of the body to 
its volume:

P
y m  y

The relation between the weight per unit volume and density of 
a body is of the form

y = Qg and ym = Qmg

2.11. Gravitational Field
2.11.1. Gravitation between bodies is accomplished through a 
gravitational field which, along with other physical fields and sub
stances, is one of the forms of matter. The distinctive feature of a 
gravitational field is that the gravity force acting on a particle
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Classical Mechanica i.

placed in lhe field is direetly proporiional to the mass of the 
particle. The vector characterisiic of tlie gravitational field is 
its intensity g whicli is equal to the ratio of the gravity force F, 
acting on the particle, to the magnitude of its mass, i. e. g = F/m.
2.11.2. The potential (conservative) nature of the gravitational 
forces (see 3.4.1) enables a scalar characteristic of the gravitation
al field—the potential p— to be introduced. It is related to the 
intensity g by the équation

A formai analogy exists between the gravitational and electro- 
staticfields (see 20.2.2.) which is a resuit of the external similarity 
between the équations for the force of mutual attraction of two 
particles (see 2.10.1.) and those for the force of electrostatic 
interaction between two point charges (see 20.1.4.). Hence, to 
find the intensity and potential of a gravitational field set up by 
an arbitrary System of particles with the masses mlt m2, . . . ,  mk 
it is possible to employ the équations for the intensity and poten
tial of an electrostatic field of a geometrically identical System 
of point charges qx, q2, . . . ,  qk. In the latter équations, expressed 
in SI units, the term qi/^7ie0Ke is to be changed to -  Gm{, where 
G is the gravitational constant. Thus, for example, in a gravitation
al field set up by a particle of mass M  which is located at the 
origin of the coordinates

where r = radius vector of the particle in the field
C = arbitrary constant depending upon the choice of 

the origin for q>.
These équations also hold true for the gravitational field of a 
sphere of mass M  whose density varies only in the radial direction, 
and the radius of whose surface is less than r.
In the general case, the potential <p of a gravitational field set up 
by masses arbitrarily distributed in space complies with Poisson’s 
differential équation

g = -G-^-r  and r - G l + C

i i ï+ - ê + U  = -'inGe or ^  = - 4sGé?
d2q> d2q> d2q>

where q = dm/dV = mass density

A = = LaPlacian °perator-
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0 Dynamics of Tramlatory Motion
The general solution ol this équation is of the form 

9 = -G
(V)

where r is the distance from an element of volume dV  and mass 
dm = qdV  to the point being considered in the field. Intégration 
is carried out throughout the^whole volume V occupied by the 
masses that set up the lield.
2.11.3. Zéro gravity, or weightlessness, is a state of a material 
System in which the external gravitational field acting on the 
System does not cause mutual pressure of parts of the System 
against each other. If a body in a state of weightlessness is hung 
from a spring it causes no deformation of the spring, and if it 
rests on a support it exerts no force on the support.
A state of weightlessness occurs in any System complying with 
the following conditions: (a) no other external forces, except 
those of the gravitational field, are acting on the System; (b) the 
size of the System is not too large, so that the intensity of the 
gravitational field is the same at ail points of the System at each 
instant of time; and (c) the System is in translatory motion. 
These conditions are realized in a freely falling elevator (lift), 
artificial satellites (sputniks) and spaceships in free flight, i. e. 
coasting with the engines turned ofï.
2.11.4. Newton’s law of universal gravitation and the so-called 
nonrelativistic theory of a gravitational field, based on this law, 
are only approximate. This theory describes the motion of a 
body in a gravitational field with sufficient accuracy only in 
cases when the field is comparatively weak, i. e. when its potential 
| <p | «  c2, where c is the velocity of light in a vacuum, and the 
velocity of the body i ;« c .
The modem theory of gravitation, based on the theory of rela- 
tivity, was formulated by Albert Einstein (in the general theory 
of relativity). It is a united theory of space, time and gravitation. 
According to this theory, the geometrical properties (metric) 
of four-dimensional space-time continuum (see 32.2.1.) are not 
invariable, but dépend upon the distribution of gravitating masses 
in space and their motion. Masses, setting up a gravitational 
field, “distort” real three-dimensional space and difïerently 
change the llow of time at various points in this space. This 
means that mass causes a déviation of the metric of space-time 
continuum from those of the “fiat” space-time structure described 
by Euclidean geometry and treated in the spécial theory of 
relativity (see Ghap. 32). In this connection, the element of separa-
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tion ds (see 32.2.2) between two world points (see 32.2.1.) in a 
gravitational field bas the form

ds2 = ga dxl dxk = g0o{dx0)2 + g01 dx° dx'+  . . .  + g^(dx3)2

where x° = et = time coordinate 
xl, x2 and x3 = space coordinates

gik ~ gki-
No transformation of coordinates can reduce this équation 
throughout ail of space-time continuum to the form ds2 = c2 dt2-  
- d x - - d y 2- d z 2 which is characteristic of “fiat” (Euclidean) 
space-time structure. Such a réduction is possible only for an 
infinitely small neighbourhood of any single world point.
A world line (see 32.2.1.), corresponding to the motion of a free 
particle in a gravitational field, is a géodésie line in four-dimen- 
sional space-time continuum, i. e. a line along which the intégral
J  ds between any two world points acquires its extreme value.
Due to the “curvature” of space-time continuum, géodésie 
Unes passing through it are not straight. Likewise, a particle, 
subject to the action of a gravitational field, travels neither in a 
straight line nor uniformly in real three-dimensional space. 
Calculations of the gravitational field in Einstein’s theory consist 
in finding the dependence of gik on the space coordinates and time 
for the given System of bodies that set up the field. The System 
of équations of the gravitational field is nonlinear in respect to 
gik. For this reason, the superposition principle does not hold for 
gravitational fields. It is approximately correct only in superimpos- 
ing sufficiently weak gravitational fields for which nonrelativistic 
theory is applicable.

2.12. External Friction
2.12.1. Distinction is made between the two main types of fric
tion -  internai and external. Internai friction, or viscosity, is the 
development of tangential forces which impede the displacement 
of portions of liquids or gases with respect to each other (see
11.4.4.). External friction is the interaction between bodies, 
originating at their surfaces of contact and impeding their rela
tive displacement. It is also called contact friction. Depending on 
the nature of the relative motion of bodies, distinction is made 
between sliding friction appearing in the translation of one 
body along the surface of another, and rolling friction which

3
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2. Dynamics of Translatory Motion
occurs when one body rolls along the surface of another. In its 
pure form, rolling friction occurs only when the line or point 
of contact of the rubbing surfaces coincides with the instantaneous 
axis of rotation of the rolling body. In ail other cases, rolling 
friction is accompanied by sliding friction.
2.12.2. Friction between moving surfaces is called kinetic friction. 
Friction between relatively motionless bodies is called static 
friction. It is manifested in the fact that to originate relative 
motion of two contacting bodies, it is necessary to apply to one 
of them an external force F > F0, where F0 is the so-called lirait- 
ing force of static friction. The absence of relative motion of the 
bodies at F =ss F0 is known as the grip phenomenon. It is widely 
applied in engineering to transmit forces from one machine compo- 
nent to another (in belt drives, friction clutches, etc.).
Sliding friction between bodies whose surfaces hâve not been 
lubricated is called dry friction, and friction between bodies that 
are abundantly and continuously lubricated is called fluid friction. 
Depending upon the thickness of the layer of lubricant between 
rubbing bodies and the degree of roughness of their surfaces, a 
distinction is drawn between several intermediate cases of sliding 
friction: thin-film, boundary and semifluid.
2.12.3. In the case of dry sliding friction, the force of résistance 
to motion is caused by mechanical interlocking between the 
irrégularités (projections) on the surfaces of the bodies, as well 
as the cohésion of the molécules of both bodies in the areas of 
direct contact. It can be assumed for approximate calculations 
that the force F  of sliding friction is directly proportional to 
the normal pressure* N  between the rubbing surfaces of the 
bodies (Amonton's law)\

F = fN

where f  is the dimensionless coefficient of sliding friction and 
dépends upon the properties of the materials which the bodies 
are made of.
Actually, the coefficient of friction dépends upon a great many 
other factors: the quality of surface finish, the presence of dirt 
between the surfaces, the sliding velocity, etc. Therefore, it is 
determined on the basis of experimental data obtained for cases 
that are similar to the problem in hand. Coefficient /<„ correspond- 
ing to the limiting force of static friction is usually larger than the 
coefficient of kinetic friction.

* The pressure here incans llic total perpeiulicular force between the sur
faces (not the force per unit area, as the word pressure is sometimes used).
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The angle of friction (p is often used instead of the coefficient of 
friction f. It is related to f  by thé équation tan = f. Angle (p0 = 
= arctan f0 is equal to the least angle of inclination of a plane 
with the horizontal, at which a body lying on the plane begins to 
slide down by gravity.
More accurate is the two-term law of friction which takes into 
account the attracting forces between the molécules of the rub- 
bing bodies:

F = fi(N + Sp0)
where p = true coefficient of friction

p0 = additional pressure caused by the forces of molecular 
attraction

S = total area of ail the zones of direct contact between 
the bodies.

2.12.4. Whcn bodies having the shape of circular cylinders or 
spheres roll along a plane surface, not only 
elastic, but plastic deformations occur (see
15.7.2.). For this reason, the line of ac
tion of reaction R of the plane does not 
coincide with that of normal pressure N (Fig.
2.7.). The normal component Rw of force R, is 
equal in magnitude to N, and the horizontal 
component F is the force of rolling friction. 
As a first approximation, it can be assumed 
that

F k N-r (Coulomb’s[law)

where r ~ radius of the rolling body
k = coefficient of rolling friction.

The coefficient of rolling friction has the dimension of length 
and dépends upon the materials of the bodies, the condition of 
their surfaces, and many other factors.
A pair of forces R„ and N, applied to a rolling body, develops a 
moment of friction

M  = Fr = kN

2.13. Motion in Noninertial Frames of Référencé
2.13.1. The relative accélération ar of a particle is equal to the 
différence between its absolute accélération a„ and the sum of 
its transport a, and Coriolis ac accélérations. Thus

»r =
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2. Dynamics of Translatory Motion
Consequently, tho équation for the relative motion of a particle 
having a mass m in an arbitrary noninertial framo of reference is 
of the form

mar = maa — (ma, + mac)
Ghoosing as the absolute frame of reference some inertial System 
and taking into considération that Newton’s second law (ma0 = F) 
holds for the latter, we can write

maf = F + 1, + 1„
wliere F = résultant of ail forces exerted on the particle by other 

bodies
I, = — ma, = transport inertial force
Ic = — mac = Coriolis inertial force.

2.13.2. The équation of relative motion of a particle in an arbitrary 
noninertial frame of reference is formally similar to the équation 
of motion of a particle in an inertial System (ma = F). It differs 
only in that two additional inertial forces must necessarily be 
introduced into the right-hand side of the équation. In principle, 
the différence between inertial forces and the ordinary forces of 
interaction between bodies is that it is impossible to indicate the 
action of what concrète bodies on the particle is described by 
the former. The inertial forces mentioned above should not be 
confused with d'Alemberïs inertial force Id = — ma, where a is 
the accélération of the particle with respect to an inertial frame 
of reference. The introduction of this inertial force is purely 
formai. It enables the dynamics équation of the particle in an 
inertial frame of reference to be written in the sanie form as the 
statics équation. F-f Id = 0, where F is the résultant of ail forces 
applied to the particle. Whereas the transport and Coriolis iner
tial forces really act on the particle in a noninertial frame of 
reference and can be measured (for instance, with a spring dyna- 
mometer), d’Alembert’s inertial force does not act on the particle 
and therefore cannot be measured.
2.13.3. The inertial forces are proportional to the masses of parti- 
cles and, other conditions being equal, impart the same relative 
accélérations to the particles. Gravitational forces hâve the same 
property: at the same point in a gravitational field, these forces, 
like inertial forces, are proportional to the masses of the particles 
and impart the same accélération, equal to the field intensity, to 
ail of them. Consequently, free motion of a body with respect to 
a noninertial frame of reference is équivalent to its motion with 
respect to an inertial frame accomplished under the action of a 
certain additional (“équivalent”) gravitational field. This state-
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ment is sometimes called the équivalence principle. For example, 
the inertial forces developed in a frame of reference, travelling 
with translatory motion and constant accélération (a, = a0 = 
= const), are équivalent to a homogeneous gravitational field 
with a constant intensity g = - a ().
The équivalence principle by no means signifies identity of the 
inertial forces and the “true” gravitational forces. As a matter 
of fact, the intensities of “true” gravitational fields, set up by 
bodies, approach zéro as the bodies recede farther and farther 
away, whereas the intensity of a gravitational field, “équivalent” 
to the inertial forces, does not comply with this condition. Thus, 
in the example considered above, the intensity is the same at ail 
points of space. Moreover, in the case of a rotating frame of 
reference, the gravitational field, “équivalent” to the centrifugal 
inertial forces, even increases indefinitely farther and farther 
away from the axis of rotation of the frame. An “équivalent” 
field can be completely eliminated by a suitable choice of the 
frame of reference: in inertial frames of reference there are no 
inertial forces and, consequently, no gravitational field “équiva
lent” to them. “True” gravitational fields may exist in inertial 
frames of reference as well. It is therefore impossible to completely 
eliminate these fields throughout ail of space by changing the 
choice of frame of reference and introducing the corresponding 
inertial force field. Such a substitution can only be made locally, 
i. e. for a small région of the gravitational field within whose 
limits the field can be assumed homogeneous, and for such a 
short interval of time during which the field can be assumed con
stant. Thus, a “true” gravitational field is équivalent to an inertial 
force field only in a limited région of space and only during a 
limited interval of time (local équivalence principle).



GHAPTËR 3

Work and Mechanical Energy

3.1. Energy
3.1.1. Energy is a common measure for various forms of motion. 
It is a scalar quantity. In order to provide quantitative character- 
istics of the qualitatively different forms of motion dealt with 
in physics, appropriate kinds of energy hâve been introduced: 
mechanical (see 3.5.1), internai (see 9.1.1.), electromagnetic (see 
27.5.2), Chemical, nuclear (see 47.2.1), etc.
3.1.2. The law of conservation and transformation of energy States 
that the total energy remains constant in an isolated System 
whatever the processes occurring in the System.
This law follows from the homogeneity of time (see 5.6.2.) and is 
one of the most important laws of nature. It proves that the 
motion of matter can be neither created nor destroyed; it can 
only go over from one form to another.
3.1.3. If a System is not closed, changes in its energy owing to 
external action are equal in magnitude and opposite in sign to 
the algebraic sum of the changes in the energy of ail the external 
bodies and fields interacting with the System.
3.1.4. There are two qualitatively different ways of transmitting 
motion and the corresponding energy from one macroscopie 
body to another —in the form of work and in the form of heat 
(by heat exchange) .*
A change in the energy of a body, brought about in the first

* These concepts are inapplicable to the interaction between microparticles 
(atoms, électrons, etc,), and in such cases only the process of doing work is 
referred to.
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way is called work done on the body. Correspondingly, the change 
in energy of a body accomplished by the second way is called 
the amount of heat transferred to the body.
Energy transmission in the form of work is carried out in the 
force interaction between bodies. Hence, it can be said that the 
work done on the body being considered is nothing but the work 
performed by forces applied to the body by ail other (external) 
bodies with which it interacts. Work done on a body may be 
expended in directly increasing any kind of energy of the body. 
The transmission of energy by heat exchange between bodies is 
due to the différence in their températures, and can be accomplish
ed either by direct contact of the bodies —heat conduction (see 
11.4.3 and 15.3.1) or heat convection (see 19.4.4)-a s  well as by 
the émission and absorption of electromagnetic radiation — radia
tive heat exchange. Energy received by a body in the form of 
heat can directly increase only its internai energy (see 9.1.1.).

3.2. Work
3.2.1. An element of work SA done by force F in the displacement 
dr of a particle is equal to the scalar product of vectors F and dr:

SA = (F dr) = F ds cos a = Fr ds

or, in terms of Cartesian coordinates
SA — Fx dx+ Fy dy + F z dz

where r =
x , y and z = 

Fx, Fy and Fz =

a =
ds = |dr| = 

Fr = F  cos a =

radius vector of the particle 
Cartesian coordinates of the particle 
projections of the force vector on the coordi- 
nate axes
angle between vectors F and dr 
element of length along the path of the par
ticle
projection of force F on the tangent to the path.

The element of work is denoted by SA and not dA since, in the 
general case, it is not a total differential, i. e. the line intégral of 
SA along an arbitrary closed path of the point of application of 
the force is not equal to zéro. This intégral of a total differential 
should be identically equal to zéro. For examplc, the work done 
by friction forces along a closed path may not be equal to zéro.
3.2.2. If a svstem of forces F,, F2, .. ., F* acts on a particle or 
rigid body, the element of work SA performed by ail the forces
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3. Work and Mechanical Energy
or the System is equal to the algebraic sum of the éléments of work 
done by each force. Thus

Ô A= Y  (F, dr,)
i = 1

where dr{ is an elcment of displacement of the point of application 
of force F*.
In the case of translatory motion of a rigid body, ail vectors drf 
are the saine and equal to dr. Hence, the element of work ôA 
is equal to the work done by the résultant force vector F of the 
force System Fx, F2, . . F* (see 2.2.4):

ÔA = ( £  F, dr) = (F dr)

3.2.8. In the case of rotary motion of a rigid body, the element of 
work SA is equal to the product of the résultant moment M, 
with respect to the axis of rotation of ail forces acting on the body 
(see 4.1.2), by the elementary angle dtp of rotation of the body 
about this axis : ôA = M  d(p.
8.2.4. The work A  done by force F along a finite portion s of the 
path of its point of application is equal to the algebraic sum of 
the éléments of work done by this force along ail the infinitésimal 
portions of the path. Thus

* s

A = J (F dr) = J Fr ds 
0 0

If Fr = const, then A = Frs.
If a system of forces F x, F2, . . . ,  F* acts on a rigid body, giving rise 
to its translatory motion, then

A = t  / (F< *) = J (F *) = J>r ds
*-1 0 0 0

where F —• résultant force vector of the system of forces 
Fr = projection of the résultant . 

force vector on the element- #  
ary displacement dr of the 
body.

3.2.5. If the dependence of F r on s is given 
graphically (Fig. 3.1), the work A  per- 
formed by force F along the portion of the 
path between points 2?(sx) and C(s2) is pro-
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portional to the hatclied area S  in Fig. 3.1. Thus 

A  = kik2»S

where k1 and k2 are the scales employcd for s and Fr in plotting 
the curve. They indicate how many units of path one unit of 
length of the axis of abscissas is equal to, and how many units 
of force one unit of length of the axis of ordinates is equal to.

3.3. Power
3.3.1. The power P  of force F is a physical quantity characterizing 
the time rate at which work is done by this force. It is equal to the 
ratio of the element of work ôA to the time interval dt during 
which it is performed :

P = ôA
dt = (p ^) = <Fv>

The power of a force is equal to the scalar product of this force 
by the velocity of displacement of its point of application:

P = F t v

where Fr is the projection of vector F along the direction of vector 
v. If a body of mass m is in translatory motion due to the action 
of force F, then Fx = mv and P  = mvv.
3.3.2. In the arbitrary motion of a rigid body, the résultant power 
is equal to the algebraic sum of the powers of ail the forces acting 
on the body. Thus

where y, is the velocity of the point of application of force F<.
3.3.3. The power of a force or System of forces that cause rotary 
motion of a rigid body is equal to the product of the résultant 
moment of these forces with respect to the axis of rotation by the 
angular velocity of the body :

P  = Mco

3.4. Force Function
3.4.1. Forces acting on a particle or body are said to be potential 
(conservative) if the work done by these forces in the displacement 
of the particle (body) dépends only upon the initial and final
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3. Work and Mechanical Energy
positions of the particle (body) in space. In other words, the work 
performed by a conservative force F along an arbitrary closed 
path of its point of application is identically equal to zéro. Thus

<j> (F dr) = (J> (Fx dx+ Fv dy+ Fz dz) = 0

To comply with this condition it is necessary and sufficient that 
the integrand (i. e. the element of work of force F) be a total 
differential of a certain scalar function of the coordinates U(xt y , z), 
called the fo rce  f u n c t i o n :

Hence

or

Fx d x+ F y d y+ F z dz = d û

w _ eu . j, _ eu
F x  ~  dx ’ F * ~ ey ’ F b = d U 

dz

F = + f  i + - k  = gradi7

Thus the conservative force F is equal to the gradient of the force 
function U.
Example 1. The force function for the gravitational interaction of 
two particles with masses mY and m2 located a distance R  from 
each other (see 2.10.1) is:

Example 2. The force function for the electrostatic interaction 
of two point charges qx and q2 located a distance R from each 
other (see 20.1.4) is:

TT — ______ L _
kns0K e R

3.4.2. In the most general case, the conservative forces and force 
function can dépend explicitly not only on the coordinates, but
on the time t ^  0  and —  5̂  0 ). Such forces are called n o n -

s t a t i o n a r y .  In calculating the intégral <j> (F dr) for nonstationary
forces, time should be considered to be a fixed parameter.
The work A  done by a stationary conservative force F in the 
finite displacement of its point of application from point l(x ly 
Vu *i) to point 2(æ2» y 2* z*) is equal to the différence of the magni
tudes of the force function at the final and initial points. Thus 

2 2

A = J  (P dr) = J* dU = t/j-Z /,
\ l
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With a nonstaiionary conservative force, this formula is valid 
only for instantaneous transportai,ion of ils point of application, 
as otherwisc tho integrand

IV SU , , du , , 017 ,
(F * )  = Tx dx + Sv dy+ dz dz

is not a total difïerential of the function U(x, y , z, t).
3.4.3. Forces acting on a particle or a body are called nonconserua- 
tive if the work done by these forces dépends upon the path of 
displacement of the particle (body).
An example of nonconservative forces are those of kinetic friction. 
They are usually directed opposite to the elementary displaccment
dr so that <j> (F/r dr) < 0.

3.5. Mechanical Energy
3.5.1. Mechanical energy E  is the cnergy of the mechanical motion 
and interaction of bodies. 11 is eqnal to the sum of the kinetic Ek and 
potentiel Ep énergies*:

E = Ek + Ep
3.5.2. The kinetic energy of a body is a measure of its mechanical 
motion and is equal to the work which the body can perform in 
being décélérated to a state of rest. The kinetic energy of a particle 
equals one half of the product of the mass m of the parlicle by 
the square of the velocity v of its motion:

For plane motion, specified in terms of polar coordinates (o, (p)
m / .............

= y  (r+É*'H

The kinetic energy of a body is equal to the sum of the kinetic 
energies of ail the particles making up the body and is expressed 
by the following intégral

£* = {  JVdm = {. J ev2dV
(m) (F)

* In analytical mechanics, it is usual practice to dénoté the kinetic energy 
by T y the potential energy by V and the mechanical energy by E.
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3 . Work and Mcehanical Energy
where dm — mass of a small élément of the body 

dV, q, and v = volume, dcnsity and speed of the élément 
m and V = mass and volume of the whole body.

In the case of translatory motion of a body at the velocity v

If a body rotâtes about a fixed axis, its kinetic energy is cqual 
to one half of the product of the moment of inertia I  of the body 
with respect to the axis of rotation (see 4.2.1.) by the square of 
the angular velocity or.

The kinetic energy of a body rotating about a fixed point is 
expressed by the same formula, but I  stands for the moment 
of inertia of the body with respect to the instantaneous axis of 
rotation.
In the most general case, the kinetic energy of a System of particles 
is equal to the sum of the kinetic energy of translation of the 
System at the velocity yc of its centre of mass and the kinetic 
energy E'k of the System in its relative motion with respect to a 
translatory reference frame having its origin at the centre of 
mass (Koenig's theorem):

y '  =  Y i ~  Vc

In particular, the kinetic energy of a body travelling with the 
velocity v and simultaneously rotating at an angular velocity co 
about an axis passing through the centre of mass of the body, 
equals

t? mv2 I(o2
T

An example of such motion is the rolling of a sphere or cylinder 
along a plane.
3.5.3. Potential energy is the part of the energy of a material 
System that dépends upon the configuration of the System, i. e. 
upon the relative arrangement of the particles of the System and
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their positions in the extern al force field. Potential energy is 
measured by the work done by the conservative forces (external 
and internai) which act on ail particles of the System in the trans
formation* from the given configuration of the System to one 
which is called zéro configuration, and for which the potential 
energy is conventionally assumed to equal zéro. The choice of a 
zéro configuration, i. e. an origin for potential energy, is entirely 
arbitrary, since, in any experiment, only the change in potential 
energy can be measured and not its absolute value. In each par- 
ticular problem, this choice is made so as to simplify the solution 
to the maximum extent.
The potential energy Ept like the force function U (see 3.4.1), 
characterizes the given conservative force field and is related to 
it by the équations

dEp = —dU and Ep = - U  + C

where C is the constant of intégration.
The potential energy of a System E p = Ept+ Ep*. Here, Efp1 is 
the external potential energy of the system due to the action on it 
of external conservative forces, i. e. forces applied by bodies that 
are not included in the System, and Ej^t is the internai potential 
energy of the system, due to the conservative forces of interaction 
between its parts. In the general case, E ÿ1* dépends upon the 
coordinates of ail n particles included in the system: E™t = 
= f[xlt y z l9 . . . ,  x», yn, zn). The external potential energy may 
further dépend explicitly on time t: E ext = f Y (xly y ly zlt . . . ,  
xn, Vnj Zn, *)• This is due to the fact that external bodies, acting 
on the system being considered, may be in motion with respect 
to the frame of reference (the law of this motion is supposedly 
given in each particular problem).
If F*** = F,(r<, t) is the résultant of ail external conservative 
forces acting on the i-th particle of the system, then

d E f *
dt

S E epxl
St -  I  (F„ t,)t = 1

where v< = , r, being the radius vector of the i-th particle.
In the case of a stationary external force field

j - p e x l  n

^  = 0 and d E ?  = (F„ t ,) dt

* If the conservative forces are nonstationary, then time t is considered to
be a fixed parameter in this transformation.
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The internai potential energy of a System is equal to the algebraic 
sum of the potential energies E ik of interaction between ail 
possible pairs of particles in the System. Thus

»  »  . n n

E T  = E  E £ « = | E  S  Elki - 1 k > i C » =  1 A= 1
(MD

where E ik = -  J (F,*, rfr,*) + const = -  J (FW| £&•*<) + const = E ky
r ik = T { - T k

Tki = rt - r ,
F ,* = -F*, = conservative forces of interaction of the 

i-th and fc-th particles of the System.
For a rigid body, Eÿ* = const and it can be assumed that 
Ep = E?'.
Example 1. The potential energy of an elastically deformed body 
(the potential energy of an undeformed body is taken equal to 
zéro) is equal to

Er = J wp dV
V

where wp is the volume density of potential energy which is 
equal in magnitude to the strain energy of a unit volume of
the body {wp = and intégration is carried out throughout
the volume V of the body. In the simplest case of linear tension 
or compression of an isotropie body along axis Ox, conservative 
elastic forces are developed in it. According to Hooke’s law (see
15.7.5), the résultant of these forces F = -ax , where a is the 
coefficient of elasticity depending upon the shape and size of the 
body as well as the elastic properties of its material, and x is a 
vector equal in magnitude to the deformation of the body and 
directed along the external force causing the deformation. Since 
Fx =. - a x  and Fy = Fz = 0, then U = - a x 2/2 and

Example 2. Détermine the potential energy of a body in a gravi- 
tational field. Force F, acting on a particle and exerted by the 
gravitational field,is equal to the product of the intensity g of the 
field by the mass m of the particle (see 2.11.1). Thus

F = mg = -  m grad y  = -  grad (mep) = grad U
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wherc <p = potential of the field (see 2.11.2.)
U — -m<p + C = force function (see 3.4.1).
The potential energy of a particle in a gravitational field is equal 
to the product of its mass m by the potential at the point of the 
field being considered. Thus

Ep = rrup

As a lirst approximation, the earth can be assumed to be a sphère 
whose density varies only along its radius. Hence the potential 
of the earth’s gravitational field at a point located at a distance
r from its centre is equal to (see 2.11.2) cp = -
where M  is the mass and r i?0, the radius of the earth.
The potential energy of a body of mass m, within the earth’s 
gravitational field, cquals

or, wilh Ep -- 0 at the surface of the earth (r—li{i) 

Ep = G m M ( ^ - l - )

3.6. Law of Corneroalion of Mechanical Energy
3.6.1. An el’ementary change in the kinetic energy of a System of 
n  particles is equal to the algebraic sum of the éléments of work 
donc by ail the forces (external and internai) acting on the particles 
of the System :

dEk = £  6A, = £  (F„ dtf)
i = 1 i= 1

where is the résultant of ail forces applied to the i-th particle. 
An elementary change in the mechanical energy of the System 
(see 3.5.1) is equal to

dE = dl+ £  (f„  drt)
01 /= 1

where Ep =  potential energy of the System
î { = résultant of ail nonconservative forces acting on 

the i-th particle of the System.
If ail the forces are conservative, t.hen the total time dérivative of 
the ineehanical energy of the System is equal to the partial time
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3. Work and Mechanical Energy
dérivative of the potential energy of the System:

dE _  dEp 
dt~ ~

3.6.2. A System of bodies (particles) is said to be conservative 
if ail external forces acting on these bodies are stationary and 
conservative, and ail the internai forces are conservative.* 
The potential energy of a conservative System does not dépend 
explicitly on time. Therefore

= 0 and E = Ek + Ep = const

The mechanical energy of a conservative System in motion remains 
unchanged. This is called the law of conservation of mechanical 
energy. It is valid, in part.icular, for any closed System of bodies 
between which the forces of interaction arc conservative. If these 
forces are nonconservative (for instance, friction forces), the 
mechanical energy of the closed System decreases.
3.6.3. A System of bodies is said to be dissipative  if its mechanical 
energy decreases with time due to its conversion into other 
(nonmechanical) forms of energy (for example, into the internai 
energy of chaotic motion of the particles making up the bodies). 
This process, in which the mechanical energy of a System de
creases, is called the dissipation of energy.

3.7. Collisions
3.7.1. A collision is a finite change in the velocities of rigid bodies 
that occurs in an extremely short time interval r when they 
eollide. In the process of deformation of the colliding bodies, 
instantaneous (im pact) forces are developed. They may be of 
extremely high magnitude. For a System of colliding bodies, these 
instantaneous forces are internai ones. Their impulses in the 
duration r of the collision are called instantaneous impulses, or 
impulses of impact forces. They are many times larger than the 
impulses of ail the external forces applied during the same time to 
l.he System. Hence, the efîect of the external forces can be neglect- 
ed in a collision, and the System of colliding bodies can beconsid- 
ered as a closed one, i. e. one in which the principle of conser
vation of momentum (see 2.7.1) and of the angular momentum

' Il Mie S y s t e m  is e o n s t r a i n e d ,  t l i e u  i l  is  n e c e s s a r y  l . h a l  Un ;  c o n s l r a i n l s  i i n -  
I»o s (m1 o n  i t  b c  i d é a l  ( s e e  b.  1 .4 . )  a n d  s t a t i o n a r y  ( s e e  1 . 1 .1 1 ) .
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(see 4.5.1) holds true. Regarding the colliding bodies as a System 
consisting of n particles, we can write

n n

E = s  '"iu<
i = i i=. i

and
n nE [r<W(Vi] = E*=1 1

wliere y,- and ut = velocities of a particle of mass m{ before 
and after the collision, respectivelv 

r* = radius vector of the particle.
3.7.2. The coinmon normal to the surfaces of the colliding bodies 
at the point of contact is called the line of impact. The collision, 
or impact, is said to be direct if the velocities of the centres of mass 
of the colliding bodies are parallel to the line of impact before the 
collision. Otherwise, it is called an oblique collision. If the centres 
of mass of the colliding bodies lie on the line of impact, it is said 
to be a central collision.
Example 1. Gonsider a direct central collision of two bodies in 
translatory motion. The velocities of the bodies \ l and v2 before 
the collision and ux and u2 after it are directed along a single 
straight line-the axis Cfcr-passing through the centres of 
mass of the bodies. The projections of these velocities on the 
axis Ox are related by the following équations:

_  ( m i - k m 2) v i +mt(i +k)v t 
ll ~~ mi+m,

_  mi( 1 + f t ) p 1 + ( m > - f e m i ) t 7 t  

l* ~  mj+m,
=  . ü .

Vi-Vi
where the values uiy v2, ux and u2 are positive or négative depending 
upon the direction of the corresponding velocity vector (either 
along the positive direction of axis Ox or in the opposite direction). 
The value k is called the coefficient of restitution. It is equal to 
the ratio of the absolute values of the relative velocities of the 
bodies before and after collision and dépends only upon the 
elastic properties of the colliding bodies. The decrease in kinetic 
energy resulting from the collision is equal to

- A E h mjm2 (Vi-I>t) ' ( l - k ' )
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3. Work and Mechanical Energy
This part of the mechanical energy of the System is converted into 
its internai energy. If the impact forces are conservative, the colli
sion is called perfectly elastic and k = 1. The collision is said to be 
inelastic if after it the bodies travel at the same velocity, i. e. 
Uj = u2 and k = 0. In ail other cases, the collision is said to be 
imperfectly elastic and 0 < k < 1.
Example 2. Nowconsider an oblique central collision of two bodies 
in translatory motion. Upon impact, only the normal components 
of the velocities of the bodies, parallel to the line of impact, are 
changed. Thus

_  (m 1- f e m 2) u in + m 2( l  +h)vtn

Uzn = mi(l +k)vln+(mi—km1)vtn 
m1+ml

and the coefficient of restitution is
£ _  utn-u ln 

Vm-V2n
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Dynamics of Rotary Motion

4.1. Moment of Force
4.1.1. The moment Mf of a force about a point O is the vector 
product of radius vector r,, drawn froin point O to the point of 
application of the force, by force vector Ff:

M, = [rfFj-|
The projections M ixi M iy and M iz of vector on the axes of a 
Gartesian coordinate System having its origin at point O are related 
to the projections on these axes of the vectors r, and F,- by the 
équations

M ix = yiFiz — ztF it, ; M iy =
M-iZ = iy ytF ix

where xu yt and zt are the coordinates of the point of application 
of force F*.
4.1.2. The moment of a force about an axis is a scalar quantity equal 
to the projection on the given axis of the moment of force vector 
with respect to any point on the same axis.
The résultant moment M  of a System of k forces is a vector equal 
to the sum of the vectors of the moments of ail the forces of the 
System about the réduction centre (see 2.2.4). Thus

M = £  = Z  [r<Ff]
i = 1 i = 1

The r é su lta n t  m o m e n ts  M an d  M' of th e  sa m e  S y stem  o f forces, 
but w ith  r esp e c t to two d iffe re n t r éd u c tio n  cen tre s  O an d  O'
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4. Dynamics of Rotary Motion
arc rolated by llie formula

M' = M -[r0,F]
*

whcrc F = Yj F* = résultant vector of tlie S y stem  of forces 
»=1

t0, =  radius vector drawn from point O to point O'.

The moment of a System of forces about an axis is equal to the 
projection on this axis of the résultant moment of the System of 
forces with respect to any point on the axis.

4.2. Moment of Inertia
4.2.1. The moment of inertia of a body about an axis is a quantity 
which is a measure of the inertness of the body in rotary motion 
about this axis. It is equal to the sum of the products of the masses 
of ail the particles of the body by the squares of their distances 
from this axis. The moments of inertia about the axes of a 
Cartesian coordinate System are equal to

/* = J (y 2 +  z2) dm = J (y2 +  z2)ç> d v
(m) ( F)

= JJJ  (y2 + *2)<? d x d y d z
(F)

/ ,=  J  (x24-z2) dm =  J (** + z2)e dV
(m) ( F )

= JJ* J [x2 +  zz)q dx dy dz
( F )

/* = |  (x2 +  y 2) dm = J (x2 +  y 2)() dV
(m )  ( F )

= JJJ  (x2 +  y 2)Q d x d y d z
(F)

where m, q and V = mass, density and volume of the body
x , y and z = coordinates of an elementary particle of 

the body of volume dV  and mass dm.
The moment of inertia dépends only upon the shape of the body 
and the arrangement of its mass with respect to the axis.
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The quantities rx = ] f l xfm,  ry = Ÿ I y / m  and rz = Ÿ I z/ m  are 
called the radii of gyration of the body about the axes Ox, Oy 
and Oz, respectively.
For a discrète System of n particles

I x  =  £  (yî + 2? ) / » , ;  h  =  Y  (xï + z f jr r i i  
i *=■ 1 < =  1

i ,  = Y, (x>+yï)tni
i = l

4.2.2. Siemens theorem of parallel axes states tliat the moment of 
inertia I a of a body about an arbitrary axis a is equal to the sum 
of its moment of inertia I a, about axis a', passing through the 
centre of mass of the body and parallel to axis a, and the product 
of the mass m of the body by the square of the distance d between 
axes a and a' (and likewise for an arbitrary System of particles) :

I a = I 9, + md2

Hence, the moment of inertia of a body about an axis passing 
through its centre of mass is less than that about any other 
parallel axis.
4.2.3. The products of inertia, or centrifugal moments, of a body 
about the axes of a rectangular coordinate System (Ox, Oy, Oz) 
are represented by the following équations :

I xu = J ocy dm = J xyç dV  = JJ*J xyg dx dy dz
{m) ( F )  ( F )

/ „  = j x z d m  = Ç xzçd V  = J/J x z q  dx dy dz
(m)  ( F )  ( F )

I yz = J yz dm = J yzQ dV  = Jj*J yzq dx dy dz
( m )  ( F )  ( F )

and for a System of n particles
n »  n

hy = Y  xiyimi> = E  h* = £  y<z‘m<<~i < = i f = i
4.2.4. The moments of inertia I a of a rigid body about any arbi
trary axis a passing through a point O are related to the moments 
of inertia of this body about the axes of a coordinate System
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4. Dynamics of Rotary Motion
(Ox, Oy, Oz), whose origin coincides with point O, by the following 
équation:
I a = h  COs2 a + I ,  cos2 fi + Ig cos2 y — 2Izy cos a cos /?—

-  2Ixz cos a cos y -  2Iya cos /? cos y

where a, and y are the respective angles which axis a makes 
with axes Ox, Oy and Oz.
Axis Ox is called the principal axis of inertia of the body if the 
products of inertia I xy and I xz are simultaneously equal to zéro. 
Three mutually perpendicular principal axes of inertia Ox\ Oy' 
and Oz' can be passed through each point of the body in such way 
that

Ia = cos2 a' -f / 2 cos2 /?' + 13 cos2 y'

where a', ($' and y' = angles made by axis a with axes Ox' , Oy' 
and Oz'

72 and / 3 = moments of inertia of the body about the 
principal axes of inertia at point O, called 
the principal moments of inertia.

4.2.5. If ail possible axes a are passed through point O of a rigid 
body, and lengths OA , equal in magnitude to 1 lŸ I0 are laid off 
on each axis, the locus of points A  is an ellipsoid called the 
momental ellipsoid of the body at point O. The principal axes of 
the momental ellipsoid coincide with the principal axes of inertia 
of the body at point O. The équations of the momental ellipsoid 
in the coordinate Systems (Ox, Oy, Oz) and (Ox', Oy\ Oz') are 
of the form

I xx2 + I yy2+ Izz2-  2Ixyx y -  21 xt x z - 2 I yzyz = 1 
I 1x '2 + I 2y '2 + I 3z'2 = 1

The central momental ellipsoid of a rigid body is the one at the 
centre of mass of the body. The principal axes of the central 
momental ellipsoid are called the principal central axes of inertia, 
and the moments of inertia of the body about thcse axes are 
called the principal central moments of inertia. A principal central 
axis of inertia is the principal axis of inertia for ail points of the 
body lying on this axis.
4.2.6. If a homogeneous body has an axis of symmetry, then this 
axis is one of its principal central axes of inertia. If a homogeneous 
body has a plane of symmetry, then any normal to this plane is a 
principal axis of inertia at the point of intersection of the normal 
and the plane of symmetry.
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A rigid body rotating about a lixed point O is ealled 1 body of 
révolution in the dynamic sense if its moinental ellipsoid/ for point 
O is an ellipsoid of révolution. The axis of rotation of thq'momental 
ellipsoid is called the axis of dynamic symmetry of the bôdy.
4.2.7. The following are the principal centrai moments of inertia 
of certain homogeneous bodies of simple shape (m being the mass 
of the body).
(t) A thin straight rod of length l located along axis Oz:

I x = I y = —- ml2 and / ,  = 0

(2) A rectangular parallelepiped with sides a, b and c, that are 
parallel, respectively, to axes Oxt Oy and Oz:

/* = -  (&2 + c*); / ,  = — ( a ^ c2); / ,  = ■£(«* + **)

(3) A hollow right circular cylinder of height H  and radii 
and R 2 of the outer and inner surfaces; Oz is the axis of the cylin
der :

/ .  = / ,  = (3m  + m  + H*) ; I z = "l (R\ + m )

For a solid cylinder (i?2 = 0; iî, = R):

/* = /„ = ^  (3Æ2 + /P) ; h = -A- m/;2
For the latéral surface of a thin-walled hollow cylinder (cylindrical 
shell) {R1 = R 2 = R) :

/ x = / y = f 2 (6 ^  + //2); lM = mRi

(4) A hollow sphere with the radii of the outer and inner surfaces 
equal to R t and R 2:

L  = L  = L
R r; - R : \

ï ïî-m
For a solid sphere (R2 = 0; R 1 = R) :

I z = = ? mR°-

For a thin-walled sphere (spherical shell) (Rx = R 2 = ft) 

/ ,  = /„ =  T = |  mJT-
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spWricrFor a spherical sector (Oz is the axis of symmetry): 

h  = ^ { 3 R - h )

vvhere R = radius of the spherical surface
h = altitude of the spherical segment which is part of 

the spherical sector.
For a spherical segment [Oz is the axis of symmetry) :

m h  2 0 R 2— \ b R h + 3 h 2 
2 0  3 R - h

(5) A right circular cône with a base of radius R  and an altitude 
Il (Oz is the axis of the cône) :

h  = i y = ~  (.R2+ - - )  ; / .  = — m m

For the latéral surface of a thin-walled hollow cône (conica 
shell):

I z = — m R2

(6) The frustum of a right circular cône with an altitude II  and 
bases of radii R x and R 2 (Oz is the axis of the frustum) :

3m R \—Rl 
z ~  To~ R l ~ R \

For the latéral surface of a thin-walled hollow frustum:

I , = ~ (R l+ R l)

(7) A right rcctangular pyramid of altitude II  with the sides a 
and b of the base parallel to axes Ox and Oy, respectively :

= f«■(*’+ ! ^  = //2)

7, = ^-(a, + i*)
(8) An ellipsoid with semiaxes a, b and c parallel to axes Ox> Oy 
and Oz, respectively:

j . = t (6,+c*); ^  = T ( a,+ c*); / . = f ( a ,+ 6*)
(*.)) An anchor ring of radius R  having circular cross sections of
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radius r and axis Oz perpendicular to the plane in wpich the 
centres of the cross sections lie: f

/ ,  = / ,  = f  <4* 2+ 5r2) ; 7* = m {r î +t  **) '

4.3. Angular Momentum
4.3.1. The angular momentum, or moment of momentum, of a 
particle about a certain point (origin) is denoted by vector L, 
which is equal to the vector product of the radius vector r< of the 
particle, drawn from the origin, by its momentum mtYt. Thus

L i = [r</WfVj
The angular momentum of a System of particles about an origin 
is denoted by vector L and equais the géométrie sum of the angular 
momenta of ail n particles of the System about the same origin :

»
L = £  [r,m,Y,]

< = 1
The angular momentum of a body about an origin equais 

L = J [rv] dm = J  [rv]p dV  = f/J  [rv]p dx dy dz
(m) (F) (F)

where r, v and q are the radius vector, velocity and density of an 
element of the body having a mass dm and volume dV.
4.3.2. A property of the centre of mass C of a System of particles 
is that the angular momenta of the System with respect to C for 
the absolute motion of the particles (LJ and for their relative 
motion (Lé) with respect to a System of coordinates having its 
origin at point C, and having translatory motion, are the same: 
Le = Lé, i. e.

Ê = Ê [rf'"ïjVi]<=1
where v< and v' = Tr v e are the velocities of absolute and relative 
motion of particles of mass m{ whose position with respect to C 
is determined by radius vector r< = r< -rc.
The angular momenta of the System with respect to its centre of 
mass (LJ and the fixed origin (L) are related by the équation

Le = L -m [rcvc] = L - [ r eK]
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where rh =  £  m t = mass of the System
vc ’f= absolute velocity of the centre of mass with respect 

( to the origin 
K =* angular momentum of the System.

4.B.3. The angular momentum of a System of particles (or body) 
about an axis a  is the scalar value L a, equal to the projection on 
axis a  of vector L, the angular momentum of the System (or body) 
with respect to any origin lying on this axis. The angular momenta 
of a System of n  particles about the axes of a fixed Cartesian 
coordinate System are equal to

= Y  (ytvtl — Z(Vty)m, 
< = 1

n

L » =  T ,  ( Z <v l x — X i v h ) m i <=»1

L, = Ÿ {xtvi , - y i vu)m,
i - 1

where x tl y { and z { = coordinates of the i-th particle of the System 
v ix, v iy and v iz =  projections of its velocity vf on the coordi

nate axes.
For a body

L x =  J ( y v g - z v v ) d m  = J J J ( y ^ - z v ^ Q  d x d y d z
<m) ( F )

L 9 =  J ( zvx - x v t ) d m  = J J J (zvx - x v z)q  d x d y d z
(»n) ( F )

L g = J ( x v „ - y v x ) d m  = JJJ (x v y - y v z ) ç  d x d y d z
<m) ( F )

where x , y  and z  = coordinates of a small element of the body
of a mass d m

v Xi v v and v z = projections of the velocity of this element 
on the coordinate axes.

The angular momentum of a body or System of particles about an 
arbitrary axis a  passing through the origin of coordinates is 
equal to

L a = L x cos a + L y cos + L z cos y
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whoro a, p and y aro angles inade by axis a with tlio courdinale 
axes Ox, Oy and Oz. If tlie body rotâtes about axis a with the 
angular velocity co, then

La = Iaco

4.4. The Fundamental Lato in the Dynamics 
of Rotary Motion

The time dérivative of the angular momentum of a material 
System about a fixed point* or the centre of mass of the System 
is equal to the résultant moment of ail the external forces applied 
to the System about the same point:

or, in terms of the projections on the coordinate axes of a fixed 
(inertial) frame of reference:

d L
dt - = M z\ dLy

dt M y\ d L z
dt

M t

Examplc 1. G onsider th e  r o ta tio n  of a S y stem  about a fix ed  a x is  
Oz:

Lx = Ly = 0 and Lt ^  0

The équation of motion is: — Lz = M g. If the System is a perfectly
rig id  b o d y , then I 2 — = M z

wherc co = angular velocity of the body
I z =  m o m e n t o f in e r tia  o f th e  b o d y  w ith  r e sp e c t to  

a x is  Oz.
Ëxample 2, Consider the rotation of a rigid body about a fixed 
point O. In terms of a moving coordinate System (x\ y \  z')t 
fixed in the body and having its origin at O, the équation of 
motion of the body has the form

f  =M-[<oL]

* Witli respect lu a certain inertial frame of référencé.
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wherc L = angular momentum of the body
M = résultant moment of ail the external forces applied 

to the body with respect to point O 
co = angular velocity of the body

j' + ̂ r - k ' = relative time dérivative dt dt dt * dt
of vector L

i', j' and k' = unit vectors of the moving System.
If the axes of the moving coordinate System coincide with the 
principal axes of inertia of the body at point O, then the équations 
of motion of the body in terms of the projections on these axes 
will hâve the form :

/ A + ( / 3 - / M  — M  j 
I 2w2 + (/x -  I 2)co3col =  M  2
-̂ 3̂ 3 "1“ (-̂ 2 — =

where I v I 2 and / 3 = principal moments of inerlia of the body 
at point O

cou co2 and co3 = projections of the angular velocity vector 
on the principal axes of inertia 

M lf M 2 and M 3 = moments of ail external forces about the 
same axes.

These are also called Euler’s équations of motion of a rigid body 
with a fixed point.
These équations also hold for the rotation of a free rigid body 
about its centre of mass, but in this case I lt I 2 and / 3 are the 
principal central moments of inertia of the body; œlf œ2 and coa 
are the projections of the angular velocity of the body on its 
principal central axes of inertia; and M lt M 2 and M a are the 
moments of ail external forces about the same axes.

4.5. Principle of Conservation 
of Angular Momentum

4.5*1. If the résultant moment of the external forces about a fixed 
point or the centre of mass of a material System is identically 
equal to zéro, then the angular momentum of the System with 
respect to this point remains constant in time:

0 - ISOOt)

—  = 0 and L = constdt
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No external forces act in a closed System. Gonsequently, the angular 
momentum L of a closed System about any fixed point, as well as 
the geometrical sum Lé of the angular momenta of ail the parts 
of the System with respect to its centre of mass, are independent 
of time. Thus

f  = °; 1 r  = i & i w i  = 0

where r< and y, = radius vector and absolute velocity of the i-th 
particle of the System with respect to the fixed 
inertial coordinate System (x , y, z) 

r i = r , - r c = radius vector of the same particle with respect 
to the centre of mass of the System 

y; = y, -  ve = relative velocity of the particle with respect 
to the centre of mass of the System.

In terms of the projections on the fixed axes Ox, Oy and Oz, and 
on the axes O'x', O'y' and O'z' of a moving System in translatory 
motion so that its origin O' always coincides with the centre of 
mass, the principle of conservation of angular momentum can be 
written in the form of two Systems of équations :

d J*,
d t ^  m‘(yiv» - z<v^  = 0

— ^ m ({z,vix -x,v,,) = 0 -

d nâî  ^  rn ^v ,,, -  y,vlx) = 0

d \
-JT E  =  0
Ul i = 1

~ d tjtt m i(x ‘V‘* -y 'iv '<x) = o

4.5.2. If the moment of the external forces about the centre of 
mass of a rigid body is equal to zéro, the rotation of the body 
about its centre of mass is said to be force-frec (inertial) rotation,
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It can be represented by the following threc équations which 
follow frtom Euler’s équations (see 4.4.1.):

\ /i« i + (h  ~ = 0
-̂ 2̂ 2 (-̂ 1 — = d

+ (-̂ 2 — = ®
where / l5 I 2 and / 3 = principal central moments of inertia of 

the body
cqu  œ 2 and co.à =  projections of the angular velocity 

vector of the body on the principal 
central axes.

In this case, the centre of mass of the body travels according to 
the law

mre = F
where F = résultant vector of the System of external forces 

m = mass of the body.
4.5.3. Free rotation of a body is said to be uniform if the vector 
co of the angular velocity is constant. A necessary and sufficient 
condition for such motion is the rotation of the body about one of 
its principal central axes. Practically, however, uniform force-free 
rotation of a body is accomplished only about the principal central 
axes with the maximum or minimum moments of inertia. These 
are called free axes of the body. Force-free rotation about the 
third axis is unstable.
If a material System is not closed, but the moment of ail the 
external forces with respect to any lixed axis is identically equal 
to zéro, the angular momentum of the System about this axis 
does not change in the course of motion.

4.6. Motion Under the Action of Central Forces
4.6.1. A force acting on a moving particle or body is said to be 
central if its line of action constantly passes through the same 
fixed point O which is called the centre of the force:

P = F —r
where r = radius vector drawn from the centre O to the point of 

application of force F 
F  = projection of the force on the radius vector.
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Examples of central forces are the gravitational forces between 
particles and the forces of electrostatic interaction between elec- 
tric point charges for which F is inversely proportional to r2.
4.6.2. For a particle moving under the action of a central force, 
its angular momentum about the centre O of the force remains 
constant. Thus

— = M = 0 and L = [rmv] = const

For this reason, the particle travels in a plane
Lxx + Lyy + L2z = 0

which is perpendicular to L and passes through point O. The 
areal velocity of the particle (see 1.2.5) is constant (Kepler*s 
second law). Thus

where r and q> are the polar coordinates of the particle in the plane 
of motion (the Gartesian coordinates of the particle are f and rj).
4.6.3. If the central force acting on the particle being considered 
dépends only on r, i. e. F = F(r), then the force is conservative 
(see 3.4.1.). Its force function is

0

where U0 = U(0). The potential, kinetic and total energies of the 
particle equal

Ep = -U (r) + C = E,(r)

Ek Y  (r2 + rV )
mr‘ L8
~2-  + 2mr*

E  = + Ïmr~ï + E>
The relationship between the polar coordinates of the particle 
and time is of the form
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The firçt formula gives the lavv of motion of the partiale along 
its pathi and the second is the équation of this path (orbit).
4.6.4. The total energy E  of a particle does not change in motion. 
Hence, the range of possible values of the polar radius r of the 
particle is determined from the condition

L2 
2 mr\ + Ep(r«) = E

where r* are the extreme values of r, i. e. rmax and rmin (tliey are 
also called the apsidal distances). If r ^  is a finite value, the 
motion is said to be finite. In this case, the path of the particle is 
confined within a ring which is bounded by circles of radii r = rmin 
and r = rtnax. Ail paths of a finite motion of a particle are closed 
if the potential energy Ep is proportional to 1/r or r2. If the 
maximum value of r is unlimited, the motion is said to be infinité. 
4.6.5. Kepler's problem* States that the motion of a particle under 
the action of a central force is inversely proportional to the 
square of the distance from the centre of the force:

P = - ^ - r  and Ep a
r

where a is a constant. If a < 0, then the particle is repelled from 
the centre (Coulomb’s electrostatic interaction of like point 
charges) ; if a > 0, the particle is attracted to the centre (gravi- 
tational interaction of particles and Coulomb’s interaction of 
unlike point charges).
The path of the particle is a conic section whose équation, in terms 
of the polar coordinates r and y) = (p-C2 (see 4.6.3.), is of the 
form

r = v
1 +e cos y for (a > 0)

r P
— 1 +e cos for (a < 0)

where p = ^  -— = orbit parameter (semi-latus-reetum)

e = j / l  = eccentricity of the orbit
E  = total energy of the particle
L = its angular momentum witli respect to the centre of 

force.

* Somelimes called Ncwton’s problem in lhe lilerature.
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(a) For a > 0, the centre of the force lies at the focus of tbre orbit 
of the particle. The distance from the centre to the neareèt point 
of the orbit, called the perihelion, is equal to

r -  P  
min i + e

If E  > 0, then e > 1 and the orbit is a hyperbola; if E = 0, 
then e — 1 and the orbit, is a parabola; and, finally, if E  < 0,

then e < 1 and the orbit is an ellipse (Fig. 4.1) with the semiaxes 
p-  = _JL_ and b = p L
- e 2 2 |E |

a
1 —e2 2 |E | Y 1 -e2 Ÿ2m\E\

The period T  of one révolution of the point on an elliptic orbit is

T  = 2* Y ~

(b) For a < 0, the total energy of the particle is

E = nr2 ,
2 +_2mr2 + M ^ 0

Ilence, the motion is always infinité and the path is either a 
hyperbola (E > 0) or a parabola (E = 0). The 
centre O of the force and the focus F  of the or
bit lie on the axis of symmetry of the orbit on 
opposite sides of the perihelion P (Fig. 4.2) and

rmin -  e_ 1

fio.4.2
Example 1. Consider the motion of the planets 
in the sun’s gravitational field. Here: a =
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= GmM > 0, where m is the mass of the planet, M  is the mass 
of the sun, and G is the gravitational constant. The planet has 
finite motion, i. e. E  < 0. Gonsequently, the following two laws 
are valid:
(1) The orbit of each planet is an ellipse with the sun at one of the 
foci (Kepler*s first law).
(2) The ratio of the cubes of the semimajor axes of the elliptical 
orbits to the squares of the periods of one révolution is the same 
for ail the planets of the solar System (Kepler*s third law):

kn2 —  = — = GM = constTz m

Example 2. In the motion of bodies in the gravitational field 
of the earth a = GmM = g0mrj, where m is the mass of the body, 
M  is the mass of the earth, and g0 is the free-fall accélération at 
the surface of the earth whose radius is r0 (the influence of the 
diurnal rotation of the earth is not taken into account).
The circular orbital velocity vx is the velocity that it is necessary to 
impart to a body to convert it into an artificial satellite of the 
earth, travelling in a circular orbit (e = 0) of radius r0:

vx = Y g0r0 = 7.9 km/sec*
The escape, or parabolic, velocity v2 is the minimum velocity that 
it is necessary to impart to a body in order to launch it on a 
parabolic orbit (e = 1). Such a body will overcome the earth’s 
gravitational attraction and become a satellite of the sun. Thus

v2 = Y2g0r0 =11.2 km/sec*

4.7. The Gyroscope
4.7.1. A gyroscope (symmetrical gyroscope) is a rigid body rotating 
about a fixed point O and having an axis Oz' of dynamic symmetry 
(see 4.2.6.) which passes through the centre of mass of the gyro
scope. A gyroscope is said to be balanced if point O coincides with 
its centre of mass. Otherwise, it is said to be a heavy gyroscope, or 
top, since the moment of its gravity force with respect to point O 
is not equal to zéro and essentially affects the motion of the 
gyroscope.
If the orientation of the instantaneous axis of rotation of the 
gyroscope about point O is not restricted in any way, the gyro-

* The résistance of the atmosphère is neglected.
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scope has three degrees of freedom. If tliis axis can occupy any 
position only in a certain fixcd plane passing tlirough point O, tlie 
gyroscope has two degrees of freedom.
1.7.2. Let us consider the force-free (inertial) rotation (see 4.5.2.) 
of a balanced gyroscope having three degrees of freedom.
The angular momentum L of the gyroscope about point O and its 
kinetic energy are constant. Moreover, it follows from the équation 
for the force-free rotation about a point (see 4.5.2.) that at I x = I 2

co3 = 0 and co1œ1 + co2œ2 = 0 
i. e. co3, col-\-col and co = )/co\ + co\ + (o\
are constant.
There are two possible cases:
(a) co1 = œ2 = 0, so that œ = co3 and co = —L = const.

In force-free rotation of a balanced gyroscope about the axis of 
dynamic symmetry, the orientation of this axis with respect to 
the axes of an inertial frame of reference does not change in time.
(b) co\ + co\j± 0, i. e. the instantaneous axis of rotation of the gyro
scope does not coincide with its axis of dynamic symmetry Oz'. 
In this case axis Oz' rotâtes uniformly about fixed axis Oz which 
coincides with the direction of vector L. Axis Oz' describes a 
circular conical surface with its vertex at point O and a vertex 
angle of 20, determined from the relationship :

tan fl =
I3 ï w3

Such motion is called regular precession, and angle 0 is called 
the nutation angle. The angular velocity of the precession is equal to

a = Ÿ + ± A
sin 0

= co. a»i + cu2
*" 2co3

If (d\+ o)\<£ eo§, then the nutation angle in regular precession is 
very small and axis Oz' practically coincides with the fixed axis 
Oz.
4.7.B. Let us consider the effect of external forces on the motion 
of a gyroscope having three degrees of freedom.
In the approximate theory of the gyroscope, it is assumed that it 
rotâtes (spins) at high velocity about the axis of dynamic sym
metry Oz' (co = o)3) which, in turn, slowly moves about a fixed 
point O, under the action of the external forces applied to it. This
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motion of the gyroscope axis is called precession. Vectors to and 
L = / 3to are called, respcclively, ihe intrinsic angular velocity and 
the intrinsic angular momenlum of the gyroscope.
If the external force F is applied at point A  of axis z r
Oz' (Fig. 4.3), thcn its moment M  about point O 0 \  
cMjuals K Y

M =['.*■] = ^rfL F ] L

where r„
(O

radius vector of point A 
algebraic value of the intrinsic angular 
velocity of the gyroscope (co >■ 0 if vec
tor L is directed along the positive di
rection of axis Oz').

0
F

FIG.4 .3

4.7.4. It follows from the fundamental law in the dynamics of 
rotary motion (sec 4.4.1.) that for a gyroscope having threc degrees 
of freodom

Vectors dh  and L are mutually perpendicular. Gonsequently, 
urider the action of force F applied to axis Oz' of the gyroscope, 
vector L and the gyroscope axis precess about the instantaneous 
axis 0 0  (v/hich is parallel to force F) iri the direction of the vector 
moment M of the force with respect to point O. The angular 
velocity of i.his precession is

The vector
M, = -M  -[L£2] -  / :i[o»Sl]

is called tlie gyroscopic moment. The gyroscopic moment is applied 
to an extiîrnal body whicli causes precession of the gyroscope at 
the angular velocity SI.
I f SI — eonst and angle 0 betvveen vectors L and SI is also constant, 
the precession is said to be regular. As is shown by exact theory, 
in the case of regular precession the gyroscopic moment is

Mf = I-loiSi] (l -  cos 0)
This formula agréés with the approximatc one in the following
cases :
(a) co »  û  (basic assumption of the approximate theory)
(b) 0 = 90°
(c) 7:, = / j  = I 2 (spherical gyroscope).
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Example. In the regular precession of a heavy gyroscope, or top, 
due to its gravity force, = [PrJ, where rc is the radius vector 
of the centre of mass and P is the gravity force. Precession takes 
place about a vertical axis which makes an angle 0 with the 
gyroscope axis. The angular velocity of this precession is found by 
the formula

I3toü[ 1+ h ~’1 cos oj = Prt

Regular precession is possible under the condition that 
ijco2 + 4(/a — I\)Prc cos 6 > 0 

There are two angular velocities of the precession:

q  _  — Ia(Q±Ÿ I I ^ + H Ig— Ii)P re COS 0 
~  2(Ja-J i )C O S 0

If the intrinsic angular velocity of the gyroscope is sufficiently 
high, then

Pt*Qx ~ = slow precession

Ü* = Ui- Î ïcko = faSt Precession
In order to accomplish regular precession with a heavy gyroscope 
(or with a balanced gyroscope acted upon by a constant force), 
it is necessary to comply with strictly definite initial conditions 
of its motion. Otherwise, pseudoregular precession occurs in which 
the nutation angle 0 varies periodically. The higher the intrinsic 
angular velocity co of the gyroscope, the narrower the range of 
variation of angle 0 and the less the nutation of the gyroscope. 
If the axis of dynamic symmetry of a heavy gyroscope, having 
three degrees of freedom, is vertical and its centre of inertia is 
located above the point of support, rotation of the gyroscope 
about this axis will be stable if

I3œ > ï f P Î ^ '

4.7.6. Let us consider a gyroscope with two degrees of freedom. 
If the number of degrees of freedom is reduced from three to 
two, the gyroscope completely loses its stability regardless of the 
magnitude of its intrinsic angular velocity. An external force F, 
applied to the axis Oz' of dynamic symmetry of a gyroscope with 
two degrees of freedom and directed in a plane perpendicular to 
its second axis Ox of rotation, will cause force-free rotation of the
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gyroscope about axis Ox in the direction of force action. This is 
due to the fact that the combined efïect of force F and the intrinsic 
rotation of the gyroscope in the fixed bearings of axis Ox gives 
risc to a couple of forces which is applied to the gyroscope and 
develops the moment M. This moment coincides in direction with 
force F and causes tilting of axis Oz' in the same direction. 
Owing to the diurnal rotation of the earth, the axis of dynamic 
symmetry of a gyroscope with two degrees of freedom, freely 
rotating about a vertical axis, will become set up in the plane of 
the géographie meridian so that the angle made by the angular 
velocities of the earth and the gyroscope is acute. This property of 
the gyroscope was first employed by Foucault as experimental 
proof of the earth’s diurnal rotation.



CHAPTEH 5

Fundamentals of Analytical Mechanics

5.1. Principal Concepts and Définitions
5.1.1. The g e n e r a l i z e d  c o o r d in a tc s  of a material System are llic 
independent parameters q u q 2) .. ., q x which completoly specify 
the configuration of the System, i. e. the position of ail its particles 
witli respect to the frame of référencé.
The g e n e r a l i z e d  v e lo c i i i e s  of a System are the total time dérivatives 
of the generalized coordinatcs of the System. Thus

(i = 1, 2, . . I)

5.1.2. The n u m b e r  o f  d eg r ee s  o f  f r e e d o m  of a material System is the 
number s  of possible independent motions of the System. For a 
holonomie System (see 1.1.11.), the number of degrees of freedom 
is equal to the number of generalized coordinates of the System: 
s  = l. If the System is nonholonomic (see 1.1.11.), s  = l — k> 
where k  is the number of nonholonomic constraints imposed on 
it. In what follows, only holonomie Systems will be treated.
5.1.8. V i r t u a l  d i s p l a c e m e n t s  of a material System are any infinités
imal changes in the configuration of the System, complying wilh 
the constraints imposed on the System in the instant of time t 
being considered. If the constraints are stationary (scleronomous) 
(see 1.1.11.), then the actual displacement of the System in an 
infinitésimal length of time d t  coincides with one of its Virtual 
displacements. In the case of time-dependent (rheonomons) 
constraints, the actual displacement of the System does not coïn
cide with any of the Virtual ones, sinoe the conditions imposed by 
the constraints vary during the time d t .
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The Virtual displacement <5r* of the k-th particle of a System having 
s degrees of freedom is

where the ôgt are infinitésimal incréments of the generalized co- 
ordinates corresponding to the Virtual displacement of the System 
and called isochronous variations of the generalized coordinates.
5.1.4. An element of work performed in a Virtual displacement by 
the forces acting on ail n particles of a holonomie System with s 
degrees of freedom (virtual work) is equal to

where F* -  FJ.fl)-l-R*, FiB) and R* are the résultants, respeclively, 
of the applicd forces and the reactions of the constraints (sec 2.‘2.7) 
imposcd on the k-th particle.
The value

is called the generalized force associated with the generalized 
coordinate q{.
Constraints are said to be idéal (workless) if the sum of the éléments 
of work done by the reactions of these constraints in any virtual 
displacement of the System is equal to zéro :

This condition holds, for example, for bodies sliding along an 
absolutely smooth surface or rolling, without slipping, along an 
absolutely rough surface.
With idéal constraints, the generalized forces are expressed only 
in tenns of the applied forces:

SA = t  <F* **) = i  <?< Ô<1<

t  (R? **) a  0k=1

lf ail forces are conservative, tlicn
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where V is the total (external and internai, see 3.5.3) potential 
energy of the System (see also footnote on page 64).
In the general case

<?< = - ! - + «
» / a .

where Q\ = ]T = generalized nonconservative force

tk = résultant of ail nonconservative forces acting on the 
k-th particle of the System.

5.1.5. The Lagrangian function (Lagrangian) L  is the différence 
between the kinetic T  and potential V energies of a System. It is a 
function of generalized coordinates, generalized velocities and 
time:

£(?>?><) = T (q ,q ,t)-V (q ,t)
Here q and q dénoté the whole complex of s generalized coordinates 
and s generalized velocities of a holonomie System.
The k in e t ic  e n e rg y  of a h o lo n o m ie  S y stem  is

I » s »
ï ’ =  t E  m k\ l  =  a +  Y  «<?<+ E  a > M i

Z *=1 < = 1 i , j  = 1

where a = {  ^

mk = mass of the /r-th particle of the System r* = radius vector of the /:-th particle 
Yk = d r k/ d t  =  velocity of this particle.
In th e  ca se  of a free m a ter ia l S y stem  or on e w ith  s ta t io n a r y

(scleronomous) constraints (see 1.1.11.), — = 0 and a = at = 0,
i . e. the kinetic energy of the System does not dépend upon time 
explicitly and is a homogeneous function of the second degree of the 
generalized velocities. Thus

T  = t (hjMi = T(q, q)
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This resuit is valid, in particular, for conservative Systems (see
3.6.2.), since these Systems are either free or conform to stationary 
idéal constraints. The potential energy and Lagrangian function 
of a conservative System also do not dépend explicitly on time:

L(q> q) = T(q, q)-V (q)
Example 1. Gonsider a particle of mass m travelling in a field of 
central forces. The Lagrangian function in Gartesian coordinates 
is

L  = ™ ( i2 + ÿ2+z2) -  

in cylindrical coordinates it is

l  = — (é2 + e2 $>* + J*) -  fO^TF)
and in spherical coordinates:

L  = (r2 + r202 + r2 sin2 d ^ ) - V ( r )

Example 2. For a System of two particles of masses mv and m2, 
having a raduis vector of relative motion r(x, y, z) = y u  z x) -  
- r 2(a;2, y 2, *2) and a centre of mass with the radius vector r0(JT0, 
F0, Z0), the Lagrangian function is

L  = m i+ m ^  + (*2 + ÿ2 + z2) -  V(x, y ,  z)

5.1.6. The generalized momentum pti conjugate to the generalized 
coordinate qit is a partial dérivative of the Lagrangian function 
L  with respect to the generalized velocity q{. Thus

ÔL _  dT 
dqt dq{

Example 1. For a particle of mass m, the geneMized momenta, 
conjugate to coordinates x, y  and z, coincide with the projections 
of the momentum in terms of Cartesian coordinates:

px — mx\ py = m y  and pg = m z

Example 2. The generalized momentum p^  conjugate to the co
ordinate <p in terms of cylindrical coordinates, is the angular 
momentum about axis Oz:

P<p =
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5.2. Lagrange'$ Equations of Motion
5.2.1. If th e  m o tio n  of a h o lo n o m ie  S y stem  is d escr ib ed  b y  th e  
g en era lized  c o o rd in a tes  qu q2, . . . ,  qf an d  th e  g e n era lized  velocities 
q!, q2y . . . ,  q„ th e  é q u a tio n s  of m o tio n  are of th e  form

dt \  dçii / dqi
(i =  1. 2 , . . . .  s)

w h ere  T  =  k in e t ic  en e rg y  of the System  
Qi  =  g e n e ra lize d  force.

These équations are known as Lagrange' s équations of motion. 
If the motion occurs in a conservative field of force, Lagrange’s 
équations can be written in the form

d_ /  ôt \ _  dT _  _  ev  
dt \ dqi )  dqi dqt

d J
dt d()i

( T - V )  -  ---- (T -  V) -  0
dq{

d
dt

dL
dq{

- = 0

Example 1. A particle of mass m, travelling in a conservative field 
of force, can be described with Lagrange’s équations that are 
identical to Newton’s équations of motion (see 2.4.1.). Thus

where

m x  =  F r \

Fx = dV_ 
' dx

m ÿ  =  F y \ 

F  = — ?H.
» dy ’

and

and

mz = F

Fz = - dV_
dz

Example 2. The Lagrange équation for the coordinates of the 
centre of mass of an isolated System of two bodies is

X 0 = Ÿ0 = Z0 = 0
The centre of mass travels uniformly in a straight line, independ- 
ently of the relative motion of the two bodies.
Example 3. Lagrange’s équations for the relative motion of an 
isolated System of two particles are

mim2 g  =  dV  . m xm 2 » =  dV  a n d  mjm2  ̂=  W
m 1+ m 2 dx ’ m 1+ m 2 ^ dy m 1-Vm2 ù dz

where V = relative potential energy of the particles [V  =
= V (ix ' + y2 + z2)]

X =-- x 1- x 2\ y = 2/i~ y 2\ and z = zt - z 2.
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Thus, the problem of the relative motion of an isolated System of 
two interacting particles is reduced to that of the motion in an 
external conservative field of force F = -g rad  F of a single
particle of mass mred = which is called the reduced mass.
5.2.2. If the forces acting on a holonomie System are nonconserva- 
tive but the generalized forces can be represented in terms of 
what is called the generalized potential V*(q, q)> in the form

Q  =  d  ( S V * \
dqt dt \  dq{ I

th e n  L a g ra n g e’s é q u a tio n s  of th e  S y stem  are a lso  o f  th e  form  
d  /J 9 L  \  _  d L  _  ^  

dt \  dqt )  dqi
where L = T — V*.
Exam ple. For a particle with a charge q and mass m, travelling 
in an electromagnetic field,

V* = q<p-q( Av) and L  = ----qq> + q( Av)
where (p and A are the scalar and the vector potentials of the field 
(see 30.5.1.).
5.2.3. Lagrange’s équations for an arbitrary holonomie System, 
subject to the action of both conservative and nonconservative 
forces, are of the form

d /  8 L  \  d L    ç ÿ
dt \  dq{ /  dqt 1

where is the generalized nonconservative force (see 5.1.4.). 
For a System of particles subject to the action of friction forces 
that are proportional to the velocities of the particles

1 * ̂where 0  =  ̂ ^  a%jkAi — Rayleigh*s dissipation function.

5.3. Hamilton's Function. Canonical 
Equations of Motion

5.3.1. The Hamiltonian function (Hamiltonian) of a holonomie 
System having s degrees of freedom is the function of the general
ized coordinates and momenta of the System, as well as of time,
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and is of the form
>

H(q,p,  t) =  Y, P i î i - L» = 1

where ail the q4 and the Lagrangian function L  are expressed in 
terms of generalized coordinates and momenta.
In a conservative System (see 3.6.2.), the Lagrangian and Hamil-
tonian functions do not involve the time explicitly and —  = 0,
i. e. H = const. Moreover, in this case

dT 
L  PM =

» =  l  dqt
2T

according to Euler’s theorem of homogeneous functions of the 
second degree. Therefore

<=l dQi
Ç i-L  = T + V

The Hamiltonian function of a conservative System is its total 
mechanical energy.
Example 1. For a particle of mass m in a conservative field 

y z)
H = 2h z)

Example 2. For a linear harmonie oscillator (see 6.1.10).

t  = = £  and
where a is the coefficient of elasticity (see 6.2.5, Example 1). 
Then

Example 3. A planet with a mass m travels along an elliptical 
orbit in the sun’s gravitational field (see 4.6.5.). In terms of polar 
coordinates

pQ = niQ] p<p = mQ2ÿ

r ^ ( j ‘+ W  = i ( ; î + ^ î )
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The potential energy of the planet is

V(q) = - G ^ ~ -

where G = gravitational constant (see 2.10.1.) 
M  = mass of the sun.

The Hamiltonian function is

H = ^ ( p l + lé P%)-G m M
Q

5.8.2. Hamilton's canonical équations of motion for a holonomie 
System with s degrees of freedom, subject to only conservative 
forces, are a set of 2s first-order diflerential équations

<li
6H
~'8PÏ

en
6q{ (i = 1, 2, . . s)

If we know the initial state of a System, i. e. the complex of values 
of ^ ’sand p f s for t = 0, then by integrating these équations, 
we can find the state of the System at any arbitrary instant of 
time J, i. e. the complex of values of q^t) and pt(t). Canonical 
équations of motion express the classical causality principle.
If the Lagrangian and Hamiltonian functions do not dépend 
explicitly on any generalized coordinate q,:t this coordinate is 
said to be cyclic, or ignorable. It follows from canonical équations 
of motion that the generalized momentum pk, conjugate to the 
cyclic coordinate qkl does not change in the process of motion of 
the System. Thus

pk = _ 0 and pk = const

rriie canonical équations given above aYe also'vàlid for a holonomie 
System having a generalized potential (see 5.2.2.).
P'or an arbitrary holonomie System, Hamilton’s canonical équa
tions take the form

6H■ • , . dH  ,
ï ‘ = -8ï7 and P‘ = - ^ r + 9 <

wliere Q[ is the generalized nonconservative force (see 5.1.4.).
5.8.8. To represent the state of a System, use is made of a multi- 
dimensional space of ail the generalized coordinates q{ and gener
alized momentap{ (i = 1, 2, . . . ,  s) of the System being considered. 
Such a 2s-dimensional space is called phase, or gamma, space. 
An s-dimensional subspace of the generalized coordinates q{ is 
called configurational spaeç. The state of the System is depicted
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by a point in the phase space corresponding to this System (rep
résentative, or phase, point). A change in the state of the System is 
represented by the path of the phase point in the phase space 
(phase path). The phase path cannot cross itself because this 
would indicate the lack of a unique solution to the Hamiltonian 
équations. Phase space has nothing in common with real space 
and is a purely géométrie structure by means of which the laws 
of the variation of the state of a System can be formulated in 
geometrical language.
Example 1. A linear harmonie oscillator (see 6.1.10.) moves about 
the equilibrium position q = 0 under the action of the elastic 
force F  = — aeq, where at is the coefficient of elasticity. The 
équation of motion is

mq = -  aeq
Then

q = A  sin (cot + <p) and p = mm A  cos (mt + <p)

where A  = amplitude
(p = initial phase of oscillation (see 6.1.3.) 
co = 2nv = Y a j  ni 
v = frequency of oscillations.

Eliminating time we can find the phase path équation
(A \2+ __£i_. = i
\ A  ) * (mioA)*

The phase path is an ellipse

of the area of the ellipse S

with the semiaxes a = A  and b = 
= mm A. The phase space of the 
oscillator is a plane (p , q) (Fig.
5 . 1 ) .
The total mechanical energy of 
the oscillator is

^  2
It can also be expressed in terms 

= <|) p dq = Jiab = twicoA 7:

E = ■-£- S = v p dq

The area of the ellipse has the dimension of the action intégral 
(see 5.4.3.).
Example 2. A plane rotator is a particle rotating in a plane at a 
given distance from the origin of coordinates. It proves convenient
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to select angle (p, between radius vector r and axis Ox, as the 
goneralized coordinate. The Ilamiltonian function H  coincides 
with the kinetic energy and the Lagrangian function. Thus

j ,  T _  mv2 _  mr2ç* _  Ig>2
n  i -  ~z ~ ’ 2  2

where tp = angular velocity
I  =z mr2 = moment of inertia.

The generalized momentum p^, conjugate with coordinate (p, 
is equal to (see 5.1.6.)

1><P =  dIr  = m r 2q> = /ÿ
d<p

i. e. pv is the angular momentum. The Hamiltonian can be 
written: H  = p%!'lT or, according to canoni- 
cal équations of motion:

0/7 n , . dH pm M
Pa> ~  — r--- =  0 and W — --— — —d<p t  Cp  TflT2

O
According to the first of these équations,
Ptp =  M  = const, which is the law of conser- f i g . 5 . 2
vation of angular momentum (see 4.5.1.). The 
phase space is a plane (pVt (p) (Fig. 5.2). The phase path is a 
straight line pv = M.

5.4. Concept of the Variational Principles 
of Méchantes

5.4.1. The équations of motion of a material System or of its 
conditions of equilibrium can be obtained as a resuit of certain 
general principles which are known as the v a r ia t io n a l  p r in c ip l e s  
o f  m e c h a n ic s . These principles indicate in what way the actual 
motion or state of a material System differs from ail of its kine- 
rnatically possible motions (i. e. those permitted by the constraints) 
or states. Variational principles that express this différence for the 
motion or state of a System in each given instant of time are said 
to be d if f e r e n t ia l . These principles are the most general ones in 
mechanics; they are equally applicable to both holonomie and 
nonholonomic Systems. Variational principles that establish the 
différence between the actual motion of a System during a finite 
lime interval and ail of its kinematically possible motions are
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said to be in té g r a l. Intégral variational principles are valid only 
for holonomie Systems. They are usually formulated, however, as 
applied to conservative holonomie Systems.
5.4.2. The main differential variational principles are the follow- 
ing.
The v i r tu a l  w o r k  p r i n c i p l e , also called the principle of Virtual 
displacements, states that it is necessary and sufficient for the 
equilibrium of any material System with idéal constraints that the 
sum of the éléments of work, performed by the applied forces 
acting on the System in any virtual displacement, be equal to zéro 
(if ail constraints are bilateral) or less than zéro (if some of the 
constraints are unilatéral). Consequently, in the notation used in
5.1.3. and 5.1.4.

<5-4<a) = î  ( r r  ÔTk )  = £  as 0Arc-1 » = 1
where l is the number of generalized coordinates of the System. 
In particular, for a holonomie System with s  degrees of freedom, 
subject to idéal bilateral constraints, ail variations ôq t are inde- 
pendent and the conditions of equilibrium are of the form

<?( = 0 (i = 1, 2, s)

The <T A le m b e r t-L a g r a n g e  p r i n c i p l e  states that for the actual 
motion of any material System subject to bilateral constraints, 
the sum of the éléments of work, done by ail the applied forces 
and the forces of inertia* in any virtual displacement of the System 
and in each given instant of time, is equal to zéro.
Thus

where —  = accélération of the k -th particle of mass m k 

m k ~£ ï  = d’Alembert’s inertial force.

In terms of generalized coordinates

where T  is the kinetic energv of the System.

* Here, d’Alembert's inertial forces are implied since it is assumed that 
the frame of reference is inertial (see 2.13.2).
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The Virtual work and d’Alembert-Lagrange principles can also 
be applied to Systems subject to nonideal constraints if the friction 
forces corresponding to these constraints are included in the 
applied forces.
5.4.3. HamiltorCs action intégral is the time intégral of the Lagran- 
gian function L :

S  = J L dt 
».

where t(i = initial instant of time in which the System occupies a 
position characterized by the set of s values of gener- 
alized coordinates qi0 

tx = instant of time in which the position of the System is 
determined by the set of s ̂ coordinates qa .

Lagrange's action intégral is one of the form 
h ,

£o = J (H+L) dt = J p ^ i dt
<o <o * = 1

where H  = Hamiltonian function for a holonomie System with 
s degrees of freedom 

Pt = generalized momentum (see 5.1.6.).
For a conservative holonomie System, H  — const and

«i
S0 = j  2T dt = H fa -tfù  + S

t»
where T  = kinetic energy of the System 

S =  action intégral.
5.4.4. The intégral variational principles of mechanics are the 
following.
Hamilton's principle States that the actual displacement of a 
conservative holonomie System from position 4̂0(<Z<o) the instant 
of time t0 to the position A^qn) at the instant tx differs from ail 
other kinematically possible displacements of this System from 
A 0 to A 1 during the same time interval h - t ^  in that its action 
intégral is an extremum (or, more exactly, in that it is stationary, 
or scleronomous), i. e.

ti n
ôS = <5 J L dt = 0 or J SL dt = 0

<0 t0
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where <5 is the Symbol of isochronous variation, i. e. in varying 
the action intégral, the time t (in particular, t0 and *,) does not 
vary. Moreover, it is assumed that the initial and final positions 
A 0 and A 1 of the System are fixed, i. e.

Hamilton’s principle can be generalized to cover an arbitrary 
holonomie System. In this case it can be written as

where Q t =  generalized force
Q,' = generalized nonconservative force.

In the case of a holonomie nonconservative System, having the 
generalized potential V *, Hamilton’s principle takes the form

where L — T  -  V*.
The Maupertuis-Lagrange principle (the principle of least action) 
States that the actual displacement of a conservative holonomie 
System from configuration A 0(qt0) to configuration A^qn) difïers 
from ail other kinematically possible isoenergetical displacements 
of this System from A 0 to A 1 in that the Lagrangian action inté
gral for it is an extremum (more exactly, a minimum). Thus

where A is the symbol of total variation*, to fmd which, not

* The relation between total and isochronous variation of an arbitrary 
function f(q, t) is

àqto = = 0 (i = 1, 2, . .  ., s).

or
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only qi and q{ are varied (as for <5-variation), but the time as well, 
i. e. the limits of intégration. Moreover, it is assumed that the 
total mechanical energy of the System E = H  = const, and the 
initial and final positions, A 0 and A lt of the System are fixed, so 
that Aqi0 = Aqa = 0 (i = 1, 2, . . s).
The Maupertuis-Jacobi principle for a conservative holonomie 
System can be written as

<5 jfV2 (E -V )  j/ 2  dq,dq} =0

This follows from the Maupertuis-Lagrange principle since, for 
a conservative System, f2 T  = Ÿ 2 (E - V) and

f Ï T  d l=  | /  2 t 'Z i auMj dl2 = | /  2 dq, dq}

In particular, for a free particle of mass m and total energy E y 
travelling in a stationary conservative force field, we can write

_____
ô j  Ÿ2m (E- V) ds = 0

A9
where V[x, y , z) — potential energy of the particle 

ds = element of the path length.
This équation coincides with the mathematical expression of 
Fermat’s principle (see 38.1.3.) for a ray of light passing through 
an isotropie nonhomogeneous optical medium with a refractive 
index n(x, y , z) = C1Ÿ E -  V(x, y , z), where Cx is the constant 
(invariable) proportionality factor. Thus, an optical-mechanical 
analogy exists: each problem concerning the motion of a particle 
in a stationary potential field corresponds to a defmite problem 
in geometrical optics, and vice versa.

5.5. Canonical Transformations
5.5.1. In canonical équations of motion, the generalized coordi- 
natesgq,. .  .,qs and generalized momenta p u ..  .,p t of a holonomie 
system are independent variables. The transformations of these 
2.s- variables into a new set of independent variables

?» = ?'»(?. P, 0 and p ’, = p'([q, p, t)
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are called canonical transformations if the motion équations of 
the System in the new variables preserve the form of canonical 
équations of motion*.

B H '  ,  . ,  B H '  , .  .= -rr and p * = — (l = 1....Bpt  Bqt

where H' = H ' ( q />', t) is the new Hamiltonian function.
5.5.2. A necessary and sufficient condition for the transformation 
to be canonical is

P‘ P . t) -  [È j / ’f dq'i-H 'Ü '’ P'y = dF

where F  is a generating function of the canonical transformation. 
The generating function can be written in one of the following 
four forms:

*M?> t) i F 2te, P'> «); F3(p, q’, t) and Fi{p, p '
If F = Fi

Pi =
B F X .

Pi =
_ d F i and H' = H + dF̂

dq{ dq'i dt

If F = f 2

Pi =
B F 2 .

fi  =
B F 2 and H' =

dqi Bp\ dt

If F = f 3

h  =
B F 9

; pi -  dF* and H ' = H+-8- 2-
dpi dqi Bt

If F = F,
<h = _ ± F l *» f = dF* and H' == H+**'-

dpi dpi Bt

Example 1. Any transformation of the generalized coordinates of 
the form q\ — fi(q, t) — called a point transformation — is canonical 
since it is obtained by means of the generating function

«

p ', *) = E /<(?i* •••>?»> l)p'ii = 1
Hence, canonical équations of motion are invariant with respect 
to the sélection of the generalized coordinates.

* Systems on which only conservative forces act are considered tiere, 
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Example 2. The canonical transformation q\ = p, and p\ = - q { 
is accomplished by means of the generating function

*
FM, q', t) = y  q,q'{.

This transformation consists in mutually renaming the general- 
ized coordinates and momenta (with an accuracy to the sign). 
For this reason, values qt and p { are sometimes said to be canon- 
ically conjugale.
Example 3. The changes that take place in the quantities q{ and 
p { upon the motion of a System can be regarded as a continuous 
canonical transformation whose generating function in each 
instant of time is

<
F M , P', t) = y  q,p't + H(q, p', t) dt

i  =  1
Thus

d F 2 , , dH  , , d F 2 , dHPi = — - = pH----- dt and q{ — — - =  dt
dqf ^  dqt * dpi * dpi

Since, however, pî and q\ dilïer from p, and qt only by an infinitési
mal quantity, it can be assumed, with an accuracy to the first
order of smallness, that H(q, p ', t) = II(q, p, t) and —- = .
Then

dH
Pi =  P i -  g -  dt  =  P i+ p ,  dt =  pt + dp,

and
q't = ?( + j -  dt = q, + q, dt = q, + dq,

5.5.3. The volume of the phase space is preserved in canonical
transformations. Thus J d r  = J d r \  where d r  = dqx. . .dq*X
X dp ! . . .  dp, ; d r ' = dq[ . . .  dq, X dp[ . . .  dp', and intégration is car- 
ried out in the phase space domain of the variables (q, p) and 
the corresponding phase space domain of the variables (q p ' ) .  
From this (aswellas from Example 3 of 5.5.2.) follows Liouville's 
theorem which states : if at any instant of time t0l the phase points 
corresponding to varions initial states of a System whose motion 
is described by canonical équations of motion continuously fill 
an element d r o of volume in phase space, then, at any instant of 
time t, they continuously fill an element d r  of volume in phase 
space, where d r  = d r o.
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5.5.4. In’ each particular case of a System whose Hamiltonian H  
does not change in the proccss of motion, it is possible to accom- 
plishacanonical transformation of the generalized coordinates and 
momenta in such a manner that ail the generalized coordinates 
q\, become cyclic (see 5.3.2). In thiscase, ail generalized momenta
are constant: p\ = at and / / ' = . . . ,  as) so that q'{ = ~ ~  —
= . . . ,  at) = const and q{ = co{t + a{, where a{ are
constants of intégration determined from the initial conditions. 
Example. For a linear harmonie oscillator, the Hamiltonian

YY\côfunction is H = —  42 ~  w^ere m, E  and co are the mass,
energy and natural cyclic frequency of the oscillator. The canon- 
ical transformation, accomplished by means of the generating
function F ^q, q \ *) = q2 cot q', is of the form

or
P 0£i_

dq mcoq cot q' and P’ = - ^ ma>q2 
2 sin2 q'

? = |A — sin ?' and P = ' COS q'

The new Hamiltonian is H' = H + = H  = p'oj cos2q' +
\ p'œ sin2 q' = cop'. Therefore, q' is a cyclic coordinate, p ' =

E= — = const,CO

9' = 8̂ r  = co; q '= cot + a and q = ' ^ | i sin (cot + a)

5.6. Conservation Laws
5.6.1. The solutions of Lagrange’s équations of motion for a 
material System with s degrees of freedom contain 2s arbitrary 
constants and can be written in the form

Ç[i — Çi(tf clt c 2 , • • • ,  C2t)

Çi =  Çi[^t Cli  ^2» • • • > C2«)
(i = 1, 2, . . . ,  s)

Eliminating the time t from these 2s équations we can see that 
in any material System, fonctions of the generalized coordinates 
qi and generalized velocities exist that remain constant upon 
motion. These functions are called intégrais of motion. The déter
mination of these intégrais of motion is the principal problem of
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mechanics. Among the intégrais of motion, certain are of vital 
importance, whose constancy is of fundamental origin, being 
associated with the properties of the principal forms of existence 
of m atter-tim e and space. Intégrais of motion are additive: 
in Systems consisting of several noninteracting parts, the value 
of these intégrais is equal to the sum of the values for each se- 
parate part.
5.6.2. The first intégral of motion of any closed System is its 
total energy (law of conservation and conversion of energy). 
This law follows from the homogeneity of time, i.e. the independ- 
ence of the laws of motion of a System from the choice of the time 
reference point. For a conservative System, in particular, the 
homogeneity of time leads to the law of conservation of the total 
mechanical energy of this System. Due to the homogeneity of 
time, the Lagrangian function L , determining the law of motion 
of a conservative System, does not dépend explicitly on time and

dL _  y  / d L  . ez^ dqt \
dt » = i \  dq{ 1 dqt dt /

Using Lagrange’s équations, this équation can be written in the 
form

dL =  y  r . d / ô l \  dL dg^l =  d y  dL .
dt i - i l  dt \  dQi ) d(ji dt J dt < - i dqt ^

or

It follows that

ÿ  = ifr -L  = 2T - I .  = T+ V = oonst
c'ii

i. e. the total mechanical energy of a conservative System 
E  = T(q, q) + V(q) is an intégral of its motion. The additivity 
of the energy E  of the System follows from the additivity of the 
Langrangian function on which E  dépends linearly. The law of 
conservation of the total mechanical energy is valid for any 
conservative System whether it is closed or not.
5.6.6. The momentum vector is also an intégral of motion of a 
closed System. The law of conservation of momentum follows 
from the homogeneity of space. Homogeneity of space implies 
that a parallel translation of a closed System as a whole in this 
space in no way changes the mechanical properties of the System,
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i. e. its Lagrangian function is left unchanged. The Lagrangian 
function for a closed System consisting of N  particles is

........ tM)
*=1 *

where r* = radius vector of the A>th particle of the System 
m k =  mass of the particle

v* = d--  = velocity of the particle.

The change in the Lagrangian function upon a parallel translation 
of the System through an infinitésimal distance, specified by the 
displacement vector 6g, i. e., upon replacing ail r* by r*+6g, is 
equal to

Owing to the arbitrary nature of 6g, the requirement that ôL = 0 
signifies that

According to the Lagrangian équations
d / dL\ dL _  
dt lêv* / ~  dr^ ~

where f* is the résultant of ail nonconservative forces acting on 
the k -th particle of the System. In the case of a closed System, 
these forces are internai, i. e.

or
z  *» = «*=i

and d / dL \ _ d dL

p = i| 1l ê  = , l 1w*v‘ = const
The momentum of a closed System, equal to the sum of the mo- 
menta of ail of its particles, is an intégral of motion of the System.
5.6.4. The angular momentum vector is also an intégral of motion 
of a closed System. The law of conservation of angular momentum 
is associated with the isotropy of space. The mechanical properties 
of a closed System remain unchanged upon any rotation of the 
System as a whole in isotropie space. The Lagrangian function of
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the System should not change in this rotation. Upon rotation of 
the System, the directions of the radius vectors and velocities of 
ail the particles are changed, ail vectors r* and \ k being trans- 
formed according to the same law:

<5r = [<5q>r] and <5v = [<5cpv]

where (5<p is the vector of infinitésimal rotation. Its magnitude is 
equal to the angle of rotation àq> and its direction coincides with 
the axis of rotation in accordance with a right-handed frame of 
reference (see 1.1.6.). The change in the Lagrangian function 
upon an infinitésimal rotation of a closed System is equal to

where = p* and —  = p*-f* according to the Lagrangian 
équations. Therefore

ÔL = (P*['5<f>ri ] + p*[<5<pvt] -  f*[<5<pr*])

= <5<P E  ([r*P*] + [hP/t] -  [r*î*]) =  b p - f - j r  [r*p*]*=1 al k= 1
N

since for a closed System, Y [rAfA] = 0. Thus, owing to the arbi-
*=i

trary nature of ôtp, the condition ôL =  0 takes the form 

1  = 0

Upon the motion of a closed System, the following vector quantity 
remains constant:

.V
M = £  [r*p*] = const

k=l

It is called the angular momentum of the System (see also 4.5.1.).
5.6.5. Any isolated System has at least seven additive intégrais 
of motion (seven conservation équations): one équation of the 
law of conservation of the total energy and three équations each 
for the conservation of the projections of the momentum and 
angular iponientum vectors on the coordinate axes,
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Mechanical Vibrations

6.1. Fundamental Concepts
6.1.1. Vibrations or oscillations are motions (or changes in state) 
that are repeated more or less regularly in time. They may be 
of very diverse physical nature and cover such phenomena as 
mechanical vibration (swinging of a pendulum, reciprocation of 
the piston of an internal-combustion engine, vibration of strings, 
rods, plates and foundations), clectromagnetic oscillation (see 
Ch. 29), etc.
6.1.2. Vibration or oscillation is said to be periodic if the physical 
magnitudes, varying in the process of the vibration, are repeated 
in successive equal intervals of time. The period of vibration T  is 
the minimum time interval after which the magnitudes of ail 
the physical quantities characterizing the vibratory motion are 
repeated. This is the time required for one full vibration. The 
frequency of periodic vibration v is the number of full vibrations 
made in unit time:

The dependence on time t of a periodically varying physical 
quantity S  is of the form S  = + #(*), where £0 = const and x(t)
is a periodic function of time:

x(t+T) = x(t)
6.1.3. The simplest type of periodic vibration is harmonie, or 
sinusoïdal, vibration. In this case

x = A  sin (œt + <p0)
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or
x = A  cos (cot-\- <Pi)

where A, co, cpu and <p, are constants; A > 0, co > 0 and <pl = <p„ -  — .
Value A , equal to the maximum magnitude of x, is called the 
amplitude of vibration. The expressions 0  = cot + <p0 and &L = 
= cot + ffx détermine the value of x for the given instant of time 
t and are called the phase of the vibration. At the time reference 
point (t = 0), the phase is equal to the initial phase <p0 or q>x. 
The value co is called the cyclic, or circular, frequency:

® = 2nv

The first and second time dérivatives of a harmonically varying 
magnitude x also vary according to the harmonie law. Thus

x = Aco cos (cot + g)0) = Aco sin (cot + tp0 +

x — — A û)2 sin (wt + ç?0) = Aco2 sin (û>J + <p0 + 7r) = —co2x
Therefore, a harmonically varying value x satisfies the équation

+œ2x = 0..If
which is called the differential équation of harmonie motion.
6.1.4. Harmonie vibration can be represented graphically by 
means of a rotating amplitude vector (Fig. 6.1). Vector A, 
equal in magnitude to the amplitude of vib
ration, uniformly rotâtes counterclockwise 
about axis O, perpendicular to the plane of 
the drawing, with an angular velocity co. If at 
the instant of time t = 0, the angle between 
vector A and axis Ox is equal to cplt the pro
jection B  of the end of this vector on axis 
Ox makes harmonie vibrations according to 
the law

x = A  cos (cot + cpj) f i o .6 .1

6.1.5. If two harmonie vibrations of the same frequency occur 
simultaneously and the scalar physical value S = <S0 + x varies 
according to the laws

x Y — A x cos (cot + qpt) and x2 = A 2 cos (cot-h cp2) 

then the résultant variation x = x x + x2 of magnitude S takes
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place at the same frequency according to the harmonie law 
x — A  cos (œt + <p)

The values A  and (p are found by the vector diagram method which 
is based on the fact that in each instant of time the rotating 
amplitude vectors {Ai and A2) of the vibrations being composed 
and the résultant vector A are related by the équation A = Ax + 
+ A2. The three vectors rotate at the same angular velocity co 
so that their mutual position is independent. of time. It can be 

seen in Fig. 6.2, corresponding to the 
instant of time t = 0, that

A 2 = A j + A% + 2A1A 2 cos {(p2 — (fi)
and

tan w — -Ai sin ffi + Ag sin y2 
^ Ai cos <pi + A2 cos <p2

If (p2~<Pi = (n = 0, ±1, ±2, . . . ) ,  
then A  = A v + A 2\ if <p2 — q>i — {2n + 1)tt 

(n = 0, ±1, ±2, . . . ),  then A = \A t -  A 2\. In the general case 
\A X~ A 2\ A  =s= A i + A 2.
6.1.6. In the superposition of two harmonie vibrations, x x = A Xx 
Xcos (cOit + <pi) and x2= 4̂2 cos (co2t + <p2), having different frequen- 
cies and amplitudes, the résultant vibration is not harmonie. 
It can be represented in the following form:

X = Xx-\-X2 = A(t) COS \(Dit+ <p(«)] 
where A z(t) = A \ + A l + 2A tA 2 cos [tp{t) -(p^;

. tan <p(t) A1 sin <pi + A2 sin y>(Q
Al COS q>i + Ai COS V'(0

and y>(t) = (oj2 — col)t + <p2

From the physical point of view, this représentation of the résult
ant nonharmonic vibration makes sense only in the superposition 
of harmonie vibrations whose frequencies are sufficiently close 
to each other. In this case, A(t) and (p(t) are slowly varying func- 
tions of time, and the vibratory process is called beating. The 
magnitude A(t) varies periodically from \ AX~ A 2 \ to A ±-\-A2
with a frequency vb = | v2- v l \ = ^■|cü2-w 1|, called the beat
frequency.
6.1.7. Gomplex (nonharmonic) periodical variations of a physical 
quantity S  can be represented as a Fourier sériés consisting of 
simple harmonie vibrations with cyclic frequencies that are
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multiples of the fundamental cyclic frequency co = . Thus

S(t) = + £  A n sin (ncot + cpn)
1

where An = Ÿal + b*

cpn = arctan ~  -

The coefficients an and bn are determined by the Euler-Fourier 
formulas:

T/2
a„ = -ÿ- I S(t) cos ncot dt (n = 0, 1, 2, .. .)

-T /2  

T12
bn = J £(l) sin wcoJ dt (n = 1, 2, . ..)

- T  12

The détermination of the Fourier sériés corresponding to a given 
complex vibration is called harmonie analysis of the vibration. 
The terms of this sériés whose cyclic frequencies are equal to 
co, 2cot 3co, etc., are called the first (fundamental), second, third, 
etc. harmonies, respectively, of the complex vibrations.
6.1.8. Vibrations of the form x = A(t) cos [cot + cp(t)] are said to
be modulated if J  - y  j  «  coAmax and | ~  | «  co. The vibrations are
said to be amplitude-modulated if cp = const and phase- or frequency- 
modulated if A = const. The simplest example of modulated 
vibrations is a beat for which A(t) and cp(t) are periodical functions 
of time (see 6.1.6.).
6.1.6. Free vibrations are those that appear in a System, not sub- 
ject to the action of alternating external forces, as a resuit of 
some initial déviation of the System from the State of stable 
equilibrium.
Forced vibrations are the vibrations of a System that are caused 
by the action of periodical external forces on the System.
6.1.10. A System is said to be linear if its motion can be described 
by linear difîerential équations. Otherwise it is called nonlinear 
and its vibrations are called nonlinear vibrations.
A vibratory System having one degree of freedom is called a one- 
dimensional oscillator. If the free vibrations of this System are 
harmonie, it is called a one-dimensional harmonie oscillator. 
Otherwise, it is said to be anharmonic.
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6.2. Small Oscillations of a System with 
One Degree of Freedom

A. F r e e  V i b r a t i o n s  o f  a Co n s e r v a t i v e  S y s t e m

6.2.1. The kinetic and potential energies of the System are

Ek = - -  Ms)«* and Er = E„(q)

where q = generalized coordinate (see 5.1.1.), b(q) s* 0.
In a State of stable equilibrium (q = g0), the potential energy 
reaches a minimum so that

“ d - « > > »
If the magnitude of the potential energy is reckoned from its 
value in the state q = qü, then Ep(q0) = 0 and the Taylor sériés 
for Ep(q) takes the form

E  (n) — B (g~9o)2 - f  (—El \  ( g - g o )8 ,U9\q) -  Po 2, +{ dq3 3i +

6.2.2. The vibrations or oscillations are said to be small if ail 
the terms in the right-hand side of the preceding équation, except 
for the first, can be neglected. Thus

e p(i ) = \  (?-?«)* =
and

Et (q) = 4  % o)î2 = ^

where x = q - q 0 is the déviation of the System from the state of 
stable equilibrium.
6.2.3. The difïerential équation for small oscillations of a System 
can be written as

bjr + f}0x  = 0

The value — represents the generalized force Fx
conjugate to the generalized coordinate x (see 5.1.4.). The gener
alized force Fx = -f$0x, where > 0, is known as the quasi- 
elastic force} and the value /?0, as the coefficient of quasi-elastic 
force.
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6.2.4. The vibrations of a System are harmonie if
x = A  cos (co0t + (pf\

Their cyclic frequency œ0 = //?0/60 is governed by the properties 
of the System and is called the natural cyclic frequency of vibrations 
of a conservative System. The period of vibrations is T = 27iŸb0/po. 
The amplitude A  and the initial phase <px are determined from 
the initial conditions. If, for example, at the instant of time t =0, 
x — x0 and x = x0, then

A  = Y x l+  (— ) and tan (px = — -9 -' 0 \CO0 / r l CVqXq

The amplitude of free vibrations of a conservative System is 
independent of time. For this reason, they are called undamped 
vibrations.
6.2.5. The kinetic and potential energies of the harmonie vibrations 
of a System are periodic functions of time with a period Tf = T /2 = 
= 7iŸb0/f}0. Thus

Ek = - -  b0A 2co$ sin2 (œ j + tpi)

Ep = \  PoA2 cos2 (œ0t + (p  ̂ = — b%A 2co\ cos2 (û)0* + (py)

The total mechanical energy of a harmonie vibratory System is 

E =  —  b0A 2œl = const

Example 1. A spring pendulum is a simple spring-supported mass. 
It reciprocates along axis Ox, being acted upon by the elastic 
force F  = - a x  (where a is the coefficient of elasti-i
city). Here: = a; Ek =  ̂ mx2 and b0 = m, which is
the mass of the body. The cyclic frequency and period 
of vibration are

« . =  / ¥  *"d T - u f ë

Example 2. A simple, or mathematical, pendulum is a 
particle M  suspended from a fixed point by a weight- 
less, inextensible cord (or rod). It swings in a vertical 
plane and is acted upon by the force of gravity (Fig. 6.3).
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In this case
Ek = -i- ml2à2 b0 *= ml2 

Ep = mgl( 1 -  cos a) = 2mgl sin2 -|-

In the case of small angles of déviation, s i n - ^ - .  Then Ep s*

âs mf i2- and = mgl.
The period of vibration is

T = Z n ÿ j -

For arbitrary values of the angle of déviation a, the vibration of 
a simple pendulum is nonlinear (see 6.4.5., Example 2).
Example 3. A cycloidal pendulum comprises a particle M  travelling 
along a cycloid under the action of the force of gravity. The axis 
of the cycloid is vertical and the convexity is directed downwards 
(Fig. 6.4). If the value for the potential energy of the particle at 

the vertex O' of the cycloid is taken as 
the reference point, and the arc length 
s of the cycloid, measured from point 
O', as the generalized coordinate, then

and Ep =
so that

8a

m and = m g
4a

where a is the parameter of the cycloid (radius of the generating 
circle). Oscillations are possible if the total energy of the pendulum 
E  = Ek-\-Ep < 2mga. The oscillations of a cycloidal 
pendulum are isochronous, i. e. their period does 
not dépend upon the amplitude of oscillations and 
always equals

T = 2 n ] f - -

Example 4. A compound, or physical, pendulum is a 
perfectly rigid body oscillating under the action of 
the force of gravity about a horizontal axis O which 
does not pass through its centre of gravity C (Fig. 
6.5).
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Then

Et = ± là * ;  è„ = 7

Ep = mgd( 1 -  cos a) = 2ragd sin2 —

where a = angle of déviation from the equilibrium position
I  = moment of inertia of the body with respect to the 

axis of swing O 
d = distance from the axis of swing O to the centre of 

gravity C.

In the case of small angles of déviation, sin " ^  . Then, Ep =
\

= y  mg da2 and = mgd.
The period of oscillation is

= 2 71 V —  
I  m g

0
///////

m gd

The équivalent length l^ of a compound pendulum is the length of a 
simple pendulum that has the same period of oscillation. It is
also called the length of the équivalent simple pendulum : leç =
> d, since, according to Steiner’s theorem (see 4.2.2.), I  = I 9 + 
+ md2. Point 0 1} lying on the line OC at a distance 0 0 x= Z*gis 
called the centre of oscillation of a compound pendu
lum. The point of suspension O and the centre of 
oscillation Ox are interchangeable: if the point of 
suspension is transferred to point Ol9 point O be- 
comes the centre of oscillation so that the period 
of oscillation of the pendulum remains unchanged.
Kxample 5. The torsion pendulum consists of a rigid 
body suspended by a weightless vertical elastic rod 
(or wire) whose upper end is fixed. The axis Oz coïn
cides with one of the free axes of the body (Fig.
6.6). The torsional oscillations are due to elastic 
forces that develop in the rod when it is twisted 
about axis Oz.
In the case of small oscillations,

EU
\z

F I G . 6 . 6

so that
Ek -  \  là 2 and Ep -  - -  ca2

K  = I  ancl Pu = c

119



Classical Mechanics i.

where a = angle of twist of the pendulum about axis Oz from 
the equilibrium position 

/  = moment of inertia of the pendulum with respect to 
axis Oz

c = torsional rigidity of the rod.
The period of oscillations is

T  = 2n f  J -

In the case of a homogeneous round rod
nd*G 

C 32J~

where d and l = diameter and length of the rod
G = shear modulus (see 15.7.12.) of the rod material.

B. D a m p e d  V i b r a t i o n s

6.2.6. Damped vibrations are ones whose energy decreases with 
time. The damping of free vibrations of a material System is due 
to the dissipation of energy owing to the action of nonconservative 
résistance forces (friction) on the System.
If there is no dry friction (see 2.12.2.) in the System, it can be 
assumed for small vibrations that the generalized friction force is 
F,r = -  rx, where r > 0 is the generalized coefficient of friction. 
Tnen the difîerential équation for small damped vibrations is of 
the form

b 0x  + r x  -f p ox  =  0
or

x + 2ôx+ (OqX — 0
where

à = - J*-- = damping factorZOq

o ) q = V r2- = cyclic frequency of free vibrations of the 
0 System in the absence of friction.

6.2.7. If ô > <ou aperiodic damping occurs. In this case

The value x decreases monotonically with an increase in t. A 
systein, disturbed from an equilibrium, returns to this state 
asymptotically, i. e. as t oo.
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6. Mechanical Vibrations
6.2.8. If ô < o)0, the System makes damped vibrations: 

x = A sin (cot + fp̂ )

where A0 and <pu = constants determined from the initial con
ditions

o) = i œ l -  & = natural cyclic frequency of vibrations of a 
dissipative System.

The value A(t) = A^e-01 is called the amplitude of damped vibra
tions. The magnitudes of the amplitude for the instants of time 
t, t+ At, t + 2At, etc., constitute a diminishing géométrie progres
sion, whose common ratio equals e~ÔAt. The dependence of x on t 
is shown in Fig. 6.7.
6.2.6. The period (conditional pe
riod) of damped vibrations* is 
defined as the time interval bet- 
ween two successive States of the 
System at which the oscillating 
magnitude x passes through its 
equilibrium value, varying in a 
single direction (for instance, in- 
creasing). Thus

T  = 2 n 2n

6.2.10. The logarithmic décrément of damping 6 is the natural 
logarithm of the ratio of the amplitudes of vibration at the in
stants of time t and t+ T  (one period apart). It equals

ln _ AA1) - = ST
A ( t + T )

The logarithmic décrément of damping is the reciprocal of the 
number of vibrations N  after which the amplitude is reduced to
e~l of its original value. Thus 6 = The time interval t  required 
for this réduction is called the relaxation time: r = N T  = --.O
6.2.11. The time dependence of the total energy of a matcrial

* Damped vibrations are not periodic (see 6.1.2.). Hence, the common 
concepts of the period and frequency are not applicable to them.
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System is of the form

E(t) = y  b0Ale~2dt[col — ô2 cos (2ojt + 2<p0) — ôco sin (2cot-\-2(pü)'\

- = —rx2 = — 20a t
I

where <Z> =  ̂ is the dissipative function.

6.2.12. If the damping of the mechanical vibrations of a System 
is due to dry friction and | F/r | = const, the cyclic frequency co 
of damped vibrations coincides with the cyclic frequency œ0 
of free vibrations of the same System in the absence of friction 
(cü0 = ŸPo/bq). The amplitude diminishes according to an arithmet- 
ic progression: in each half cycle of vibration, the amplitude is2 | p |
reduced by the same amount — 1. Vibrations cease as soon as

PO

the amplitude becomes less than

G. F o r c e d  V i b r a t i o n s

6.2.13. The difïerential équation for small forced vibrations can 
be written as follows :

b0x + rx + p0x = F(t)
or

x + 2àx-\-œ\x - •• - — F(t)Oq

where F(t) is the generalized periodic external force associated 
with the generalized coordinate x. Force F(t), which causes the 
forced vibrations of the System, is called the disturbing or driving 
force.
6.2.14. The general solution of this équation is equal to the sum 
of the particular solution x 1 and the general solution x2 of the 
corresponding homogeneous équation [i. e. at F(t) = 0]. Thus

x — x x + x2
The solution x2 = A 0e~6t sin (cot + (p0) characterizes free damped 
vibrations of a System (see 6.2.8.), with lim x2 = 0. Therefore,

t —► oo

when a certain interval of time has elapsed after the beginning of 
the forced vibrations, corresponding to transient concHiïons, the 
value x2 can be neglected and it can be assumed that for steady- 
state forced vibrations x = xv
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6 . Mechanical Vibrations
ti.2.15. If the disturbing force varies according to a harmonie law: 

F(t) = F0 cos Qt

then the sleady-state forc-cd vibrations are also liarmonic, with 
the same cyclic frequency Q. Thus

where

and

x = A  cos (&$ + ç>j)

b0

tan q)1 = - 2 ô q

Curves showing the dependencc of the amplitude A and the phase 
angle <px of forced vibrations on Q are shown in Figs. 6.8 and 6.9.
At Q «  œ0t the amplitude A  ss A tl = = ~~ , which is the
s ta t ic  strain of th e  S y stem  u n d er  th e  a c tio n  o f a c o n s ta n t  force F0.

If Q »  w0> then A  = . The maximum value A max of the
amplitude corresponds to the cyclic frequency

Q0 = /o » |-2  »
which is somewhat smaller than the natural cyclic frequency 
œ of vibrations of the System (co = /a>§-<52). Thus

A -  F°max 2 (5  b0o>

It follows from this formula that as ô -> 0, A max oo. Such 
extrapolation is incorrect, however, since, with an increase in the
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amplitude, the vibrations are no longer small, and the theory 
dealt with above is inapplicable to them.
6.2.16. The phenomenon of a sharp increase in the forced vibra
tions of a System when the cyclic frequency of the disturbing 
force approaches the value Q0 is called résonance, and ü t) is called 
the résonance cyclic frequency. The A  vs ü  curves shown in Fig. 6.8 
are called résonance curves.
An increase in the damping factor ô leads to the smoothing of the 
résonance curves and a réduction of A„)axi i. e. to a considérable
weakening of résonance phenomena. At ô s «>0

Ÿ2
résonance coin-

pletely disappears. In approximate calculations of résonance for 
Systems with light damping, it may be assumed that ^ w(l.
6.2.17. The time dependence of the total energy of a material 
System can be written as

= -  2®+ xF 0 cos Qt

where ® = = dissipative function

xF0 cos ü t = power of the external source of energy which 
causes the forced vibrations of the System.

6.2.18. If an arbitrary disturbing force F(t), with a period T, 
acts on a System, the force can be expanded into a Fourier sériés 
(see 6.1.7.), i. e. represented as the sum of harmonies whose cyclic 
frequencies are multiples of the fundamental cyclic frequency
-  . The forced vibrations of a System caused by force F(t) are
the resuit of the superposition of the vibrations of the System 
caused by the action of each harmonie taken separately. The Sys
tem is most strongly affected by those harmonies of force F(t) whose 
cyclic frequencies are close to the résonance cyclic frequency 
Ü0 of the System.

6.3. Small Oscillations of a System with Several 
Degrees of Freedom

A. F r e e  V i b r a t i o n s  o f  a C o n s e r v a t i v e  S y s t e m

6.3.1. If a System has s degrees of freedom, its position with respect 
to the frame of reference is fully specified by the values of s 
independent generalized coordinates qt {i = 1, 2, . . . ,  s). In a
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state of stable equilibrium (</,- = gl0), the potential energy Ep of 
the System has its minimum value Ep{) which, owing to the arbi- 
trary nature of the reference point for Ep, will be taken as zéro in 
the following. In the case of small vibrations of the System about 
the position of stable equilibrium, its potential energy is expressed 
by the following positively definite quadratic form* in terms of 
the generalized coordinates:

Ep = -<r É Pikx txk/, Jt=1
where = <7,-?*,,

x k ~  Çk ~  <7*0
pik = constant real factors, with

= = ( '£ % * )« -« - ...

The kinetic energy Ek of the System is also expressed by a posi
tively definite quadratic form in terms of the generalized velocities. 
Thus

E* = 2 . ' E i

where b,t are constant real factors, and 

à» = bu = ( / — )
\ d x i  d x k / z =

6.3.2. The Lagrangian function (see 5.1.5.) of the System equals
1 *

E  =  E k — E p =  ^  (bikx ix k ~  ftikXiXk)
i, k -  1

The motion of the System  is described by s Lagrangian équations 
(see 5.2.1.) of the form

É  t o A  +  ft***) =  0 (i =  1» 2, . . . ,  s) (•)*-i

* The quadratic fonn 2  fiikX{Xk is said to be positively definite if itî
becomes zéro only when ail the Xi are simultaneously equal to zéro, and 
assumes positive values upon ail other values of the variables xt.
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6.3.3. The unknown time functions xk are to be determined in 
the form

__  ^  A e iwt
where i = }/ — '{.
The relations between the constant factors A k are found from a 
System of homogeneous linear algebraic équations

£  (P ik ~ c o 2bik) A k =  0 (£ = 1, 2, . . s) (**)
*=i

The necessary and sufficient condition for the existence of 
nonzero solutions of this System is that its déterminant equals 
zéro. Thus

/ ? , i — co26 u

ftn - o ) 2b.n
P 1 2 ~ 0)2bl2 •• 

@22 ~  ^0^22 • •

• P i . - M 2b u  

• • P 2s “  (O'bv.
31N ■■ Pu-atbu

= 0

This équation of the s power with respect to or is called a charac- 
teristic or secular équation. It has s real positive roots cof (l = 
= 1,2, . . . ,  s). The magnitudes cot are called the natural or princip
al cyclic frequencies of the System.
6.3.4. The corresponding System of values A k* : A  k =  A k(o)) can 
be found for each root cof of équation (**). The general solution 
of the System of équations (*) can be written as

$

Xk =  £  Ak(mf)C, cos (coit + <p,) (k =  1, 2........ s) (***)
J = 1

where Ct and <pt are independent real constants determined from 
the initial conditions:

æ*(°) = £  Ak(cof)C, cos <p, 
1 = 1

<M°) = -  Ê  Ak(cof)C,co, sin <p,
(k =  1, 2

It follows from équation (***) that the oscillation of the general- 
ized coordinate xk is the resuit of the superposition of s harmonie

* If ail the roots w2 differ, then one of the factors Ak can be chosen arhitrarily. 
In the case of multiple roots, the number of arhitrarily chosen factors A* 
increases.
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6 . Mechanical Vibrations
oscillations, each, in general, having arbitrary amplitudes and 
initial phases, but quite definite cyclic frequencies a>t.
6.3.5. The expressions 0, = Ct cos (ûj  ̂+ ^), where l = 1, 2, 
. . . ,  s, are called the normal or principal coordinates of the mate- 
rial System. They are related to coordinates xk by the linear 
homogeneous transformation

xk =  É  (k =  1, 2......... s)
1 =  1

In its turn
«

=  £  «««* (1 =  1» 2, . . s)*=1
where alk are constant real factors.
The kinetic and potential energies of the System, expressed in 
terms of normal coordinates, are in the form of the sums of squares. 
Thus

EP = £  m  and £*= -  É  M 21-1 1-1
The Lagrangian function is

L = \ - £  ( b f i i - m )  = { É  b,(df-œfef)
1 1-1 1-1

where eu, = f i  is the natural cyclic frequency of the System
corresponding to the normal coordinate 0,. Employed in place 
of the normal coordinates 0f, as a rule, are the normalized normal 
coordinates = i b f t Then

L  = -  £  (Qf-cofQf)
* l-l

The differential équations of motion of the System hâve the 
form

Qi+Q>ÏQi =  0 (l =  1, 2, . . . ,  s)

6.3.6. th the case of a System with two degrees of freedom corre
sponding to generalized coordinates x x and x2,

Ek = -y  (^n%ï + 2&12£1æ2 + b22%2 )

E p =  ^  (P ll%l +  %Pl2%l%2 +@22XÎ)
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The normal (unnormalized) coordinates 0l and 0, of the System 
are related to x x and x2 by the équations

} n — xi~~ysXg \
1 -  T,-Y! |

0 = x t - n »  |
* Y t - V i  I

where y x and y2 satisfy the équations:
bnyiyi + bl2(y1+ y2) + bi2 = 0 1

fî\iV\yt+P\î(y\+y2)+Pn = o j
The kinetic and potential energies of the System, expressed in 
terms of normal coordinates 0X and 02, are of the form

where

Et = ± ( b M + b j  I)

e ,  = \ ( m + m

bi — 0n yf + 2b12yt + b22 
Pi = Pnyf + %Pnyi+Pn

The squares of the natural cyclic frequencies of the System equal 
Pl _  0uY?+201,71+01!«)2 =  ~  =

(/ = 1, 2) 

es of the s 

(l = 1, 2)
*>i &mY?+ 251IYl+b„

Exam ple 1. In a plane double pendulum (Fig. 6.10) the potential 
energy is

Ep = miëh(l ~ cos a i) + WigUifi — cos a,) + 12( 1 -  cos a2)]

For small vibrations, sin ~  9* — and sin si 

S! . Then /

* , X 2  X

EP = ”“ +mi g lr f+  ^  ghaI2 8 1 1  ' 2 

P11 = (^1 + mi)sht P12 = Pu ~ miëh

The kinetic energy is

Eh = m,
(* !+ ÿ î)+ ^ -(ii+ ÿ i)

171
Y/i 
\  1

T
I
1
1I

-J U
p it

!
1
I
1

1

^>m2

f i o . 6 . 1 0
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6. M e c k a n ic a l V ib ra tio n s

where
x x = lx sin a1 
y x = lx cos ax 
x2 = lx sin ax + 12 sin a2 
y2 = lx cos ax + 12 cos a2 

In the case of small vibrations,

Ek = m i l\à\ + m2l1l2àih2+ y  l\af 

b h = (wr !-m2)/î; è12 = m2ljt2\ b22 = m2/f
The Lagrangian équations for small vibrations are of the form 

(ml + m2)llal ~{-m2l2a2+ (tnx-{-m2)gal = 0 1
lla l -Vl2a2 + ga2 = 0 J

The characteristic équation is
i (ml + m2)gll — co2(ml + m2)ll |
I : = 0I — co2m2Z1/2 m2gl2 — œ2m2l% |

The squares of the natural cyclic frequencies œl and co2 equal

«î.2 = {(mi + m2 )(li + h)
± V (m , 4- m s) [ (m , +  m 2) ( /, +  lt)* -  4 w 1i lZiî]} 

The general solution is of the form

«i = („ |i7 “ t[‘) c >C0S (° v +? i ) + (^fi7 - ^ )  c 2cos K  t+<Pz) 
a2 = Cx cos (œxt -f- (px) -f C2 cos (oy2t + <p2)

Example 2. Gonsider the motion of a particle under the action of 
two mutually perpendicular quasi-elastic forces Y x and F2. 
ïn a System of Cartesian coordinates xOy whose origin coincides 
with the equilibrium position of the particle and with axes Ox 
and Oy directed alonglines of action of forces I \  and F2, respec- 
tively, the équations of motion of the particle take the form

mx + pxx = 0
mÿ + Piy = 0
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C la ss ic a l M ech a n ics l.

where and p2 are coefficients of the quasi-elastic. forces F, and 
F2. Goordinates x and y are normal ones and their lime dependence 
is of the form

x — A j cos («i* + Pi) and y = A 2 cos (œ2t + (p2) 

where œl = and cot = Y m  are na ûra  ̂cycüc frequencies. 
Thus, the motion of the particle is the resuit of the superposition 
of two mutually perpendicular harmonie oscillations. The path 
of the particle is enclosed within a rectangle whose sides are 
parallel to the axes Ox and Oy and are equal to and 2^42> 
respectively. The centre of the rectangle coincides with point O. 
If the ratio of the frequencies œl and œ2 is rational, the path is 
a closed one and is called a Lissajous figure. The shape of the
Lissajous figure dépends upon — and (p2~<Pi (Fig. 6.11).

Ai = A2 cV]-=3u)2 / 2  Ù9>=y>2-y>f
Ay>=0 à(p-7c/8 ùy>=x/ii Ay>=3n/8

fig .6.11

The ratio of the frequencies — is equal to the ratio of the number
of times the Lissajous figure touches the horizontal and vertical 
sides of the rectangle into which it is inscribed.
If t o i  = t o 2 ,  the Lissajous figure will be an ellipse:

x t  2 y y

+ = sin,(Pa-Pi)
These are called elliptically polarized oscillations. Spécial cases of 
elliptically polarized oscillations are illustrated in Fig. 6.12.
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6. M e c h a n ic a l V ib ra tio n s

At <p2-<Pi= (2k+ 1) y  (k = 0; ±1; . . .) ,  the axes of the ellipse
coincide with the coordinate axes Ox and Oy. If, in addition, 
A x = A 2, the path is a circle. Such oscillations are said to be
circularly polarized. If <p2 — = kn (k = 0; ±1; ±2; . . . ) ,  the

ellipse degenerates into a straight line 
=o-2n- anc* the oscillation is called linearly

2 ° polarized.
Example 3. Gonsider two identical 
simple pendulums with an elastic lin- 
kage (Fig. 6.13). If the mass of the 
spring is neglected and the vibrations

a , \ ^ 0  1 At

y \r
K .  5rt.

,a 2 y > z - y r z >  z

y *
%
VA2 y 2 - ? r n i 3* > -

n
1

-dTl 0
L_

y \r
’ J n  fit. 

>A2 &  ? r 2 ! 2 > "

" S ' , .J f
%

Ek = m l 2 af + âl)
and

E . = mf  {n\  | ni)  a l i {n2 - n l )-

where a = coefficient of elasticity of 
the spring 

m = mass of each pendulum.

f i g . 6 . 1 2

Substituting the variables and 02 = - -  -- we can
write

E„ = ml^êl+Ôl) and Ep = TOg/(0f + 0|) + 2af 20|
Coordinates and 0.z are normal ones. The Lagrangian équations 
are of the form + = 0 J

= o |

where co0 = is the cyclic frequency of vibrations of the un-
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constrained pendulums. The natural cyclic frequencies of the 
System are equal to co0 and J/^jj + ~  • Then

üt = ^Ijcos (oy-f-^) and 02 = /12 cos (cy  1/ l + - ^ 2- + <p2)* \ > WlWji /

B. D a m p ë d  V i b r a t i o n s

6.3.7. If there is no dry friction (see 2.12.2.) in the System, it can 
bc assumed for small vibrations that the generalized friction 
forces F i/f, associated with the generalized coordinates qit are 
linear functions of the generalized velocities. Thus

»

F i  f r =  — J]  a i Ak= 1 x
where s ~ number of degrees of freedom oi\the System

xk -  déviations of its generalized coordinates qk from 
their. equilibrium values qki> 

aik = generalized coefficients of friction (aik = a.ki) which 
can be assumed constant.

The time dependence of the total mechanical energy E  of the 
System is of the form

1 *where 0  = — Y  aikXiXk is the dissipative function of the System
1 i,kt l

and is essentially positive since the energy E  diminishes contin- 
uously with the motion of the System.
6.3.8. The Lagrangian équations for the System are of the form

d d.L dL _ p _ d& / • _ . n
“  ^ i f r  ~  \ l  —  L  Adt dxi dxk dxt » s )

Using the expression given in 6.3.2. for the Lagrangian function, 
we can write

<
X (bikXk + ai A  + Pikxk) = 6 (i = 1, 2, . . . ,  s) (*)

k = l

6.3.9. This System of homogeneous linear second-order difïeren- 
tial équations is solved in a way similar to that used for the 
System of équations (*) in 6,3,2, The unknown functions xk(t)
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are to be determined in the form xk = A ke*. The relations between 
the constant factors A k are found from a System of homogeneous 
linear algebraic équations

Y  (A'* + + =  ̂ (l = Ij 2, . . ., s) (**)
k=* 1

The characteristic équation that serves to détermine the values 
K is of the form

Pn + ^an + kzbn Pn + /‘«i2+ ^ 1 2

/?21 "f" +  A2&2 1 ^ 2 2  ^ # 2 2  “I" ^ 2^22

+ kalt -f
@2* ^a2» + A2&2« = 0

Ai + kagl + Â2btl Pt2 + Arzs2 + A26<2 • • • Pt» + hatt 4- A2bgg
Tliis équation has 2s roots Kt (l = 1, 2, . . 2s) which, by virtue 
of the real nature of the coefficients aik and bik, are either 
real or pairvvise complex conjugate, i. e., A( = /tf + io>(, and 
kf = /:i(- iw h where ^  < 0 and eo* >  0. The values A k = 
obtained from the System of équations (**) for each pair of 
complex conjugate roots, are also complex conjugate. Thus

Ak(h) — yH + iàki\ A k(kf) = yki — iôkl = A*(kj)
The general solution for the System of équations (*), for the case 
when ail the roots Az are different and complex conjugate, takes 
the form

** = É eu“ Re{^(A,)C,eto''}
1 =  1

where Ct are complex constants of intégration, determined from 
the initial conditions (i.e. the values of xk and xk at t = 0). The 
symbol Re dénotés the real part of the complex function enclosed 
in the braces.
If a root is real (cot = 0), thon, in the expression for xk(t), the 
aperiodic component c?ltA ^ h )  Re {Ct} corresponds to tliis root. 
If ail the roots /, are real, the motion of the System is completely 
aperiodic.

C. F o r c e d  V i b r a t i o n s  o f  a N o n d i s s i p a t i v e  S y s t e m

(>.3.10. In terms of normalized normal coordinates Qt (see 6.3.5) 
1 lie differential équations of motion of a System can be broken 
down into s independent équations for one-dimensional forced 
vibrations çorresponding to each of the normal coordinates Qt.
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Thus
= fM  (i = !» 2 , . . 5)

where cg* = natural cyclic frequency of the System

f t(t) = Y ^ * ( 0 = generalized external force conjugate tot- i  rb/
normal coordinate Q,

= generalized external (disturbing) force 
conjugate to the generalized coordinate xk 

A k(œfj and bt hâve the same meaning as in 6.3.4 
and 6.3.5.

condition for résonance is the availability, among the harmon
ies] of force fi(t)y of one whose cyclic frequency is near to

6.3.11. In a System with two degrees of freedom cor- 
responding to the generalized coordinates x x and x2l 
the relation of the disturbing forces Fk(t) and f t(t)
is of the form

m  =

\F(l)-Ffa»Bt

Yh

M ) --------- ŸF,

FIG.6.14
where yt and bt hâve the same meaning as in 6.3.6. 
Example. In a double spring pendulum (Fig. 6.14) 
oscillation takes place under the action of the dis

turbing force F(t). The kinetic and potential energies of the 
System are

Ek = 4- (mxx\ + m2xl) Ep = ^  [axx\ -f a2(x2 -  x x)2]

where x x and x2 are the displacements of particles m1 and m2 
from their positions of stable equilibrium. Then

= b i2 — 0; b 22 — 1^2

f i l l  ~  t f i  +  Æ a i  f i  12 “  f i z l  =  ~  a 2 i  f i 22 =  a 2

It follows from the équations given in 6.3.6 that

n  =  k + f k ^ ^  and ^  = * - ^ T + l f

where Æ =

■* ' = ™\Pi\ h  = mxp 2\ fix = axnx\ fi2 = axn2
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where

* - * ( * + £ + *

i»« = 2(fci+ ^ -* V * ,+-*!)

= (1 + -“t) (2*’ + ̂ 7+2,t
+ t ( l - 2 * - 2 /* ■ + £ )

n2 = (l+^-)(2A:» + ̂ -2A r

+ f - ( ! - 2* + 2 l^ 2+ l 9
The squares of the natural cyclic frequencies equal

col = œl — and col = co\ —1 0 Pi 2 0 p*
where eog = —-.7711
Since = 0 and /^(j) = F(t) = F0 cos £*, then

Fo jji

AW = cos and **w = ' f w T cos ^
The équation of motion, in ternis of normalized normal coordi- 
nates, can be written as

Qi + û>?Qi = F° - cos Qt (l = 1, 2)
Vcrii pi

The general solution is of the form
Qj = A [ cos (Qt 4“ (pi) "4" Bi cos (coït-|- (fi)

in which the second term characterizes the free vibrations of 
the System, and A t and <ph in accordance with the formulas for 
one-dimensional forced vibrations (see 6.2.15), are equal to

A, ___Fo
KmiP|(a>f-0*) and tan <p{ = 0

The unknown functions and x2(t) are equal to
nQi j VtQt

Ÿrniïpï Ÿ m l p t
and xt Qi | Qt

ŸrriiPi ŸrriiPt
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6 A. Oscillations of a Nonlinear System with 
One Degree of Freedom*

A. B a sic  D é f i n i t i o n s

6.4.1. In the general case of vibrations of a nonlinear System, the 
differential équation takes the form

6.4.2. A bratory System is said to be autonomous if the équa
tion of tion does not involve the time explicitly :

The differential équation of the vibration of an autonomous 
conservative System does not contain the generalized velocity x :

and describes free vibrations.
An autonomous nonconseruative System is said to be dissipative 
if its motion is of the damped vibration type. If an autonomous 
nonconservative System can make periodic vibrations, it is 
said to be self-oscillatory and its oscillations are called self- 
induced ones. The amplitude and frequency of self-induced vibra
tions are dictated only by the properties of the System itself.
6.4.3. A vibratory System is said to be nonautonomous if its 
differential équation of motion involves the time t explicitly. 
The processes occurring in a nonautonomous System are called 
forced vibrations if the given periodic function of time F(t) is a 
term in the differential équation of motion. Thus

The right-hand side of this équation is called the reduced disturb- 
ing force. Depending upon the type of function f(x , x) involved, 
distinction is made between the forced vibrations of nondissipa- 
tive, dissipative and self-oscillatory Systems.
Parametric vibrations are ones described by differential équations 
of the following form:

x + [a + P(t]\x = 0 
where P(f) is the given periodic time function.

x + f(x , x, t) = 0

x + f(x, x) = 0

x + f(x) = 0

x + f(x, x) = F(t)

* This section was written by Prof. Ya. G. Panovko, D. Sc. (Eng.). 
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6. Mechanical Vibrations

B. F r e e  V i b r a t i o n s  o f  a C o n s e r v a t i v e  S y s t e m

6.4.4. In the differential équation (**) in 6.4.2, f(x) is the restoring 
force referred to unit mass of the System and depending nonline- 
arly on coordinate x of the System.
The relationship f(x) is called the quasi-elastic characteristic of 
the System. At f(x) = - f ( - x ) ,  the quasi-elastic characteristic is 
said to be symmetrical. Depending on the sign of the second(12 f
dérivative ^  of a symmetric quasi-elastic characteristic, it is 
called

hardy if at x > 0, > 0 (Fig. 6.15a)

or soft, if at x > 0, < 0 (Fig. 6.156)

6.4.5. The free vibrations of a conservative System are periodic, 
but anharmonic. The period of free vibrations dépends upon 
their amplitude and, for a 
symmetric quasi-elastic 
characteristic, is

T = 2Ÿ2

f(x) dx

characteristic characteristic
wliere A  is the amplitude i i g .6.15
of vibrations.
Kxample 1. The quasi-elastic cubic characteristic is f(x) = x3. 
Then the period of vibrations is equal to

T  = 4 f i  f -—^ = r  J ŸA*-X*
7.316

A

Kxample 2. For a simple pendulum swinging with large angles of 
déviation a (Fig 6.3.), the quasi-elastic characteristic is

f(a) = j  sin a
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The period of vibration is represented by the elliptic intégral

0
where A  is the maximum angle of déviation (amplitude of 
vibrations). The period T  can also be expressed in the form of a 
power sériés:

6.4.6. An approximate formula for the period of free vibrations 
for any type of symmetric quasi-elastic characteristic is

T = 2 tiA 2 A

5
AJ f ( x ) x 3

0
dx

C. F r e e  V i b r a t i o n s  o f  a D i s s i p a t i v e  S y s t e m

6.4.7. If the dissipation of mechanical energy is not excessively 
great, the period of free damped vibrations is approximately
equal to the period of free vibrations of the corresponding
conservative System. Within one period, the motion of the System 
is described approximately by the équation

x — A  cos œ0t

where A  is the time-dependent amplitude of vibrations. The 
curve A = A(t) is the envelope of the vibrational diagram.
6.4.8. With nonlinear-viscous friction, the reduced force of in- 
eilastic résistance takes the form

J{ = k \x\n~l x
where k and n ^  1 are constants of the System. The équation 
of the envelope ,for a System with atinear (juasi-elastic character
istic iis

m



é. Mechanical Vibrations
where A 0 is the déviation of the System at t = 0.

71
S ~  2 J sinn+1 tp dtp

o
The values of S  are listed in the following table ;

n 0 0.5 1.0 1.5 2.0 2.5 3.0

S 4.000 3.500 3.142 2.874
I

2.666
1

2.498 2.356

(1.4.9. The internai friction of a material subject to cyclic, or 
repeated, deformation is charac- 
terized by the phenomenon of 
hystérésis (Fig. 6.16). The reduced 
force of inelastic résistance is

R = ± b A « ÿ  1 - * -

where b and n are constants of 
the System and the plus and mi
nus signs correspond, respecti- 
vely, to the ascending and des- 
cending branches of the hysté
résis loop. At n = 1, the équa
tion of the envelope of the damped vibrations takes the form

btw o
A  = A 0e~ 2*

and at n ^  1, it will be

D. F o r c e d  V i b r a t i o n s  o f  a N o n d i s s i p a t i v e  S y s t e m

(1.4.10. Upon the action of a harmonie disturbing force, thediffer- 
«•ntial équation of. the vibration in a nondissipative System takes 
the form

x + f(x) = F() sin Qt

Total force of résistance
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where F0 = amplitude of the disturbing force referred to unit
mass

Q — cyclic frequency.
6.4.11
ristic:

In dcaling with a cubic symmetric quasi-elastic characte- 

f{x) = cofe + Px3
the équation

x + a>lx -f /fa3 = F0 sin Qt

has the approximate solution

x = A  sin Qt+ (sin Q t - sin 3Qt)

In addition to the fundamental harmonie, this solution includes 
a harmonie with a tripled cyclic frequency. The amplitude of 
vibrations is determined from the cubic équation

= 0

At small values of the cyclic frequency Q, this équation has one 
real root; at higher frequencies it has three real roots, each 
corresponding to vibration with a definite amplitude. The many- 
valued solution signifies that at a given cyclic frequency of the 
disturbing force, vibrations at various amplitudes are possible, 
but that not ail of the modes of vibration are stable. Shown in 
Fig. 6.17a is the dependence of the amplitude of forced vibrations 
on the cyclic frequency of the disturbing force for /? > 0. Unstable 
solutions, which lack any physical significance, are indicated with 
a dash line.
The sequence in which the amplitude of forced vibrations varies, 
upon a slow variation of the cyclic frequency of the disturbing 
force, is indicated in Fig. 6.17a by arrows. Upon an increase in Q,

A

140

O
FIG.6.17



6 . Mechanical Vibrations
the amplitude of vibrations likewise increases, following the 
upper branch of the curve. As soon as the cyclic frequency Q 
begins to dccrease, the amplitude immediately “drops off” 
onto the lower branch. A further réduction in frequency Ü leads 
to the skipping of the amplitude back over to the upper branch 
of the curve.
6.4.12. In addition to vibrations with cyclic frequencies ü , 3Û, 
etc. (where Ü is the cyclic frequency of the disturbing force), 
subharmonic vibrations may occur in nonlinear Systems. The 
cyclic frequency of the disturbing force is a multiple of that of 
such subharmonic vibrations.
6.4.13. Upon the action of a polyharmonic disturbing force, of 
the type F x sin Qtt+ F 2 sin Ü2t, vibrations are set up with the 
combination cyclic frequencies Q1 + Q2 and Q ^-Q ^  in addition to 
the vibrations with the cyclic frequencies Û1 and Of most im
portance are the low-frequency combination vibrations correspond- 
ing to the cyclic frequency Ül — Q2 (these are sometimes called 
subharmonic vibrations).

E. F o r c f . d  V i b r a t i o n s  o f  a  D i s s i p a t i v e  S y s t e m

6.4.14. The differential équation of the forced vibrations of a 
nonlinear System with viscous résistance and a cubic quasi-elastic 
characteristic is of the form

x + px + câ x + /3xB = F0 sin ü t

6.4.15. The amplitude of vibration can be determined approxi- 
mately from the équation

(û‘ -o>l)A- 0 A 3 ± F0 ]Al — ( AQ )2 = 0

For p > 0, the function A(Q) takes the form shown in Fig. 6.176* 
Unstable solutions are indicated by a dash line.

F. S e l f - I n d u c e d  V i b r a t i o n s

6.4.16. In investigating the nature of the motion of complex 
Systems (in particular, self-oscillatory Systems), use is made of 
the concept of a phase plane-the plane of the variables x and 
v = x. Each instantaneous state of the System, specified by the 
quantities x and u, corresponds to a point on the phase pla ne 
called the phase, or représentative, point. Each process of mot ion 
of the System complies with a definite curve on the phase plane. 
This curve is called the phase path.
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6.4.17. The phase paths are intégral curves of the Quation

dv_ _  f(x,v) 
dx ~  v

where f ( x ,  v)  — f ( x t x )  is a function included in the differential 
équation (*) of motion of an autonomous System (see 6.4.2.). 
Points of the phase plane at which f ( x , v) = 0 and v = 0 are 
called s i n g u l a r  p o i n t s .  Singular points correspond to States of 
equilibrium of the System. Ail other points of the phase plane 
are called o r d i n a r y  p o i n t s .  One and only one phase path passes 
through each ordinary point.
6.4.18. The singular point through which no phase paths pass, 
and which is surrounded by closed phase paths, is called the 
cen tre  (Fig. 6.18). The centre corresponds to a state of stable 
equilibrium.

v

FIG.6 . 1 8  f i g . 6 . 1 9

If, in the vicinity of a singular point, the phase paths are hyper- 
bolas and only two paths pass through the singular point, such 
a point, called the s a d d l e p o i n t  (Fig. 6.19), corresponds to a state 
of unstable equilibrium.
If, in the vicinity of a singular point, the phase paths hâve the 
shape of spirals that are either being wound up on or unwound 
from the point, such a point is called a fo cu s . In the first case 
(Fig. 6.20a), the equilibrium is stable, and in the second (Fig. 
6.20&) it is unstable.
If, in the vicinity of a singular point, the phase paths are of 
parabolic form and ail pass through this point, such a point is 
called a n o d e  (Fig. 6.21). If the phase paths enter the node, it
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corresponds to a State of stable equilibrium; if they corne out 
of the node, it corresponds to a state of unstable equilibrium. 
Example. Gonsider the motion of a simple pendulum with arbi- 
trary initial conditions. The phase paths are illustrated in Fig. 6.22. 
Points 0 and ± "In on the axis of abscissas are centres, and points

Fio.6.22

± n  are saddle points. At sufficiently high initial velocities, the 
phase paths are of wave shape and nowhere intersect the axis 
of abscissas. These paths correspond to the running-away motion 
of the pendulum, i. e. to an unrestricted increase in the angle of 
déviation of the pendulum.
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6.4.19. The limit cycle is a closed curve C on which aeighbouring 
spiral phase paths are either being wound or from which they 
are being unwound. If the neighbouring phase paths are being 
wound up on curve C, it is called a stable limit cycle (Fig. 6.23) ; 
if they are being unwound, it is called an unstable limit cycle. 
If the phase paths located on one side of curve C are being wound 
up on it and those on the other side are being unwound from it, 
it is called a semistable limit cycle.
6.4.20. The limit cycles of nonlinear autonomous Systems differ 
from closed phase paths describing the vibrations of conservative 
Systems and surrounding a singular point of the centre type in 
the following: (1) limit cycles are isolated curves whereas the 
closed phase paths of a conservative System constitute a continuous 
family of curves; (2) motion along a limit cycle does not dépend 
upon the initial conditions whereas in conservative Systems it is 
precisely the initial conditions that single out a particular phase 
path from the continuous family.
6.4.21. If several limit cycles constitute a concentric System, the 
stable cycles alternate witli unstable ones. Here the singular 
point, located within the family of limit cycles, can be regarded 
as a limit cycle that has shrunk into a point.

6.4.22. Soft self-excitation is the conversion of a System from a 
state of unstable equilibrium into motion according to a stable 
limit cycle (Fig. 6.23). Hard self-excitation is the conversion of a 
System from a state of stable equilibrium into motion according 
to a stable limit cycle. This requires a sufficiently great initial
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6 . Mechanical Vibrations
disturbance, dpe that is capable of “throwing” the initial phase 
point beyond $he contour of the unstable limit cycle located 
between the stable singular point and a stable limit cycle (Fig. 
6.24).
(1.4.28. A quasi-linear material System is one whose motion is 
described by the difïerential équation

d 2x  , 9  r f  d x  \
-d T i + c o î x  =  fil f i [ x ,  d t j

which contains the small parameter fi. Transformation to “ di- 
mensionless time” r = co0t simplifies the differential équation to

in which

d 2x
+  X  =

. /  d x \
d r * V f \ X i d r )

f ( x ,
d x  \ 1 f  ( t  <̂X '
H t  )  ~ 0)2 M  • d t ,

An approximate solution of équation (*) is 
x = q cos (r — 0)

wherc o and 0 are slowly varying time functions determined by 
the establishment équations

~Ÿz = ll 0 (s) and -^r- = f*v (8)
in which

2n
<P(o) = f  f(o cos (, - ÿ  sin f) sin f  d$

° i  (*•)271 '  '

W(o) = J f(o cos£ ,-q  sin f) cos £ d£

vvhere f(o cos£, -o sin£ ) results from the substitution in the 
fonction f(x , of expression q cos £ in place of x and expression
-  o sin £ in place of .
Kxample. Van der PoVs équation is

X  +  X  =  fl( 1 — x2)x

According to formulas (**) we can write

0 (q) = - - ( 4 - ^ 2) and Y (q) = 0
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The establishment équations are of the form

£ = f - ( 4 - ^ )  and £ = 0

The law of variation of the amplitude q with time is 
= 2 

Q “  i \  +Ce-M* ’
where C is a constant depending upon the initial conditions. 
As r oo, the value q approaches q = 2, and motion according 
to a limit cycle is established. The motion law is

x = 2 cos T



PART TWO

The Fundamentals of 
Thermodynamics 
and Molecular Physics

CHAPTER 1

Introduction

7.1. B u ic  Cn^î pts
7.1.1. Molecular physics is the science that treats of the physical 
properties and aggregate states of bodies on the basis of their 
molecular structure, forces of interaction between the particles 
making up the bodies and the nature of the thermal motion of 
these particles. Two methods, complementing each other, are 
mnployed in the theoretical investigation of these problems: 
slatistical and thermodynamic.
7.1.2. The statistical method consists in studying the properties 
of macroscopie Systems on the basis of an analysis, with the aid 
of mathematical statistics, of the laws of thermal motion of an 
(mormous number of microparticles that make up the Systems.
7.1.8. The thermodynamic method consists in studying the proper
ties of a System of interacting bodies by analysing the conditions 
and quantitative relations of the conversions of energy that occur 
in the System. These problems are dealt with in the branch of 
theoretical physics known as thermodynamics (phenomenological 
thermodynamics).
As distinct from the statistical method, the thermodynamic one 
is not concerned with the internai structure of the bodies or with 
the nature of the motion of the particles of which they are compos
ai. Thermodynamics deals with the macroscopie characteristics 
«»f the items being studied and is based on several experimentally 
rstablished principles -  the laws of thermodynamics — which are 
uxtremely general in nature. In conséquence, the thermodynamic 
method finds application in the theoretical analysis of the general 
laws of a great variety of phenomena.
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7.1.4. A thermodynamical System is a totality of/macroscopie 
items (bodies and fields) that interchange energy in the form of 
work and in the form of heat (see 3.1.4.) with one another, as 
well as with the external medium (one that is external in relation 
to the System of bodies and fields concerned).
A thermodynamical System is said to be closed, or isolated, if 
there is no exchange of energy between it and the external medium. 
A System is said to be adiabatic if no heat exchange takes place 
between it and the external medium. A thermodynamical System 
in whicli ail interchange of energy with the external medium 
takes place only by heat exchange is said to be mechanically 
isolated.
7.1.5. A homogeneous thermodynamical System is one in which 
there are no interfaces separating macroscopie parts of the System 
that difïer in properties and composition. Thermodynamical 
Systems that do not satisfy this condition are said to be hetero- 
geneous. Examples of homogeneous Systems are gaseous mixtures, 
liquid and solid solutions, as well as any chemically homogeneous 
body, ail of which is in the same aggregate State. Examples of 
heterogeneous Systems are melting ice, wet steam, many alloys 
and rocks. A System is said to be physically uniform if the compo
sition and physical properties are the same for ail macroscopie 
portions of the System that are equal in volume. An example 
of such a System is a gas that is not subject to the action of an 
external force field.
A phase is a totality of ail homogeneous portions of a thermodynam
ical System which are physically uniform when not acted upon 
by external forces. Wet vapour, for example, consists of two 
phases-a boiling liquid and dry-saturated vapour.
Components (independent species) of thermodynamical Systems 
are the different substances, or constituents, the least number 
of which is sufficient to form ail the phases of the System.
A solution is a homogeneous System (solid, liquid or gaseous) 
consisting of two or more chemically pure substances. One of the 
components of a solution (usually that présent in the highest 
proportion) is called the solvent, and the other components are 
called solutés.
7.1.6. The state of a thermodynamical System is determined by 
the totality of its thermodynamic variables, or parameters (state 
variables) ,  i. e. ail physical quantifies that characterize the macro
scopie properties of the System (its density, energy, viscosity, 
polarization, magnetization, etc.). Two states of a System are 
considered to be different if the magnitudes difïer for even one 
of the thermodynamic variables. The state of a System is said to
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1. Introduction
be steady if it does not change with lime. Steady States are said to 
be equilibrium ones if their invariability in time is not due to 
the occurrence of some process that is external in relation to the 
System.
The thermodynamic variables of a System are interrelated. 
In conséquence, the equilibrium state of a System can be uniquely 
specified by indicating the values of a limited number of these 
variables (see 10.9.8.). The principal state variables are the pressure, 
température and the spécifie (or molar) volume.
Distinction is made in thermodynamics between the external 
and internai state variables of a System. External state variables 
are those which dépend only upon the generalized coordinates 
(see 5.1.1.) of external bodies with which the System interacts. 
An example of an external variable for a gas is its volume which 
dépends upon the position of external bodies-the walls of the 
vessel. Another external variable of a gas in a gravitational or 
any other force field is the field intensity. Internai state variables 
are ones that dépend both on the generalized coordinates of 
external bodies and on the averaged values of the coordinates and 
velocities of the particles making up the System. Examples of 
internai variables are the pressure and energy of a System.
7.1.7. The pressure is the physical quantity p equal to the ratio 
of the magnitude of the normal force AFn, acting on an area 
AS of the surface of the body, to the value AS as AS approaches 
zéro as a limit. Thus

p  = lim dFn
as

The spécifie volume v is the reciprocal of the density o (see 2.3.2.) :
v = 1 . The spécifie volume of a homogeneous body is the ratio
of its volume to its mass. It is numerically equal to the volume 
of an élément of the body with a mass equal to unity.
A gram molécule or mole (kilogram molécule or kilomole) is the 
amount of a chemically homogeneous substance whose mass, 
expressed in grams (kilograms) is numerically equal to its molec- 
ular weight /u. The volume V(i of one mole of a substance is 
called its molar volume:

y ,  = = :
A gram atom (kilogram atom) is the amount of a chemically 
simple substance (an élément) whose mass, expressed in grams 
(kilograms), equals its atomic weight. The number of molécules 
in a gram molécule and the number of atoms in a gram atom are
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the same for ail substances. This number is known as Avogadro's 
number N A (N A = 6.023X1023 mol”1 = 6.023XlO26 kmole” 1).
7.1.8. The température is a physical quantity characterizing the 
degree of hotness or coldness of a body (see also 11.2.4 and 
12.8.11). If a System is in a state of thermodynamical equilibrium, 
ail bodies constituting the System are at the same température. 
The température can only be measured indirectly, making use 
of the fact that certain physical properties of bodies, lending 
themselves to direct measurement, dépend on the température. 
The bodies (or substances) employed for this purpose are said to 
be temperature-indicating1 or thermométrie, and the tempéra
ture scale based on them is said to be empirical.
The main shortcoming of empirical température scales is their 
dependence on the spécifie features of concrète temperature- 
indicating substances (see 10.2.6. on the possibility of establish- 
ing a universal thermodynamic température scale). In setting 
up a température scale, the températures at which chemically 
pure substances pass from one aggregate state to another are 
used as the initial values for establishing the reference point and 
the unit of measurement -  the degree. Examples of such tempéra
tures are the melting point of ice (*0) and the boiling point of 
water (tb) at normal atmospheric pressure equal to 760 mm Hg. 
These are also called the ice and steam points, respectively. 
The values of t0 and tb for the various température scales are:
(a) Celsius (centigrade) température scale: tQ = 0°G and tb = 100°C.
(b) Fahrenheit température scale: t0 = 32°F and tb = 212°F. 
The relationship between a température expressed in Celsius 
and Fahrenheit degrees is

f°c _ t°F—32 
100' 180

{c) Kelvin température scale (see also 10.2.6.): the température T  
is measured from absolute zéro (t = -273.15 °C) and is called the 
absolute température. The relationship of a température expressed 
in the Kelvin (T °K) and Celsius (t °C) scales is

T° K = t°C + 273.15°C
7.1.9. The internai variables of a thermodynamic System (see
7.1.6.) which is in an equilibrium state dépend only upon its 
external variables and the température. Thus

yt = f(xt, ...........xn, T) (*)
where yk = internai variable

x lt . . . ,  xn = external variables.
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7. Introduction
For instance, the equilibrium state of a physically homogeneous 
thermodynamic System can be completely specified, according 
to Gibbs’ phase rule (see 10.9.12.), by only two variables. Hence 
the equilibrium pressure of this System is a function of its 
volume and température (the mass of the System is assumed to 
be fixed):

P = f i{V,T) M
7.1.10. If, in équation (*) yk represents a generalized force (5.1.4.) 
conjugate to any one of the external variables x lt . . . ,  xn, then 
équation (*) is called a thermal équation of state of the System 
(or, simply, équation of state of the System). For example, équation 
(**) is a thermal équation of state of a physically uniform System. 
Written for the internai energy U  (see 9.1.1.) of the System:

U = fzfai, #2» * * * » T)
équation (*) is called the calorific équation of state of the System. 
The équations of state of the System being investigated in thermo- 
dynamics are assumed to be known from experiments. These 
équations can be derived analytically by the methods of statis- 
tical physics.
7.1.11. A thermodynamic process is any change that occurs in 
the state of a thermodynamic System. An equilibrium (quasi-static) 
process is a thermodynamic process in which the System passes 
through a continuous succession of equilibrium states. A cycle 
is a thermodynamic process as a resuit of which the System returns 
to its initial state.
Iso-processes are defined as thermodynamic processes that proceed 
with a constant value of one of the state variables.* An isochoric 
( isovolumic) process is a thermodynamic process that proceeds at 
constant volume of the System. An isobaric process is one that 
occurs at constant pressure. An isothermal process proceeds at 
constant température.
An adiabatic process is a thermodynamical process that is accom- 
plished by the System without heat exchange with external bodies. 
Relaxation is the process in which a System that has been disturb- 
ed from a state of thermodynamic equilibrium returns to that 
state. The relaxation time is a measure of the rate at which relaxa
tion takes place. It is the interval of time that it takes for the 
déviation of any variable of the System from its equilibrium value
to decrease to — of its initial value.
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II.Thermodynamics and Molecular Physics
7.1.12. State fonctions are physical characteristics of a System 
whose variation, as the System passes from one state to another, 
does not dépend upon the kind of thermodynamic process that is 
associated with the change in state. These characteristics are 
determined exclusively by the values of the variables of the 
initial and final states. The most important state functions are 
the internai energy U (see 9.1.1.), enthalpy H  (see 9.1.6.), entropy 
S (see 10.4.3.), isothermal and isochoric potential, or Ilelmholtz 
free energy, F  (see 10.6.3.) and isothermal and isobaric potential, 
or Gibbs free energy, G (see 10.6.3.).
Extensive quantities are state functions of a thermodynamic 
System that dépend upon its mass. Such, for example, are the 
functions enumerated above. Frequently, the values of extensive 
quantities used in thermodynamic équations are referred to 
unit mass or to one mole.
Intensive quantities are state functions of a thermodynamic 
System that do not dépend upon its mass. Such, for instance, are 
the température, density, viscosity and permittivity.
7.1.13. The equilibrium states of a physically uniform System and 
the equilibrium processes it performs can be represented by points 
and curves, respectively, plotted on a plane in Gartesian coordi- 
nates/Plotted along the coordinate axes are state variables of the 
System or state functions which are uniquely related to these 
variables. Such a graphical représentation is called a thermody
namic diagram. The most widely used are the F-p, s-T and s-H 
diagrams (the first symbol indicates the quantity plotted along 
the axis of abscissas; the second, that plotted along the axis of 
ordinates).



c h a p t e r  8

Idéal Gas Laws

8.1. Idéal Gases
8.1.1. An idéal, or perfect, gas is one in which there are no forces 
of mole.cular interaction. Gases can be regarded as idéal, with a 
sufficiently high degree of accuracy, when their states are far 
from the régions of phase transitions.
8.1.2. The following laws are valid for idéal gases:
(a) Boyle’s law* which states that at constant température and 
mass the product of the pressure and volume of a gas is constant:

p V  = const
(b) Gay-Lussac's law which states that at constant pressure 
the volume of a given mass of gas is directly proportional to its 
absolute température:

v  = aV0T  = V0-~- 1 0
where V0 = volume of the gas at the température T0 = 273.15 °K

a =  - r̂ =  coefficient of volume expansion.•* o
(c) Charles9 law which states that at constant volume the pressure 
of a given mass of gas is directly proportional to its absolute 
température :

p  =  p» y ;

* This law was Independently discovered by French physlcist E. Marlotte 
14 years after R. Boyle.
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wherej90is the pressure of the gas at the température T0= 273.15°K. 
(d) Avogadro's law which states that equal volumes of different 
idéal gases at the saine température and pressure contain equal 
numbers of molécules or, in other words, moles of different idéal 
gases occupy the same volume at the same température and press
ure.
Thus, for example, under standard conditions (t = 0 °G and 
p = 101,325 N/m2 = 1 atm = 760 mm H g), moles of ail idéal 
gases occupy a volume of V^ = 22.414 litres. The number of 
molécules in 1 cm3 of an idéal gas under standard conditions is 
called LoschmidCs number and equals 2.687 XlO19 1/cm8.
8.1.8. The équation of state of an idéal gas is of the form

P VM = R T

where p, Vfi and T  = pressure, molar volume and absolute 
température of the gas 

R = universal gas constant.
The universal gas constant is numerically equal to the work 
done by one mole of an idéal gas when it is heated isobarically 
by one degree. Thus

R  = 8.31 XlO3 J
kmole»deg 0.0821 litre» atm 

moledeg

= 0.848 kgf»m
moledeg 8.31 XlO7 e rg

mole»deg- = 1.987 cal
mole»deg

MFor an arbitrary mass M  of gas, the volume V = —  V^ and the 
équation of state takes the form

p V  = - - R T

This is called the Mendeleev-Clapeyron équation. Since = v, 
the spécifie volume, then

pv — — T = B TH
Rwhere B  = — is the spécifie gas constant which dépends upon the 

molecular weight of the gas.
8.1.4. It follows from the Mendeleev-Clapeyron équation that 
the number ti0 of molécules contained in a unit volume of an
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idéal gas equals

^  Na~ =_ pNa =  p 
ü V/t RT h t

where k = ~  = 1.38X10"23 - /  = 1.38x lO-‘“ -NA deg deg
= Boltzmann*s constant

N A = Avogadro’s number (see 7.1.7).

8.2. Mixtures of Idéal Gases
8.2.1. A gas mixture is the totality of several different kinds of 
gases which do not react chemically under the conditions being 
considered. A gas mixture constitutes a homogeneous thermody- 
namical System (see. 7.1.5).
The weight concentration g{ (or weight fraction, or weight-fraction 
concentration) of the i-th gas included in the composition of 
the mixture is the ratio of its mass M t to the mass M  of the whole 
mixture. Thus

_  Mi _  Mi 
S { ~  ~m  ~  N

2  Mi
i - 1

where N  is the total number of different kinds of gases that 
make up the mixture.
The molar concentration Xi (or mole fraction, or mole-fraction 
concentration) of the i-th gas is the ratio of the number of moles 
of this gas to the total number of moles of ail the gases in the 
mixture. Thus

Mj

tH

where is the molecular weight of the i-th gas.
8.2.2. The partial pressure p t of the i-th gas in a mixture is the 
pressure that this gas would exert if ail the other gases were 
removed from the mixture and the volume and température 
remained as before. Thus

M±  R I  
V (•)

where V and T  are the volume and température of the mixture. 
Dalton's law States that the total pressure of a mixture of idéal
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gases is equal to the sum of their partial pressures:

p  = i >  =<=i
ML
Pi (**)

From Dalton’s law it follows that the partial pressure of the i-th 
gas is equal to the product of the pressure of the mixture by 
the molar concentration of tliis gas: p t = x{p.
8.2.3. The partial volume V{ of the i-th gas in a mixture is the 
volume that this gas would occupy if ail the other gases were 
removed from the mixture and the pressure and température 
remained as before. Thus

ML
in  p {***)

Amagat's law, following from équations (**) and (***), States 
that the total volume of a mixture of idéal gases is equal to the 
sum of their partial volumes:

The partial volume of the i-th gas is equal to the product of the 
volume of the mixture by the molar concentration of this gas: 
Vi = x tV.
8.2.4. In calculating the state variables of a mixture of idéal 
gases, use can be made of the Mendeleev-Clapeyron équation 
written in the form

p V  = — -  B T
Pmix

or
p V  = M B mtxT

1where pmix = - y ----  = apparent molecular weightof the mixture
v S1  

i - 1 /•{
R yBmlx = ----= R  V 8i = spécifie gas constant of the mixture.

Pmix Pi
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First Law of Thermodynamics

9.1. Internai Energy and Enthalpy
9.1.1. The internai energy U is the energy of the System that 
dépends only on its thermodynamic state. The internai energy is 
lhe total energy of a System which is not subject to the action of 
(‘xternal forces and isinastateof macroscopie rest. In certain of 
the simplest cases, the internai energy is equal to the différence 
between the total energy E  of the System and the sum of the 
kinetic energy Ek of its macroscopie motion and the potential 
energy Ey? due to the action of external force fields on the System. 
Thus

The internai energy of a System includes the energy of chaotic 
(thermal) agitation of ail the microparticles of the System (molc- 
ndes, atoms, ions, etc.), the energy of interaction of these parti
ras, the energy of the électron shells of atoms and ions, nuclear 
energy, etc.
9.1.2. The internai energy is a single-valued function of the state 
nf a System: its change AU as the System passes from state 1 to 
slate 2  does not dépend upon the kind of process that occurs, 
and equals AU = U2- U v If the System accomplishes a cycle 
(see 7.1.11.), the total change in its internai energy is equal to 
/.e ro :

9.1.3. The internai energy can be determined with an accuracy to 
the constant addend U0 which cannot be found by thermody-

U = E - ( E k + E?1)
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namic methods. This is immaterial, however, since in the thermo- 
dynamical analysis of Systems we deal, not with the absolute 
values of its internai energy, but with the changes in this energy 
that do not dépend on U0 in various processes. Ilence, it is 
frequently assumed that U0 = 0 and the internai energy is 
understood to be made up only of those of its componcnts that 
undergo a change in the processes being considered. At tempéra
tures that are not too high the internai energy of an idéal gas 
can be taken equal to the sum of the internai energies of chaotic 
motion of its molécules.
9.1.4. The internai energy of a homogeneous System is an additive 
quantity. It is equal to the sum of the internai energies of ail the 
macroscopie portions of the System, i.e. proportional to the mass 
of the System. The internai energy of a heterogeneous System 
includes, not only the sum of the internai energies of ail the 
homogeneous portions of the System, but the energy of molecular 
interaction of their surface layers as well. In most cases, however, 
the internai energy of a heterogeneous System can also be assumed 
to be an additive quantity, equal to the sum of the internai ener
gies of ail the phases of the System. This assumption is not valid, 
however, for highly disperse heterogeneous Systems.
9.1.5. The internai energy of an idéal gas dépends only on its 
absolute température T  (see 7.1.8) and is proportional to the mass 
M  of the gas. Thus

Thermodynamics and Molecular Physics

where Cv = heat capacity (see 9.3.1.) of the gas in an isochoric 
process (at constant volume)

Except at very high températures, the heat capacity Cv of 
monatomic gases is independent of the température, and U = 
= CVT + U 0.
The internai energy of a mixture of N  idéal gases is equal to the 
sum of the internai energies of ail the gases composing the mixture.

cv = — = spécifie heat (see 9.3.3.) of the gas under the 
same conditions

u0 = — = internai energy of a unit mass of the gas at 
T  = 0°K
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Thus

U = £  U, -  ï  | J Cy, dT+ L
X

s [ /  Cy, d T f7„,j

where Cvi is the heat capacity of the i-th component of the mix
ture in an isochoric process (at constant volume).
The internai energy of a gas, according to the van der Waals 
équation of state (see 13.1.2), equals

U = j c r d T -  ^  “ +?/„
0

where M  = mass of the g as
p = molecular weight of the gas 
a = correction term in van der Waals’ équation.

9.1.6. The enthalpy H (heat content) is the function of the state of 
a thermodynamic System that is equal to the sum of its internai 
energy and the product of the pressure of the System by its 
volume, expressed in the same units:

H  = U + pV

The enthalpy of an idéal gas dépends only on its absolute tempér
ature (see 7.1.8) and is proportional to the mass M  of the gas. 
Thus

T
H = d T + H„

0
where Cp = heat capacity of the gas in an isobaric process (at 

constant pressure) (see 9.4.4.)
H0 = U0 = enthalpy of the gas at T = 0°K. For mon- 

atomic gases, H  = CPT + H0.
The enthalpy of a mixture of N  idéal gases is equal to the sum of 
the enthalpies of ail the gases composing the mixture :

n = t Hi = t  Wc+dT+H"

where Cpi is the heat capacity of the i-th component of the mixture 
in an isobaric process.
A thermodynamic process is said to be isoenthalpic if it proceeds 
without a change in the enthalpy of the System.
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9.2. Work and Heat
9.2.1. A necessary condition for a System to do work is that a 
displacement takes place in the external bodies interacting with 
the System, i. e. a change in the external state variables (see
7.1.6.) of the System. An infinitésimal amount of work ôA> done 
by the System on the external bodies, equals

ÔA = £  F{ dxf
i

where = external state variables of the System
Ff = generalized forces associated with the state variables 

(see 5.1.4.).
The infinitésimal amount of work <5̂ 4' done by the external 
bodies on the System is equal in magnitude to ô A  and opposite 
in sign: <5.4' = — à A.
9.2.2. Expansion work is the work done by a System in overcoming 
the forces of the external pressure. An infinitésimal amount of 
expansion work of a System subject to a uniformly distributed 
external pressure p ex is equal to à A  = p exdV.
In the case of an equilibrium (quasi-static) expansion process, 
p ex is always equal to the pressure p in the System and ôA = p d V .

The work done in equilibrium expansion of 
p  the volume of a System from Vx to V2 equals

A  = J p d V
F,

In a V-p diagram, this work is measured 
by the area which is bounded by the curve 

o  „ i/ °f the process, the axis of abscissas and
v* v2  v  the ordinates V =  Vx and V = V2 (the 

f i g .9.1 hatched area in Fig. 9.1). The work done
by a System dépends upon the kind of 

process it undergoes in changing its state. Expansion work, for 
example, dépends, not only on the variables of the initial ( p lt V x) 
and final (p 2, V2) states, but also on the nature of the process 1 - 2 , 
i. e. the path along which the System is taken from 1  to 2. The 
operation of ail heat engines is based on this principle.
9.2.3. Generally speaking, various thermodynamic processes 
involve different amounts of heat that hâve to be transferred to 
a System to bring it from one state to another. In otlier words,
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heat and work are functions of thc process for changing the state 
of a System. Therefore, an infinitésimal amount of the heat trans- 
ferred to a System in the process of a small change in its state is, 
as in the case of an infinitésimal amount of work à A  (see 3.2.1), 
not a total differential.

9.3. Heat Capacity
9.3.1. The heat capacity (true heat capacity) C of a body is the 
ratio of an infinitésimal amount of the heat ôQ transferred to 
the body in some process to the corresponding change in the tem
pérature of the body. Thus

r  _  àQ 
C d t

The heat capacity dépends upon the mass of the body, its Chem
ical composition, thermodynamic state and the kind of process 
employed to transfer the heat.
9.3.2. The average heat capacity C of a body in the température 
interval from T x to T 2 > 7\ is the ratio of the amount of heat Q, 
required to raise the température of the body from 7\ to T 2, to the 
différence T 2- T v Thus

The relationship between the average heat capacity of a body 
and ils tria; heat capacity is of the form

‘' " f . W . N ' 1'

9.3.3. The spécifie heat c is the heat capacity of a unit mass of a
liomogeneous substance. For a homogeneous body c = , where
M is the mass of the body. *

N
For a mixture of N  gases, c = £  giCit where ct and g{ are the

<=i
spécifie heat and weight concentration of the i-th component of 
l he mixture.
9.3.4. The atomic heat capacity Ca is the heat capacity of a kilo- 
gram-atom (gram-atom) of an elementary substance: Ca = A c, 
where A  is the atomic weight of the element.
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The molar beat capacity CM is the beat capacity of one kilomole 
(mole) of a substance: C M =  jlic, wbere f i  is the molecular weigbt 
of the substance.
Heat capacity theory is treated in Sec. 12.9. for gases and in 
Sec. 15.4. for solids.
9.3.5. The infinitésimal amount of heat ôQ that must be trans- 
ferred to a body to change its température from T  to T + dT  
equals

ÔQ = C dT

In the case of a homogeneous body ôQ = Mc dT  = — Ctl dT.
AIFor a chemicallÿ simple substance ôQ = —Ca dT.

9.4, The First Law of Thermodynamics
9.4.1. Macroscopically stationary Systems are dealt with, as a 
rule, in thermodynamics.* The law of conservation and conver
sion of energy can be written for such Systems in the form

AU = Q + A '
w h ere  A' = work d on e  on  th e  S y stem  b y  e x ter n a l b o d ies  

Q =  a m o u n t o f h e a t tran sferred  to  th e  S ystem  
AU =  c h a n g e  in th e  in te rn a i en e rg y  o f th e  S y stem .

If AU , Q a n d  A ' are m easu red  in  d ifferen t u n its  (A: in  m e ch a n ica l  
and  Q an d  AU in th erm al u n its ) th en

where E  is the mechanical équivalent of heat \E  
kgfm\

.T

0.427 kgfm\
_ cal /•

4.18 =cal
The quantity --1, = 0.239 = 2.34 , is1 J h J kgfm

called the thermal équivalent of work. Fromhereonit will be assum- 
ed that ail quantities are measured in units of the same System. 
9.4.2. The work A  performed by the System on external bodies 
(to overcome external forces) is equal to — A ' .  Consequently

Q = A U + A
The heat transferred to the System is expended in changing its 
internai energy and in the work done by the body to overcome 
external forces ffirst law of thermodynamics).

* The first law of thermodynamics for Systems in motion is given in 19.4.1. 
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If the System constitutes a periodic-action engine in which gas, 
vapour or some other working medium is returned to its initial 
state upon completing a cycle, then AU = 0 and A  = Q. Conse- 
quently, it is impossible to build a periodic-action engine that 
could perform more work than the energy transferred to the 
system from without (a perpétuai motion machine of the first kind 
is an impossibility).
9.4.3. For an infinitésimal change in the state of a system the 
first law becomes

ÔQ = dU+ÔA
or

C dT = dU+ÔA

where C is the heat capacity of the system.
If, in addition to uniformly distributed external pressure, other 
forces act on a system, then the work à A  is equal to the sum of the 
expansion work, i. e. work done to overcome the external pressure 
and equal to pex dV , and the work AA* performed by the system 
lo overcome other external forces. Thus ôA = p ex dV+ôA*. 
In an equilibrium process,p ex equals p, the pressure in the system, 
and the first law can be written in the form

C dT = dU +p dV+ÔA*
or

C dT = d H - V  dp + ÔA*
where H  is the enthalpy of the system (see 9.1.6.).
9.4.4. For an equilibrium process in a single-phase, one-component 
system, subject only to uniform external pressure, ôA* = 0, 
(l =. f(T , V) and H = f x(T, p). Hence

C d r  = (4 r)r d T + [( w l + p ] dV

The heat capacity Cv in an isochoric process (V = const) is 
••quai to

The heat capacity Cp in an isobaric process (p = const) is equal to
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9.4.6. For an idéal gas, U =M f(T), (§£)r = 0 and ( f ^  = ,
where M and u are the mass and molecular weight of the gas.

MMayer*s relation: Cp —Gv — —R; or Cpfi — CVu = R  for molar lieat 
capacities and cp - c v = — for spécifie heats.

The quantity x = —  = —  = —- is called the adiabatic expo- 
Gy Qvfi c v 

nent. It follows from Mayer’s relation that
R

x — l
M
M ’

CVfÀ — x - l  ’ C y  —
R

(*-!)/<
x R M  . c  —

x R x R
V-l P ’ x — l  ’ Cp  =■= ( * - ! ) *

9.4.6. The thermal effect E t of a process is the sum of the heat Q' 
released by the System in this process, and the thermal équivalent 
of work A*. The latter work is equal to the différence betwéen 
the total work done by the System in this process and the expan
sion work. Thus E t = Q' + A*. Since Q' = -  Q, where Q is the 
heat transferred to the System, it follows from the first law of 
thermodynamics that in an equilibrium process

2 2 

Et =  U i - U z - f p d V  = H x  —  Hn - f -  f  V dp
i î

9.4.7. Hess’ law states that the heat of reaction, occurring in a 
System at constant volume or constant pressure, does not dépend 
upon the intermediate stages, but is determined only by the initial 
and final states of the System. In an isochoric process E tr = — AU = 
= Ul - U 2, and in an isobaric process E tp = -  AH = H 1—H 2. 
Hess’ law, which expresses the first law of thermodynamics as 
applied to Chemical processes, is the fundamental law of thermo- 
chemistry. It serves as the basis for various conclusions that help 
to simplify the calculation of Chemical reactions occurring at 
p  = const or V = const :
(a) The heat of reaction in the décomposition of a Chemical com- 
pound is equal in magnitude and opposite in sign to the heat of 
reaction in the synthesis of the compound from the products of 
décomposition.
(b) The différence between the beats of two reactions which lead 
from two different initial states to the samc final state is equal to 
the heat of reaction, in passing from one initial state to the other.
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Hence, the heat of any reaction is equal to the algebraic sum of the 
individual heats of reaction in the combustion of reagents to the 
same end products (these heats of reaction are considered to bc 
positive for the initial substances and négative for the products 
of the reaction).
(c) The différence between the heats of two reactions which lead 
from the same initial state to two different final States is equal to 
the heat of reaction in passing from one final state to the other. 
Hence, the heat of any reaction is equal to the algebraic sum of 
the individual heats of reaction in forming reagents from element- 
ary substances (these heats of reaction are considered to be 
positive for the products of the reaction, and négative for the initial 
substances).
9.4.8. Kirchhoff’s équations for the isochoric and isobaric heats 
of reaction are

9.5. Most Common Thermodynamic Processes 
of Idéal Ganses

9.5.1. A polytropic process is a thermodynamic process in which 
the spécifie heat c of the gas remains constant. The quantity n =
= is called the polytropic exponent. The iso-processes and
the adiabatic process are spécial cases of a polytropic process.
9.5.2. The following table lists the main relationships for isochor
ic, isobaric, isothermal, adiabatic and polytropic equilibrium 
processes occurring in an idéal gas. It is assumed that the mass 
of the gas remains constant, the heat capacities Cv and Cp 
do not dépend upon the température, and that work is done only 
lo overcome the external pressure.
In this table the subscripts 1 and 2 refer to the initial and final 
states, respectively ; ail the quantities in the formulas are express- 
ed in units of the same System.
9.5.3. Lines representing isochoric, isobaric, isothermal, adiabatic 
and polytropic processes in any kind of thermodynamic diagram 
are called isochores, isobars, isotherms, adiabats and polytropes. 
Figures 9.2, 9.3 and 9.4 illustra te isochores, isobars, isotherms 
;ind adiabats of an idéal gas in V-p, T-p and V-T diagrams. 
The initial state (1) of the gas is taken the same for ail the proc-
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Thermodynamic Processes

IL

Isochoric j  Isobaric
i

Equation of 
the process V = const p  = const

Rclatlonships 
between 
State varia
bles

— = const VY  = const

Work doue in 
the process

6 A  = 0 
A  =  ü

ÔA  =  p d V  
A  =  p ( V , - V t )

Amount of 
heat trans
ferre d

ÔQ = C v dt
Q = C A T t - T J

»Q  = C„ (JT
Q =

Change in 
internai 
energy

d U  =  Cy  dt  
A U  = C v i T ^ - T i )

d U  =  C v  dt  
A U  = Cr(T2-T ,)

Change in en- 
thalpy

d l i  =  d U + V  d p  =  Cp d T  
A H  = CP{ T 2- T t )

d H  = d U + p  d V  =  ÔQ 
A H  =  A U + A  = Q

Heat capacity M  R
C y =  ----- --------

p  x — \
M  x R  

C» ~  fl x - f

Polytropic
exponent il — i  °° n  =  0
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ïsolhcrmnl | Artiabalic j Polytropic
! I

T = const ÔQ = 0 C = const

p V  = const

p V x = const
y

p T l ~ y = const
i

V T X~ 1 = const

p y» = const 
«

p T l ~ n = const
i

V T n ~ i = const

ô A  = p d V

A = — RTln — P Vi
= — R T  \n — 

H Pi

ÔA = p d V  = - d U  
A  = —d U  = Cv( T i — Ti)

= - p*v *)

_ M R  Ti  [  p,"*""! 
A p x— 1 L Pi J

- ë H ' - Œ n

ÔA = p d V

ÔQ = à A
Q = A

ôQ = 0 
Q = 0

ÔQ = C d T  
Q = C ( T 2- T j)

d U  = 0 
A U  = 0

d U  = Cv d T  = —ô A  
A U  = — A  = Cv(T2-  T,)

d U  = Cr d T  
A U  = Cv( T g - TO

d H  = 0 
A U  = 0

d H  = Cp d T  =-yôA  
A H  = - x A  = Cp( T i — Ti )

d H  = Cp d T  
A i l  = C p i T i - T Q

Cj> = 
f + ooatdW  0 

“ \-o o a td V < 0 Cad = 0
M R(n—y)
P (x— l)(n — 1)

n = 1 Cp
n = x =  c ÿ

C-Cp
71 c - c v
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FIG.9 . 2

FIG.9 .4

esses. Gurves showing the dependence of the beat capacity C 
of an idéal gas on the polytropic exponent n are given in Fig. 9.5.
9.5.4. Certain of the relationships for a polytropie process of an 
idéal gas are :

ôQ _ x —n  t ôQ _ n — x  y % ô A  ___ x — 1
d V  ~~ x — 1 P '  d p  x  — i  ’ ôQ x — n

d U  _  n - 1 . d l l  _  x ( n - 1)
ôQ ~  n - x '  ôQ ~

wliere x is the adiabatic exponent.
n -  x



C H A P T E R  10

Second and Third Laws 
of Thermodynamics

10.1. Réversible and Irréversible Processes
10.1.1. A réversible thermodynamic process is one that allows the 
System to be returned to the initial state without leaving any 
changes in the surrounding medium.
A necessary and sufficient condition for a réversible thermodynam
ic process is that it is constituted of a succession of equilibrium 
states.
10.1.2. An irréversible thermodynamic process is one that does not 
allow the System to be returned to the initial state without leaving 
any changes in the surrounding medium.
Ail real processes proceed at a finite rate. They are accompanied 
by friction, diffusion and heat exchange at a finite différence 
between the température of the System and the ambient tempéra
ture. Consequently, they are ail nonequilibrium and irréversible.
10.1.3. Any irréversible process proceeds spontaneously in one 
(forward) direction. To make the process proceed in the reverse 
direction so that the System returns to its initial state, it will be 
necessary to provide a compensating process in the external bodies, 
as a resuit of which the state of these bodies will differ from their 
initial state. For example, the process of equalizing the température 
of two differently heated contacting bodies is a spontaneous one ; 
it does not require the simultaneous occurrence of any processes 
in other (external) bodies. To accomplish the reverse process, i.e. 
that of increasing the température différence of the bodies to the 
initial value will require compensating processes in external bodies, 
such as tliose produccd by ilie operation of a refrigerator.
10.1.4. Due to their nonequilibrium nature, irréversible processes
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cannot be plotted on thermodynamic diagrams. In practice it is 
usually sufficient to know thc intégral characteristics of an irré
versible process as the System passes over from equilibrium state 
1 to equilibrium state 2 , i. e. thc work A ir performed by the System 
and the heat Qir transferred to it. Therefore, any irréversible 
process can be replaced by the “équivalent” réversible process 
1 - 2 , which brings the System from state 1  to state 2  in such a 
manner that the work done A =  A ir and the heat transferred to 
the System Q = Q{r. The équivalent réversible process can bc 
represented on any thermodynamic diagram.
Ilence, it is possible to depict irréversible processes graphically 
in this conditional manner. The arbitrary nature of this “repré
sentation” is in the fact that in an actual irréversible process, the 
System does not pass at ail through the states corresponding to 
the intermediate points on the curve of the “équivalent” réver
sible process.

10.2. Cycles. The Carnot Cycle

10.2.1. A heater (heat source) is a body which transfers energy 
in the form of heat to the thermodynamic System being consid- 
-ered.
A cooler (heat sink) is a body which receives energy in the form 
of heat from the thermodynamic System being considered.
10.2.2. The working medium (working substance) is a thermodynam
ic System which accomplishes a cycle in a thermal installation. 
In a heat engine the working medium receives energy in the form 
of heat and delivers part of this energy in the form of work. 
In a refrigerator the working medium receives energy in the form 
of work and transfers energy in the form of heat from a cold body 
to a hotter one.
10.2.8. Cycles (see 7.1.11.) are represented in thermodynamic 
diagrams in thc form of closed curves. The work done by a System 
in a réversible cycle to overcome the external pressure is measured 
by the area enclosed by the curve of this cycle in a V-p diagram. 
A direct cycle is one in which the System does positive work:
A = j> p dV  > 0. In a V-p diagram, a direct cycle is shown as the
closed curve along which the working medium passes in the 
clockwise direction.
A reverse cycle is  one in  w h ich  th e  w o rk  d on e  b y  the S y stem  is 

n é g a tiv e :  A  = <bp dV < 0. In a V-p d ia g ra m , a rev erse  c y c le  is
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shown as the closed curve along which the working medium passes 
in the counterclockwise direction.
In a heat engine, the working medium accomplishes a direct 
cycle; in a refrigerator it accomplishes a reverse cycle.
10.2.4. The thermal efficiency yt is the ratio of the thermal équi
valent of work A, done by the working medium in the direct 
cycle being considered, to the sum Qx of ail the amounts of heat 
transferred to the working medium during one cycle by the heat 
sources. Thus

n _ -4_ — Qi~Qg
V‘ Qi Qi

where Q2 is the magnitude of the sum of the amounts of heat given 
off by the working medium to the coolers.
The thermal efficiency characterizes the 
degree of perfection attained by a heat 
engine, operating on the cycle being consi
dered, in converting internai energy into 
mechanical energy.
10.2.5. The Carnot cycle is a direct cycle 
(Fig. 10.1) consisting of two isothermal pro
cesses 1-1' and 2-2', and two adiabatic 
processes 1-2  and 2 -1. In process 1-1', the 
working medium receives the heat Qx from 
the heater, and in process 2-2' it gives off 
the heat Q2 to the cooler.
The Carnot theorem States that the thermodynamic efficiency of a 
réversible Carnot cycle does not dépend upon the nature of the 
working medium and is a function only of the absolute tempéra
tures of the heater (Tx) and the cooler (T2). Thus

i \ - t2 
Vc = - - r  -

FIG.10.1

The proof of the Carnot theorem is based on the second law of 
thermodynamics (see 10.3.2.).
10.2.6. It follows from a comparison of the expressions for the 
thermodynamic efficiency of an arbitrary cycle (see 10.2.4.) and 
of a réversible Carnot cycle that, in the latter, the ratio of the 
températures of the heater and cooler is equal to the ratio of the 
amounts of heat delivered and received by them, respectively, 
during the cycle. Thus

Jj_ = Qi_
t2 q2

Iience, in order to compare the températures of two bodies, it is 
necessary to aecomplish a réversible Carnot cycle in which these
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bodies arc used as the hcater and coolcr, and thcn mcasurc Qi 
and Q2. A température scale established in this way is called the 
absolute thermodynantie température scale. Its advantage is that, 
according to Garnot’s theorem, it is independent of any particular 
thermométrie substance. Owing, however, to the impossibility oi* 
actually accomplishing a réversible Carnot cycle, this method of 
comparing températures cannot be realized in practice, and it lias 
only a theoretical significance.
10.2.7. The thermodynamical efficiency t)t rev of an arbitrary 
réversible cycle cannot be higher than that of a réversible Carnot 
cycle being accomplished between the températures T max and 
T mtn. Tlms

Tmax T  min 
Vt rev rp1 max

where Tmax and Tmin are the extremal values of the températures of 
heaters and coolers participating in the cycle.
10.2.8. The thermodynamic efficiency rjt ir of an arbitrary 
irréversible cycle is always less than that of the Carnot cycle 
accomplished between the températures Tmax and T min indicated 
in 10.2.7. Thus

T — T •1 max 1 mm 
' i t  ir ^  rp1 max

10.2.9. A measure of the performance of a refrigerator is the 
coefficient of performance e (also called the cooling energy ratio). 
It is equal to the ratio of the heat Q extracted from the body 
being cooled to the thermal équivalent of the work A  done on the 
réfrigérant. Thus

The coefficient of performance erev of any refrigerator operating 
on a réversible cycle dépends only upon the absolute températures 
of the body being cooled T0 and of the hot System (T > T0) to 
which the heat is delivered. Thus, erev is equal to the coefficient 
of performance e0 of a refrigerator operating on a réversible 
Carnot cycle in the same température interval :

Efev e° T -T 0 
For a refrigerator operating on an irréversible cycle 

______ To
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Theoretical cycles of piston-type beat engines.

li>. Second and Third Laws
I

1.

Name and V-p diagram Thermodynamic efficiency

Cycle with combustion 
ai Vr = cou st (Otto cycle) ru -  1- 1 _• 

, x - 1
y

where e = -  -1- = compression 
v 2 ratio 

x = adiabatic expo- 
nent in. compres
sion and expan
sion

1-2— adiabatic compression 
tf-3-isochoric heating
3- 4-adiabatic expansion
4- 7-isochoric cooling

2. Cycle with combustion 
at p = const (Diesel cycle)

fig. 10.3

1- g -1
"(g-l)

where e = —  = compression 
ratio

V»
q = — - = cutoff ratio » 2
x = adiabatic exponent 

in compression and 
expansion

1- 2- adiabatic compression
2- 3-isobaric heating
3- 4-adiabatic expansion
4- i-isochoric cooling
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corit.

Name and V-p diagram Thermodynamic efficiency

3. Combined cycle with combustion 
at V = const and at p = const 
(combination, or dual-combns- 
tion, cycle)

>7,= 1- £*-l,
V,

Xgx— i
[(A—1 )+**(<?-1)1

P J , \ QÎ£ij?
« -
P f • Vi. i\ 

i i ! !
01 y2 g

where e = — - = compression 
ratio

Vag = -y- = cutoff ratio 

PaX = — = pressure ratio Pi
x = adiabatic exponent 

in compression and 
expansion

FIG. 10.4

1 -2 -adiabatic compression
2 -3'-isochoric heating 
3'-3 -isobaric heating
3 -4 -adiabatic expansion
4 -l  -isochoric cooling
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1|).2.11. Theoretical cycles of gas turbines.

Naine and V-p diagram | Tliermodynamic efûciency

4-------------------------------------- 1----------------------------------
1. Cycle wilh combustion 

at p = const

fl *
where p = - = pressure increase

P1 in compression 
« = adiabalic exponent 

in compression and 
expansion

1- 2—adiabalic compression
2- «?-isobaric heating
3- 4- adiabalic expansion
4- J-isobaric cooling

2. Cycle wilh combustion 
at V  = const

(A-l)/9 *
wbere fl = - = pressure in-

Pl crease in com
pression

PaA = = additional près-
P* sure increase

1- 2 -  adiabalic compression
2- 3-isoclioric beating
3- 4-adiabatic expansion 
i-i-isob aric  cooling
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10.3. The Second Law of Thermody nanties
10.3.1. The first law of thermodynamics, which expresses the' 
universal law of conservation and conversion of energy, is insuf- 
ficient to détermine in which direction thermodynamic processes: 
will proceed. For instance, on the basis of this law alone, one might 
attempt to build a perpétuai motion machine of the second kindv 
i.e. an engine whose working medium would accomplish a cycle,, 
receiving energy from a single external body in the form of heat 
and delivering it completely to another external body in the 
form of work.
10.3.2. The generalization of the results of numerous experiments 
has led to the conclusion that it is impossible to build a perpétuai 
motion machine of the second kind. This conclusion is called the 
second law of thermodynamics and can be stated in a number of 
ways which, though different in form, are identical in principle. 
Two such statements are:*
(a) no process is possible whose sole rcsult is the performance of 
work équivalent to the amount of heat received from a heater;
(b) no process is possible whose sole resuit is the transfer of energy 
in the form of heat from a cold body to a hotter one.
10.3.3. The second law of thermodynamics stresses the essential 
différence between the two forms of energy transfer -  heat and 
work. It states that the process of converting orderly motion of 
a body as a whole into disorderly motion of the particles of the 
body and the external medium is irréversible. Orderly motion can 
pass over into'disorderly motion without requiring any supplément- 
ary (compensating) processes, for example in friction. A reverse 
transfer of disorderly motion into orderly motion or, as is often 
said, “the transfer of heat into work” cannot be thé sole resuit 
of a thermodynamic process. It must always be accompanied by 
some other compensating process. For instance, in equilibrium 
isothermal expansion, an idéal gas performs work which is fully 
équivalent' to the amount of heat transferred to the gas by the 
heater. The density of the gas, however, decreases in this case, 
i. e. “the conversion of heat into work” is not the sole resuit of 
the process being conducted. A heat engine, operating on a direct 
Carnot cycle, performs work équivalent to only a part of the 
heat received from the heater, since the remainder is delivered 
to a cooler whose state is thereby changed. In a réfrigération

* The malhematical formulation of l.he second law of llierniodynamics is 
given in 10.5.2,
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10. Second and Third Laws
plant, energy is transferred in the form of heat from a cold body 
to a hot one. To accomplish this process, however, a compensating 
process is required in which work is done by external bodies.

10.4. Entropy
10.4.1. The reduced heat Q* in an isothermal process is the ratio 
of the amount of heat Q, delivered to the System, to the tempéra
ture T  of the heat source. Thus Q* = — , with Q > 0 when energy
is delivered to the body and Q < 0 when energy is withdrawn. 
The reduced heat of an arbitrary process is equal to

wliere ôQ is the amount of heat delivered to the System in an 
infinitésimal portion of the process by the body from which the 
heat is transferred and which lias a température T.
10.4.2. The reduced heat Qrev delivered to the System in any 
réversible cycle is equal to zéro (the Clausius theorem) :

rev

where T  is the température of the System to which an infinitésimal 
amount of heat ôQ is delivered. In contrast to SQ, the integrand

is a total difîerential. Consequently, the absolute température
of the System is an integrating denominator for an infinitésimal 
amount of heat delivered to the System in a réversible process.
10.4.3. The entropy is the function S  of the state of a System whose 
difîerential in an infinitésimal portion of a réversible process is 
(‘quai to the ratio of an infinitésimal amount of heat, delivered 
lo the System, to the absolute température of the System. Thus

The entropy of a complex System is equal to the sum of the entro
pies of ail its homogeneous parts.
The sign of the change of entropy of the System in a réversible 
process is an indication of the direction of heat exchange. In ail 
nrdinary thermodynamic Systems, the internai energy U increases 
infinitely as T  -*oo. Hence, for the equilibrium States, the absolute
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température can only be positive since, in heating the systçtn, 
dS > 0 and in cooling, dS < 0.
Unique systerns exist, however, for which lim U is equal to a 0er-

T  —► o o

tain finite value U{). Such Systems may be in states having eitfier 
a positive or a négative absolute température (T > 0 if U H £/„ 
and T  < 0 if U > U0). An example of such a System is tha|t of 
the nuclear spins (see 47.3.2.) of certain crystals (for example, 
LiF). In a time t, much less than the relaxation time Tj'for 
spin-lattice interaction (see 45.4.13.), this nuclear spin System 
can be considered to be isolated and in equilibrium since xx is 
approximately 107 times greater than r 2, the relaxation time for 
spin-spin interaction (see 45.4.12.). The température T = 0 
corresponds to the state in which ail the spins are oriented in the 
direction of the external magnetic field; the température T = o o  
(or T = — o o )  to a state of completely chaotic orientation of the 
spins; and the température T  = - 0  to a state in which ail the 
spins are oriented in a direction opposite to the external magnetic 
field, i. e. when the energy of the spin System is at the maximum.
10.4.4. The change in the entropy of any réversible process that 
brings a System from state 1 to state 2 is equal to the reduced heat 
delivered to the System in this process. Thus

2

i
An isentropic process is a thermodynamic process in which no 
change takes place in the entropy of the System. In a réversible 
adiabatic process, for instance, ôQ = 0 and S = const.
10.4.5. The entropy of a body can be determined with an accuracy 
on y to a constant addend (constant of intégration) :

S = J + const

0
where intégration is carried out along an arbitrary réversible 
process and iS0 is the entropy of the body at T = 0°K, which 
cannot be determined by means of the first and second laws of 
thermodynamics.
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1Q. Second and Third Laws
10l4.6. The entropy of a physically uniform System is a function 
of jtwo independent state variables, for example p  and T or T and 
V  fthe mass of the System is assumed to be constant). Hence

T

S ( V ,  T )  = J C y - d£  +  S'a

S ( p ,  T )  J Cr  (\ T  +

J dT r dTCv T and I Cp y ~ are calculated for
0 o

réversible processes of isochoric and isobaric heating, respectively, 
of the System from T = 0°K to the température T  of the state 
being considered ; Cv and Cp are the lieat capacities of the System 
in these two processes, and S'0 = *S(F, 0) and S'0' = S(p , 0). 
Moreover, according to the Nernst postulate (see 10.11.2.), 
‘S o = = ô.
Example 1. Gonsider the entropy of an idéal gas. According to the 
first law of thermodynamics (see 9.4.2.), at ôA* = 0

ÔQ = dU +p dV = d H - V  dp

where dU = Cv dT  and dH = Cp dT.
Hence

dS = Cv d-  + d V  = Cp dTT —^ dp

For an idéal gas (see 8.1.3.) ~  = y -  — and -  = y  
Therefore
j t ’   M (r* dT n dVfi \   M (p dT p  dp \
d S  -  t  ( c vn ~t ~ + r  a t , : )  -  i r  \ vtt t  ~ R  i r )

_  M (r  dV^ r  dp \
~ 7 ' l t '«r v '7 + ,'" ‘p7

where VM = volume of one mole of the gas 
('V/t and Cpfi = molar heat capacities of the gas (see 9.3.4.) 

depending only on the température.
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Then

‘S = -?LfĈ-T1+/ïln F" + ai]
s  = - t - [ j c Plld? - ~ j n n p  + «,]

•V = \Crt, ln VM + CyMln p  + a3]

where alt a2 and a3 are constants of intégration.
With monatomic gases, CVfJ and Cpft do not dépend upon the 
température (see 12.9.1.) and

S  = —-1CyM ln T + R  ln VM + a j

S  = - [Cp/J ln T  — R  ln p  + a2]

Example 2. The entropy of a mixture of N  idéal gases is the sum 
of the entropies of ali components of the mixture, cach determined 
at the température of the mixture and at the partial pressure 
(see 8.2.2.) of the respective component. Thus

= [J Éf - R l n P + «**] +

where p  = pressure of the mixture

ASmlx = - R  t  ^ \ n x ,  = - R ( t — \ ( £  *  ln*,)
< = i  M  \ < ~ i  m  j  /

is the entropy of mixing, and x{ is molar concentration of the 
i-th component (see 8.2.1.).
The entropy of mixing of different kinds of idéal gases does not 
dépend upon their individual features, and is determined only 
by the molar concentrations of the gases and the total number 
of moles of ail the gases in the mixture. In mixing identical gases 
(x{ = 1, x x = x2 = . . .  = x{_i = xi+t = . . .  = xy = 0), the en
tropy of mixing equals zéro (Gibbs’ paradox).
Example 3. In a van der Waals gas (see 13.1.2.)

d u  ^ C y d T + ^ - ^ d V
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Ilence

1 j o  _  r  d T  1 M * “  \  j t /  _  M \ n  d r  , d  d v /< 1dS -  Cp T + ÿ (/> + /4, v! ) ^ f /< r F" t  V^-bJ
and the entropy is

S = — [f CK#1 df  +R  ln ( F„ -  />) + const.]
vvliere = volume of one mole of the gas 

CVM = ils molar heat capacity.

10.5. The Basic Relationship of Thermodynamics
10.5.1. It follows from the second law of thermodynamics that in 
an infinitésimal irréversible process, the change of entropy is
dS > , where ôQ is the amount of heat delivered to the System
in this process by an external body whose température* equals T. 
Kor an arbitrary infinitésimal process

dS »  - f  (.)

where the equality sign refers to réversible processes and the 
inequality sign to irréversible ones.
10.5.2. In a heat-insulated (adiabatic) System, ôQ = 0 and équa
tion (*) takes the form

d S ^ O
This is a mathematical expression of the second law of thermody
namics which thereby states that the entropy of an isolated System 
cannot decrease whatever the processes that occur in it.
Ail real processes are irréversible and therefore the entropy of an 
isolated process can, in actuality, only increase, reaching a maxi
mum in the State of thermodynamic equilibrium of the System. 
This interprétation of the law is based on the physical meaning of 
entropy which is treated in statistical physics (see 12.10.1.).
10.5.3. If a System accomplishes a cycle, its change of entropy is 
••quai to zéro and the algebraic sum of the reduced amounts of 
beat delivered to the System equals zéro in a réversible process

rêv

• It is assumed that the absolute température T > 0. For Systems with aÔQiifKative absolute température (see 10.4.3.), dS < .
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and is less than zéro in an irréversible process

ir

The last relationship is sometimes called the Clausius inequality 
and is a mathematical expression of the second law of thermody- 
namics for irréversible processes occurring in open Systems. 
10.5.4. The basic relationship of thermody nanties, combining the 
first and second laws of thermodynamics, is derived from équation 
(*) by substituting for ôQ its value in accordance with the first 
law (see 9.4.3.) :

T d S ^ d U + Ô A
For a réversible process, this relationship reduces to the thermo- 
dynamic identity

T dS = dü+Ô A

10.6. Characteristic Fnnctions and Thermodynamic 
Potentials

10.6.1. Characteristic functions are functions of state of a System 
which, together with their dérivatives, explicitly define the thermo
dynamic properties of the System. The form of the characteristic 
function dépends on the choice of independent variables. For 
example, if the independent variables are H  (enthalpy) and p 
(pressure) or U (internai energy) and F (volume), the characteris
tic function is the entropy S. For the independent variables S and 
F, it is the internai energy U (see also 10.6.3.).
10.6.2. A thermodynamic potential is a characteristic function 
whose decrease in an equilibrium (réversible) process, proceeding 
at constant values of a definite pair of state variables (T and F, 
T  and p, S  and p, S and F, etc.), is equal to A* -  the total work 
done by the System minus the work done to overcome external 
pressure.
10.6.3. The existence of thermodynamic potentials follows from 
the thermodynamic identity (see 10.5.4.), according to which the 
infinitésimal amount of work <5̂4 = ô A - p  dV (see 9.4.3.) can 
be determined by the following formulas:

ôA* = T d S - d U - p  dV
ÔA* = T d S -d H + V  dp
ÔA* = -d (U  — TS) — S dT — p dV
ÔA* = - d { H - T S ) - S  d T + V  dp
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10. Second and Third Laws
The combinations of the indcpendent variables and the corre- 
sponding characteristic functions and potentials are:
(a) Independent variables S and V. The characteristic function 
and thermodynamic potential is the internai energy U (isochoric- 
isentropic potential).
(b) Independent variables S and p. The characteristic function 
and the thermodynamic potential is the enthalpy H (isobaric- 
isentropic potential).
(c) Independent variables T  and V. The characteristic function 
and the thermodynamic potential is the function of state of the 
System F = U — T S , called the isochoric-isothermal potential (and 
more often the Helmholtz potential or Helrnholtz free energy).
(d) Independent variables T  and p. The characteristic function 
and the thermodynamic potential is the function of state of the 
System G = H — TS  = U + pV  — T S , called the isobaric-isothermal 
potential (and more often the Gibbs function or Gibbs free energy). 
10.0.4. The Helmholtz potential and Gibbs function of an idéal 
gas are :

T ,, and HM = internai energy and enthalpy of one mole of the 
gas

i 'Vft and Cp/Li = molar beat capacities
»/, and a2 = constants of intégration in the expression for the 

entropy (see 10.4.6).
10.0.5. For a mixture of idéal gases, the Helmholtz potential 
••quais the sum of the Helmholtz potentials of ail N  components 
«>f the mixture, taken at the volume V and température T  of 
l he mixture. Thus

F  = -  f [ R T  ln V^ + rtT)] = -n [R T  ln -^  + ̂ r ) ]  

G = n[RT ln p + f(T )]

where n = -  = number of moles of gasn °
Vu = volume of one mole of the gas

<p(T) = - U ll + T(a1 + j c rfl^ )
= functions of= functions of the 

températuref(T) = C,„ ) température

The Gibbs function of the mixture equals the sum of the Gibbs
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II.Thermodynamics and Molecular Physics
functions of ail N  components of the mixture, taken at the tempéra
ture of the mixture and at the partial pressures of the components 
(see 8.2.2.). Thus

G = t  G, = t  n tR T ln p '+ M T )]
i = 1 <=1

or
G = Y  nt[RT ln p + R T  ln Xi + ft(T)]

» - 1

where x{ = —— = molar concentration of the i-th component 
E ^<-i

p 4 = its partial pressure.
10.6.6. An infinitésimal amount of work equals 

SA* = £ F, da{
i

where at = ail the external variables of the System (see 7.1.6.) 
except its volume V 

= corresponding generalized forces (see 5.1.4.).
Gonsequently, the équations of 10.6.3. can be written in the form

d û  =  T  d S - p  d V - Y  F i  dcti
i

dll = T d S + V  d p -Y , l'\ da,
i

dF  = -/> d T - p  d V - Y  Fi dat 

dG = -  S d T + V  d p - Y  Fi dai

8ince d û , dHy dF  and dG are total difTerentials of the functions 
of the independent variables S> V , au a2, . . .  ; S, p, au a2, . . .  ; 
7\ V, alf a2, . . .  and T t p, alt a2i . . .  ,*

* The subscripts of the partial dérivatives indicate which of the independent 
variables of the System are assumed constant when they are determined. 
As is common practice, an abbreviated notation, without the subscripts 
a ,,a 2, . . .» will be cmployed in the following (beginning witb 10.6.7.). For
example: T ~ (-~!.) will be used instead of T -  \\ d S / v  \a ,S /r ,
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10 . Second and Third Laws
respectively, t.lien

T  = (Æ .\
\  0 S  / F, Oj, at, . .

/ eu \ / dF\
P = \ 3V's,oltat,,

II 1 Q>| J» a

V = (— ) = (— )\ dp / gf 0i> 0f, .. . V dp 1 T,ax, »„ . . .

S = -  r 8ro\dT}p,ai, a.

Moreover, from the first law of thermodynamics and the équations 
given above for dU and dH , it follows that

Cy — ( ~ ) . .  =  T f â l

c n = =  t ( ° - )P \ s r ! p ,

10.G.7. The following relations exist between the thermodynamic 
potentiels and their dérivatives:

U = H - P V = H + V {§ -)S 

H = U +P V = U + p { * g ) B 

F =  V - T S  =  U + T [ ¥ f ) f 

G = II  — T  S = H + T { ^ ) p

The last two équations are sometimes called the Helmholtz and 
(libbs équations. They can also be written in the form:
(a) for an isochorie-isotherinal process:

where A* = work done by the System in the process being 
considered

E tv = amount of heat in an isochoric process (see 9.4.7.). 
(b) for an isobaric-isothermal process:
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II.Thermodynamics and Molecular Physics
where A* = différence betweon the total work donc by the 

System and the expansion work 
E lp = amount of heat in an isobaric process (sce 9.4.7.)

Example. Consider the relationship between the electromotive 
force of a réversible voltaic cell* and the heat of the Chemical 
reaction that takes place in it. The work A* is done in transferring 
the electric charges: A * = qê, where q is the transferred charge 
and ê is the emf of the cell. Based on the Helmholtz and Gibbs 
équations for an isobaric-isothermal process, the Helmholtz 
équation for a voltaic cell is

Ewhere ep = = thermal effect referred to unit charge trans
ferred

epfl = thermal effect referred to one mole of reacting 
matter

N P = Faraday’s constant (see 22.2.2.) 
z = valency of the ion transferring the charge.

The heat Q delivered to the cell from outside in transferring the 
charge q is

ç  = - E „ +qe = qr { f T) p

A thermally isolated cell will cool off in the process of operation if

(* ï), =* 0 and heat UP if {ër)P *  °-

10.7. Principal Differential Equations of Thermody
namics (For aSingle-Phase Single-Component** Equilib- 
rium System upon Which No Other Forces A et Except 
Uniformly Distributed External Pressure)

10.7.1. The state of a System being considered can be fully specified 
by two independent state variables (the mass of the System is 
assumed to be constant).

* One in which the reverse Chemical reactions occur wlicn the electric current. 
is reversed, and in which there is no energy loss for the évolution of Joule 
heat.
** The équations given in this section are also valid fora jdiysically uniform 
multicomponent System of constant composition.
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10. Second and Third L am
An infinitésimal ainount of work à A* — 0, and the thermodynam- 
ic identity (see 10.5.4.) is of the form

dU = T d S - p d V  
dH = T d S + V d p  
dF = - S d T - p d V  
dG = - S d T +  Vdp

10.7.2. Certain relations between the dérivatives of the therino- 
dynamic quantities follow.
(a) Independent variables V and T:

( S U '
Wv,h = t { — ) -

\ d T ) v ~P\ « a = *
/ d u
\e~v. l

d p \  m ( d l l \
d V j T ’ U T ' |r - V y +

/ dS  
\ 0 V l I I [ ( w ) ,+ 4

( d S \  C v  . 
U T / y  ~  T ’

j( dp Y
/ dC y
V 0 V .1 -  T ( f p ) , - cp Cv — T ( d  T J v  

( dp\1( s v It

(& )».
T  ( d p

c v U t y - = differential <équation of an adiabat

T(-*2.) + v( sp )/ ÔT }I _  p  V S T  }V . (W )  _ \ d T J y  \ d V J r
\ d V  )K C v > \ d v  )H

Hxamplc i. The équation of state for an idéal gas is P v  =
-  -U RT.n Then

( &P 
\ d T

\ M R , 
) v  ~ V  V ]i ( S i ) , - *  »

1 dp \ M R T  
CdV f x  ~  M V*

Therefore

\av h 0• ( -“ ) = ’ \0V/y 0; ( f a = ° and C p — Cy = P
i. e. the internai energy, enthalpy and the heat capacities Cv and 
Cp of any idéal gas of constant mass dépend only on the tempéra
ture.
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Example 2. The équation of state for a van der Waals gas is :
( / > + ^ £ ) ( r - £ » )  = £ * r .T h e n

M

\ dT ) y
R

V - — b
P

* \dT*)v 0.

M RT( dP\ _  P . o M% a
\dvJr (y_*Lby  /*■ y8

Therefore { ^ f ) T = 0, i. e. the heat capacity Cr of any van der
Waals gas of constant mass dépends only on température. Other 
relations are

( 4 f ) ,  = >  £  and C , - C r ~ -
»Lr
P

1 + M 2a|

RTV3
(b) Independent variables p  and T:

/ e s \ _ /0V\ . /j>s\ c ,
I s p / r  \ 0 T V  U  Tjp f

(— Y/ 0 Çp\ _ rr(^*^\ • r* c  _ rp \ q t jp
\ W ) t - ~ 1 X9Tï )p ' C p - ° r  J d V Y

\ dp ) t

= (w") = differential équation of an adiabat

/rn Tfe),+p(̂ )f 
‘ ’ M S ) ,

\ dplu

J Î L )  - y
( dT \ \ d T )P
\ dp )b Cp — Joule-Thomson coefficient,
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10. Second and Third Laws
Ëxamplo 3. Consider an idéal gas. The équation of State is

Thus
p V  = — R T1 /t

l ~ MR
\  d f ) p ~  MP

and ( 4 ^dp J u = 0

(!£), = c*(w)3
U p / p

V 0p Jv
/  e s  \ _  Cy_ /  d T \ m ( dS  \ Cp /  d T \
\ d p ) v ~  t  U p / p ’ l a v / p  “  t  \ëY)p

p v * \ d T / r \ d T  Jp

( w )
\P - ~ p- = difïerential équation of an adiabat f / o j \

V d p ) v  

' - * « &  /apx

/ dp \ _  _ C p______
lav/s cF f er^

\av/£7

10.7.3. The coefficient of thermal expansion at is the relative increase 
in the volume of a System, maintained at constant pressure, per 
unit increase in its température. It is defined by

where V = volume of the System 
T  and t = its température in °K and °G.
The coefficient of volume expansion a is defined by

whero F0 is the volume of the System at 0°C.
The isothermal compressihility /?ris the relative increase in the 
volume of a System per unit decrease in pressure at constant
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température. Thus

The adiabatic compressibility /3S is the relative change in the 
volume of a System per unit adiabatic decrease in its pressure. 
Thus

where Cv and Cp are the beat capacities of the System at constant 
volume and constant pressure, respectively.
The pressure coefficient y t is the relative change in the pressure of 
a System per unit increase in température at constant volume. 
Thus

»nd * - \ j ,
The coefficient of increase of pressure is defined by

where /?0 is the pressure at 0°C.

10.8. The s-T Diagram
10.8.1. The s-T diagram is the graphical représentation of the 
equilibrium thermodynamic states of a System in rectangular 
coordinates in which the spécifie entropy s (entropy of a unit mass 
of the System) is plotted along the axis of abscissas and the abso- 
lute température T  along the axis of ordinates. Here, s is calculated 
from its value at some definite (standard) state.
10.8.2. The isobars and isochores on the s-T diagram of a homo- 
geneous System are ascending curves since

(-£ )  = T > 0 and ( f  ) = r  0
V o s  J P Cp \  ds  } v c y

where cp and cv are the spécifie heats.
The higher the pressure />, the higher the corresponding isobar 
will be located on the s-T diagram. The greater the spécifie 
volume y, the lower the corresponding isochore will be located on 
the diagram.
10.8.3. The s-T  diagram is widely employed for the thermodynamic 
analysis of réversible cycles.
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In a réversible process ôQ = T dS = M T dsy where M  is the mass 
of the System. Therefore, the area enclosed by the curve 1-2 of the 
process (Fig. 10.7), the axis of abscissas and the ordinates s = s, 
and s = s2 is proportional to the amount of beat, Q delivered to 
the System in this process. Thus

2

Q = M j  T  ds
I

A réversible cycle is represented on an s-T diagram as a closed 
curve. In the direct cycle la2bl (Fig. 10.8), the amount of beat

Ql is delivered to the System along section la2. The amount of 
beat of absolute value Q2 is removed from the System along section 
2bl. Qi and Q2 are proportional to the areas under the curves 
la2 and 2bl which are hatched with vertical and horizontal lines, 
respectively. The area of the cycle la2bl is proportional to Qx -  Q2, 
i.e. the work A  done by the System in the cycle. The thermal 
efficiency rjt of the cycle is equal to the ratio of the area of the 
cycle to the area under the curve la2.
A réversible Carnot cycle, consisting of two isothermal and two 
isentropic processes, is represented on an 
s-T diagram as a rectangle whose sides 
are parallel to the axes of the coordinates 
(Fig. 10.9).
A generalized Carnot cycle is a réversible 
cycle consisting of two isothermal pro- 
cesses and two processes that close the 
cycle. It is represented on an s-T dia
gram by two équidistant curves, i.e. 
curves that coincide when translated 
along the axis of abscissas (Fig. 10.10). f i g . i o .9
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The thermal effioieney tjt of a general ized Carnot cycle is

10.8.4. The s-7Miagram is also used to analyse certain irréversible 
processes and, in particular, ones whose irreversibility is due to 
adiabatic compression and expansion of the working medium.

FIG .1 0 . 1 0  FIG.1 0 . 11

Example 1. Consider the cycle 1-2-3-4 (Fig. 10.11), consisting of 
the réversible processes of isothermal expansion (1-2) and 
compression (3-4), réversible adiabatic compression (4-1) and 
irréversible adiabatic expansion, conditionally represented by 
the dash line (2-3).
The amount of heat Ql delivered to the working medium by the 
beat source in process 1-2 is proportional to the area of rectangle 
al2b and the magnitude of the amount of heat Q2 delivered by 
the working medium to the heat receiver in process 3-4 is propor
tional to the area of rectangle a43c. Hence, the work A ir = Ql — 
- Ç 2, donc in the irréversible cycle 12-3-4-1 is less than the 
work A re„ done in the corrcsponding réversible Carnot cycle

l-2-3'-4-l which is proportional 
to the area of the latter cycle. 
The différence A rev — A lr is pro
portional to the area b3'3c. 
Example 2. Consider the process 
of adiabatic compression of an 
idéal gas when the irreversibility 
of the process is due to internai 
friction.
The process of réversible adiaba
tic compression of the gas from 
spécifie volume vx to v2 is rep
resented in an s-T  diagram (Fig. 
10.12) by the isentrope 1-2'. The 

fig.10.12 work A„9, performed by the
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oxtorn a l forces in th is p ro cess, is eq u a l, a c co rd in g  to  the First law  
« f th o r in od yn n m ios, to the in c ré m en t o f in tern a i en erg y  o f the  
g a s. T h u s

r2, 2 '
A'rev -■ M  J  cv dT  = M  J  T ds

i\ b

where M = mass of the gas
cr = its spécifie heat at constant volume.

The work A'rev is proportional to the area ab2 c under the curve 
b-2'.
Owing to friction, the state of the gas at the end of irréversible 
adiabatic compression corresponds to point 2. The process of 
compression, in this case, is conditionally represented by dash 
line 1 2 , drawn in such a manner that the area cl2d under curve 
1-2 is proportional to the amount of frictional heat Qfr or to the 
equal amount of frictional work Ajr.
The work A'ir of the external forces in process 1-2 equals

Tt 2
A\, = M  J cv dT  = M  f T  ds

Tt !

i. e. is proportional to the area ab2d under curve b-2. The amount 
of work Au is greater than the sum A'rfv + A/r by an amount of 
work proportional to the area 12'2, and is a resuit of the heating 
of the gas due to friction.
Example 3. Consider the process „  
of adiabatic expansion of an idéal * 
gas when the irreversibility of the 
process is due to internai friction.
The work A rev, done by the gas 
in the process of adiabatic expan
sion 1-2' (Fig. 10.13), is equal 
to the decrease in the internai 
energy of the gas:

i
A,„ = M  j  T d s

b

This is proportional to the area 
able under the curve bl. The frictional work Aft is proportional 
lo the area el2f under curve 1-2. The amount of work A lr done

i :t — 15009 1 9 3
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by the gas in tho irréversible proccss 1 - 2  is equal to

i
A„ = M  J  T  ds

e

This is proportional to the area dcle under curve c-1. The différ
ence A rev — Air is less than Afr by an amount of work which is 
proportional to the area 122' (the areas abcd and e2'2f are equal 
since, for an idéal gas, cv does not dépend on y) and corresponds 
to the conversion of a part of the frictional beat into useful work.

10.9. Multicomponent and Multiphase Systems. 
Conditions for Thermodynamic Equilibrium

10.9.1. Any extensive quantity (see 7.1.12.) of a homogeneous 
System, consisting of several components, dépends substantially 
on the composition of the System. For instance, the thermodynam
ic potentials dépend upon the number of moles of each compo- 
nent in the System. Thus

U = U(S, F, nlt n2, . . ., nN)\ H  = H  (S, /?, nu n2, . . ., nN)

F = F (T , F, n„ n2, . . .,  nN) ; G = G(T, p y nly n2i .. ., nN)

where n{ = number of moles of the i-th component 
N  =  total number of components.

10.9.2. The partial molal quantity X { is the partial dérivative of 
an arbitrary extensive quantity X (p y T, nl9 n2, . . . ,  nN) of a 
homogeneous System consisting of N  components, with respect 
to the number n{ of moles of the i-th component at constant 
pressure, température and numbers of moles of the other compo
nents. Thus

The Gibbs-Duhem relations are:
N N

X  =  £  niXi and £  nt dX{ = 0

(at p = const and T  = const)
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10. Second and Third Laws
or for one mole of the System :

N N
Xu = Y XiXi and V Xi dX t = 0

» - i  t = i

(at p = const and T  = const)

vvhere x{ = - J 1* — = molar concentration of the t-th component 

= - r ~E* = 1
The following relations are valid for partial molal quantities:

d X M
dxk ( i=  1,2, . . ., N  -1 )

X N = X ft-  Y  xk d̂xk

10.9.3. The Chemical potential of the i-th component of a homo- 
geneous System (or of a phase of a heterogeneous System) is the 
partial dérivative of any of the thermodynamic potentials of the 
system (or phase) with respect to the number of moles n{ of this 
component, at constant values of the number of moles of ail the 
other components of the System and of the state variables corre- 
sponding to the given thermodynamic potential (see 10.6.2.). 
Th us

=  / 6G \ =  / d F \ _  / dH  \ =  /  eu  y
\ ÔTli /P. T,nk \ dri{ )v, T,nk \ dri{ ) s .p ,n k \  dUi )s ,  v ,nk

where k = 1, 2, . . . ,  i - 1, i + 1, . . . ,  N.
Note 1. In statistical physics, the amount of the i-th component 
ni* the system is characterized, not by the number of moles ni9 
but by the number of particles N t = ntN A, where N j  is Avogad- 
ro’s number. Accordingly, the Chemical potential of the i-th
component is only as large as that given above. Thus

/ 6G_\ =  / d F  \ =  / 6H \ _  / d u  \
\  dNi  J P, T , y k V d N Ï / v .  T,Nk \  dNi  ) s , P, y k ~  \  d N t )s,  v.

where k = 1, 2, .. ., i - 1, H -1, . . . ,  N.
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II.Thermodynamics and Molecular Physics
Sometimes, this value of p{ is called the Chemical potential of a 
single particle.
In practice, the pressure and température are most often used as 
the independent variables. Gonsequently, the first équation for 
Pi is most commonly employed. From this équation it foliows 
that the Chemical potential is the partial molal value of the Gibbs 
function. In accordance with the first Gibbs-Duhem relation 
(see 10.9.2.)

y
G = Yj

<=1

N
Note 2. In statistical physics G = ]T Hence, in a System

<=i
consisting of identical particles, the Chemical potential is equal 
to the ratio of the Gibbs function of the System to the number of 
particles it contains.
The Chemical potential is an intensive quantity (see 7.1.12.), 
i.e. it dépends upon the state variables and composition of a 
liomogeneous System, but not on its mass.
.Example. The Chemical potential of a component in a mixture of 
Mcal gases is

= ( dF)^  \ d7l{ /V, T,nv n2, , . . ni_v ni + l ..........nN

= R T  ln — + R T -  <Pi(T)

= ( dG )l  drii /P. T, » lf »2......... » ,_ 1( »i+1 ........... nN
= ifrin ^-f-R T ln  p + ft(T)

where — = volumétrie molal concentration (molarity) of
the i-th component of the mixture 

xt = its molar concentration

<Pi(T) and fi(T) = same as in 10.6.4. and 10.6.5.
10.9.4. The following relations are valid for réversible processes 
accomplished by an iV-component homogeneous System whose 
composition and mass may vary, and on which no other forces act 
excep t uniformly dis tribu ted external pressure:

N
d U  — T  d S  - p  d  V +  J ]  fit drii
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10 . Second and Third Laws

dH = T d S + V  dp + £  pf dn,
< = 1 

y

dF = — S dT —p d V + Y ^  Pi dnt
f=i
y

dG = — S dT  -f V dp + ^  pi dn{
< = 1

Note. In the general case, it is necessary to add the infinitésimal 
amount of work ôA* (see 9.4.3.) to the right-hand side of the 
preceding équations.
10.9.5. The Gibbs function of a homogeneous System is

p
G = J Vdp + G»

pû

in which intégration is carried out at constant values of the tem
pérature and number of moles of ail the components of the System, 
from the low pressure p°, at which the System constitutes a mix
ture of idéal gases, to the pressure p at the state being considered. 
Here G0 is the Gibbs function of this System of idéal gases at 
p = p° and the température T  of the System. Thus

G* = £  G? A R T  f  rii ln xt
<=i <=i

wliere G'} = , T, nt) = Gibbs function of the i-th compo-
nent

xt = molar concentration of the i-tli component.
p

The definite intégral J V dp can be evaluated algebraically if

the System being considered is a mixture of gases and if its équa
tion of state is known. In the general case, this intégral is evalu
ated graphically on the basis of the experimentally established 
relationship V = V(p) in an isothermal process. If the System is 
in the solid or liquid state, the curve V = V(p) has discontinuities

p
due to phase transitions (see 10.9.11.). Nevertheless, J* V dp

p0
can be evaluated graphically in this case as well.
10.9.0. The entropy, enthalpy and internai energy of a gas 
mixture are:
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(a) Entropy:

J [ ? - - ( - » !  *+*■p°

s» = £  S '!-R  £  tn .r, -  nR ln
i l  t - 1  lJ

N
where n = J] nt = number of moles of ail gases in the mixture

♦=i
^  = -- = molar concentration of the i-th gas of the mixture

p° == low pressure at which the System constitutes a 
mixture of idéal gases 

Sf -■ entropy of the i-th component of the gas mixture at 
pressure p° and température T.

Here intégration is carried out at constant values of and of the 
température which is equal to the température T  of the mixture 
in the state (/>, T) being considered. The entropy of i-th component 
is

T
.V?= J C'ii d ln T  -i Al

where C$i — beat capacity of the i-th component (idéal gas) 
in an isobaric process 

«S?* = entropy of this gas in the state (p°, T{))
T{) = arbitrary standard température.

(b) Enthalpy:

po

H° = f  niHV and //? = ï  C ^dT  + H l
'• 1 T0

(c) Internai energy:

ü = J W w V - p\dV+ w
y «

in which intégration is carried out at constant values of and 
of the température which is equal to the température T  of the
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10. Second and Third Laws
mixture, from the very large volume Foo of the System, at which 
it cons ti tu tes a mixture of idéal gases, to its volume F in the state 
being considered. The internai energy U° of the System in the 
state (Foo, T) is

N T
Un = f  n,U? and t/? = f C°Vi dT  + U t  

< = 1 J1 o
10.9.7. The therrnodynamic potentials and the entropy of a 
heterogeneous System are equal to the sums of the corresponding 
functions of ail its homogeneous parts (phases)*. Thus

<p <p <p
U = y u , - ,  H  = y  H)\ F = y  F)

I 1 j = l

a  =  y  gj- s  =  y  s ,
j •= i } --1

where is the number of phases in the System.
10.9.8. Depending upon the way a System is isolated from its 
surroundings, its conditions of therrnodynamic equilibrium are 
expressed as follows :
(a) if U = const and F = const, then dS = 0 and S  = Smax\
(b) if S  = const and F = const, then dU — 0 and U = U min\
(c) if S — const and p = const, then dH= 0 and H= Hmin\
(d) if T  — const and F = const, then dF=  0 and F =  Fmin\
(e) if T  = const and p = const, then dG ~ 0 and G = Gmin.

Krom this it follows, in particular, that the conditions of equilib
rium are:
rhemical equilibrium: in an equilibrium heterogeneous System, 
the Chemical potentials of any component should be the same for 
ail the phases containing this component;
thermal equilibrium: the température should be the same in ail 
portions of an equilibrium System;
mechanical equilibrium: the pressure should be the same in ail 
portions of an equilibrium System on which no other forces act 
«’xccpt a uniform external pressure.

M t is assumed that the System is not highly disperse, i. e. that surface 
HiVcts can be neglected.
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10.9.9. The functions U, H t F  and G of a System may hâve several 
minima (for given values of the corresponding two state variables, 
for instance, p and T  for G, V and T  for F , etc.), and the entropy 
S  may hâve several maxima (at U, V = const).*
The state of equilibrium corresponding to the absolute maximum 
of S  at given values of U and V or, likewise, to the absolute 
minimum of G (at given values of p and T), of F  (at given values 
of V and T), etc. is stable equilibrium. The states of equilibrium 
corresponding to the relative maxima of S (or relative minima 
of G, F, H  and U) are unstàble or metastable. Examples of metastable 
states of equilibrium are superheated liquid and supersaturated 
vapour (see 13.4.5.).
10.9.10. The Le Chatelier principle states that if a System in a 
state of stable equilibrium is subjected to external action that 
disturbs the equilibrium, then the equilibrium is shifted in the 
direction in which the effect of the external action is weakened. 
For example, upon reducing the volume of an equilibrium single- 
component liquid-vapour System, a part of the vapour condenses, 
thereby raising the température and pressure of the System.
10.9.11. A phase transition (phase transformation) is a transition 
of a substance from one phase to another. Distinction is made 
between first-order and second-order phase transitions.
A first-order phase transition is one in which the changes in internai 
energy and density suffer discontinuons juinps. First-order phase 
transitions are always associated with the évolution or absorption 
of heat called the beat of phase transition (latent heat). The thermo- 
dynamic potential G of the System does not change in a first- 
order phase transition. Examples of such phase transitions are 
vaporization (see 14.4.1.), fusion (see 15.5.1.), sublimation (see
15.5.1) and many transitions of solid bodies from one crystalline 
modification to another.
A second-order phase transition is one in which there are no discon- 
tinuous jumps in the changes of internai energy and density. 
The heat of a second-order phase transition equals zéro. Such a 
transition is accompanied, however, by discontinuous jumps in 
the heat capacity, coefficient of thermal expansion and isothermal 
compressibility (see 10.7.3.). Examples of second-order phase tran
sitions are the transition of liquid hélium to the superfluid state 
(see 14.6.1), transition of a ferromagnetic substance into paramag- 
netic one at the Curie température (see 28.6.14.), etc.

* The number of state variables required to specify a nonequilibrium state 
is greater tban that for equilibrium states.
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10 . Second and Third Laws
10.9.12. Thermodynantie degrees of freedom of a System are the 
variables of its phases, which are in equilibrium, that can be 
given arbitrary values within the interval in which the number of 
phases remains constant.
Gibbs’ phase rule states that the number f  of degrees of freedom of 
a System consisting of (p phases and N  components is

f =  N-<p +  2
Since f  => 0, the number of coexistent phases of a System complies 
with the inequality (p «s N + 2.
On the basis of the number of thermodynamic degrees of freedom, 
distinction is made between nonvariant (f =  0), monovariant 
(f =  1), bivariant (f = 2) and other multivariant Systems.
10.9.18. Consider the phases of a single-component System 
(1 ^  (p <  3). When tp =  3, f  =  0, i. e. equilibrium coexistence of 
the given three phases (for instance, solid, liquid and gaseous) is 
possible only in one definite unique state known as the triple 
point.
In a two-phase equilibrium single-component System, the pressure 
is a function of the température. This relation is expressed by the 
Clapeyron-Clausius équation

dp  _  r_
dT ”  TAv

where r = latent heat per mole of transition from the first 
to the second phase 

Av = v2 — vx = différence between the spécifie volumes 
of the phases.

If the second phase is an idéal gas, the Clapeyron-Clausius 
«'quation takes the form

d(ln p) = -  d{—)

where rM= rju, the heat of vaporization of one mole of the substance.

10J0. Chemical Equilibrium
10.10.1. The fugacity f{ of the i-th component in a homogeneous 
system is defmed as a function of the pressure, température and 
concentration that is related to the Chemical potential p { of 
Miis component in an isothermal process by the équation

(d[ii)T =  RTd(\nf{)
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or

R T  In-jj- = ,<*-//?

where /z? and Z? are tlie values of the Chemical potential and fuga- 
.city of the z-th component in a certain arbitrarily selected initial 
state (with respect to the pressure and concentration) correspond- 
ing to the same température as in the state being considered. 
This initial state is called the standard state.
10.10.2. The activity a{ of the i-th component of a homogeneous 
System is the ratio of its fugacity in the given state to the 
fugacity f? in the standard state at the same température. Thus

ai = ™ or R T  ln a, = /zt- -  /*?
U

10.10.3. The fugacity of the i-th component of a mixture of idéal 
gases is equal to the partial pressure of the given gas in the 
mixture. Thus

fi = Pt = Xip
where — molar concentration

p = pressure of the mixture.
Hence, fugacity has the same dimensions as pressure. 
Thermodynamic équations, derived for isothermal processes of 
idéal gases and their mixtures, turn out to be valid for real 
gases and their mixtures if, in these équations, the partial press
ures of the gases are replaced by their fugacities.
10.10.4. Chemical equilibrium is the equilibrium of a System 
consisting of components that are chemically reactive with one 
another. In Chemical equilibrium, the rate of the direct and the 
reverse reaction is the same so that the composition of the System 
undergoes no changes.
The capacity of components of a System to react chemically 
with one another is called their Chemical affinity. A measure of 
Chemical affinity for reactions occurring in a systern whose 
température and volume are constant is the change in the Iïelm- 
holtz potential AF  of the System in the reaction: ziF = F -  Fin{. 
Correspondingly, the measure of Chemical affinity for reactions 
occurring at constant température and constant pressure is the 
change in the Gibbs function: AG = G -G ini. In a state of Chem
ical equilibrium, the potentials F  (at T, V = const) and G 
(at 71, p  = const) should hâve a minimum. Consequently, a 
spontaneous reaction is possible in the System only in cases 
when AF  < 0 (at T, V — const) and AG < 0 (at 7\ p = const),

2 0 2



10. Second and Third Laws
10.10.5. A Chemical reaction can be symbolically written in the 
form of a stoichiometric formula:

J] ai Ai = 0

where A l9 A 2,

ai, a2,

A N 

• - , aH

=  Chemical symbols for the substances 
entering the reaction and being formed 
as a resuit of it 

= positive whole numbers (for sub
stances formed in the reaction) and 
négative whole numbers (for sub
stances entering the reaction) pro- 
portional to the changes in the number 
of moles n2, .. . ,n Noî the substances
/li, a • driiA s , î.e. --- dn 2 

a2
dnN
CL y

10.10.6. The mass action law states that for a System in a state
of Chemical equilibrium the relation of the activities of its compo-
nents, between which the Chemical reaction can be described by

y
the stoichiometric formula £  = 0, is of the form

<=i

n<‘ = k «*=i
_^f(0

where Ka — e RT = thermodynamie equilibrium constant 
y4“o = S a‘/d 

1 - 1
/ij = Chemical potential of the i-th component in the 

standard state.
If the standard state for each component is that of the pure 
substance, then = Gfl{i which is the Gibbs function of one 
mole of the pure substance in the standard state. In this case,

4u0 = £  afi% = AG»

and the following relation is valid for the equilibrium constant: 
ÆTln Ka = -A G °

Taken as the standard state of a pure gas at each température

203



Thermodynamics and Molecular Physies il.

is a hypothetical state with the pressure p° = 1 atm and the 
fugacity f°=  1 atm. Hence, for gases at any température, at =
= This is numerically equal to f{ expressed in atm. The mass
action law for a reaction in a gaseous phase takes the form

r ï r  = Kfi=i
N

where K, = .
If the gases can be considered to be idéal, then = p{ = xtp % 
and the mass action law can be written in the following forms

17̂ ' = ^  and
i=l i= l

where p { = partial pressure of the i-th component
xi — molar concentration of the i-th component

N
-  S

Kx =  p  ‘- 1 Kp 
Kp = Kf .

10.10.7. The equilibrium constant Ka dépends on the absolu te 
température alone. If the state of the pure substance is the stand
ard one for ail compononts, then

d ln Ka _  aip> 
dT “  RT-

N
where AH° = £

i=i
//? = enthalpy of one mole of the i-th component in the 

standard state.
The dependence of AG° on the température is of the form

d / AG° \ _  _  AH° 
dT \ RT ) ~  RT*

10.10.8. If the components A t of the System being considered 
are Chemical compounds and not simple substances, then

AGP = £  a,( JG»), and K. = f [  (Ka)ï‘
<=1 i - l

where (AG°)i and (Ka)i correspond to the Chemical reaction of
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1 0 . Second and Third Laws
formation of onc mole of tho i-th component from thc simple 
substances. It is necessary, in this case, that ail the intermediate 
reactions of synthesis lead to the formation of components 
precisely in those thermodynamic states in which they are found 
in the System being considered.
The standard Gibbs function change AG%W of any Chemical com- 
pound is the change in this function in the process of forming one 
mole of this compound from simple substances under the condi
tions that the process is isothermal (t = 25°G) and that the initial 
simple substances and compounds that are formed are subject 
to a pressure of 1 atm (or, more, precisely, at activities equal to 
unity).
The thermal effect AH%%& of the process mentioned above is 
known as the standard thermal effect.

10.11. The Third Law of Thermodynanties
10.11.1. The first and second laws of thermodynamics do not 
allow the value of the entropy S0 of a System at absolute zéro 
température (T = 0°K) to be determined. As a resuit, it turns 
out to be impossible to calculate theoretically the absolute values 
of the entropy, Helmholtz potential and Gibbs function of a 
System, as well as the equilibrium constants.
10.11.2. On the basis of a generalization of the experimental 
investigations of the properties of various substances at ultralow 
températures, a law was established that eliminated the above- 
mentioned difficulty. It is called the Nernst postulate or third 
law of thermodynamics. Nernst’s formulation was that in any 
isothermal process carried out at absolute zéro température, the 
entropy change of the System equals zéro, i. e.

ASt=o = 0 and S = S0 = const

regardless of the changes in any other state variables (for instance, 
volume, pressure, intensity of the external force field, etc.). 
In other words, at absolute zéro température, an isothermal 
process is also isentropic.
10.11.3. It foliows from the third law of thermodynamics that 
at T  = 0°K the heat capacities Cp and Cv and the coefficient of 
thermal expansion at (see 10.7.3) for any body become zéro. 
This law also leads to the conclusion that it is impossible to 
accomplish a process as a resuit of which the température of a 
body is reduced to T  = 0°K (principle of unattainability of
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absolute zéro or the n natta inability statement of the third law of 
thermodynamics).
The Nernst postulate was further developed by Planck who 
suggested that = 0, i. e. the entropy of a System vanishes at 
absolute zéro température. The physical interprétation of Planck’s 
formulation of the Nernst postulate is given in statistical physics 
(see 12.8.8 and 12.9.8).
The condition that iŜ  = 0  at T  = 0 °K follows from the quantum 
nature of processes occurring in any System at low températures 
and is complied with only for Systems that are in a state of stable, 
and not metastable, equilibrium (see 10.9.9) at T = 0 °K. On the 
basis of Planck’s hypothesis it is possible to détermine the abso
lute value of the entropy of a System in an arbitrary equilibrium 
state. For example, in a homogeneous System of constant compo
sition

T

>%- T) = J dT
O

in which intégration is carried out under the assumption that 
p = const.
From the condition that S0 = 0 , it follows that



CHAPTER 11

Kinetic Theory of Gases

11.1. Basic Equation of the Kinetic Theory 
of Gases

11.1.1. The kinetic theory of gases is based on the statistical method 
of investigation (see 7.1.2.).
The basic équation of the kinetic theory of gases is

p y = - I e *
vvhere p = pressure of the gas 

V = its volume
n ..

Ek = Yj = total kinetic energy of translatory motion of
i= Il ^

n molécules of the gas occupying the 
volume V 

mi = mass of the i-th molécule 
Ui = its velocity.

11.1.2. If the root-mean-squarc velocity c (sec 11.2.3.) of transla
tory motion of the gas molécules is introduced, then

For a homogcneous gas (m< = m) :

v  1 Ek = -2- nmc-
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and
p V = nmc2 = — Mc2

where M  — nm is the mass of the gas.
Another form of the basic équation is

2 1 1P =  3 Ek0 = -j- n0mc! = -3- QC2

wliere n0 = y  = number of gas molécules in unit volume
T?^ *0 ~ -y

q = n0m = density of the gas.

Thermodynamics and Molecular Physics

11.2. Maxwell*s Velocity Distribution Law
11.2.1. Maxwell s law of the distribution of molecular velocities 
describes the steady-state velocity distribution of molécules of a 
homogeneous monatomic idéal gas under the conditions of thermo- 
dynamic equilibrium and the absence of an external force field. 
The Maxwellian distribution is the resuit of mutual collisions of 
the molécules in their chaotic thermal motion.
11.2.2. Use is made of the following forms of Maxwell’s distribu
tion law. Distribution of the molecular speeds (magnitudes of 
the velocities) takes the form

3 mu1
dnu = n ( g—T--)2e 2W4nu1 du

where u = Ÿu%+u$ + u% = speed of a molécule 
m = its mass 
k = Boltzmann’s constant 
T = absolute température 

dnu = number of molécules (of the total number n) whose 
speeds are within the range from u to u + du.

Another form of the Maxwellian distribution is
3 ww1

dn = n ( 0 —ÿ-) 2 e 2kTdux duy dut

where uXi uy and u, are lhe projections of the molecular velocities
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1 1 . Kinetic Theory of Gases
on the coordinate axes. This may also be written as 

dn = n f(ux) f(uy) f(ug) dux duy dug
1 m uj

wliere f(u{) = (2n k f)2e 2*T = 2/» *) *s a fu n c ^ 011 °f the distri
bution of the projections of the velocities.
Since ail directions of motion of the molécules in spacc are equally 
probable, molecular velocity distribution is isotropie and f(ut) is 
of the same form for i = x , y, z.
Still another form of the Maxwellian u dn 
speed distribution is

dix — n
Ÿmâ

p u2 du

wliere up is the most probable velo
city (see 11.2.3.).
Figure 1 1 . 1  shows the curve of the 
law of molecular velocity distribu
tion. The fraction of the molécules 
of a gas having velocities within the 
interval from w to w + rfw is nume- 
rically equal to the hatched area dS under the curve. Th us

dS = f - )  ---\ n du/ up

- -  = f(u) du

dn
n

wliere f(u) = kn ^ e 2A3r u2 is the function of molecular veloc
ity distribution that indicates the fraction — of molécules withn
velocities within the unit interval du near the value u.
The condition for normalization of the distribution function is

00J f(ü) du = 1
0

since the velocities of ail the molécules are within the range 
from 0  to «x».
With an increase in the température of the gas, the maximum of 
the distribution curve sliifts toward the higlier velocities and

J '1 -  îJjyny 2 0 ÿ



Thcrmodynanties and Molecular Physics n .

its magnitude is decreased. Curves of molecular velocity distri
bution at three températures, T ^ T ^ T ^ ,  are shown in 
Fig. 11.2.
11.2.3. Distinction is made 
between the following veloci- 
ties that characterize a gas 
at a given température:
(a) the most probable velocity

which corresponds to the 
maximum of function f(u):

i f ï l ïT  
U>np = V =

= ^  i.4i ÿ —
J m  I m

(b) the arithmetic rnean velocity ü of molecular motion:
* »*

il = — ÿ  u{
n £ i

where n is the total number of molécules in the gas, tlius

h - ~ 1.00 ] f kr-I n ,u f nm I m

(c) the root-rnean-square velocity c of molecular motion:

tlius
c = U B T  = p f -  = p f  *  1.73 f

where B  = spécifie gas constant (see 8.1.3)
T  = absolute température 
R = universal gas constant (see 8.1.3.)
(i = molecular weight of the gas 
A* = Boltzmann’s constant 
m = mass of the gas molécule.

l'1.2.4. The energy distribution of the molécules is
3 _Ek

dnE = *" (AT) % *' fË l  dËk]fn
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l i . Kinetic Theory of Gases

where Ek —rrm2
2 — energy of translatory motion of the molécules 

of a monatomic gas= f(Et) dEk
f(Ek) = energy distribution function of the molécules.

Example 1 . The average kinetic energy of a molécule of a mon
atomic idéal gas is

dnB
n

oo

Ekf(Ek) dEk = —

OO

—?__f
Ÿ r th T ) i  J E * "  ŸËl dEk = kT

The absolu te température (see 7.1.8.) is a measure of the average 
kinetic energy of translatory motion of the molécules of an 
idéal gas. This is valid for régions in which the température is 
not too low and is far from the degeneraey température (see 12.8.4.). 
Example 2 . The number of molécules having an energy greater 
than the given energy Eok »  kT  is

Ek >  Bok

oo

-  j  h  "liTI ŸEk dEk

a ,  2» VÈ*
J

Eok

Ek_
kT dEk

----  Eok
î n l f E  OA- k T

' W

11.2.5. Let us consider Maxwell’s distribution of the relative 
velocities of the molécules. The relative motion of two molécules 
can be described as the motion of a single particle of reduced
mass (see 5.2.1.) mred = — —^. Forahomogeneousgas, mx = m2 =
— m and m^ed = 
the molécules is

The distribution of the relative velocities of

tn tint
dnu rel = 2 e UT knu*tel d

where urel = relative velocity of two molécules
dnu rel = f(U"l) dun
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II.Thermodynamics and Molecular Physics

JL m"rel
f(urti) = 4fr(-4 ^ T ) 2 c 4*r = relative velocity distribution
function of the molécules.
Example. The average relative velocity of the molécules is

oo

«f.< = |  «™i/K.i) du„, = / 2  = / 2 B
0

where Ti is the arithmetic mean velocity of the molécules.

11.3. Mean Free Path of Molécules
11.3.1. The collision of two particles is characterized by th 
mutual, or effective, collision cross section a. In the collision of 
molécules having a diameter d«slO“ 8 cm, the effective gas- 
kinetic cross section is equal to the area of a circle of radius d 
(effective diameter of the molécule). Thus

c70 = nd2

The effective cross section dépends upon the energy of the collid- 
ing particles and the nature of the process tliat occurs upon 
collision (see 44.4.20., 44.4.21. and 44.4.22.).
11.3.2. Between two successive collisions, a molécule travels in a 
straight line at uniform velocity. On an_ average it travels a 
definite distance called the mean free path A. The law of free path 
distribution establishes the probability dw(x) that the molécule will 
travel the distance x without a collision and will collide with 
another molécule in the next infinitésimal length of path dx. 
Thus

dw(x) = e~n*axn0a dx
where n0 = number of molécules in 1 cm3 of the gas 

a = mutual collision cross section.
11.3.3. The average distance x travelled by the molécule without 
collision (mean free path) is

oo oo

x = ï = J x dw(x) = J x e -Mxn^a dx =
o o

Taking into account the relative velocity distribution of the 
colliding molécules

V̂ rtQa
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1 1 . Kinetic Tkeory of Gascs
in which a is considered independent of urel. For a givcn gas tho 
mean free path is inversely proportional to tho pressure p of tho 
gas (at T  = const) :

Pi -̂1 =  P 2̂ 2
in which subscripts 1 and 2  refer to two states of the gas.

11 A. Transport Phenomena in Gases
11.4.1. The velocities (energies) of the particles of a gas vary 
continuously as a resuit of the chaotic motion of its molécules 
and the collisions that occur between them. If a spatial nonuni- 
formity exists in the density or température of the gas, or in the 
velocities of ordered motion of certain of its layers, then an order- 
ed motion, superimposed on the thermal motion of the molécule, 
equalizes these nonuniformities. The various types of motion 
that may occur in such cases are called transport phenomena.
11.4.2. Transport phenomena (thermal conduction, internai fric
tion and diffusion) consist in the occurrence of a directional mass 
transport (diffusion), momentum transport (internai friction) and 
internai energy transport (thermal conduction) in gases and liquids. 
In gases these phenomena violate the Maxwellian molecular 
velocity distribution. In the simplest case, transport phenomena 
are one-dimensional so that the physical quantities that govern 
them dépend only on a single Gartesian coordinate.
11.4.3. Thermal conduction occurs when a température gradient 
exists. In the one-dimensional steady-state case, when T = T(x), 
it is described by the Fourier law ofheat conduction (for the general 
case, see 15.3.1.):

dQ = -  K  ~ ~  dS dt

where dQ = amount of heat passing during the time dt across 
an area dS in the direction of the normal x to 
this area and toward the réduction in température

dT = température gradient
K  = thermal conductivity which is numerically equal 

to the amount of heat passing across unit area 
per unit time and per unit temperature-gradient.

According to elementary kinetic theory 

K — Y  ~üJ.QCy
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II.Thermodynanties and, Molecular Physics
where u —■ average velocity of thermal motion of the molécules 

A = mean free pat.h 
o = density of the gas
cv = spécifie heat of the gas at constant volume.

11.4.4. Internai friction (viscosity) is associated with the occurrence 
of friction forces between two layers of the gas or liquid which 
flow parallel to each other at different speeds. The cause of inter
nai friction, or viscosity, is the transport of momentum by the 
molécules from one layer to the other. Newton's équation for 
viscosity in the one-dimensional problem, when v = u(æ), is

dF = - r , ^ d S

where dF = force of internai friction acting on an area dS of 
the surface of the layer

- -  = velocity gradient of the motion of the layers in
direction x which is perpendicular to the surface 
of the layer

T] = coefficient of internai friction (or of viscosity) or, 
for short, the viscosity, which is numerically equal 
to the friction force between two layers of unit area 
at a unit velocity gradient.

According to clementary kinetic theory

i) = - -  ûol

where U = average velocity of thermal motion of the molécules 
A = mean free path 
g = density of the gas.

In more précisé theory, the multiplier ~  is replaced by a factor
q> which dépends upon the nature of the interaction between the 
molécules. For molécules that collide in the manner of smooth 
hard spheres, tp = 0.499. In more précisé models of the forces 
of interaction, cp becomes an increasing function of the tempéra
ture.
11.4.5. The thermal conductivity K  and viscosity y do not dé
pend upon the density of the gas because the product pA does not 
dépend upon q. The viscosity of gases increases with température 
proportionallv to ŸT.
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1 1 . Kinetic Theory of Gases
11.4.6. Diffusion is the process of attaining an equilibrium dis
tribution of the concentration (see 8.2.1.) within the phases (see
7.1.5.). A resuit of diffusion at constant temperture is the equaliza- 
tion of the Chemical potentials (see 10.9.3.). In a single-phase 
System at constant température and in the absence of external 
forces, diffusion equalizes the concentration of a component of the 
phase throughout the System. If external forces act on the System, 
or a température gradient is maintained, then diffusion leads 
to the establishment of concentration gradients of the various 
components (thermaldiffusion, electrodiffusion and othor processes). 
Diffusion in a one-dimensional case, where q = p(a;), and in a 
two-component System is described by Fick's first law:

dM  = -  D d S  dldx

where dM =  mass of the first component transferred during 
the time dt through an element of area dS in the 
direction of the normal x to the area being consid- 
ered and toward the réduction in density of the 
first component

= density gradient
D  = coefficient of diffusion.

If, in a single-component System, a group of molécules is thought 
of as being singled out, the equalizing of the concentration of the 
singled-out particles in the volume of the vessel is called self- 
diffusion. Self-diffusion is also described by one of Fick’s laws in 
which D is the coefficient of self-diffusion.
In the simplest case of self-diffusion, the concentration of a chem- 
ically homogeneous substance is equalized at T =  const and 
in the absence of external forces. Tliis equalization is accomplished 
by the superposition of ordered motion of the molécules or atoms 
on their thermal motion. Brownian motion (see 12.14.1) is due 
to the diffusion of large particles suspended in a liquid or gas.
11.4.7. The diffusion flou) density j is the number of particles of 
substance of a given kind that pass by diffusion through a unit 
surface per unit time. Under the condition of the existence of a 
pressure gradient vp , caused by certain external forces, and a 
température gradient vT , the diffusion flow density is

j =  - f l » . ( v c +  v 7 '  i- k‘‘ v p )
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II.Thermodynamics and Molecular Physics

where n0 = —
k = Boltzmann’s constant

D = coefficient of diffusion, numerically equal to tlie 
diffusion flow density when there is only a concentra
tion gradient vc, equal to 1 /n0.

The quantity kTD is called the coefficient of thermal diffusion. 
It is numerically equal to the diffusion flow density under the

v T 1conditions that vc = vp = 0  and = — . The dimensionlessÂ. 71q
quantity kT is the thermal diffusion ratio. The quantity kpD is 
called the coefficient of pressure diffusion. It is numerically equal 
to the diffusion flow density under the conditions that vc =
= v T  = 0 and = — .P n0
11.4.8. In the case of three-dimensional diffusion, the change 
in the concentration in the course of time at constant tempéra
ture and in the absence of external forces is described by the 
differential diffusion équation:

t  = iAD̂ )+iiiD%) + iAD̂ )
where D = coefficient of diffusion 

t = time.
If D is independent of the concentration then lliis équation can 
be reduced to the form

-~r = DAc (Fick’s second law)

where A is the Laplacian operator.
Example 1. The concentration distribution along a semi-inünite 
rod, on the end face of which a mass M  (per unit area of the end 
face) is concentrated at the initial instant of time t = 0 , is

c(x, t)
x*

M ~~ÎDt
fnDi

where x is the distance from the end face.
Example 2. The concentration distribution of a substance of mass 
M, dissolved in a liquid and located at the origin of coordinates 
at the initial instant of time t = 0 , is

M
r»

ADt

2 1 6

c(r, t) =
8



11 . Kinetic Theory of Gases
where q = density of the fluid

r = distance from the origin of coordinates.
11.4.9. According to elementary kinetic theory of gases

D = -
3 Yïn„a

=  — U $. 
3

where ü  = average velocity of thermal motion of the molécules 
a — mutual collision cross section of the molécules 

(see 11.3.1) 
nn = number of molécules in 1 cm3 

1 = mean free path.
The coefficient of self-diffusion is inversely proportional to the 
gas pressure. Upon a change in température, D varies proportion- 
ally to T* at constant volume and to T* (practically from 
T 1-7 to T 2) at constant pressure.
11.4.10. In a nonequilibrium steady-state mixture of two gases, 
diffusion of the molécules of one gas into the other gas is observ- 
ed. As a first approximation, the coefficient of diffusion D for 
the mixture is calculated by the formula of 11.4.9. with

„ = v M ^ y

where dx and d2 are the diameters of the molécules of the two 
gases.
A more précisé équation for the coefficient of diffusion is

3 Ÿ R T  l /  —
jy  _  ________ r MiVt

MŸtoNArtd + Ct)

where nx and /u2 = molecular weights of the two gases
c1 and c2 = their concentrations in moles per cm3 

N Â = Avogadro’s number.
The quantity y> dépends upon the nature of the force interaction 
between the molécules. If the molécules are elastic spheres

V> = (rix+d,)*
16

where dx and d2 are the diameters of the molécules of the two 
gases.
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1 1 .4 .1 1 . In accordance with the kinetic theory of gases, the follow- 
ing relations exist between the transport coefficients:

rj = qD and —— = 1' * w
where cv is the spécifie heat at constant volume.
In practice, the following, more précisé rclationship is made use of :

UQCy
where a is a factor depending upon the number of degrees of 
freedom of the molécules of the gas: a = 2.5 for a monatomic 
gas, a = 1.9 for a diatomic gas, and a = 1.75 to 1.5 for a tri- 
atomic gas.
If one transport coefficient is found by experiment and g and cv 
are known, the other transport coefficients can be determined by 
calculations. The formulas for finding the transport coefficients 
agréé only approximately with experiment, the accuracy being 
of one order of magnitude. The effective diameters of the molé
cules can be calculated from the values of the transport coefficients. 
The table below lists the transport équations (for one-dimensional 
problems) and formulas for finding the transport coefficients for 
gases.

Transport Phenom ena in Gases

Phcnomenon
Physical
quantity

transported Transport équation Formula of trans
port coefficient

Diffusion Mass dM =  -D  4 -  dS dt dx
Internai

friction
(viscosity)

Momentum dF =  - n  - ~  dS ' dx v =  - J -ÜÂQ

Thermal
conduction

Internai
energy dQ = - K  —  dS dt dx K  =  VÀQCy

11.5. Properties of Dilute Gases
11.5.1. Dilute gases are ones in a state at which their pressure is 
less than the atmospheric. Such a state of a gas is also called a 
vacuum. The degree of vacuum of a gas dépends upon the relation
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1 1 . Kinetic Theory of Gases
between the mean free path A, corresponding with intermolecular 
collisions in the gas, and the linear dimensions d of the vessel 
in which the gas is confined. The degrees of vacuum are classified as 
ultrahigh (A »  d), high (A > d), medium (A «s d) and low (A «  d). 
The différences between the propertics of dilute gases and the 
gases treated previously are manifested in the first three of the 
above-mentioned degrees of vacuum.

Certain Characteristics of Various Degrees of V acuum

Characteristic i
Vacuum

\
Low Medium High Ultrahigh

Pressures, typ- 
ical of lhe given 
degree of va
cuum, min Hg 7(30 to 1 1 to 1U-3 10 “3 to 10 - 7 10-» and 

less

Number of molé
cules per m3 IO25 to 1022 1022 to I0ifl 101» t0 1Q13 10i8 and 

less

Depcndence of 
thermal con- 
ductivity and 
viscosity on 
lhe pressure

$

Noue Pressure de- 
pendence 
is deter
mined by 
the para- 
meter

Directly 
proportion
al to press
ure

Bolh plie- 
nom en a are 
practic- 
ally ab
sent

X
d

Ll.5.2. In the following, dilute gases are understood to be gases 
in a state of high vacuum. The free path of the molécules in a 
dilute gas is determined by the size of the vessel. Hence, a réduc
tion in the density of a dilute gas does not influence the quantity 
A = d, but only decreases the number of molécules participat- 
ing in the transport of momentum or internai energy. The visco- 
sity and thermal conductivity of a dilute gas are directly proportion- 
al to its density.
11.5.3. In dilute gases, only external friction exists between the 
moving gas and the walls of the vessel. This friction dépends 
upon the change in momentum of the molécules as they collide 
with the walls. As a first approximation, the magnitude of fric
tion force acting on unit area of the wall is proportional to the
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velocity of motion of the gas and its density. The thermal con
duction of dilute gases is less than that of ordinary gases and is 
accomplished by the transport of internai energy by molécules 
travelling between the walls of the vessel which hâve the differ
ent températures T l and T 2. The amount of heat received (or 
given off) by unit area of the wall in unit time is directly proportion- 
al to the température différence T y -  T 2 and the density of the 
gas.
11.5.4. Knudsen's law for the flow of a dilute gas through a circu- 
lar capillary of radius r and length l is

n  = JL r3 lA~ - p  Vl~'p*V 3 K 2R T  ï

where Q = mass of gas flowing through the cross section of ihe 
capillary in 1 sec 

fi = molecular weight of the gas 
R  = universal gas constant (see 8.1.3.)
T = absolute température 

Pi and p 2 = pressures of the gas at the ends of the capillary.
11.5.5. Upon connecting two vessels at the different températures 
T x and T 2 by a narrow tube, the steady state of a dilute gas 
complies with the condition

n iU i  = n 2u 2

where ni and n2 = number of molécules per cm3 in each of 
the two vessels 

Ui and u2 = their average velocities.
Tliis condition implies an equality of the counterflow of molé
cules passing from the first vessel to the second and back again.
Since n oc y  and u oc /T , then

—1 = | ( t h e  Knudscn effect)

11.5.0. The principles of many instruments for obtaining a 
vacuum (diffusion pumps etc.), for its measurement (vacuum 
gauges), and for providing thermal insulation (Dewar flashs) are 
based on the spécial properties of dilute gases,
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Eléments of Statistical Physics

12.1. Introduction
12.1.1. Statistical physics (statistical mechanics) is a branch of 
theoretical physics in which the macroscopie properties of a 
System are studied on the basis of molecular-kinetic concepts 
and the methods of mathematical statistics.
Statistical physics deals with Systems that are in an equilibrium 
state (see 7.1.6.) or near to one. The aim of statistical physics is 
to investigate the behaviour and properties of such Systems on 
the basis of definite concepts of their atomic structure.
12.1.2. In statistical physics, the properties and laws of motion 
of individual atoms, molécules and elementary particles, studied 
by quantum mechanics, are assumed to be known. In many 
cases, the state of an arbitrary System of n particles with s 
degrees of freedom can be described by classical mechanics by 
specifying ns generalized coordinates and ns generalized momenta 
(see 5.1.6.), i. e. by specifying 2ns indepertdent variables.
12.1.3. The behaviour of a System consisting of a large number 
of particles is governed by statistical laws which differ from the 
laws obeyed by each of the particles making up the macroscopie 
system. The behaviour of a single particle (for instance, its path, 
liie sequençe of its changes of state, etc.) turns out to be insignifi- 
cant in a statistical description. Hence, the study of the properties 
of a system is reduced to a détermination of average values of 
the physical quantifies that characterize the state of the system 
as a whole. An essential différence between Systems that obey 
statistical laws and thosc which can be described sufficiently 
well by means of the laws of mechanics is that the behaviour
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II.Thermodynamics and Molecular Physics
and properties of the former do not dépend to any signilicant 
degree upon their initial state.
12.1.4. The relationship between the laws that deseribe the motion 
of individual particles (dynamical laws) and the statistical laws is 
inanifested in the fact that the properties of a macroscopie 
System, studied by the methods of statistical physics, can substan- 
tially change in accordance with the laws of motion of individual 
particles in the System.

12.2. The Probability of the State of a System.
Average Values of Physical Quantities

12.2.1. Various states of a System can be attained with one or 
another probability. The probability of attaining the i-th 
state is the limit of the ratio of the time th during wliich the 
System is in the given state, to the total time T  of investigation 
of the System, as T  approaches infinity. Thus

Wi = lim —r
T -*■ oo 1

If a certain physical quantity M  is a unique state function (see
7.1.12.) and iakes the value M u this means that the System is in 
the i-th state.
12.2.2. The probability of the i-th state of a System coincides 
with the probability that the physical quantity M  will take 
the value M {. If N  is the total number of rneasurements made of 
Af, and N { is the number of rneasurements in which it was 
found that M  has the value M u then

12.2.8. If the state of a System is continuously changing, it is 
nccessary to deal, not with the value M it but with the range of 
values of this quantity. The probability dw(M) that the quantity 
M  has a value within the range from M  to M + dM  is

dw(M) = lim 4 ^
T-*oo 1

where dtM is the length of time during which the System is in 
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1 i. Eléments of Statistical Physics
states corresponding to values of M within the range from M  
to M-ydM . The values dtM and dto(M) are proportional to the 
range dM. Thus

dw(M) = q(M) dM

where q(M) is the probability density, or probability distribution 
function.
12.2.4. The condition for normalization of the probabilities of a 
State is as follows:
for discrète states

2 > ,  = ii
for continuously changing states

J dw(M) = J o(M) dM  = 1

12.2.5. The statistical average vaule of quantity M, denoted by 
A/, is deflned as

M = £  Mwt
i

if the quantity M  varies discretely. The summation is carried out 
over ail the states of the System. If quantity M  varies continuously, 
then _

M  = j  M dw(M) = J Mq(M) dM

in which intégration is carried out over ail possible states of the 
System. Examples of the calculation of average values are given 
in 11.2.3., 11.2.4. and 11.2.5.

12.3. Gibbs Distribution
12.3.1. Gibbs microcanonical distribution is the distribution of 
the probabilities of various states of a closed macroscopie System, 
i. e. a System which does not interact with surrounding bodies and 
possesses constant energy. In actuality, such a System cannot be 
realized and is an idealized one. Its states are degenerate, i. e. 
each energy value may correspond to different states. The degene- 
ration multiplicity Ü(E) of a given state is the number of states 
possessing the energy E.
12.3.2. The microcanonical distribution is based on the assumption 
of equal probabilities of states having the same energy. If the
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States of a System are represented in phase space (sec 5.3.3.), 
each state corresponds to a cell, their totality with the given 
energy constituting a certain surface E  = const; this is called 
an ergodic surface.
12.3.3. Macroscopie Systems which are capable of remaining for 
a sufficiently long time in any state with a given energy are 
said to be ergodic. The assumption on which the microcanonical 
distribution is based (see 12.3.2) means that the représentative 
point in phase space may be located with equal probability in 
any cell of phase space on the ergodic surface.
12.3.4. The following statement is valid for ergodic Systems whose 
States with the given energy E  are equally probable : if a micro
scopie System is in a given state with the energy E  at a certain 
instant of time, then in the course of time it will spontaneously 
pass over to any other states with the same energy and will 
remain in each state for the same length of time (on an average). 
The probability of the state of a System w(E{) is expressed by 
Gibbs’ microcanonical distribution as

w(E{) = CÜ(E{)

The coefficient of proportionality C is determined from the condi
tion of normalization (see 12.2.4):

£>(£,) = 1 
i

Gibbs’ microcanonical distribution forms the basis for the Gibbs 
canonical distribution.
12.3.5. The Gibbs canonical distribution is the probability distri
bution of the various possible states of a certain quasi-closed 
subsystem, i. e. a certain portion of a closed macroscopie System 
(see 7.1.4.). A subsystem is said to be quasi-closed if its intrinsic 
energy is great, on an average, in comparison with the energy 
of its interaction with the other portions of the closed system 
(called the thermostat).
For example, each molécule of an idéal gas is a quasi-closed 
subsystem if the température is not too low. On an average, its 
intrinsic kinetic energy is much greater than the energy of its 
interaction with other molécules of the gas (with the thermostat).
12.3.6. The interaction of a subsystem with the thermostat leads 
to a change in its state. It can go over to a state with the initial 
energy, as well as to another state with a different energy value. 
In the latter case, the subsystem interchanges energy with the 
thermostat, either increasing or decreasing its own energy.
12.3.7. The probability of a state of the subsystem dépends only
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upon its energy. According to the Gibbs quantum canonical distri
bution

_
_  « 9 0 ( E , )  _  e 0 S)(E,)

{Ei) — z i r —  ~z—
S e  0  0 ( E, )

where w(E{) — probability of a quasi-closed subsystem remain- 
ing in a State with the energy E {

Q(Et) = degeneration multiplicity (see 12.3.1.)
G = modulus of canonical distribution, or statistic 

température.

The quantity G is the température expressed in energy units. 
It converts the inexact differential SQ into the total differential
of the quantity ) in which F  is the Helmholtz free energy of
the System (see 10.6.3.). Thus

The quantity G has the same value in two different Systems 
which are in a State of thermodynamical equilibrium when they 
are in thermal contact with each other. The universal coefficient 
of proportionality that converts the statistic température G 
from ergs (energy units) into degrees (température units) is the 
Boltzmann constant (see 8.1.4.):

G = kT > 0

_ */
The quantity 7  = £  e G Ü(E{) is called the sum over statesi or

i
siale sum , (it has also been called the partition function).
12.3.8. For Systems, the energy of whose state varies quasi- 
eontinuously, i. e. in which the distance between the energy levels 
is small in comparison with G = 7cT, the Gibbs quantum distri
bution goos over to the classical canonical distribution:

E

du>(E) = dQ(E)
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whorc dQ(E) = Ü(E) dE = number of different states comply-
ing with the energy range from E  to 
E + dE

f - £
Z — le G Q(E) dE = State intégral or phase intégral.

For a S ystem  of N  identical particles

whcre d r  = element of volume in phase space (see 5.5.3.) 
h = Planck’s constant
s =  n u m b er  o f d eg rees o f  freed o m  o f th e  S y stem .

Intégration is carried out over the whole phase space of the given 
System. The state intégral and the state sum are related to the 
Helmholtz free energy F  (see 10.0.3.) of the System as follows

Z = e 0 and F  = -  0  ln

12.3.9. Gibbs’ canonical disribution has an acute maximum in 
the case of subsystems with a great number of particles. Most of 
the time such subsystems will be in the most probable state 
with the corresponding energy. If the subsystem is a single 
molécule of an idéal gas, the Gibbs canonical distribution leads 
to the Boltzmann distribution law (see 12.5.1.).
Gibbs* canonical distribution is employed to fmd the average 
value M of a physical quantity M, which characterizes the state 
of the System and dépends on its energy (see 12.2.5). Thus

M = £  M(E,) w[E,)
i

With states continuously changing
M = J M(E) dw(E)

12.3.10. By calculating Z it is possible to détermine the thermody- 
namic fiinctions and the équation of state of a given System.
The table below présents a summary of formulas that express 
the thermodynamic functions, heat capacity and équation of 
state through the state sum (or intégral) of the System.
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Quanlity Symbol Formula

Ilelmholtz 
free energy F F — — kT lnZ

Gibbs function G
c - kT[(«#ion è ) , - ,u 2 ]

Internai energy U

Entropy S S = ft[ , „ z + ^ ) F]

Eiitlialpy il

lleat capacity Gy

Equation 
of State - -« a

12.4. Principle of the Equipartition of Energy

12.4.1. In a classical statistic System, whose state is character- 
ized by thermodynamic equilibrium (see 7.1.6), each degree of 
freedom of a sépara te particle corresponds to an equal amount of
energy, equal to -- kT , where k is Boltzmann’s constant and T  is
the absolute température.
AU degrees of freedom, described by classical mechanics, are 
equally justified with respect to their energy. This, in fact, is 
the essence of the principle of equipartition of energy. This prin- 
riple has a limited field of application and ceases to be valid in 
a quantum description of the System (see 12.7.1).

12.5. Maxwell-Boltzmann Distribution
12.5.1. The Maxwell-Boltzmann law, or distribution, establishcs 
Mit; distribution of the coordinates and velocities of the molécules 
*»f a gas subject to the action of an arbitrary potential force 
llcld.
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II.Thermodynamics and Molecular Physics
The most common formulas of this distribution are:

(a) dnu = - e 
' 1(nulp

h ÎEp)u2 du

where ump — most probable molecular velocity (see 11.2.3) 
dnu = number of molécules in unit volume of the gas 

near the point (x, y y z) whose velocities are 
within the range from u to u-\-du 

Ep(x, y , z) = potential energy of a molécule at the point of 
the external force field being considered 

n0 = number of molécules in a unit volume of the 
gas at the point where Ep = 0.

P x  +  P y  -J- P%

1 2//t kT(b) dw = constx--------- . c “ dpx dpy dpz
(!Z n m h T y

Ep(x, y, 2) 
kTXe dx dy dz

where dw = probability tliat the coordinates and projections 
of the momentum of a molécule are within an élé
ment of phase volume d r  = dx dy dz dpx dpy dpZi 
near phase point (x, y, z , px, pyi p z) 

y, z) = potential energy of a molécule in the external 
force field.

In this form, the Maxwell-Boltzmann distribution can be regarded 
as a distribution function constituting the product of the proba
bilités of two independent events- the probability of the given 
momentum value of the molécule and of its given position in 
space. The first probability,

_Px±Py±Pz
dw(p) = -----1—T  e 2mkT dpx dpv dpz

(!I j t m h T ) 2

is the Maxwell distribution (see 11.2.1). The second probability,
E p ( x ,  y ,  z )

dw(x, y y z) = constx e kT dx dy dz 

is called the Boltzmann distribution.
Example. Consider the Boltzmann distribution in à gravitational 
field. The potential energy of a molécule of mass m in a gravitatio-
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nal field is Ep = mgzy where z is the altitude and g is the accéléra
tion of gravity. At each altitude there is a Maxwellian velocity 
distribution governed by température. The intégration of the 
Maxwell distribution over ail the momenta yields the number of 
molécules in the volume dxdydz. Thus

mgz
dn(xy y y z) = constXe kT dx dy dz

Hence, it follows that the gas density g = m decreases
with increasing altitude according to the exponential law

mgz
g = constXô kT

The constant in this équation is determined from the condition 
that g = 0 O = const at z = 0 . Thus

mgz
Q = 6oe hT (barometric height formula)

The density of the gas is reduced to —■ of its initial value at a 
k Theight h = —--. This is sometimes called the characteristic 

length of the Boltzmann distribution in a gravitational field.

12.6. Quantum Statistics
122.6.1. Quantum statistics is a theory of Systems which consist 
of an extremely large number of particles that obey quantum 
laws.
The state of an arbitrary quantum-mechanical System having s 
degrees of freedom can be dealt with in the so-called quasi-classic- 
(tl approximation y similar to the way in which it is done in classic- 
i i l  mechanics. In this case, the following restriction is imposed 
on the possible states of the System: each quantum state of a 
system with s degrees of freedom corresponds to a cell in its 
phase space with the volume h*. This complies with the Heisen- 
berg indeterminacy relation (see 44.3.2).
( )nly discrète changes can take place in the state of the system ; 
l-lie system can pass from certain cells of phase volume to other 
unes by making a “jump”. In the quasi-classical approximation, 
Iransfer to a neighbouring quantum cell corresponds to very
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minute changes in the properties of the System. It can be assumed 
that the properties vary continuously. The distribution of the 
particles in the cells of six-dimensional phase space (x , y, z, 
Px> Pyy Pz) characterizes a definite microstate of the System.
12.6.2. The object of quantum statistics is to find the distribution 
function of a System of particles in phase space. An essential 
distinction of quantum statistics from classical statistics is the 
consistent application of the principle of indistinguishability of 
identical particles. In quantum statistics, when solving the prob- 
lem of distributing identical particles in phase space, it is mean- 
ingless to pose the question as to which particle is in the given 
cell of the phase space. Only the question of the number of parti
cles in the given cell is raised. The microstate of the System is not 
changed when the particles are rearranged within a given cell of 
the phase space or interchanged between the cells.

Thermodynamics and Molecular Physics

12.7. Bose-Einstein and Fermi-Dirac 
Quantum Distributions

12.7.1. Systems described by symmetrical wave functions (see 
45.2.6) comply with Bose-Einstein statistics. This refers to Systems 
of particles having intégral spin (see 45.6.1) -  bosons (for instance, 
photons and certain nuclei) -  on which no restriction is imposed as 
to the number of particles that may occupy a given cell of six- 
dimensional phase space.
12.7.2. To find the distribution function in Bose-Einstein statis
tics, the whole phase volume is divided into small éléments 
A ru each containing Agt states having an energy from E { to 
E {+ A E t. If the given element of phase volume AF{ contains 
AN{ particles, they may be distributed in ail possible ways 
among the Agi states having an energy E t. The number of states
is Agi = . The thermodynamic probability (see 12.10.2)
of the distribution of the particles among the states in phase 
space enables the most probable distribution to be found for 
the condition that the total number of particles N  and the total 
energy E  of the System are conserved. Thus

£  AN{ = N  and £  ANiEt = E
t i

Instead of the number of particles AN^Ef) in the energy range 
AEf, usually the average “population” of the state with the 
given energy is determined, i. e. the average number of particles
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1 2 . Eléments of Statisticul Physics
rii in ono state, which is called the Bose-Einstein distribution 
function. Thus

_ ±ruE{) __ _ _l___
{ Agi Et-v

e kT _  1

whero fi = Chemical potcntial (see 10.9.3) referred to ono 
particle 

k = Boltzmann’s constant.
The subscript i is sometimes omitted inasmuch as this distribution 
function is valid for any element of the phase volume.
12.7.3. Systems of particles described by antisymmetrical wave 
functions (see 45 .2 .6)  comply with the Fermi-Dirac distribution 
(Fermi-Dirac statistics). These statistics describe the behaviour 
of fermions (électrons, protons, neutrons, etc.) -  particles which 
obey the Pauli exclusion principle (see 45 .6 .2 )  and hâve half- 
integral spin (see 45 .6 .1 .) .  In such Systems of particles, no more 
than one particle can be in one quantum state. The solution of 
the problem of the most probable distribution of particles among 
the states, for the condition that the total energy of the System 
and the total number of its particles are conserved, leads to the 
Fermi-Dirac distribution function. Thus

-  _  A N ( E {) _  ____ i______
* Ag{ E j -M

e kT +1

in which the notation is the same as for the Bose-Einstein distri
bution.
12.7.4. The distribution functions 
both in classical and quantum sta- 
l.istics can be expressed by a single 
formula:

l
n* ~ *{-t*

e kT +ô

Por the Maxwell-Boltzmann distri
bution, <5 = 0 and fi = 0; for the 
Hose-Einstein distribution ô = -1 ;  
and for the Fermi-Dirac distribution,
(5= + 1 .  Plots of these three distribution functions are shown in
Fig. 12.1.
Hxample. Gonsider the volumétrie radiation density and thermo-

Maxwell -Boltzmann 
/ distribution 

Bose-Einstein 
, distribution 
Fermi-Dirac 
distribution

F I G .  12.1
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dynamic functions of a photon gas enclosed in a volume V at 
T = const and in a state of thermodynamic equilibrium.
The numbcr of states dg{ of radiation in an element of phase 
volume is

, o 4"P2 dp dxdy dz agi -  2 --------p --------

The factor 2 is due to the availability of two possible directions 
in which light can be polarized (see 34.1.8).
The total numbcr of states in volume V is

^  _  8?rp * d p V  _  8 n E * d E  T7 
Üg ~  h3 “  h*c* V

The momentum p of a photon and its energy E  (see 42.1.1.) are

p = --- and E  = hv 1 c
where v = frequency

c = velocity of light in a vacuum.
The number of photons with an energy from E  to E + dE in 
the volume V is

dN(E) =
ekT — \ c3 le*1, — i /

The volumétrie density of the radiant energy in the frequency 
range from v to v + dv is

/ m \ j  d N (E )h v  8 nvt hv ,w(v, T) dv = ÿ —  = dv
ekT — l

which is Planck's radiation formula for determining the volu
métrie energy density of black-body radiation.
The state intégral Z for the radiation is

- J e kTg(E) dE = iWhTy*
c»

The state équation for the radiation is

P V = 8 y  
45 h*c*
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12 Eléments of Statistical Physics
The radiation pressure is

SnKkiy
45Mc3

The Ilelmholtz free energy is
F _  v  friH/tp*

/i» 45c*
The radiant energy is 

U (T) = - -  (the S te fan-Boltzmann law, see 41.2.1.).

The pressure of isotropie radiation is

P
1 U  ( T )  
3 v

where u(T) is the volumétrie energy density of radiation. The 
entropy of the radiation is

6’ V 32j&k' {i.'n\ 3 
h* 45c3 1

12.8. Degeneracy in Gases Obeying 
Quantum Statistics

12.8.1. Degeneracy in idéal gases is the departure of their properties 
from those of ordinary gases, this departure being due to the 
quantum properties of the Systems of particles. The degeneracy 
of gases becomes significant at very low températures and high 
densities.

At e iT »  1 (see 12.7.2 and 12.7.3), the Bose-Einstein and 
Fermi-Dirac distribution funetions lead to the classical distri
bution function (slight degeneracy). In this case, the following 
condition is complied with

A = - V L3 «  i
(2 jtmkTy

where w() = number of molécules in 1 cm3 of the gas 
m = mass of a molécule 
T = absolute température 
k = Boltzmann’s constant 
h = Planck’s constant.

The quantity A  is called the degeneracy parameter.
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12.8.2. The state équation for one mole of an idéal BoserEinstein 
gas is of the form

p V  = R T l 1-------------- ) = R T ( l - A )
\  (2 TcmkTfM

This difïers from the Mendeleev-Glapeyron équation (see 8.1.3) 
in that it has the term - R T A .  This term can be ignored at ordi- 
nary values of n0 and T  (i.e. at A  «  1).
12.8.3. The thermodynamic functions of a degenerate Bose- 
Einstein gas, enclosed in volume V, are :

Helmholtz free energy F  = -1.341 *— (2nm)* (kT)* 

entropy S  = 3.352 — {2nm)^k(kT)^ 

internai energy U = 2.011 ■—  (2nmfî (kT )* 

heat capacity Cv = 5.027 (2nm)^ k(kT)1

12.8.4. The température criterion of degeneration in gases is

T * T 0, where T0 = is the degeneracy température.
As h — 0, the degeneracy température T0 -+ 0, which indicates 
that gas degeneration is of a quantum nature. At T  »  T0 gas 
is not degenerate and obeys classical statistics. For example, 
for a proton gas with a mass of the particles m ^  2 x l0 “24 g 
at a density n0 ~ 1022 cm“3, T0 ^  1°K. A photon gas is always 
degenerate, since T0 = <x> in this case (the rest mass of the photon 
m0 = 0, see 32.6.2). For hydrogen under standard conditions 
(T = 300°K and n0 ^  3X1019 cm"3), the parameter A  ^  3X 
XlO“5<îcl. This corresponds to a degeneracy température 
T0 s  1°K.
The value A  is even less for gases heavier than hydrogen and 
therefore gases at standard pressures and températures are 
never degenerate. Degeneracy, due to the quantum properties 
of gases, is manifested to a substantially lesser degree than the 
departure of gases from ideality associated with the van der 
Waals forces of interaction between the molécules (see 13.2.1).
12.8.5. For the électrons in metals, n0 êë 1022 to 1023 cm"3, so 
that T0 ^  (16 to 20) X103 °K. Consequently, the électron gas in 
metals (see 21.2.1) is always degenerate (as a resuit of the small 
mass of the électron, m ^  10~27 g, and the high density of the 
particles).
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12.8.6. If —► E F as T  -► 0, thcn, according to the Fermi-Dirac
distribution (see 12.7.3), AN(Et) = 0 at E  > EF and AN(Et) = 
= Ag{ at E  < Ep. This means that ail the lower states of the 
électrons, down to a state with the energy E F are filled, and ail 
the states with an energy greater than EF are
empty. Thus, fi(0) in the Fermi-Dirac distri- n
bution formula signifies the boundary energy ^ ________
E F of the occupied states at the tempéra
ture of absolute zéro. The quantity È F \s ------------- —
called the Fermi energy. The distribution func- O EF E
tion for an électron gas as T  -►•0 is shown in f i g . 1 2 . 2

Fig. 12.2.
12.8.7. In the model of an électron gas in metals, as T  -► 0, the 
électrons uniformly fill ail the cells of the phase space within
a sphere having a volume of ^np% V, wherep Fis the maximum
momentum of an électron at T  = 0. The number of states in 
this sphere, taking into account the Pauli exclusion principle 
and the two possible orientations of électron spin (see 28.1.1), is 
equal to the number of électrons. Thus

from which
2 W T n^ V = N  

*  -
where n0 = - |- i s  the number of électrons in 1 cm3. The maximum 
energy of the électron at T = 0 is

or
F  Pc ^  h' ( 3no \ j
~‘F 2 m  2 m  \  871 /

E ,  = 5.77X10"27 ni ergs = 3.63xlO-I5ra| eV.
At a free électron density of n0 ^  1022 cm“3 in metals, the Fermi 
energy E p corresponds to the température T  of a classical gas, 
which equals

T  as —*• ^  10* °Kh
The average energy of an électron in a métal as T

E Sh2 / 3n<) 
1 0 m  I  b ^ T /

0 is equal to

235

i.c. it has the order of magnitude of E F.



II.Thermodynanties and Molecular Physics
The pressure of an électron gas as T  -► 0 is

2 1 k* / 3 v| fp = -b- n0E F = -5-  - -  ( ^  ) n

and equals tens of thousands of atmosphères.
The isothermal compressibility of an électron gas as T  -► 0 is

o _  _  !  / dv \ _  1_ — !* y ( aP jj. 5 P
12.8.8. The distribution function shown in Fig. 12.2 is the most 
probable distribution. The thermodynamic probability of such 
a distribution equals unity. Consequently, the entropy of an 
électron gas at T  = 0 is equal to zéro in accordance with the 
Nemst postulate (see 10.11.2.).
12.8.9. At T jà o the Fermi distribution function is as shown 
in Fig. 12.1. It differs from a rectangle (at T  = 0) in a région 
near to n and having a width of the order of 2kT.
The Chemical potential ^ of an électron gas is

27 ( A n \ k T ) *  \

where E F is the Fermi energy.
The entropy S  of a dégénéra te électron gas is

S = - ~ ^ ^ k p \ k T )

where V = volume of the gas
k = Boltzmann’s constant.

As T  0, S  0.
12.8.10. The internai energy U of an électron gas equals

TlHkT)2 1
E*F  J

where N  is the total number of électrons in the volume V.
The gram-atomic heat capacity CaV of an électron gas at constant 
volume is

n  _ *JJ _  *! 7v k kT °*v ~ st ~ ËJ
A comparison with the classical expression for the heat capacity 
CllV of a monatomic gas (see 12.9.1.) gives

CaV
Cpr

kT
3 E w ^  0.03
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since êë 0.01 at ail températures at which the électron gas is
still degenerate. The heat capacity of an électron gas in metals 
is negligible. This is associated with the fact that only an insig- 
nificant number of électrons participate in the change in inter
nai energy that takes place in heating. They are in the states 
corresponding to the “drop-down région” of the Fermi-Dirac 
distribution function at T  0 (Fig. 12.1).
12.8.11 The energy of gases, as described by quantum statistics, 
is not a linear function of the température, and hence the simple 
physical interprétation of the absolute température (see 11.2.4.) 
is inapplicable in the région of low températures.

12.9. Heat Capacity of Monatomic and Diatomic 
Gases

12.9.1. For a monatomic gas whose molécules bave three degrees 
of freedom of translatory motion, the principle of equipartition 
of energy (see 12.4.) leads to the following value of the internai 
energy of one mole of gas:

U = - \-N ÂhT

where N Ak = R  is the universal gas constant (see 8.1.3.)
The energy does not dépend upon the volume and is proportional 
to the température. The molar beat capacity C//P (see 9.3.4.) 
of such a gas is equal to

CfiT = ( S£  ) = 4  N Ak = 4 *  ^  3 —  py \ dT Jv 2 A 2 mole deg

12.9.2. A diatomic molécule is a stable compound of two like or 
different atoms. The nature of the forces that lead to the forma
tion of a molécule from isolated atoms is treated in quantum 
mechanics (see 46.1.1). The energy of the molécule is made up 
of the translatory kinetic energy of its centre of mass E ti energy of 
the motion of the électrons in the molécule E e, energy of vibra
tion of the nuclei EV1 and rotational kinetic energy of the 
molécules Er. Thus

E = E t + E t -f- Ev + Er

12.9.3. The translatory motion of a diatomic molécule is not 
quantized and differs in no manner from the same motion of a 
monatomic molécule. Ail the other kinds of internai motion of
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the molécule are quantized: the energies Ee9 Ev and Er assume a 
discrète sériés of values.
12.9.4. As a first approximation it may be assumed that the three 
kinds of internai motion of a molécule are independent of one 
another. At small amplitudes of vibration of the nuclei, the influ
ence of vibrational motion on rotation can be neglected, i.e. 
the changes in the moments of inertia of the molécules due to 
vibration are not taken into considération.
12.9.5. In dealing with the heat capacity of monatomie and di- 
atomic gases, even at the highest températures, the change in 
energy AEe of motion of the électrons can be ignored because the 
adjacent energy levels of the électrons in the molécules are 
arranged at distances of the order of several eV. This corresponds 
to a température of tens of thousands of degrees.
12.9.6. The vibrational motion of the nuclei in a molécule about 
their equilibrium position can be described as the vibration of a
single particle of reduced mass // = . As a first approxima
tion, it can be assumed that such a particle vibrâtes as a har
monie oscillator (see 6.1.10. and 44.4.2.) with an energy

E, = + — )

in which the quantum number n takes intégral values (n = 0,
1,2, . . . )  and v is the natural frequency of vibrations. The energy

(zéro-point energy of the oscillator) is conserved as T  -*» 0.
The change in n obeys the sélection rule An = 0, ±1. The différ
ence in energy AEV between adjacent levels of vibratory motion is

AEV = hv

and does not dépend upon the quantum number.
12.9.7. The rotational motion of a diatomic molécule can be 
regarded, as a first approximation, as the motion of a rigid rota- 
tor (see 44.4.8.) rotating about the centre of mass and having a 
moment of inertia

T _  r2
1 “  mj+m, r°

where mv and m2 = masses of the atoms
r0 = distance between the atoms in the molécule.

The energy of the rotator is

E, = — - J(J+  \) = hB J(J + 1)

2 3 8
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where J  = quantum number taking the intégral values J  =

= 0, 1, 2, . . .
B  = g—  = rotational constant of the molécule.

Upon a change in the rotational quantum states, the sélection 
rule for «7 is: A J  = ± 1. The distance between adjacent rotational 
energy levels is

AEr = 2hB(J + i)
The value AEr is only 1/1000 or 1/800 of the value AEV. From 
the energy spectrum of vibrational and rotational states it is 
possible to détermine the state sums (partition functions) of 
vibrational and rotational motions of the molécule, Zv and Zr. 
This enables the contribution of vibration and rotation to the 
internai energy U of one mole and to the molar hoat capacity 
CflV to be assessed.
12.9.8. The contribution of the vibrational motion of diatomic 
molécules to the internai energy and heat capacity per mole is

hv hv

U  _  N A hv  e
UV -  9

2kT _j_ e 2kT

- e

h v

2k f

NjJir 
~  2

h v  \  _  
{ 2hT/ ~

r  __ N A h  (  h v  \ 2
~ 4 [ J f  ) ~ . / hv

- coth ( "î-  »«■ (è)

where k = Boltzmann’s constant 
N A = Avogadro’s number
Te = = characteristic température of vibrations.

Al higli températures (T »  Te)
Uv =* N AkT = R T

C, tVv = N  Ak — R
i. e. the formulas coincide with those of classical theory which 
follow from the principle of equipartition of energy. Under these 
conditions, AEV «  kT  and the energy of the oscillator can be 
regarded as varying continuously.
At low températures (T «  Te)

U, = Na*T' + N Ak T ,e ~ ~

Cuy. s  r

239



I I .Thermodynanties and Molecular Physics
i.e. U„ and CJuVv are complex functions of the température and 
natural frequency. As T  -> 0

U N A k T e Na hv 
2

The quantity is called the zéro-point vibrational energy of
the System (see 44.4.3). As T  -* 0, CttVv-+ 0 in accordance with 
the Nernst postulate (see 10.11.2.). The dependence of the vibra

tional heat capacity of diatomic 
gases on température is shown 
in Fig. 12.3.
12.9.9. The contribution of rota- 
tional motion of diatomic molé
cules to the internai energy and 
heat capacity per mole is

Ur = N ÂkT2 X

MG.12.3 X y f  ,nyÇ0<2</ + 1)e

where T'e — is the characteristic température of rotation.

At T » T 'C

U^ N ^ T il - W f )
CuVr~ N Âk

i. e. the rotational heat capacity at high températures coincides 
with the classical value.

At T « T 'C 

U, = N AkT* / r  ln (l -h 3e
h»

C  c* q /  /t2 \ 2 N a  ~  4n*JkT

h■ \ hr
~în*lkT I ^ 3 h*NÂ ~ ïn*IkT

1 -  kn*l

i. e. as T  -► 0, C ^  -► 0.
The general shape of the heat capacity vs température curve, 
associated with rotation of the molécule, is the same as for the
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12. Eléments of Statistical Physics
vibrational beat capacity (Fig. 12.3.). Nevertheless, the values 
of Te and T' difïer substantially.
Gharacteristic températures of vibration (Tc) and rotation (71*) 
of certain molécules are tabulated below:

Molccule Te, °K ru  “K Molécule Tc, °K T'c, °K

H, 6000 85.4 HCl 4140 15.1
n ; 3340 2.85 III 3200 0.0
0 2 2230 2.07

12.10. Statistical Meaning of the Second 
Law of Thermodynamics

12.10.1. The second law of thermodynamics is équivalent lo the 
statement tliat entropy can never decrease in an isolated System 
(see 10.5.2.). This law can be interpreted statistically by means of 
Boltzmann's relation:

S = k ln P  + const
where S  = entropy of the System 

k = Boltzmann’s constant 
P  = thermodynamic probability of a state.

12.10.2. The thermodynamic probability of a state is defined as 
the number of microstates of the System that correspond to the 
given macrostate (see 12.3.3). For a chemically homogeneous 
system, the quantity P  indicates in how many different ways 
tiie given quantitative distribution of particles among the cells 
of phase space can be accomplished irrespective of which cell 
any concrète particle is in. From the définition of P it follows 
Ihat P=>1. According to Boltzmann’s relation, the thermo
dynamic probability of a state of an isolated System can never 
decrease, whatever the processes that occur in it. Thus

AP = P 2- P j >  0
where P x and P2 are the thermodynamic probabilities of two 
consecutive States of the System. In the case of a réversible 
jirocess (see 10.1.1.), AP = 0 and P = const. If the process is 
irréversible (see 10.1.2.), AP > 0 and P  increases. An irréversible 
process is one which transfers the system from a less probable 
siale to a more probable one.
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II.Thermodynamics and Molecular Physics
12.10.3. Being a statistical law, the second law of thermodynamics 
expresses the relationships for the chaotic motion of a great 
number of particles making up an isolated System. In Systems, 
or portions of them, containing a relatively small number of 
particles, substantial fluctuations (see 12.11.1.) are observed. 
These fluctuations are déviations from the second law of thermo
dynamics.
The second law of thermodynamics is likewise inapplicable to 
Systems consisting of an infinité number of particles since ail 
states are equally probable in such Systems.

12.11, Fluctuations
12.11.1. Fluctuations of a physical quantity L , which character- 
izes a System, are the déviations of the true value of quantity L  
from its average value Z, and are due to the chatoie thermal 
motion of the particles of the System. A measure of fluctuation is 
the mean square of the différence AL = L - L ,  called the square 
fluctuation

(ALŸ = { L - ï ï*
By définition

~{ALŸ = L 2- 2 L L - ( l )2 = l 2~ 2 l L + { l )2 = L2- { L ) 2s* 0
If the fluctuations of quantity L  are small, then large déviations 
of L  from Z are of low probability. The smallness of (AL)2 indi- 
cates that the value L  is near to Z.
The square fluctuation of the sum of N  independent quantifies 
L lt . . . ,  Ln is equal to the sum of the square fluctuations of these 
quantifies. Thus

ln the case of two independent quantifies L, and L}

(AL,) (AL,) = 0
12.11.2. The relative error, introduced by substituting the average 
value L  for L t can be assessed by the relative fluctuation:

sL =
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12. Eléments of Statistical Physics
If the System consists of N  independent portions, the relative 
fluctuation of any additive function L  of the state of the System 
is inversely proportional to the square root of the number of 
portions. Thus

12.11.3. If the state of a macroscopie System is characterized by a 
certain variable A, the probability of small fluctuations, as a 
resuit of which variable A may vary in the range from A to A + dA, 
is expressed by the Gaussian distribution:

dw = - 1 - e 2A% dX 
Ÿ2nA*

where A0 = equilibrium value of A
A2 = {AK)2 = (Â-A0)2 = square fluctuation of A.

The probability of the given fluctuation is reduced exponentially 
with an increase in its magnitude, as well as with a réduction 
in A2.
12.11.4. A quantitative measure of the probability of small fluctua
tions A À of quantity A in a macroscopie System is the work AA  
which must be done on the System to change quantity A by the 
amount AK Fluctuations are possible, however, in the absence 
of any real external work (for instance, in a closed System). 
The quantity AA  can be regarded as the change in the potential 
energy of the System as it travels in a certain imaginary (and 
sometimes real) force field.
Example 1. Gonsider isothermal fluctuations of the volume V 
and density q. The square fluctuation of the volume is

(AV)2 = ( V - V 0)2 hT

where T  is the température of the System.
The probability of isothermal fluctuations of the volume is

(F- r0)2
dw = -1----e 2<̂ F>’ dV

The scale and probability of the fluctuations in the volume increase 
with température, and also with the isothermal compressibility
(l = , where v0 is the spécifie volume. The isothermal
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I t .Thermodynamics and Motecutar Physics
compressibility should bc positive. Otherwise, the probability 
of the fluctuations in volume would increase with its scale. As a 
resuit, the fluctuations in the volume of a System would either 
increase indefinitely or be reduced to zéro.
The stability condition of the States of a homogeneous substance, 
subject to fluctuations in volume, is

Tn partieular, for an idéal gas

TÂÿîi = kT = = _ZL
'  l i a i  " w  "

The square fluctuation of the density g = —  = -y- (m being the 
mass enclosed in volume V) is

(2ôp = -ç~ kTft

The relative fluctuation of the density in volume V is

*a f
hT0

V

The square fluctuation of the number of partiales N  contained in 
the given volume V is

(AN)2 = N2kT 1

In partieular, for an idéal gas

(AN)- = N

The molecular scattering of light due to fluctuations in density 
is dealt with in 40.4.6. v
Example 2. Gonsider small isochoric fluctuations in température. 
The square fluctuation of température is

____  _______  b7'S
(AT)2 = ( T - r 0)2 = -£±-

where T0 = equilibrium value of the température
Cr = heat capacity of the System at constant volume.
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12. Eléments of Statisticaï Phys!es
The probability that the température will be subject to fluctuation 
is

(T-TJ*

dw = * e dT
V

Here Cr > 0, since the probability of fluctuations in température 
decreases with an increase in their magnitude. This condition 
follows, not only from the theory of fluctuations, but from general 
considérations of thermodynamics as well : if Cv < 0, it would be 
possible to beat a body by removing heat from it. This would 
contradict the second law of thermodynamics.

12.12. Influence of Fluctuations
on the Sensitivity of Measuring Instruments

12.12.1. Modem highly sensitive instruments measure magnitudes 
of the same order as fluctuations due to the thermal motion of 
the molécules in the instrument and the surrounding medium. 
In a single measurement of a certain physical quantity whose 
value is less than the random déviations in the readings of the 
instrument caused by fluctuations, the instrument will give 
incorrect results of measurement. In this case, the instrument 
registers the background, which is a resuit of thermal motion, and 
not the quantity to be measured. This governs the limit of sensi
tivity of the given design of instrument in a single measurement.
12.12.2. Turning mirror method of making readings (a tiny mirror 
suspended from a thin quartz thread). The limit of sensitivity is 
determined by the fact that the minimum angle of turn of the 
thread that can be measured must be greater than the angle 
of rotation (p associated with random oscillations of the mirror 
caused by thermal motion of the molécules in the surrounding 
medium. The mean square angle of deflection, characterizing the 
limit of sensitivity for a thread of radius r and length /, is:

where

q> kJL
a

n*r*G
ü ~  2Î
G = shear modulus of the thread material.

Al T  = 300°K, V(p% = 2X10”4 radian for a very thin quartz 
Ihread (a = 10“6 erg).
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I I .Thermodynnmics and Molecular Physïcs
12.12.3. Spring balance. The mass m can be weighed on a spring 
balance if the resulting extension of the spring Ax is greater than
the fluctuation in the length of the spring Ÿ(Âx)'2 caused by 
fluctuations in the pressure of the surrounding air and the ther
mal motion. Here

where a is the coefficient of elasticity of the spring.
The minimum mass m that can bc determined in a single meas- 
urement is

where g is the accélération due to gravity.
12.12.4. A gas thermometer, filled with an idéal gas, enables tempér
atures to be measured with an accuracy not greater than the 
fluctuations of température in the gas. Small changes in the 
température of an idéal gas (see 8.1.1.) equal

AT  = = — AVNk V

Small changes in volume due to fluctuations equal

A gas thermometer does not permit températures to be measured 
with an accuracy greater than AT. If the thermometer contains 
one mole of gas (N = N A = 6.02 XlO28), then

The changes in température actually measured in practice 
considerably exceed this value.

The fluctuational variations in température are

AT  = YiÂïÿ =
ŸN

AT s î - V  
Y Na
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12.13. Electrical Fluctuations 
in Radio Equipment

12.13.1. Independcnt fluctuation elïects, observed in radio receiv- 
ers when there is no external statics, produce a noise background 
which limits the sensitivity of the radio equipment. The strength 
of the signal being received should be greater than that of the 
noise background in the receiver.
12.13.2. The shot effect is the fluctuation in the value of the anode 
current of an electronic tube due to fluctuations in the number 
of électrons emitted by the cathode. A measure of the shot effect 
is the square fluctuation of the current:

vvhere e = charge of an électron
70 = average current over the time t during which the 

current is measured.
According to the conditions under which the formula was derived, 
t is considerably longer than the time r, required for the passage 
of the électron in the tube. Fluctuations of anode current in the 
tube, which is connected into an oscillatory circuit, cause fluc
tuations in the current and voltage of the circuit. The square 
fluctuation of the voltage in the circuit is

wliere co =  frequency of natural oscillations in the circuit (see
29.1.1)

Q = - |/"~■ = factor of merit (Q factor) of the circuit
(see 29.2.9.)

R  = ohmic résistance of the circuit 
L  = inductance of the circuit 
C = capacitance of the circuit.

12.3.3. The thermal motion of the électrons within the conductors 
is accompanied by transfer of a charge and the occurrence in the 
circuit of a fluctuation electromotive force and a fluctuation current 
which vary randomly in both magnitude and direction. The 
fluctuation emf is determined by the Nyquist formula:

(AI)2 = -°-

S*(v) = 4 kTR(v)
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where ê(v) = fluctuation emf referred to an elementary fre- 
quency band 

i?(v) = corresponding résistance.
As a rule, the shot effect leads to greater current fluctuations than 
those due to the thermal motion of électrons. If, however, the 
shot effect is reduced, the current fluctuations associated with 
the thermal motion of électrons become the major factor and 
limit the sensitivity of radio receivers (thermal noise).

12,14. The Brownian Motion
12.14.1. The Brownian motion is the continuous haphazard zigzag 
motion of small particles suspended in a liquid or gas. Brownian 
motion continues indefinitely without any apparent changes. 
The intensivity of motion of the Brownian particles dépends 
on their size, but not on their nature ; it increases with the tempéra
ture and with a réduction of the viscosity of the fluid in which 
they are suspended. Though not essentially a molecular motion, 
the Brownian motion serves as a direct proof of the existence of 
molécules and the chaotic character of their thermal motion.
12.14.2. The Brownian motion is caused by the fluctuations in 
pressure applied to the surface of minute particles by the molécules 
of the surrounding medium. The forces constituting this pressure 
vary in magnitude and direction, thereby producing the random 
motion of the particles.
12.14.3. The probability w(r, t) dr that a Brownian particle, 
located at the initial instant of time t = 0 in an isotropie medium 
at the origin of the coordinates, will be at a distance between r and 
r-f dr at the instant of time t is

w(ry t) dr = — e âDl r2 dr 
2 ŸnDH3

The mean square distance r2, over which the particle is displaced 
during the time tf is expressed by Einstein's équation:

r2 = 6 Dt

where D is the diffusion coefficient of the particle.
For a spherical particle of radius a
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where T  = température of the medium 

t) = viscosity of the medium.
The following relationship exists between the diffusion coefficient
Z) of a Brownian particle and its mobility u = y , where f is the
constant external force acting on the particle and v is the veloc- 
ity of the particle:

D = kTu

12.14.4. In addition to Brownian translatory motion, there is also 
Brownian rotary motion. For a spherical particle, the displa
cement is characterizeÜ by the angle of rotation 0 (Éuler’s angle, 
see 1.4.6.) during the time t. The mean square of sin 0 is expressed 
by the relation

sin2 0 = |  (1 — e~r,I)t) 

where D = 6kT9 is the coefficient of rotational diffusion. For
»7i rjaa

short intervals of time, the mean square of 0 is expressed by a 
formula that resembles the Einstein équation for translatory 
motion :

fl2 = 4 Dt

For long interval of time

sin2 0 =

This corresponds to equal probability of ail orientations of the 
sphere.



CHAPTER 13

Real Gases and Vapours

13.1. Equations of State of Real Gases
13.1.1. A real gas is one between whose molécules appréciable 
forces of interaction exist (see 13.2.1.). A vapour is a real gas in 
States near to those in which it condenses into a liquid. Various 
équations of State, difTering from the Mendeleev-Clapeyron équa
tion (see 8.1.3.), are used to describe the properties of real gases.
13.1.2. The van der Waals équation of state for a real gas is

where V0 = VM = volume of one mole of the gas
— = internai pressure due to the forces of attraction 
*0

between molécules 
b = correction for the intrinsic volume of the molécules, 

which takes into account the répulsive forces be
tween the molécules and equals four times the volume 
of the molécules in one mole of the gas.

b = N  A -§- «P

where N A = Avogadro’s number
d = diameter of the molécule.

The quantity a equals

a = -  2nWA J  Ep{r)r- dr
d
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13. Real Gases and Vapours
where EJr) is tho potential energy of attraction of two molécules 
(Ep < Of.
Quantities a  and b are related to the variables of the critical State 
of the gas, p ct V0e and Te (see 13.4.4.), as follows:

13.1.3. Making use of the dimensionless variables

called rc d u c e d  S ta te  v a r ia b le s , the van der Waals équation can be 
rewritten in the form of the re d u c e d  é q u a tio n  o f  S ta te :

which contains no constants peculiar to any one substance.
Two substances whose states are represented by the same values 
of two reduced variables are said to be in c o r r e s p o n d in g  s ta te s  
( th e o r e m  o f  c o r r e s p o n d in g  s ta te s ) .
13.1.4. The Berthélot é q u a tio n  o f  S ta te  is

in wliich the constants a  and b are related to the variables of the 
critical state, pc, V0c and T e (see 13.4.4.) as follows:

where B u B 2l etc. are so-called virial coefficients of very complex 
lorin. Taken into account in their calculation are the molecular 
associations which are the joining of molécules of the gas into 
groups (complexes) under the influence of the van der Waals 
forces of attraction (see 13.2.1.).
13.1.6. Mayer's équation of state is

(w + -^-) (3?> —1) = 8t

13.1.5. The Vukalovich-Novikov équation of state is

p V n = R T \ i -  £
L »»>

m PmN’S
]i m + 1 VJ*
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where
fi» = m T v / / • • • /  £  n  h  dz' dT* ■■■ rfT»+»

BPU

fi, = * tT' ~ i
drt = dqn . . .  dqln

Evij = mutual potential energy of the i-th and j-th 
molécules which interact according to the law 
of central forces so that Eptj dépends upon the 
distance between these molécules 

</in • • - , qm = generalized coordinates of the Z-th molécule which 
has n degrees of freedom.

The integrand in the formula for contains the sum of the 
products fij for ail possible combinations’of interactions in a 
group of m + \ molécules. Ail products containing at least two 
like functions fi} are summed up.

13.2. Inter molecular Forces in Gases
13.2.1. Forces of intermolecular attraction and repulsion, which 
are of an electromagnetic and quantum nature, exist between the 
molécules of any gas. Attractive forces, manifested at distances 
r between the centres of the molécules of the order of 10~7 cm, 
are called van der Waals forces. They are the reason for the 
correction of the internai pressure in van der Waals’ équation of
state (see 13.1.2.), and decrease with distance: f  ~ -7. This com-
plies with the potential energy which varies according to the law
Ep ~ — . Distinction is made between three types of van der
Waals’ forces.
(a) Orientational forces between two molécules having constant 
dipole moments pe (see 20.2.7.) tend to arrange the molécules in 
order so that the dipole moment vectors are oriented along a single 
straight line. This is opposed by the thermal motion of the molé
cules. At high températures the potential energy E0 of orientation
al interaction is

E 0 Pe J  
24nhlhT r8

(in SI units)

where k = Boltzinunn’s constant 
T  = absolute température 
t'o = permittivity of free space (see. 20.1.3.).
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13. R eal Gases and Vapours

(b) Induction forces develop between molécules having high polar- 
izability. If the molécules are packed sufficiently close to each 
other, then, under the action of the electric field of one of them, 
an induced dipole moment pa = *yiE is developcd in the other 
molécule. Here, a is the polarizability of the molécule and E is 
the electric field of the first molécule. The potential energy Ej of 
inductive interaction is independent of température. Thus

api _1_ 
8n*eî r6

(in SI units)

(c) Dispersion forces develop as a resuit of the excitation of vibra
tion of the électrons in the molécule (or atom) under the influence 
of the vibration of the électrons in another molécule (or atom). 
The électrons in adjacent molécules vibra te in phase with one 
another and this leads to attraction between the two molécules 
(or atoms). The magnitude of the dispersion forces is determined 
by the zéro-point energy (see 12.9.6.) of the molécules (or atoms), 
if their vibrations can be regarded as the vibrations of linear 
harmonie oscillators (see 6.1.10.). With this assumption, the 
potential energy ED of dispersion interaction is

e*/n’o 1 
32n2e*a2 r6

(in Si units)

Planck’s constant 
charge of the électron
frequency of vibration of the atom regarded as 
an oscillator
coefficient of elasticity (see 5.3.3.).

The total potential energy Ep of the van der Waals forces is 
Ep = E 0 + Ei + E d

wliere h =
e =

a =

The orientational forces of attraction are of major importance for 
polar molécules (see 20.7.2.); the dispersion forces are the more 
prominent for ail other molécules. The energy of van der Waals 
attraction cornes to about 0.1 to 1 kcal per mole. In most cases, 
the van der Waals forces of attraction are exceeded by the sub- 
stantially greater Chemical valence forces of attraction having 
énergies in the order of 10 to 100 kcal per mole.
According to a simplified model of the van der Waals forces, the 
molécules of the gas -  absolu tely clastic sphères-are attractcd 
with the forces tliat reach their maximum value when the sphères
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II.Thermodynanties and Molecular Physics
corne into contact. Répulsive forces, manifested at shorter dis
tances, are replaced by an infinitely large elastic force which is 
developed upon contact of the spheres. In this model, the inter
nai pressure in the gas reaches its maximum value at a distance 
r between the molécules equal to their diameter.
13.2.2. Molecular interaction at small distances cannot be ex- 
pressed by a power law and is of a complex nature. At distances 
between the centres of the molécules r 10“8 cm, a quantum 

exchange interaction develops between 
neutral atoms. This leads either to strong 
attraction (chemical bonds, see 46.1.1.) or 
to the development of considérable répul
sive forces.
13.2.3. The répulsive forces decrease with 
an increase in the distance between the 
centres of the molécules according to the
law frep oc -  , where n ^  9, i. e. at a con-
siderably higher rate than the forces of 
attraction. The curves in Fig. 13.1 show 
the dependence of the various forces on 
the intermolecular distance r. Curve 1 rep- 
resents the forces of attraction; curve 2, 

the répulsive forces and curve 3, the résultant forces of interac
tion. The région of space in which the forces of interaction bet
ween a given molécule and other particles are essentially mani
fested is called its sphere of molecular action.

13.3. Throttling of Gases. The Joule-Thomson Effect
13.3.1. The throttling of a gas is a réduction of its pressure as it 
passes adiabatically through a narrow opening or a porous plug. 
The throttling process is irréversible; it is accompanied by an 
increase ofentropy (see 10.5.1.). The enthalpy (see 9.1.6.) of the 
gas is the same in its initial and final States in throttling.
13.3.2. The change in the température of the gas in throttling is 
known as the Joule-Thomson effect. The difïerential Joule- 
Thomson effect is described by the équation

and is observed wlien there is a sufficiently small drop (dilîerential) 
in pressure from p  to p-\-dp. Distinction is made between:
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13. Real Gascs and Vapours
the négative Joule-Thomson effect

and dT  > 0;

and the positive Joule-Thomson effect

r (w ’)p ~ F > 0  and dT ^  0

If t (—  ) — V = Ô, then dT  = 0, i. e. the Joule-Thomson offert.
is absent. This effect is never observed in an idéal gas.
The température at which the sign of the Joule-Thomson effect 
changes for a given gas is called the inversion température T în„. 
It is determined by the équation

13.3.3. The intégral Joule-Thomson effect is observed with a 
finite pressure drop in the throttle. Its équation is

AT  = - AEp
C p

A ( p V )

where AEP is the change in the 
potential energy of interaction 
between the molécules of the gas.

13.4. Isotherms of Real 
Gases. Vapours. Critical 
State of Substances

13.4.1. An isotherm of a real gas 
is a çurve showing the depen- 
dence of its molar volume on the 
pressure in an isothermal proçess.
Shown in Fig. 13.2 are experi
mental isotherms of gaseous car
bon dioxide (Tx < T  < T 2 <
< < T 3 < T4).
13.4.2. At T  < Tc any isotherm is a curve representing a contin- 
uous transition of the substance from the gaseous to the liquid 
state. At T  >  T„ the substance is in the gaseous state. Point 
S represents superheated vapour. Compression brings this vapour 
lo point D — the state of dry saturated vapour — which is in thermo-
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dynamical equilibrium (see 10.9.8.) with the liquid. The pressure 
pM of the dry saturated vapour dépends only upon the tempéra
ture and the Chemical nature of the vapour, increasing with tem
pérature. The température of superheated vapour is higher than 
that of saturated vapour at the same pressure. The différence in 
températures of these vapours is called the superheai of the vapour. 
Compression of dry saturated vapour changes it into wet saturated 
vapour, a two-phase state of the substance, being a mixture of 
boiling liquid and dry saturated vapour. The quantity of dry 
saturated vapour per kilogram of wet saturated vapour is called 
the dryness of the vapour. The quantity of liquid per kilogram of 
wet saturated vapour is called the moisture content of the vapour. 
Compression of wet saturated vapour brings it into the liquid 
state. Point B represents the state of a boiling liquid.
13.4.3. The transition of a substance from the gaseous to the 
liquid state is called condensation of the vapour. The amount of 
vapour that condenses in one second on 1 cm2 of the liquid surface 
equals

M  = 4.374X10~bp  | f  —r (in g-cm-2-sec-1)

where p = vapour pressure in dynes per cm2 
p. = molecular weight of the substance 
T  = absolute température.

ïn the case of pure vapours, having no contact with either the 
liquid phase or absorption-active substances (see 15.6.2.), a 
condition for the condensation of even super-saturated vapour 
(of a pressure p > p M) is the presence of condensation centres 
(gas ions, dust particles, etc.). If no condensation centres are 
available, vapour condensation begins at spots of higher density 
in the substance. These spots are like fluctuations in density 
(see 12.11.4.).
13.4.4. At the critical température (T = Te), the différence in 
the molar volumes of the dry saturated vapour and the liquid 
becomes equal to zéro. The horizontal portion of the isotherm 
becomes the inflection point C (critical point), at which

The values of pressure pe, molar volume V0c and température 
Te at the critical point are called the critical variables o f the gas. 
As T T„ the différence between the liquid and gaseous phases 
of the substance disappears, the spécifie heat of vaporization 
becomes zéro, as does the surface tension. Near the critical point,
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critical opalescence is observed. This is extensive scattering of 
light in a substance due to its optical inhomogeneity resulting 
from fluctuations in density and an increase in compressibility 
(see also 40.4.6.).
13.4.5. The isotherms of real gases, 
plotted according to the van der r  
Waals équation (see 13.1.2.), exhibit 
a minimum and a maximum in the 
région of wet saturated vapour with 
a rising segment between them (por
tion BDEFG  in Fig. 13.3). This por
tion of the isotherm is eut by a ho
rizontal straight line BGy corres- 
ponding to the normal process of 
phase transition, into two hatched 
surfaces of equal area (Maxwell's 
equal area rule). The metastable States 
of the substance (see 10.9.9.), repre- 
sented by points on segment BD of 
the curve, are known as the super- 
heated liquid. The segment GF of the 
isotherm corresponds to supersaturated vapour. It is practically 
impossible to obtain States corresponding to points on segment 
FED.

13.5. Gas Liquéfaction
13.5.1. The liquéfaction of gases, i. e. their conversion into the 
liquid state, is accomplished by cooling them below the boiling 
point (see 14.4.3.) atagiven pressure. This can be done by reducing 
their volume only if the gas température is below the critical 
value. Gases with a critical température over 223°K (chlorine, 
ammonia, etc.) are liquefled by compressing them in a compressor 
followed by condensation in a heat exchanger.
13.5.2. In cascade liquéfaction, ammonia (Tc = 405.5°K) is 
liquefied by isothermal compression and boils as the pressure is 
reduced. The boiling heat is removed from another gas whicli 
complies with the condition :

405.5°K > T e > T'
where T' — boiling point of ammonia

Te = critical température of the second gas.
This cools the second gas to a température below its T r and it is 
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then liquofied by isothermal compression. In ihe third and follow- 
ing cascades, oxygcn, nitrogen, hydrogen (fifth cascade) and 
hélium (sixth cascade) can be liquefied by this method.
13.5.3. The commercial method of gas liquéfaction is based on the 
application of the positive Joule-Thomson effect (see 13.3.2.). 
The process consists in cooling a highly compressed gas to room 
température. Then it is throttled ad>iabatically several times and 
cooled until liquéfaction begins.
13.5.4. The most advanced and efficient refrigerating machines 
are expanders, or expansion engines> of the reciprocating or 
turbine types. In these devices a compressed gas expands adia- 
batically either in a cylinder with a piston or in a turbine. The 
gas is cooled and liquefied by the work done in expansion.



CHAPTER 14

Liquids

14.1. General Properties and Structure 
of Liquids

14.1.1. Liquids are bodies which hâve a definite volume but do 
not hâve elasticity ofform (absence of a shear modulus, see 15.7.12.). 
Liquids are distinguished for their strong molecular interaction 
and, as a conséquence, low compressibility. The low compressi- 
bility of liquids is explained by the fact that a small réduction in 
the already small intermolecular distances leads to the appearance 
of large intermolecular forces of repulsion. The compressibility 
(see 10.7.3.) of liquids varies in a range from 2X10-6 to 2x 
X 10~4 atm-1.
14.1.2. Ordinary liquids are isotropie. Exceptions are liquid 
crystals whose anisotropy in respect to certain physical properties 
is associated with the prédominance of definitely oriented molé
cules in various microvolumes of the crystals.
14.1.3. Short-range order is observed in liquids. This is the ordered 
relative arrangement (or mutual orientation in liquid crystals) 
of neighbouring particles of the liquid within small volumes. 
The structure of a liquid and its physical properties are described 
hy a set of distribution functions concerning groups of its particles. 
< >f greatest significance is the radial distribution function G(r). 
The number of particles in a spherical layer of thickness dr and 
al a distance r from the arbitrarily chosen (central) particle is

dN  = tk7tn0G(r)r2 dr

wliere n{) = y  is the average concentration of the particles.
The radial distribution function is determined from the data
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obtained in X-ray structure analysis, and in électron and neutron 
diffraction studies (see 37.5.6.).
With the assumption that the interaction between molécules is 
of a pairwise nature and is accomplished by central forces having 
a potential U(r), the following équation of state may be derived 
for simple liquids consisting of spherical symmetric molécules:

.PL -  i _  _2ü_ 7 ÿ M  G(r)r3 dr
k T  ~  3v k T  J [dr U [rJ ro

where p  = pressure
v = average volume per particle of liquid 
k = Boltzmann’s constant 
T  = absolu te température.

The average energy E  per particle is
oo

Ê = ^ k T + —  J  U(r)G(r)r*dr 
0

The explicit form of thefunction p  = p(v, T) is determined by 
the form of the functions U(r) and G(r) which may be found by a 
number of theoretical methods.
14.1.4. The molécules of a liquid execute thermal vibrations 
about an equilibrium position with an average frequency — ,

To
near to the vibrational frequencies of atoms in crystals, and an 
amplitude determined by the “free volume” made available to 
the molécule by its neighbours. Upon the elapse of the time 
r »  r0, these positions of equilibrium are displaced by a distance 
of the^order of 1 0 “ 8 cm. The average time f  (with respect to a 
large number of molécules) is called the relaxation time. It is a 
characteristic time and is related to the displacement of particles 
of the liquid at a distance ô whose order of magnitude is equal 
to the average distance between adjacent molécules:

3 3 ___
ô ~ r no r N a q

where ji = molecular weight
q = density of the liquid 

N A = Avogadro’s number.
Kur waler ô ~ 3xiO "K cm.
These displacements are not of a continuous nature, but in the
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14. Liquids
form of activated jumps that overcome a potential barrier of 
height E (activation energy). The energy E  results from the bonds 
between the molécule and the adjacent particles. The length of 
time f, the “settled-life time” of the molécule in a temporary 
equilibrium position, is reduced with a rise in température accord- 
ing to the law

E
r oc e*T

where k is Boltzmann’s constant.
The time r  détermines the average velocity v of thermal motion 
of molécules in a liquid. Thus

6

14.1.5. This concept of the character of the thermal motion of the 
molécules of a liquid (see 14.1.4.) explains the principal property 
of liquids—their fluidity. The action of a constant external force 
F on a liquid leads to a preferred direction of the jumps of the 
particles of liquid along the direction of this action. The resuit is 
a stream of particles flowing in the direction of force action, i. e.

1 ^fluidity. A measure of the fluidity of a liquid is — , where rj is the
viscosity. If the external force F  is variable, but its period T  »  f , 
a flow of particles is initiated and fluidity of the liquid is manifested 
as before. If, however, T  «  f, the mechanism of fluidity does not 
hâve the chance to manifest itself and the liquid is subject to 
plastic deformation, not only of the tension-compression type, 
but also shear deformation (see 15.7.12.). The latter is due to the 
l.angential stresses in the liquid.
14.1.6. Many facts are witness to the resemblance between liquids 
and solids. X-ray structure analysis (see 37.5.6.) indicates that 
the arrangement of particles in liquids at températures near to 
Mie crystallization point is not chaotic. X-ray photographs of 
liquids at low températures resemble those of polycrystalline 
solid bodies. A liquid can be regarded as a body consisting of a 
very large number of nonoriented crystalline particles of sub- 
microscopic size (cybotaxic régions). Within the limits of each of 
such régions, a sufficiently regular relative arrangement of the 
particles is maintained.
I 4.1.7. Many physical properties of liquids differ only slightly 
from those of solids. Thus, crystalline bodies hâve a slight fluidity 
whioh is manifested in their plastic deformation. In melting solid
bodies, the relative increase in volume is quite small ( ~ 1 0  per cent). 
Ilance, the distances between the particles of the liquid that is
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obtained are almost the same as those in the solid, and the arran
gement of particles in the liquid retains some resemblance to that 
in the solid. A comparison of the heats of fusion and vaporization 
shows that the latter is from 30 to 40 times the former. This is 
also evidence of the small change in the distance between the 
particles of the substance in ils transition from the crystalline to 
the liquid state. The heat capacity of bodies remains almost 
unchanged when they are melted.
14.1.8. Liquids are divided into two classes: nonassociated and 
associated. The former hâve low values of the relative electric 
permittivity K e (see 20.1.5.), independent of the température, and 
the dipole moments of their molécules (see 20.7.4.) equal zéro 
(hexane, benzol, etc.). Associated liquids hâve stronger polarity, 
their molécules hâve p0 ?± 0 and K e dépends on the température 
(water, alcohols, etc.). In associated liquids, complexes consisting 
of a considérable nurnber of molécules are formed. The value of 
Ke for liquids varies from 2  (nonpolar hydrocarbons) to 81 (water).
14.1.9. In cases when the spatial hoinogeneity of density, tempéra
ture or velocity of ordered motion is impaired in liquids, trans
port phenomena (see 11.4.2.) occur. These phenomena obey the 
same difTerential équations as the corresponding phenomena in 
gases. The expressions for the transport coefficients of gases are, 
however, not applicable to liquids.
At high températures, near to the critical value (see 13.4.4.), 
the occurrence of internai friction in liquids is associated with 
the transport of momenta by the molécules. At températures near 
to the fusion point (solidification point), the momentum of a 
single molécule varies in accordance with the vibrations of the 
particles about their temporary position of equilibrium. At low 
températures, the viscosity of liquids varies according to the law

_£
rj oc TekT

where E  is the activation energy (see 14.1.4.).
The viscosity 77 decreases rapidly with an increase of T; for gases, 
on the contrary, 77 increases proportionally to ŸT. At high press
ures, the viscosity of liquids increases rapidly with the pressure, 
which is associated with an increase in the activation energy and 
the corresponding increase in the relaxation time (see 14.1.4.).
14.1.10. In a chemically homogeneous liquid, the coefficient of 
diffusion D grows sharply with the température according to the 
law

d2 -  —D OC -£=- e *3"

262



14. Liquids
where d = average distance between the molécules in the liquid 

f0 = average period of vibration of the molécules about 
the equilibrium position.

The increase of D with T  can be explained, in the main, by the 
sharp increase in relaxation time f  and a certain increase in d. 
At températures near to the critical value, the coefficients of 
diffusion in liquids take values close to those for gases (see 11.4.10. 
and 11.4.11.).

14.2. Properties of the Surface Layer 
of Liquids

14.2.1. Owing to various interactions between molécules at the 
interface of two contacting phases (a liquid and its saturated 
vapour, two incompletely miscible liquids, a liquid and a solid, 
etc.), a résultant force, applied to 1 cm2 of the surface layer, is 
observed, directed inwardly in one of the phases. In particular, at a 
liquid-vapour interface, this force is directed into the liquid.
14.2.2. To transfer molécules from the bulk of the phase into the 
surface layer, it is necessary to do work which increases the 
surface energy. This créâtes surplus energy of the particles in the 
surface layer in comparison with their energy within the remain- 
ing volume of the phase.
I n order to increase the surface layer of a liquid isothermally at 
the expense of the molécules in its interior, it is necessary to 
perform work that increases the free surface energy of the liquid. 
Thus

A  = ( F ^ F j N
where Fs — F v = average différence between the free energy 

at the surface Fa and in the interior volume 
F v (per molécule)

N  = number of molécules in the surface layer of 
the liquid.

14.2.3. The work done in the formation of 1 cm* of surface (spéci
fie free surface energy) is called the surface tension a of the given 
liquid at the houndary with the other phase. Thus

<T =  A  = (F ^ rp -y )  f  =  ( C T n ,

where nt = ~  is the number of molécules per cm2 of the surface 
layer.
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The surface tension can also be expressed by the formula

where AF  = change in the free surface energy
AS = change in the area of the surface layer.

At the boundary between a liquid and its vapour and at room 
températures, a varies in a range from 15 ergs per cm2 (hydro- 
carbons) to 2000 ergs per cm2 (molten metals). As the température 
increases and nears the critical value (see 13.4.4.) the différence 
between the liquid and its saturated vapour vanishes. Near the 
critical température, as T  -► Te, a -+■ 0. Farther away from Tcy 
the value of a decreases linearly with an increase in température. 
The surface tension can be reduced by adding surface-active 
substances (soaps and fatty acids) which are adsorbed on the 
interfaces and reduce the free surface energy (see 15.6.2.).
14.2.4. If the surface of a liquid is confined by a wetted perimeter 
(see 14.3.1.), the value of a equals the force acting on unit length 
of this perimeter and directed tangent to the free surface of the 
liquid.
14.2.5. A condition of stable equilibrium for a liquid is its minimum 
free surface energy. In the absence of external forces, a liquid has 
the minimum possible surface area (for the given volume) and 
assumes the form of a sphere.

14.3. Wetting. Capillary Phenomena
14.8.1. At the
liquid, 2—gas

i
(4

boundary of contact between three phases (1— 
and 3—solid), a phenomenon called wetting is 

observed (Fig. 14.1). The free sur
face of the liquid near the solid 
surface is curved and is called the 
meniscus. The line along which 
the meniscus contacts the solid 
body is called the wetted perime
ter. The phenomenon of wetting 
is characterized by the wetting, or 
contact, angle 6 between the wet
ted surface of the solid and the 
meniscus at their point of contact 
(wetted perimeter).

F I G . 14.1 14.8.2. A measure of wetting is
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14. Liquide
cos B, determined from the équation 

cos B = Oit
where aik are the surface tension values at the three interfaces.
If <r23 > <r13, then B < ^  ,i.e. the liquid has a concave meniscus
and wets the solid (Fig. 14.1a). In this case, the surface of the 
solid is said to be hydrophilic (carbonates, silicates, sulphates, 
quartz, etc.).
If ° 2 3  < ^13» then B > , the liquid has a convex meniscus and
does not wet the solid (Fig. 14.16). The surface of the solid, in 
this case, is said to be hydrophobie (pure metals, sulphides, gra
phite, etc.). If cr2a- a 13 cr12, then B -► 0, i. e. the meniscus is 
tangent to the surface of the solid (idéal wetting). The intermolec- 
ular forces, acting in this case on a particle of the surface layer, 
are fully compensated and the free surface energy of this layer
has its minimum value. If, finally, o23 -► a13, then B -► — and the
liquid has a fiat free surface. This case is known as the absence of 
wetting and nonwetting.
14.3.3. The curved shape of the surface layer leads to the devel
opment of additional pressure on the liquid. This pressure dépends 
upon the surface tension a and the curvature of the surface. 
According to Laplace's law, for an average curvature of

determined by the principal radii of curvature R t and i?2, the 
pressure under the curved surface of the liquid equals

where p 0̂  is the pressure when the surface of the liquid is fiat. 
The additional pressure, which dépends upon the curvature, is

p**  = ff(^7+ ^ r ) = 2aH
If the meniscus is convex, p R„ > 0; if it is concave, p RM < 0.
I f the meniscus is of cylindrical form, then R x = R, R 2 = oo 
and

P R M  =
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In the case of a spherical surface, R l = R 2 = R> and

_  2a  P RM —
The additional pressure within a bubble of radius R  is due to the 
two surfaces of the spherical film. Thus

_ ^a P RM —
14.3.4. In narrow cylindrical vessels (capillary tubes) of radius r, 
the level of a wetting (nonwetting) liquid is higher (lower) than 
the level in a larger vessel, into which the capillary tube is placed 
vertically, by the amount

h =  ̂°rpgS 9 (Jurin's rule)

where q = density of the liquid
g = accélération due to gravity 
0 = wetting, or contact, angle.

If the liquid is in a narrow slit of constant width <5 between two 
parallel plates, the meniscus of the liquid will be a cylindrical
surface of radius — and the level in the slit will be above (for a
wetting liquid) or below (for a nonwetting liquid) the general 
level of the vessel, in which the plates are immersed, by the 
amount

, 2 a COS 0h = —-----àQg
14.3.5. The pressure of the saturated vapour (see 13.4.2.) above 
the curved surface of a liquid dépends upon the form of the 
meniscus. In the case of a concave (convex) surface, it is less 
(greater) than above a fiat surface by the amount

Apa = tî~ep*M 
where q = density of the saturated vapour 

Px = density of the liquid 
P r m  = additional pressure due to the curved surface.

14.4. Vaporization and Boiling of Liquids
14.4.1. Vaporization, or évaporation, is the process of vapour 
formation at the free surface of a liquid. It takes place at any 
température and increascs as the température is raised. Vapor-
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H. Liquids
ization, from the molecular standpoint, means the flying off of 
molécules from the surface layer of the liquid. The molécules 
possessing the highest velocities and kinetic energy are the first 
to fly off, hence the remaining liquid is cooled as a resuit of vapor- 
ization. The rate of vaporization w,i.e.the amount of liquid trans- 
formed into vapour per second, dépends upon the external pressure 
and the motion of the gaseous phase above the free surface of the 
liquid. Thus

CS , ,
“ = Pôip’ - p)

where C = constant
S  = area of the free surface of the liquid 

p v = pressure of saturated vapour
p  = pressure of the vapour above the free surface of the 

liquid being vaporized 
p 0 = external barometric pressure.

14.4.2. Boiling is the process of intense vaporization of a liquid, 
not only from its free surface, but throughout the whole volume 
of the liquid within the bubbles of vapour that are produced in 
the process. The pressure p within a bubble of vapour is found 
by the formula

P = Po+ Qgh+pBM

where p 0 
Qgh

Pbm

h

Q
a

external pressure
hydrostatic pressure of the overlying layers of 
the liquid
2-  = additional pressure associated with the cur- 
vature
radius of the bubble of vapour
distance from the centre of the bubble to the
surface
density of the liquid 
surface tension of the liquid.

14.4.3. The boiling of a liquid begins at a température at which

P,^P»+Qgh + ~-
where p v is the pressure of saturated vapour within the bubble and 
the other quantities hâve the same notation as in the preceding 
paragraph.
At small radii r, the pressure p v is quite high and the liquid boils 
at comparatively high températures. Tf the liquid contains centres
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of vaporization (dust particles, bubbles of dissolved gases and 
vapour, etc.), thon p RM «  p Qy as a rule, and boiling starts at lower 
températures. If Qgh «  p 0l then the approximate condition for 
boiling is

P v^P o
The température of a liquid at which the pressure of its saturated 
vapour is equal to the external pressure is called the boiling point.
14.4.4. If a liquid boils at a constant pressure p0, its température 
remains constant. Heat transferred to the liquid is expended only 
in vaporization. The heat rb, required to vaporize a unit mass of 
liquid heated to its boiling point, is called the heat of vaporization 
(latent heat of boiling).
The change in the internai energy of a liquid, as a unit of its 
mass is transformed into vapour at the boiling point, is called 
the internai heat of vaporization. bThe heat of vaporization de- 
creases as the boiling point is raised and becomes zéro at the crit- 
ical température (see 13.4.4.).
14.4.6. The boiling of liquids and the condensation of vapours are 
examples of first-order phase transitions (see 10.9.11.). The heats 
of phase transitions for the vaporization and fusion processes (see
15.5.1.) are determined by the Glapeyron-Glausius équation (see

10.9.13.). For the boiling of liquids it takes 
p c  the form

rt = (i>, -v,)T  -jjjr

where vt and v9 are the spécifie volumes of 
the liquid and vapour at the boiling point 
T. The dependence of the boiling point on 
the pressure is expressed by the équation

F I G . 1 4 . 2  A T.  —  vv~Vl J »
dp rb

dTSince v9 >  vt and rb > 0, then > 0. A phase equilibrium curve
of the vaporization process is shown in Fig. 14.2. It ends at the 
critical point C. The boiling point increases with pressure.

14.5. Properties of Dilate Solutions
14.6.1. A dilate solution is a mixture of several substances in which 
one is prédominant and the others are small admixtures. The 
principal substance is called the solvent and the others, solutés.
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14. Liquids
A solution inay be solid (solid solutions), liquid (true aqucous and 
nonaqueous solutions), or gaseous (gaseous mixtures).
If the soluté can be divided into separate molécules (molecularly 
dispersed substance), a true molecular solution is obtained. In a 
true ionic solution, the soluté is dissociated into ions. There are 
also colloidal solutions which are particles of a substance suspended 
in a solvent.
14.5.2. The amount of the soluté is specified by its concentration 
(see 8.2.1.).
Solutions in which the molécules of the soluté are completelv 
dissociated into ions in strongly associated solvents are called 
solutions of strong clectrolytes. The ions that are formed internet 
witli the molécules of the solvent (hydration phenomena) .
14.5.3. Ghaotic motion of the soluté molécules, similar to that of 
gas molécules, is observed in dilute solutions. Nevertheless, 
neither Maxwell’s law of the distribution of molecular velocities 
(see 11.2.1.) nor the law of free path distribution (see 11.3.2.) 
nor other gas kinetic laws are valid for the soluté molécules.
14.5.4. The experimental method of studying the properties of 
true solutions consists in observing osmotic phenomena -  the 
pénétration of the solvent into the solution through a porous 
partition (membrane) which is imperméable to the soluté and 
séparâtes the solution from the pure liquid. Exchange of the 
molécules of the solvent on the two sides of the membrane takes 
place through it. As a resuit of prédominant motion of the solvent 
molécules toward the solution, equilibrium in the solvent- 
membrane-solution System is maintained by osmotic pressure 
developed by the soluté in the solution. The osmotic pressure 
polm is calculated by the van't Hoff law:

Potm = R T

where n = number of moles of the soluté in volume V of the 
solution 

R  = universal gas constant 
T  = absolute température.

Because of the similarity between the van’t Hofï and Clapeyron- 
Mendeleev équations (see 8.1.3.) the osmotic pressure is sometimes 
erroneously interpreted as the resuit of the impacts of molécules 
of the solution on the walls of the vessel.
14.5.5. The equilibrium concentration of the dilute solution, 
obtained in dissolving a gas in a liquid or solid, is proportional 
to the gas pressure and independent of the nature of the gas and 
of the condensed phase (Henry9s vapour pressure law). This
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s ta te m c n t  is v a lid  o n ly  in th e  a b sen ce  o f  chemisorption (ch em ica l 
a d so rp tio n )— C hem ical in te ra c tio n  b e tw e en  th e  g a s  a n d  th e  so lid  
s o lv e n t  (see 15.G.2.).
14.5.6. The pressure of a saturated vapour above a dilute solution 
is less than that above a pure liquid. The relative réduction in 
vapour pressure is proportional to the concentration of the solution 
and does not dépend upon the Chemical nature of the soluté 
(Raoul?s law).
14.5.7. The introduction of molécules of the soluté in the solvent 
raises the boïling point and reduces the solidification point of the 
solution by an amount proportional to the concentration of the 
solution and independent of the Chemical nature of the soluté 
(Raoul?s law).
The crystallization of solutions is dealt vvith in 15.5.9.

14.6. Superfluidity of Hélium
14.6.1. A complex of spécial properties are observed in hélium 
at extremely low températures :
(a) there is no triple point (see 15.5.11.);
(b) at pressures p  < 24 atm, hélium will not crystallize even 
when it is cooled to however low températures;
(c) the isotope He4 (see 47.1.3.) has the following critical variables
(see 13.4.4.): Te = 5.19°K and p e = 2.26 atm. At standard
pressure, He4 is liquefied at T = 4.2°K and the density of the 
liquid hélium is anomalously low.
14.6.2. As the température is lowered to T  = 2.2°K and at 
standard pressure, a A-transition, which is a second-order phase 
transition (see 10.9.11.), occurs in He4: liquid He I  undergoes a 
transition to He II . As the pressure is increased, the A-transition 
température is reduced.
14.6.3. Superfluidity, a phenomenon observed in liquid He II, 
is the practically complété absence of viscosity (see 11.4.4.) as 
it flows through very narrow capillary tubes (of a radius r ^  10“5 
cm). The coefficient of viscosity in this case will be less than 
10~n poise.
14.6.4. According to the two-fluid theory, liquid hélium of mass m 
at T  < 2.2°K is a mixture of two components which are com- 
pletely interpenetrating without friction: the normal modification 
(of mass 'mn) and the superfluid modification (of mass m, = 
= m - m H). This corresponds to the two types of motions that 
exist simultaneously in He II. The first of these motions 
corresponds to the flow of a liquid in which thermal motion has 
been excited. This motion is regarded as the totality of “infini-
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tesimal thermal excitations” with energies of hvu where h is 
Planck’s constant and v{ is the frequency of the phonons (see
15.3.7.) corresponding to these excitations. This flow is said to be 
normal; it is similar to the motion of an ordinary viscous liquid. 
The store of internai energy of He II and its internai friction 
(viscosity) is associated with this first type of motion. The second 
type of motion corresponds to the flow of a liquid in which there 
is no thermal excitation, store of internai energy nor viscosity. 
From a detailed investigation of the mechanism for the develop
ment of “infinitésimal thermal excitations” in Ile II, based on the 
laws of the conservation of energy and momentum, it follows that 
states of Ile II can exist in which no infinitésimal excitations are 
developed. In these states, the particles of He II form an aggre- 
gate (condensate) of strongly interacting particles. This state 
corresponds to the superfluid part of He II.
At T = 0, there are no “infinitésimal excitations” and ail of the 
Ile II is superfluid. The percentage of the normal part of He II 
increases with a rise in the température T. At T = 2 .2°K, there 
is a continuous transition of He II to He I (first-order transition, 
see 10.9.11.).
14.6.5. An anomalously high thermal conductivity is observed 
in He II. It is hundreds of times higher than that of metals at 
room températures. For this reason, no apparent température 
drop is found in He II; it cannot boil, but only evaporates from 
the free surface. The high thermal conductivity of He II is due 
lo the intensive convection currents which are generated in 
nonuniformly heated liquid hélium when the percentage of its 
normal component increases near to the heater. At a steady-state 
thermal conduction (see 15.3.2.), two motions in opposite direc
tions exist simultaneously in He II. The normal motion is from 
the heater to the refrigerator; the superfluid motion is from the 
refrigerator to the heater. Energy is transported in the form of 
lieat by the normal motion. The superfluid motion from the 
refrigerator to the heater delivers new portions of liquid capable 
of taking part in the normal motion. There is no macroscopie mass 
transfer in these motions since they compensate each other.
14.6.6. As He II flows through a narrow capillary tube between 
two vessels, the température of the vessel from which (to which) 
it flows rises (drops). This phenomenon, called the mechanocaloric 
effect, is due to the fact that the superfluidic component of He II 
llowing out of the vessel possesses no internai energy and, conse- 
quently, carries none away. For this reason, the spécifie internai 
energy and the corresponding température of the liquid rcmain- 
ing in the vessel are raised,



CH APTE II 15

Crystalline Solids

15.1. General Properties and Structure 
of Solids

15.1.1. A solid body, or simply solid, is one distinguished for ils 
constancy of form and volume. Solids are classed as crystalline 
and amorphous.
15.1.2. Crystals are solids which hâve a regular periodic arrange
ment in their component particles (long-range order and a crystal 
lattice). Crystals are bounded by fiat faces, orderly arranged in 
reference to one another, which converge at the edges and ver- 
tices. At températures below that of crystallization (see 15.5.5.), 
the crystalline state is the stable one for ail solids.
Monocrystals (single crystals) are regular polyhedrons whoso 
shape dépends upon their Chemical composition. Most solids are 
polycrystals and hâve a finely crystalline structure, i. e. they are 
made up of a great number of small, chaotically arranged crystals 
(crystal grains, or crystallites) that hâve grown together.
15.1.3. Crystals possess symmetry in that any given direction in 
the crystal corresponds to one or more directions which are 
exactly the same with respect to the properties being considered. 
The symmetry of crystals is investigated by means of symmetry 
operations, as a resuit of which the crystal coincides with itself 
in various positions. The simplest of such operations (rotation, 
réélection and translation—parallel displacement) are associated 
with the éléments of symmetry. The simplest éléments of symmetry 
are the axes and planes of symmetry. A group of symmetry opera
tions, consisting commonly of a combination of rotations, reflcc- 
tions and rotations with reflection, is called a symmetry class.
15.1.4. Distinction is made between scalar, vector and tcnsor
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15. Crystalline Solids
physical properties of crystals. Scalar properties (density, heat 
capacity, etc.) are uniquely determined by specifying the magni
tudes of the physical quantities that govern these properties. 
Vector properties (thermal conduction, electric résistance, etc.) are 
determined by specifying the quantities that characterize them 
in three directions which are characteristic for the crystal (along 
the principal coordinate axes of the crystal). Tensor properties are 
determined by specifying their magnitudes in more than three 
directions in the crystal (relative electric permittivity, elastic 
properties, etc.).
15.1.5. In accordance with the nature of the forces of interaction, 
the type of bonds and the kind of particles located at the crystal 
lattice points, distinction is made between the following types of 
solids:
(a) Metals (Na, Fe, etc.). When atoms of the éléments arranged 
at the beginning of each period of Mendeleev’s Periodic Table 
(see 45.6.4.) corne close together, the valence électrons leave their 
atoms and become collectivized, thereby forming an électron gas 
in metals (see 21.2.1.). This provides a uniform distribution of 
électron density throughout the lattice. The électron density is 
somewhat higher only in the vicinity of the lattice points due 
to the inner-shell électrons of the atoms. Metallic bonds are devel- 
oped in the lattice between the positive ions and the électron gas. 
These are a spécifie type of Chemical bond, since the conditions 
for forming an ionic (heteropolar) (see 46.1.8.) or atomic (homo- 
polar) bond (see 46.2.8.) are not complied with in atoms of metals. 
The collective électrons of metals “constrict” the positive ions, 
mainly by means of the electrostatic forces, thereby compen- 
sating for the repulsion between the ions. As the distance between 
the atoms decreases in the lattice, the électron density increases, 
as do the forces which constrict the ions and the repulsion forces 
between them. At definite distances (lattice constantj, these forces 
counterbalance one another and a stable metallic crystal lattice 
is obtained. The potential energy of interaction of metallic bonds 
constitutes dozens of kcal per mole (for instance, 26 kcal per mole 
for Na and 94 kcal per mole for Fe). Metals are distinguished for 
their high thermal and electrical conductivity.
(b) Ionic crystals (NaCl, LiF, métal oxides, sulphides, carbides, 
selenides, etc.) are characterized by their ionic (heteropolar) 
bonds (see 46.1.8.) between regularly alternating positive and 
négative ions at the lattice points. The potential energy of the 
bond constitutes hundreds of kcal per mole (for instance, 180 kcal 
per mole for NaCl and 240 kcal per mole for LiF) or 105 joules 
per mole. Characteristic features of ionic crystals are their high
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II.Thermodynanties and Molecular Physics
melting points and great heats of sublimation, strong absorption 
in the infrared régions, and low electrical and thermal conductiv- 
ities at low températures. Considérable ionic conductivity is 
observed at high températures.
(c) Valence (atomic) crystals (C, Ge, Te, etc.) are characteristic 
for the crystal lattices of semiconductors (see 23.1.1.) and of many 
organic solids. Such crystals are also found in certain metals and 
intermetallic compounds. The Chemical bond between the neutral 
atoms—a homopolar bond (see 46.2.8.)—is due to quantum- 
mechanical interaction. The potential energy of the bond con- 
stitutes hundreds of kcal per mole (for example, the bond energy 
of diamonds is 170 kcal per mole). The principal properties of 
valence crystals are: high melting point and great beat of subli
mation, high mechanical strength (hardness), and low electrical 
conductivity in pure specimens.
(d) Molecular crystals (Ar, CH4, parafïin, and many solid organic 
compounds). The molécules are located at the crystal lattice 
points and the bonds between them are developed by van der 
Waals’ forces, chiefly dispersion forces (see 13.2.1.). The potential 
energy of this bond constitutes several kcal per mole (for example,
1.8. kcal per mole for Ar and 2.4 kcal per mole for CI14). Their 
principal properties are : low melting and boiling points and close 
packing in the molecular crystals. When inert gases are solidified, 
they acquire a cubic cio se-packed structure.
(e) Hydrogen-bonded crystals (ice, HF, etc.). An atom of hydrogen, 
having a single covalent (atomic) bond (see 46.2.8.), is, in some 
cases, bonded to two atoms, forming a hydrogen bond with the 
potential bonding energy of ^  5 kcal per mole. To form this bond, 
the atom of hydrogen gives up its électron to onc of the atoms of 
the molécule. The hydrogen ion (proton) that is obtained forms 
the hydrogen bond mainly as a resuit of ionic interaction. The 
atoms are very close together and the proton cannot provide a 
bond for more tlian two atoms. Such a bond acts between molé
cules of water and, in conjunction with the attraction of the dipole 
moments of the II20  molécules, provides for the spécial properties 
of water and ice near 4°G. A hydrogen bond is observed between 
protein molécules. It provides for their spécifie geometry and 
plays a leading rôle in the polymerization process—the formation 
of groups of identical molécules (see 17.1.1.).
15.1.6. The relationships that exist between the crystalline struc
ture of solids and their Chemical composition are investigated in 
crystal chemistry. Ail chemically individual substances are cliarac- 
terized by definite cléments of symmetry of their crystals. The 
most important principles of crystal chemistry are: (a) the simi-
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larity of the form of crystals in substances having similar Chemical 
compositions (isomorphism) and (b) the existence of several crys
talline forms of solids of the same Chemical composition, each form 
being stable under different conditions (polymorphism). A signif
ia n t  rôle is played by X-ray structure analysis (see 37.5.6.) in 
the development of crystal chemistry and the general study of 
crystalline solids. By the aid of such analysis it lias been established 
that each structural element of the crystal (atom or ion) has a 
practically impervious “sphere of action” and that the interatomic 
distances in crystals are the sums of the radii of their sphères of 
action. Thus, the structure of ionic crystals dépends essentially 
upon the relations of the ionic radii.
15.1.7. The thermal motion of the bonded particles of solids 
consists of vibrations of the particles in reference to the points of 
the crystal lattice. As a resuit of the combined action of the forces 
of attraction and repulsion between the particles, as well as the 
lack of complété uniformity in the lattice spacing of real crystals, 
these vibrations are not harmonie (anharmonic vibrations). 
Harmonie vibrations correspond to the square-law variation of 
the potential energy of interaction Ep(q) of the particles with 
respect to the déviation of q particles from the equilibrium position 
(see 6.2.2.). The anharmonicity of the vibrations is taken into ac- 
count by the terms following the quadratic one in the expansion of 
Ep(q) according to the powers of q. As a flrst approximation, the 
anharmonicity is taken into considération by retaining the cubic 
term in the expansion for the potential energy of interaction of 
the particles according to the powers of q. Thus

EM) = +

where Ep0 = value of Ep when q = 0
p{) = coefficient of quasi-elastic force (see 6.2.3.).

15.2. Thermal Expansion of Solids

15.2.1. Solids expand as the température is raised. This is called 
thermal expansion. Distinction is made between linear and volume 
thermal expansions which are characterized by the average coeffici
ents of linear az and volume av expansion for the given température 
range.
15.2.2. If l0 is the initial length of a body and Al the élongation of 
the body upon being heated At degrees, then al in this température
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II.Thermodynamics and Molecular Physics
range is determined by the formula

The quantity a, characterizcs the élongation per unit length 
—  that occurs when the body is heated one degreo. The length ofIQ
the heated body is

l = l0( 1 + a.i At)

The value of az dépends upon the material and, for most bodies, 
bas an order of magnitude of 10“5 to 10“6 deg-1. A slight depen- 
dence of at on température is also observed.
16.2.3. The volume V of a solid increases in heating. As a first 
approximation, this increase is proportional to the first power of 
the température incrément. Thus

V = V0 (1 + ar At)

where VQ = initial volume of the body
aF = average coefficient of volume expansion in the 

température range At.
The value of av characterizes the volume increase per unit volume 

that occurs when the body is heated one degree :

aF l A V
v 0 At

As a first approximation, the relation of coefficients a, and aY 
is of the form

dp = 3dj
6.2.4. The thermal expansion of solids is associated with the 
anharmonicity of the thermal vibrations (see 15.1.7.) of the par- 
ticles of their crystal lattices. The force acting on a particle is

m
dEp(q)

dq = - A î + ¥

The average value of the force F  is zéro for the equilibrium state 
of the crystal. Hence, for strictly harmonie vibrations (F =
= -ft? ), q= - j -  = 0 and no thermal expansion can occur. 
Actually
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15. Crystalline Solids
But, according to the law of equipartition of energy (see 12.4.1.),

A .-£  = T  kT
where k = Boltzmann’s constant 

T  = absolu te température.
Gonsequently,

Owing to the anharmonicity of thermal vibrations, the equilibrium 
distance r0 between adjacent particles of a solid increases with 
température. The coefficient of linear expansion is related as 
follows to the coefficient of anharmonicity b:

^  q bh 1 
~  " n  r0

15.3. Thermal Conduction in Solids
16.3.1. The phenomenon of thermal conduction of solids consists 
in the transfer of energy in the form of heat in a nonuniformly 
heated solid body (without thermal radiation). In the general 
case, the température T  at various points of a body may vary in 
the course of time: T  = f(xt y , z> t), where x, y, and z are the 
coordinates of the point and t is the time. The kind of function f 
is established by solving Fourier’s differential équation of heat 
conduction, which, for a homogeneous isotropie body, is of the 
form

dT
~df a AT + qv

C Q

where qv — amount of heat evolved by internai sources of the 
body in unit volume per unit time 

c = spécifie heat of the body 
q = density of the body 
A = differential Laplacian.

The quantity a, which characterizes the rate of température 
equalization in a nonuniformly heated body, is called the thermo
métrie conductivity. In meaning, a is the reduced thermal conduc- 
tivity K  (see 11.4.3.) and they are related by the équation

a = -ë r  (forgases, c=c,)
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15.3.2. Tn the case of stcady-state thermal conduction (-— • = o)

a A T  + - r-  = 0
CQ

In the absence of internai sources of heat (qr = 0)
AT  = 0

Data required for a practical solution of thermal conductivity 
équations are: (a) initial conditions T  = f(x, y , zt 0) and (b) 
boundary conditions (heat exchange conditions at the boundary 
of the body).
15.3.8. In the case of a fiat wall of infinité extent separating two 
media 1 and 2 that hâve the constant températures T.i and T e2 
(Trï > Tc2), the thermal flux* through the wall is

g ~ - £ - ( r H- r M)
or

_ Tci —T ej _ T c\— T C2

where Thl and T b2 =

d =
K =

a! and a2 =

The quantity

is called the thermal résistance and its reciprocal ^ , the coefficient 
of overall heat transfer.
The températures at the external surfaces are

T n  = Tty- ± -  and T bî = Te2+

“ -+  f- + - R«1 A «2
températures of the external surfaces of 
the wall
thickness of the wall
thermal conductivity of the wall material 
(see 11.4.3.)
heat transfer coefficients (see 19.4.5.) from 
the first medium to the wall and from the 
wall to the second medium.

r  =  - - + 4 - + —n « K  n *

* The thermal flux is the amount of heat transferred in unit time across unit 
area at constant température in a direction normal to the area.
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15. Crystalline Solids
The température of a single-layer wall a ta  distance l from surface 
1 is

rp __ rp 1 bl~Tbi  /
1 ~  Ibl d ----  1

These formulas are also applicable for walls of fini te size under 
the condition that L  »  d, where L  are the linear dimensions of 
the side surfaces of the wall.
15.8.4. For walls in the form of a long hollow cylinder having media 
with the constant températures Tel and Tc2 (Tcl > Tc2) inside 
and outside the cylinder, the thermal flow through unit length of 
the cylinder in unit time is

« _  totK(Tbl- r bt)
U t  —  ---------------------- :--------------

or
„  _  _______ ” ( T e l~ T c2)
qi J  , J  CÊ2,

O i d i Z K  dt + atd2

where Tbl and Tb2 = températures of the internai and external 
surfaces of the cylinder 

dl and d2 = inside and outside diameters of the cylinder 
K  = thermal conductivity of the cylinder wall 

material
a t and a2 = heat transfer coefficients at the internai 

and external surfaces of the cylinder.
The températures at the internai and external surfaces of the 
walls are

T bl = Te 1
o-idi and Tb2 = T 9t + l

a2d2

'Die température of a single-layer wall at a distance of r from the 
axis of the cylinder is

2r
7 61 2nïï ln dt

15.3.5. In the case of a spherical wall of internai diameter and 
external diameter d2y separating two media with the constant 
températures Tel and Te2 (Tel > Te2), the thermal flow Q through 
the wall in unit time is

Q = * K * £ - ( T t l - T n )
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where d is the wall thickness, or

f  \ f c l  I  f î )

v "  - L - + J -  ( A ^ J \ +A ~
atd l^ 2 K  Kdi d j  a2dl

where the notation is the same as in 15.3.4. The températures of 
the walls are calculated by formulas similar to équation (*). 
The température of a spherical wall at a distance r from the centre 
of the sphere is

r p    r p  T fa  — F b 2 (  2  1 \

”  bl~ U  ”  v )
d] d2

15.3.6. Metals are distinguished for their high thermal conductivity 
which is accomplished mainly as the transport of energy by the 
free électrons. The électron thermal conductivity of metals is

T S_71^  h?TloA( EF) rp
~~ 3~ 'mü(EjŸ

where k = Boltzmann’s constant
nt) = number of électrons in 1 cm3 of the métal 
m = jnass of the électron.

k(EF) and u(EF) = —  are the free path and average velocity
of thermal motion of the électrons corresponding to the Fermi 
energy EF of électrons at the température T = 0 (sec 12.8.6.). 
In the classical approximation of an idéal électron gas

K = — kn^lü

where X and û are the mean free path and average velocity of 
thermal motion of the électrons.
Thermal conduction in metals accomplished by the crystal lattice 
(lattice heat conduction) is substantially less than the électron 
conduction.
15.3.7. In metallic crystals, the thermal conduction mechanism 
comprises the transfer of energy by the conduction électrons 
(see 21.2.1.). The main roleln crystalline dielectrics is played by the 
transfer of energy by means of the coupled vibrations of the lattice 
points. As a first approximation, this process can be conceived as 
the distribution of a set of harmonie elastic waves, having the differ- 
onl frequencies v( throughout the crystal. ïn quantum theory, 
Lliese waves are correlated with quasi-particles—phonons—having
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energies hv{ and momenta —  , wliere v is the velocity of the elasiic 
waves (velocity of sound).
Lattice heat conduction can be regarded as the motion of phonons 
in the crystal. The mean free path A of the phonons is a kinetic 
characteristic, analogous to the mean free path of molécules (see
11.3.2.). The lattice heat conductivity of crystals is

K, = — cvl

where c = heat capacity of unit volume 
v = velocity of sound 
A = mean free path of the phonons.

For example, for the NaCl lattice at t = 0°C and the values
c = 0 .45  cal per cm3 and üf = 0.17 -—— -----, A = 2 3 X 1 0 -8  cm. Itr  cm*deg‘sec ’
is four times the distance d = 5 .63xl0“8cm between adjacent 
ions in the face-centred cubic lattice of NaCl. The mean free path 
A of the phonons is determined by their geometrical scattering 
(scattering by the crystal boundaries, lattice defects and amor- 
phous structures) and their scattering by anharmonic vibrations 
of the lattice points (scattering of phonons by phonons). The last 
process does not occur with harmonie vibrations. At high tem
pératures, T  > 0 , where© is the Debye characteristic température 
of the crystal (see 15.4.3.), the scattering of phonons by phonons
leads to the relationship A ~  ; at T  «  0

&
A -  e

Geometrical scattering is significant at large values of A, compara
ble to the linear dimensions d of the specimen. In this case, one 
observed at low températures, a sharp réduction in the thermal
conductivity of pure crystals occurs and the relation K  ^  y  cvd

becomes valid. At not too low températures, K  ~ — in accordance
with the relationship A ~ ~ . At low températures, K  ~ T 3 
since c ~ T 3 (see 15.4.5.).
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15.4. Heat Capacity of Solids
15.4.1. No distinction is made for solids between the heat capac- 
ities Cp and Cv (see 9.4.4.). The spécifie and atomic (or molar) heat 
capacities, as well as the heat capacity per unit volume are used 
(see 9.3.3. and 9.3.4.). In nonmetallic solids, the largest contri
bution to heat capacity is made by the energy of thermal vibra
tions of the particles at the crystal lattice points. In addition, 
the small heat capacity of the degenerate électron gas (see 12.8.10.) 
should be taken into account in metals.
15.4.2. The coupled vibrations of particles in a crystal containing 
N  atoms can be regarded, as a first approximation, as those gen- 
erated by a System of 3N  independent linear oscillators (corre- 
sponding to the 3N  degrees of freedom) with frequencies from 0 
to vmax. Then

_  /  9 N  v*vf \*
Vmax ~ \4* "v" 2vf+tf)

where vt and vt are the velocities of longitudinal and transverse 
clastic waves in a crystal of volume V.
15.4.3. The energy U of one gram atom of a solid and its atomic 
heat capacity Ca are calculated by means of the state intégral 
Z (see 12.3.8.) using the formulas listed in the table in 12.3.10. 
The theory of the heat capacity of solids, based on the concept 
of elastic waves in the crystal, leads to the équation

o

lnZ = **l n( l -e~*)dx
O

where T = température of the crystal
(9 _ h'? ~  = Debye characteristic température of the crystal
k = Boltzmann’s constant 
h = Planck’s constant 

N a = Avogadro’s number.
15.4.4. In the région of high températures (T »  S)

l n Z ~ - 3 N Al n ^ r - ± - N AY + N *

U = k r-  0-TZ a  W AkT
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from which

C. = ( 8—)r = 3N Ak = 3R = 5.97 ______cal______
grain atom*deg

The same resuit can be obtained from the principle of equiparti- 
tion of energy (see 12.4.) and it coincides with the experimentally 
established Dulong and Petit law: the atomic heat capacity of ail 
chemically simple crystalline solids is approximately equal to

______cal______
gram atom deg

15.4.5. In the région of low températures (T « l &)

U = kT* dlnZ
dT -  9 NJtG  l NAhTl8 iy *KU + 5 <98

The first terni in the right-hand side of the équation for U is the 
energy of the crystal as T-*0.
The heat capacity of a crys- cv 
tal at low températures is pro- q 
portional to T3 (Debye's T 3 c 
law). Thus

❖
/'■'r   /  dU  \    1 ‘Z n * N rp$ p
L/(t ~  \1 ) T  )y  "  5®1

15.4.6. In the intermediate  ̂
région ( T ^ S ) y the energy and 
heat capacity of a crystal are 0 
complex functions of tempe- 
rature depending upon the 
results of the intégration of 
ln Z (see 15.4.3.). The general shape of the curve showing the de- 
pendence of tlie atomic heat capacity on the température is illus
tra ted in Fig. 15.1.

- J -------------------------------------L - * .

/  2
FIG .15.1

15.5. Phase Transitions in Solids
15.5.1. In heating a solid, the heat delivered to it is expended 
mainly in increasing the internai energy of the crystal (kinetic 
«•iiergy of thermal vibrations and potential energy of interaction 
nf the particles at the crystal lattice points). Intense heating may 
lead to the transition of the substance from the crystalline to the 
liquid phase (melting or fusion) or to the gaseous phase (sublima-
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tion). This occurs at a température at which the déviation of the 
particles from the equilibrium position is commensurate with the 
equilibrium distances between the particles in the lattice.
15.5.2. A solid, upon being heated, begins to melt at a definite 
température Tfl called the fusion température, or melting point. 
The process of fusion of a single-component crystal (see 7.1.5.) 
takes place at a température Tf which is constant for the given 
pressure.
15.5.3. The amount of heat that it is necessary to deliver to unit 
mass of a solid at constant température Tf in order to melt it is 
called the heat of fusion rf :

rf = Ut-U'+pivt-v,)

where ut and u, = internai energies per unit mass of the liquid 
and solid phases 

vt and vs = spécifie volumes of the liquid and solid phases 
p = constant pressure of the first-order phase 

transition (see 10.9.11.).
15.5.4. The relationship between the fusion température and the 
pressure is expressed by the Clapeyron-Clausius équation (see 
10.9.13.):

dTf _  Tf(vi-vs) 
dp r/

P
Solid

Solid
Liquid

As a rule, vt > v, and, since rf > 0, then ^  > 0. In most
substances, the fusion température increases with pressure. In 
certain substances (e. g. water, gallium or bismuth), the density 

„ ^ o f  the liquid phase is higher 
Vi>Vs vL<vs than that of the soji(j

Thusn* -u ,< 0  a n d ~ '<  0.dp
The fusion température of 
such substances decreases 
with an increase in pressure. 
The solid-liquid equilibrium 
curves of a two-phase System 
are shown in Fig. 15.2. The 
fusion process is associated 
with an increase in the en- 
tropy of the System (see 
10.5.1.) as it is a transition 

from a more ordered crystalline state to a less ordered liquid state. 
15.5.5. In cooling liquids to a certain température, called the

(Liquid

O
(°)

T  O

i'iu.16.2
(b)
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15. Crystalline Solids
température of crystallization (solidification) Tcr, the transforma
tion of the substance from the liquid to the solid crystalline state 
(crystallization) begins. Crystallization proceeds with the évolu
tion of an amount of heat, equal to the heat of fusion. Chemically 
pure liquids crystallize at a constant température, and Ttr coïn
cides with the melting point Tf .
15.5.6. In the process of crystallization, the motion of the particles 
of liquid becomes more ordered, and the time of their “settled” 
existence (relaxation time, see 14.1.4.) is lengthened. Gradually, 
the motion of the particles is transformed into coupled vibrations 
about certain middle positions which are the points of the crystal 
lattice.
15.5.7. To initiate crystallization, the liquid must contain centres 
of crystallization (impurities, dust particles, gas bubbles, clusters 
of higher density in the liquid, etc.). Proper arrangement of the 
particles is originated primarily at these places in the liquid, and 
the formation of the solid phase begins.
15.5.8. If there are no centres of crystallization in the liquid, and 
heat is removed sufficiently slowly and uniformly, the liquid may 
be cooled to a lower température than that of crystallization 
(supercooled liquid). Thisstate of the liquid is metastable (compare 
with supersaturated vapour, see 13.4.3.) and can be easily dis- 
turbed (shaking, for example, is suffi- 
cient to initiate crystallization in a 
supercooled liquid).
15.5.9. The crystallization tempéra
ture of a solution (see 7.1.5. and
14.5.1.) dépends upon its composi
tion. Points A  and B  in Fig. 15.3 
represent the crystallization tempe- 
ratures (or melting points) of the pure 
substances A  and B. An addition of 
one of the substances to the other 
lowers the crystallization tempéra
ture of the solution (or the melting point of the alloy that is 
formed). At a certain concentration ce of substance B (point F?), the 
lowest crystallization (fusion) température is reached. A solution 
(alloy) of such a composition is called the eutectic and the fusion 
température of the eutectic is called the eutectic point.
15.5.10. The vaporization of solids (sublimation)y occurring at 
any température, is accompanied by the absorption of the heat 
of vaporization which is expended to overcome the bonding 
forces between the particles of the solid and to “tear away” the 
particles from the surface of the solid. The différence between the

285



heats of vaporization of solids and liquids at the fusion tempéra
ture is equal to the heat of fusion.
15.5.11. The solid-vapour equilibrium curve in a p-T  diagram is 
called the sublimation curve. The solid-vapour, solid-liquid and 

liquid-vapour equilibrium curves of a cer
tain substance are shown in Fig. 15.4. 
They intersect at the triple point Tr where 
the substance is simultaneously in the solid, 
liquid, and vapour phases which coexist 
in equilibrium.

Thermodynamics and Molecular Physics  i l .

15.6. Adsorption
15.6.1. Adsorption is the concentration (con
densation) of one of the substances (compo- 
nents) that occurs in the boundary layer 

ut the interface between two phases. For instance, substances 
from a gas or solution may concentrate on the surface of a solid 
or liquid. The concept of sorption includes both the surface 
adsorption of a substance by a solid or liquid and the volume absorp
tion of a substance. The substance being adsorbed is called the 
adsorbate; the body which constitutes the adsorbing surface is 
called the adsorbent. Desorption is the reverse process in which 
a previously adsorbed substance is given up by the surface that 
adsorbed it.
The adsorbed particles are retained on the surface for a certain 
length of time which dépends upon the nature of the adsorbent 
and adsorbate, the température and the pressure. As the adsorp
tion process proceeds, its intensity falls and lhe rôle of the 
desorption process grows. Adsorption equilibrium is reached when 
equal rates of adsorption and desorption are established.
15.6.2. Physical adsorption is the phenomenon in which the 
particles of adsorbate retain their individual properties. In Chem
ical adsorption (chemisorption), the molécules of the adsorbate 
form a Chemical compound with the adsorbent. The forces in 
physical adsorption are of the same nature as the intermolecular 
forces in gases, liquids and solids (see 13.2.1.). Physical adsorption 
proceeds at a very high rate if it is not complicated by secondary 
processes. Chemisorption proceeds slowly at low températures 
and its rate increases with température in the same way as the 
rate of Chemical reactions (activated adsorption).
The adsorption process is accompanied by the évolution of heat. 
The heat of physical adsorption is of the order of magnitude of

28G
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15, Crystalline Solids
condensation beat and ranges from 1 to 5 kcal per mole for simple 
molécules and from 10 to 20 kcal per mole for complex molécules. 
The heat of chemisorption is comparable to the beat of Chemical 
reactions (10 to 100 kcal per mole).
Adsorption is a process accompanied by a réduction in free energy 
of the surface layer of the adsorbent (see 14.2.2.). The adsorbate 
should make a smaller contribution to the surface energy of the 
adsorbent, i. e. it should hâve a lower surface tension than the 
adsorbent (see 14.2.3.).
15.6.3. A quantitative measure of adsorption is the adsorption 
value r  which is the mass of the given component in moles 
per cm3 of the surface layer in excess of the amount that would be 
contained in the same volume of the contacting phases. According 
to Gibbs’ équation

J-l _   0 O

where a = surface tension
H = Chemical potential (see 10.9.3.) of the given compo

nent upon cquilibrium between the phases.
If the component is adsorbed from a medium in which its concen
tration c is low, the Gibbs équation can be transformed to

p  _  C  do
1 ~ ~ ~ r t  ~e<r

where ~  = G is the surface activity of the adsorbate and charac-
terizes its capacity for reducing the surface energy of the adsorb
ent during adsorption.

15.7. Elastic Properties of Solids
15.7.1. Deformation of a solid is a change in its dimensions and 
volume accompanied, in most cases, by a change in its shape as 
well. In certain cases (triaxial compression or tension), no change 
in shape occurs. Deformation may be caused by a change in 
température (see 15.2.1.) or by external forces. In deformation, 
the particles at the crystal lattice points of solids are displaced 
from their initial equilibrium positions to new ones. This is 
opposed by the forces of interaction between the particles. As a 
resuit, internai elastic forces are developed in the deformed body. 
These forces counterbalance the external forces applied to the 
body.
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15.7.2. Deformation is said to bc elaslic if it disappears as soon as 
the forces causing it cease, the particles being displaced “rever- 
sibly” from their new equilibrium positions in the lattice to their 
previous ones. Nonelastic deformations of a solid, accompanied 
by an irréversible rearrangement of its crystal lattice, are said 
to be plastic.
15.7.3. The stress a is a physical quantity equal in magnitude to 
the elastic force Fel per unit area S  of the cross section of the body. 
Thus

„ dFei

The stress is said to be normal if force dFel is normal to the surface 
dS and tangential, or shearing, if the force is tangential to this 
surface.
15.7.4. A measure of the deformation is the unit deformation
— which equals the ratio of the absolute deformation Ax to the
initial value x y characterizing the dimensions or shape of the body. 
It is often called the unit strain.
15.7.5. Hooke's law States that the stress a in the elastic defor
mation of a body is proportional to the unit strain. Thus

a = K ----x
where K  is the modulus of elasticity, equal in magnitude to the 
stress which is developed upon unit deformation equal to unity.
The quantity a = -- is called the deformability. Hooke’s law is
valid only within definite limits of deformation. The stress at 
which the deformation is no longer proportional to the stress is 
called the limit of proportionality.
15.7.6. Longitudinaly or uniaxial^ extension (compression) consists 
in elongating (shortening) a body by the action of tensile (com
pressive) force F. Elastic extension (compression) ceases when 
Fel = F , where Fel is the elastic force. A measure of deformation
is the élongation (compressive strain) — . In this case, K = E  and
is called Young's modulus.
Then = y . According to Hooke’s law

where l = initial length of the body
Al = change in length when load F  is applied.
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Ai Al = Z, Young’s modulus E  = = ay i. e. it is equal in magni
tude to the stress developed in a specimen when its length is 
doubled (shortened by one half), ail other conditions being con
stant.
15.7.7. Longitudinal élongation (compressive strain) is accom- 
panied by latéral contraction (expansion) — , where d is the trans
verse dimension of the specimen. Poisson*s ratio p  is the ratio 
of the latéral contraction (expansion) ^  to the élongation (com
pressive strain) — :

15.7.8. Beyond the limit of proportionality (see 15.7.5.), denoted 
by point A  in the tensile stress-s train diagram (Fig. 15.5), élon
gation increases faster than the stress. The 
elastic limit (point A') is the maximum stress 
that a body can withstand without ex- 
hibiting a permanent deformation (one that 
remains in the body upon a complété rele- 
ase of the stress). The yield point (point 
R) characterizes the state of the deformed 
body beyond which élongation increases 
without any increase in the acting force 
(horizontal portion BC). The ultimate 
strength is the maximum stress that a body 
can withstand before rupture. It is called the tensile strength if the 
body is in tension.
15.7.9. Upon repeated deformations beyond the elastic limit, the 
elasticity and the proportionality limit of the body will increase 
when it is completely freed from the deforming forces. This 
phenomenon is known as co/d, or strain, hardening.
15.7.10. The volume density wa of the potential energy of a body 
subjected to tension (compression) is determined by the work A el 
done in overcoming the elastic forces, per unit volume of the 
body. Thus, for the range of stresses in which Hooke’s law holds

U>„ = A ,x = —
where o  = stress

E = Young’s modulus.
15.7.11. Deformation of dilatation (uniform compression) consti- 
l.u tes the increase (decrease) in the volume of a body without
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changing its shape due to the facting of tensile (compressive) 
forces which are uniformly distributed over the whole surface of 
the body. According to Hooke’s law

AVwhere -ÿ- is the’relative increase (decrease) in the volume~of a
body due to the action of the stress a. The value K  is the bulk 
modulus (modulus of volume elasticity) equal to the stress at 
which the relative increase (decrease) in volume is unity. Thus

E
3 ( 1 - 2 / ^ )

K  =

where E  = Young’s modulus 
fi = Poisson’s ratio.

16.7.12. Shear is the type of deformation in which ail fiat layers
of a solid, parallel to a certain plane 
(shear plane), are displaced parallel 
to one another without distortion or 
any changes in size (Fig. 15.6). Shear 
results from the action of force F, 
applied tangentially to face BC 
which is parallel to the shear plane. 
Face AD  is fixed. A measure of the/ / / / / / / / / / / / / / / / / / / / / / / /  

f i g . 1 5 . 6 unit deformation ^  (see 15.7.4.) is
the angle of shear 0 (unit shear 

strain), expressed in radians. For small deformations

e «  tan e =  —

where Ax = CC' is the absolute shear,
According to Hooke's law, the unit shear strain is proportional 
to the tangential (shearing) stress. Thus

ox = —  = GQ

where G is the shear modulus, equal in magnitude to the tangen
tial, or shear, stress that produces a unit shear strain equal to 
unity. It is related to Young’s modulus E  (see 15.7.6.) and Poisson’s 
ratio fi (see 15.7.7.) as follows

G = f (!+*)-■
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15.7.13. The potential energy per unit volume of a deformed body 
in shear is

15.7.14. Torsion is the deformation of a specimen, fixed at one 
end, under the action of a couple applied in a plane perpendic- 
ular to the axis of the specimen. The moment M t of this couple 
is called the torsional moment. Torsion consists in the relative 
twist of cross sections, parallel to one another and perpendicular 
to the axis of the specimen. If a circular cylindrical body is in 
torsion, the cross sections, perpendicular to its axis, rotate about 
this axis, retaining their shape and remaining parallel to one an
other. If <p is the angle of rotation and z is the distance measured 
along the axis of the specimen from the fixed end, then the différ
ence between the angles of rotation of two infinitesimally near 
cross sections (at a distance dz from each other) equals

dtp = dz = 0' dz

where 0' = ^  is the relative angle of torsion which is a measure
of the deformation. The total angle of rotation of a given cross 
section is proportional to its distance from the origin of coordi- 
nates :

q> = d'z
15.7.15. Hooke's law for torsion is

R' -  
6 ~  GJ

where M t = torsional moment 
G = shear modulus
J  = polar moment of inertia of the cross section.

The polar moment of inertia of a circular cross section of radius 
f tis  J  =
The angle of rotation between the extreme sections of a specimen 
of length L  is

M,L , ,  GJq>= - g j -  or M, = -j-cp

The moment required to twist a homogeneous circular rod of 
length L  and radius R  through an angle tp is

nG 
2 L
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15.7.16. The spécifie potential energy (per unit volume) 
deformed (twisted) circular cylinder is

of

wt = Mfr*
2 G J 2

where r is the distance from the axis of the cylinder.
15.7.17. If a body attached to the lower end of a fixed cylindrical 
vvire has a moment of inertia I  with respect to the axis of the 
wire, the differential équation of torsional oscillations (see 6.2.5.), 
produced by torsion, is of the form

d2g>
~dtr

GJ

The solution of this équation enables the period of torsion al 
oscillations to be calculated.



CHAPTER 16

Amorphous Substances*

16.1. General Properties and Structure 
of Amorphous Substances

L6.1.1. Amorphous substances are ones which do not hâve crystal
line structure in the condensed state, but, in contrast to liquids, 
possess elasticity of form (their shear modulus, see 15.7.12., 
is not equal to zéro).
Ordinary glass, sulphur, sélénium, glycérine and most of the 
high polymers (see 17.1.1.) can exist in the amorphous state.
16.1.2. Under definite conditions, amorphous substances are 
nitrified, i.e. their properties and the laws they obey are trans- 
formed from those of the liquid state to those of the solid 
state.
16.1.8. The transition of ail amorphous substance from a liquid 
to a solid state upon a change in température or pressure is called 
structural vitrification. Changed in such a transition are the volume, 
enthalpy (see 9.1.6.), as well as the mechanical, electrical and 
other properties of the substance.
16.1.4. In a liquid, each given température corresponds to its 
equilibrium molecular structure. As the température is changed, 
(lie structure of the liquid becomes rearranged and tends to the 
« quilibrium structure for the new température. The rate of this 
rearrangement is determined by the relaxation time f  (see 14.1.4.). 
\ t  high températures, f  is short and the structure of the liquid 
does not difïer practically from the equilibrium structure. The 
change in the properties (for instance, the volume) is related to

Thls chapter \vas written by T. N. Khazanovich, Cançl. Sc. (Eng.).
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T,TgT2
F I G . 1 6 . 1

the changes in the relative arrangement of the particles and the 
average distance between them (portion A A ' in Fig. 16.1). 
Upon cooling the substance at a certain finite rate, f in- 
creases, the change in structure begins to lag behind the tem
pérature change, and the structure is no longer the equilibrium one.

Température T 2 (in Fig. 16.1) is the 
upper boundary of the vitrification ré
gion. Below a certain température, the 
relaxation time becomes so long that 
there is no further change whatsoever 
in the structure. This température T, 
is the lower boundary of vitrification. 
Below T lt the substance is in the solid 
State (C'B in Fig. 16.1). Amorphous 
substances in the solid state are called 
vitrified substances or, more simply, glas- 
ses.
16.1.6. Vitrification and softening (tran
sition from the solid to the liquid state 
upon increasing the température) take 
place in a fairly wide température 

range—up to several dozens of degrees. Gonditionally, however, 
the transitions are characterized by a single température, 
which is called the vitrification température Tg or softening 
température T'ç, and is arbitrarily selected from the transi
tion interval. In investigating volume changes, these tempe- 
ratures are usually determined by the intersection of the 
straight portions (BD and CA in Fig. 16.1); in investigating 
changes in heat capacity, the inflection point of the Cp-T  curve 
is used, etc.
16.1.6. In cooling an amorphous substance, its properties dépend 
only on the température and the cooling rate. The cooling rate w 
détermines the position of the vitrification région on the tempéra
ture scale (the greater w, the higher T9 will be).
16.1.7. In heating an amorphous substance, the character of the 
changes in its properties in the softening région dépends upon 
its thermal prehistory (thermal treatment influences the properties 
of the specimen to some extent in the solid state, but is mainly 
manifested in the softening région). Upon being heated, the 
properties of the specimen dépend, not only upon the heating 
rate, but on the structure fixed in the specimen, i. e. on the previ- 
ous cooling rate, since this détermines the congealed structure. 
The more the fixed structure différa from the equilibrium one 
(at the given température), the greater the “anomalous” change
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in the properties in the softening région. If the heating rate is 
greater than the rate of previous cooling of the substance, the 
softening région will be higher than the vitrification région. 
In the softening région, the specimen has a denser structure 
than the equilibrium one for the given température. Relaxation 
of the structure leads to more loosely 
packed particles, i. e. to a sharp increase v  
in volume in softening (Fig. 16.2).
16.1.8. If a substance is held in a none- 
quilibrium State at sufficiently high 
températures, in the course of time its 
structure will approach the equilibrium 
(relaxation). The rate of this process is 
sharply increased with température.
For structures corresponding to tem
pératures higher than that of anneal- 
ing, the rate at which they approach 
equilibrium is greater than for structu
res corresponding to températures lower 
than that of annealing.
16.1.9. The coefficients of thermal ex
pansion and the heat capacity change sharply in vitrification (or 
softening) ; this makes vitrification resemble a second-order phase 
transition. In principle, however, structural vitrification differs 
from a phase transition in the following:
(a) In a phase transition, the substance goes over from a less 
ordered structure to a more ordered one; the transformation of a 
liquid to a glass is not associated with a change in the degree of 
order of the structure.
(b) In a phase transition, the substance goes over from one ther- 
modynamically equilibrium structure to another equilibrium 
structure. In vitrification, the transformation is from an equilib
rium structure (liquid) to a nonequilibrium one (glass).
(c) At high cooling rates, the température at which the phase 
transition begins may dépend upon the rate (supercooling may 
occur). Moreover, at a higher rate, the degree of supercooling is 
increased and the température at which the transition begins is 
lowered. The vitrification température, on the contrary, increases 
with the cooling rate. This indicates that vitrification is of a 
kinetic, rather than thermodynamical nature.
16.1.10. The curve acc'c" in Fig. 16.3 schematically represents 
! lie change in the volume of a liquid in crystallization. At tempera- 
I lires below Ter, the minimum free energy (see 10.6.3.) is possessed 
by the crystal. A crystalline structure is in thermodynamic

FIG.1 6 . 2
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equilibrium (see 10.9.8.) 
cooled, then at, T  < Ter,

at T  < 7V If the liquid can be super- 
the substance will be in a state of me- 

tastable equilibrium (see 10.9.9) 
(section ca'). It is possible to super- 
cool a liquid only in a comparati- 
vely narrow température interval 
(section cd), since very slow cooling 
is required to preserve metastable 
equilibrium. Below this interval, the 
substance is in a nonequilibrium 
vitreous state (section dd'). It is évi
dent that a supercooled liquid and 
a glass are not the same thing. The 
state of a supercooled liquid is the 
limiting “equilibrium” state for a 
glass.

16.2. Viscoelastic Properties of Amorphous 
Substances

16.2.1. The viscoelastic properties of amorphous substances are 
especially pronounced in the vitrification région. These properties 
indicate that the substances simultaneously possess both a 
shear modulus G and a coefficient of internai friction (dynamic 
viscosity) r) (see 11.4.4.). The quantitative relation between the 
tangential stress ax (see 15.7.12.) and the shear strainfl is describ- 
ud bv Maxwell*s équation:

A similar équation can be written for uniaxial tension (see 15.7.6.) 
by changing the shear modulus to Young’s modulus. In general, 
Maxwell’s équation is inapplicable to high polymers. See 17.5.9. 
and 17.5.10. for the viscoelastic properties of polymers.
16.2.2. The solution of Maxwell’s équation, under the condition 
that the body was not deformed up to the instant t = 0, has the 
form

t —Zl_
ot (t) -  e rM 0(u)du.

O
where tm — *1 is called Maxwell s relaxation time. The meaning
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of this naine becomes clear if the change in ax is observed when 
the deformation remains constant after a certain instant of time 
t'. Thus

t- t '
ar(t) = ax(t’)e ru (t a» V)

Therefore, rM is the time that characterizes stress relaxation.
16.2.8. If a periodic deformation 0 = 0O sin cot occurs, then

ax(t) = - —= = = - sin (coï-M)
Y 1 + Tîf®2

where the phase shift <5 = arc cot œrM. At high frequencies, sncli 
that co »  t m1,

ax(t) = G0(t)

rrhus, Hooke’s law is valid at higli frequencies. At low frequencies
OJ «c T j f 1

which is Newton’s équation for viscosity (see 11.4.4.). In this 
way, viscoelastic bodies behave like solids at high frequencies 
and like ordinary viscous liquids at low frequencies.
16.2.4. Internai friction leads to the dissipation of mechanical 
energy (see 3.6.3.). In the case of the periodic loading of a visco- 
dastic (Maxwell) body, the dissipation of energy per unit volu
me in one period equals

l+îj~a>r
This quantity reaches its maximum value when œ = t^ 1. Some- 
I imes the température at which maximum dissipation (maximum 
mechanical fosses) is observed is also called the vitrification 
température. It should be noted, however, that vitrification with 
respect to variable external action differs from structural vitri
fication (see 16.1.3.) since the former is not associated with a 
change in the structure of the body.



GHAPTER 17

Polymers*

17.1. General Properties and Structure of Polymers
17.1.1. Polymers are substances whose molécules are composed 
of a great number of repeating groups, called monomer units 
(the groups at the ends of the molécule—end groups—difïer to 
some extent in structure from the principal monomer units, or 
chain units). The number of monomer units in a molécule is 
called the degree of polymerization.
17.1.2. Polymers are classified as linear and three-dimensional. 
Linear polymers are substances composed of linear molécules, 
i. e. molécules in which each monomer unit, with the exception 
of the end groups, is linked only to the two adjacent monomer 
units.
Linear molécules are also called polymer chains. The structural 
formulas for the molécules of certain of the more important 
linear polymers are given below.

H H H H H H H

- < u a . u - u polyethylene (polythene)

M I N  I c— c—c—c -c —c— 
I I I I I 1 

P F F F F F

polytetrafluoroethylene (Teflon)

* This chapter was written by T. N. Khazanovich, Cand. Sc. (Eng.).
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H H H H H H

I I I... - d - U -
I I ! I I I 

H Cl H Cl H Cl

C—C—C— ...  polyvinyl chloride

H H H H H
I I I I I  

-C —C—C—C—C-

H Jî H C H

CH CH CH CH
I II I II 

CH CH CH CH

CH CH

H CH3 H CHa

À c=o A i=o  
Ô-CHa i - C H 8 

H H  HH
... — d—i=c—k—c=c—

.. polystyrène

I
H

I
CH3 k CH3

polyinethyl méthacrylate (Plexiglas)

polyisoprene
(natural rubber, gutta-percba)

CH8 CHa
. S i —0 — J i — O —  . .  

! I 
CHa CHa

polydimethyl siloxane

17.1.3. There are practically no strictly linear polymer molécules. 
Ail are branched to some degree, i. e. monomer units are found 
in them to which three or more adjacent units (branching points) 
are linked. Branched molécules are made up of a main chain and 
si de chai ns, or branches.
17.1.4. Polymers composed of molécules linked together by 
Chemical bonds (cross bonds), so that a three-dimensional space 
network is formed, are said to be three-dimensional. If the cross 
honds are so few and far between that the lengths of linear 
polymer molécules contain a great number of molecular units, 
I lie three-dimensional polymers are additionally called crosslinked 
and the lengths are called network chains.
17.1.5. Linear polymers are soluble, form true solutions (see 
Ki.5.1.) and can exist in the liquid state. Three-dimensional
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polymers are infusible and insoluble; they can only swell in the 
solvent, absorbing a limited amount of it and retaining, in the 
main, the properties of solids.
17.1.6. Polymers whose molécules consist of monomer units of 
different Chemical nature (usually of two types) are called copo- 
lymers. Gopolymers, in whose molécules long lengths (blocks), 
eomposed of monomer units of a single type, alternate with blocks 
of monomer units of another type, are called block copolymers. 
1 f in a branched polymer long side branches consist of monomer 
units of a type different from those of the main chain, the material 
is called a graft polymer.
17.1.7. Polymers are also classified in accordance with the regu- 
larity with which the side groups are arranged with respect to 
the main chain. If the polymer chain is conceived to be stretched 
out in a straight line, the side groups will be arranged either on 
one side of the chain, or they will alternate regularly or they 
will alternate at random (isotacticy syndiotactic and atactic po
lymers, respectively). The structural formulas for isotactic, syndio
tactic and atactic polypropylene are shown below.
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17.1.8. Unlike low-molecular substances, polymers do not bave 
a definite molecular weight. They constitute a mixture of molé
cules of various weights or, in other words, of various degrees 
of polymerization. By fractionation, the substance can be divided 
into fractions containing molécules of approximately the same 
weight. Molecular weight distribution in the molécule is specified 
by the weight concentrations g{ of the fractions or by values of 
Ni—the number of molécules in the i-th fraction.
17.1.6. There are several définitions of the average molecular
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weight of polymers. The most extensively used are 
the numerical average molecular weight:

2  Nifit 
i 1

!<n  =-
S *i

Pi

where is the molecular weight of the i-th fraction and sommation
is carried out over ail the fractions; 
the weight-average molecular weight:

2  XiP\
i

ËNuni
w 8iffi

and the viscosity-average molecular weight (sec 17.3.3). The quan- 
tity fiw is always greater than fiN. The différence between them 
characterizes the width of molecular weight distribution or, in 
other words, the polydispersity of the polymer.
17.1.10. In polymer molécules that hâve simple valence bonds, 
for instance single C—G bonds, in their main chain, internai 
rotation occurs about these bonds. This rotation is retarded to a 
greater or lesser extent. As a resuit, a polymer molécule, having 
a great many such bonds, possesses a vast number of configura
tions (conformations). This is a manifesta
tion of the flexibility of a polymer chain 
containing single bonds. Rotation about 
double bonds is so strongly retarded that 
only small torsional oscillations are possible 
(see 6.2.5.). The lengths of the valence bonds 
between the atoms and the angles between 
the valence bonds—the valence angles—arc 
also subject to small oscillations. In compari- 
son with the large amplitude of rotation 
about single bonds, these small oscillations 
are neglected, and the polymer chain is con- 
sidered to consist of rigid éléments—links— 
which can rotate in reference to each other 
about the cônes of the valence angles (Fig.
17.1). For example, in polyethylene, the 
G—C bond is the link; the chain of polyisoprene consists of two 
alternating links: a G—G bond and the group G—C^=C—G; etc.
17.1.11. The conformations of a polymer chain are specified by a 
set of angles of internai rotation <p< (i being the number of the 
link) whicli détermine the rotation relative to a certain reference

ç ~

r
i - J
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position. Commonly taken as this reference point is the trans
conformation in which links i — 2, i — 1 and i lie in a single plane 
and the i-th link is parallel to the i - 2 link (Fig. 17.1).
17.1.12. Different values of cpt correspond to different potential 
energies of internai rotation. The conformations which meet the 
requirement of minimum potential energy (stable conformations) 
are called rotational isomers. Among the many possible sets of 
rotational isomers, some are more stable energetically. They 
satisfy the requirements of the lowest minimums of potential 
onergy. In the iso- or syndiotactic types of stereoregular polymers 
(see 17.1.7.), the most stable conformations are those in which 
the atoms of the main chain lie on a hélix (helical conformation). 
A spécial case of helical conformation is the planar zigzag 
chain (transconformation).
17.1.13. The complexity of the molecular structure of polymers 
is responsible for the great variety of supermolecular structures 
in polymers: from a completely amorphous structure to a well- 
ordered, crystalline structure. For this reason, it is not always 
possible to affirm what state a polymer is in: liquid or solid, 
amorphous or crystalline.
17.1.14. At températures above those of vitrification (see 16.1.5.) 
or fusion (see 17.4.4.) jumping occurs between the rotational 
isomers, as a resuit of which the conformations of the chain 
change continuously. The motion of portions of the chain suffici- 
ently distant from one another can be regarded independent. 
Such portions are called kinetic segments, or simply segments, 
and the thermal motion at which the conformations of the whole 
chain are changed is called the segmentai motion. In addition 
(o segmentai motion, a variety of other small-scale motions occur 
in polymers. These are mainly torsional oscillations (see 6.2.5.) 
of the side groups or small sections of the main chain. These 
small-scale (group) motions can also occur at températures 
below that, of vitrification or fusion.

17.2. Conformation Statistics of Polymer Chains
17.2.1. A polymer chain has a great number of degrees of freedom. 
Consequently, the values characterizing the molécule that are 
observed in experiments are statistically average ones (see 12.2.5.) 
for ail possible conformations. These averages are calculated by 
the methods of conformation statistics of polymer chains.
L7.2.2. Intramolecular interaction is divided into two classes. 
The first class concerns interactions which lead to the retarda-
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tion of internai rotation. These are interactions between neigh- 
bouring links and are called interactions of short-range order. 
The second class refers to the interaction between links that are 
considérable distances apart, on an average, but may accidentally 
approach one another in the process of thermal motion and 
interact. These are known as interactions of long-range order. 
The most significant feature of the latter is that the volume 
occupied by a link is inaccessible to other links. For this reason, 
interactions of long-range order are sometimes called volume 
effects.
17.2.3. Among the quantities calculated by conformation statis- 
tics are the mean square distance between the ends of the chain
_    , n  _
h2 and the mean square radius of gyration R 2 = -=■ Y rf, where

^  i=i
rf is the mean square distance of the i-th link from the centre of 
mass of the molécule and N  is the number of links in the molécule. 
The values h2 and R 2 characterize the flexibility of a chain. In 
addition to the calculation of these average quantities, it may 
prove necessary to détermine the distribution functions, for 
instance, the distribution function for the distances w(h) between 
the ends of the chain, i. e. the probability w{h) dh that the distance 
between the chain ends is within the range from h to h + dh.
17.2.4. The influence of the solvent may be such that at a certain 
température, interactions of long-range order can be neglected 
(for more detail, see 17.2.7. through 17.2.13.). Under these condi
tions, only interactions of short-range order should be taken into 
considération.
17.2.5. As in other problems in statistical physics, the real poly- 
mer molécule is replaced by a model which represents the proper- 
ties of real molécules with more or less accuracy. The simplest 
and crudest model is the freely articulated segment model, accord- 
ing to which a polymer consists of z rigid segments of length a 
whose directions in space are entirely independent of one another. 
A segment is always larger than a link and its length characterizes 
the rigidity of the chain. In this model

¥  = za* and Æ* = 4 -
b

17.2.6. More exact models are specified as assumptions on the 
nature of the potential energy of the chain Ep(q>u (p2, ...»  <Pn ) 
where <p{ are the angles of internai rotation (see 17.1.10.). Neglec- 
tion of the retardation of internai rotation means that Ep = 0. 
Assuming for the sake of simplicity that ail links are identical
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and of length lt and that the valence angles between them equal 
n - a ,  under the conditions N  :» 1 and Ep = 0, it is found that

W- = NP
1 - C O S  a

17.2.7. When the retardation of internai rotation or, in other 
words, the interaction of short-range order, is taken into account, 
it will be necessary to introduce a multiplier a2 > 1. Thus

j « 7» ri>) 1 "4" COS et iih1 = NI1-,-------ol1-COS a

The factor a dépends upon the structure of the defini te given 
macromolecule. It can, in particular, be expressed by means of 
the différence in energies of the rotational isomers.
17.2.8. The distribution of the distances between the chain 
ends (see 17.2.3.), taking into account only interaction of short- 
range order for highly kinked chains, i. e. chains in which h is 
much less than its maximum value which corresponds to a 
completely stretched chain (transconformation), complies witli 
the Gaussian distribution. Thus

w(h) dh = —-— exp ( — -^4r \h2 dh
îV̂ t \h*J 1 \ 2/12/

A distribution that is valid for the whole range of variation of h 
has been derived only for freely articulated segment models. 
At, z »  1, it is of the form

where t = ~  = relative extension of the chain, L r l[t) = Lange-
vin inverse function (see 20.7.10). Expansion into a sériés accord- 
ing to t gives the équation

in which the first terni corresponds to the Gaussian distribution. 
These formulas describe the distribution sufficiently well for a 
real polymer chain.
17.2.9. Volume effects lead to the molecular coil expansion 
( “swelling”), i. e. to an increase in the average distances between 
the chain ends. Expansion is approximately described by para- 
meter a which indicates by how many fold the average linear 
dimensions of the coil hâve increased in comparison to the dimen
sions when the volume effects are not taken into considération.
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According to approximate thermodynamic theorv 

a5 —a3 = 2 0 ^ ( 1 - f )  YJi

wliere Wx = parameter characterizing the change in entropy 
upon mixing the chain segments and solvent molé
cules

S  = Flory température which characterizes the interac
tion energy of the segments in comparison with 
the energy of interaction between the segments 
and the solvent 

fi = molecular weight of the chain.

CiU = _27____ v*_ /  1
2*** NAVi \ n J

wherc v = spécifie volume of the polymer 
= molar volume of the solvent 

N  a = Avogadro’s number 
h% = mean square distance between the chain ends in 

the absence of interaction of long-rangé order.

I n this équation —- is independent of f.i.
17.2.10. At température S  (the S-point), a = 1 and volume 
«dîects do not influence the size of the chain. In strong solvents, 
l.he Flory température S  is below the freezing point of the solvent. 
The 0-point is only attainable in weak solvents. Température Tc, 
;it which the polymer is precipitated, is related to the Flory 
h'inperature by the formula

wliere b is a constant. Therefore, the <9-point is the précipitation 
lemperature of a polymer having an infinitely large molecular 
weight.
17.2.11. The formula given in 17.2.9. is in poor agreement with 
•'xperimental data owing to the crudeness of the assumptions 
made in its dérivation. A more précisé theory can be developed 
«mly for the région of very small volume effects. This theory is 
hased on the pearl-string model in which the chain consists of 
freely articulated segments that interact with one another through 
« entrai forces. To illustrate this model, the “pearl-string” chain 
« jm be conceived as consisting of beads strung on infinitely thin
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rods which are freely jointed together. In théories based on the 
“pearl-string” model, sériés expansion according to a small 
parameter is employed. Thus

P _  / 3 \*Yzvo 
^ a»

where z = number of segments
a = length of a segment (see 17.2.5.)

oo
r  /

n„ = 4jr I \t  — e kT / dr{j = effective excluded volume 
0

r{J — distance between the i-th and j-th segments of 
the chain

Ep(r{J) = potential energy of interaction between the seg
ments which is in excess of the potential energy of 
interaction between the segments and the molécules 
of the solvent.

If the segments interact as rigid spheres, then Ep(rtJ) =oo when 
r{j d, Ep(r{j) = 0 when r(j > d, and v0 = — nd'? is equal to the
volume of one sphere.
17.2.12. If the excluded volume is so small that 1, then the 
following relationships are valid

Â* = Â I ( l+ - -£  —2.08<S2+ . . . )

Here the “zéro” subscript identifies the quantities that were 
calculated without taking volume effects into account.
17.2.13. At short distances the segments repuise one another 
and Ep > 0 ; at long distances repulsion is replaced by attraction 
and Ep < 0. Accordingly, u0 is broken down into two parts which 
dépend differently on température. At a certain température 
these parts may compensate each other and then v0 = 0. Thus, 
the 0-point corresponds to a température at which the volume 
effects are compensated (v0 = 0). Therefore, the relationships of 
the preceding paragraph are valid only in the vicinity of the 
0-point.
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17.3. Dilute Polymer Solutions
17.3.1. The van’t Hofï law (see 14.5.4.) l'or polymer solutions is 
of the form

lim — = ^
*-► o g " v

where Ji# is the numerical average nioleeular weiglit (see 17.1.9). 
A measurement of the osmotic pressure p at low concentrations 
g enables ]lN to be determined.
17.3.2. The viscosity of polymer solutions is characterized by the 
following quantities: relative viscosity, or ratio of viscosities
rjret = — , where rj and are the coefficients of viscosity (see1o
11.4.4.), respectively, of the solution and the pure solvent; 
spécifie viscosity r)tp = rjrel — 1 ; viscosity index (viscosity number)
rHnd — yy- > where g is the concentration of the solution; logarith-
rnic viscosity number {??} = ln r\Tel — ln g; and intrinsic viscosity 
(limiting viscosity index) \rf\ = lim rjind = lim {??}

g -► o £ —*-0
17.3.3. The intrinsic viscosity can be found by an empiricaJ 
formula

[rj\ = kJ4
where k and a = constants characterizing the sulvent-polymcr 

pair

" • - L I H - -

L + *

S Nm  
L <-i

viscosity average molecular weiglit (see 17.1.9.).
The viscosity-average molecular weight fiv does not differ from 
the weight-average molecular weight by more than 20 per 
cent. At a = 1, fiw = /y
17.3.4. The intrinsic viscosity can be theoretically calculated on 
the basis of the pearl-string model (see 17.2.11). Of sufficient 
accuracy for long-chain molécules is the assumption that the 
solvent located inside the molecular coil is completely entrained 
by it. Tn this case, for a monodispersed polymer (see 17.1.9.)

\ri\ = - — î
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where 0  is a constant equal to — 2 .8xl02a in the vicinity of the 
©-point and decreasing to ~ 2.0X1023 in strong solvents. The 
value of 0  is greater for branched macro molécules (see 17.1.3.) 
than for linear ones.
17.8.5. The diffusion coefficient (see 11.4.6.) of polymer molécule s 
in dilute solutions can be calculated by means of Einstein’s 
équation (see 12.14.3.). The diffusion coefficient for a fully entrain- 
ed solvent is

p M * >/o

where k = Boltzmann’s constant (see 8.1.4.)
T = absolute température
P = numerical factor that dépends upon the çhain 

structure.

For flexible linear macromolecules at températures near the 
©-point (see 17.2.10.), P = 5.20.
17.8.6. If the molecular weights are sufficiently great, the size 
of the polymer chain is comparable in its order of magnitude to 
the wavelength of light A. In this case, the scattering of light 
(see 40.4.1.) by polymer solutions is asymmetrical. A measure
of the asymmetry of scattering is the function P(0) = —-,
where 1(0) is the intensity of light scattered at the angle 6 to 
the direction of the incident beam.
The following relation is valid for small angles 0 in dilute solutions

P (6) -  1 - *2

where .-r2 = (~ ) 2 R 2 sin2 --
R 2 = mean square radius of gyration (see 17.2.3.) of 

the chain.

It is possible to calculate i?2 from known values of P(0) for small 
angles 6. If the distribution of the distances between any two 
atoms of the chain is described by a Gaussian function, this 
being valid at the ©-point (see 17.2.10.) for sufficiently long and 
flexible chains, then
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17. Polymers

17 A . Crystallinity of Polymers
17.4.1. If the crystallization température T cr (see 15.5.5.) for a 
polymer is higher than its vitrification température Tg (see 16.1.5.), 
it can exist in the crystalline State. Ail other conditions being 
(‘quai, Ter is higher for polymers that hâve a regular structure. 
Polymers, in which the side groups are of identical Chemical 
composition or at least of the same size, crystallize readily, while 
copolymers (see 17.1.6.) crystallize poorly. The crystallization 
température T„ of iso- and syndiotactic polymers (see 17.1.7.) 
is usualy higher than that of the atactic type. Polymers with 
rigid links crystallize more readily than those with flexible links.
17.4.2. There are three types of crystalline polymers:
(a) Polycrystals having long-range order in the arrangement of 
the links. The size of the crystallites (see 15.1.2.) is usually of the 
order of 102À, i. e. less than the size of the chains; they are not 
visible in a microscope.
(b) Globular crystals having long-range order in the arrangement 
of the molécules. They hâve the shape of a compact coil, called a 
globule, in which the links are randomly arranged. Globular 
crystals are a particular case of molecular crystals (see 15.1.5).
(c) Single crystals having long-range order in the arrangement of 
the links. Single polymer crystals are usually visible in a micro
scope.
The overwhelming majority of crystalline polymers belong to 
the first type.
17.4.3. The ordering of links belonging to different molécules is 
impeded by the linkage between the polymer chain links. Hence, 
polymer crystals hâve a great number of defects. X-ray photo- 
graphs of the polycrystalline polymers display the ring pattern 
and a washed-out halo. The former characterizes the crystalline 
state and the latter the amorphous state. Tliis allows one to 
speak of the crystalline and amorphous “phases” in this type of 
polymers, and to introduce the degree of crystallinity A which is 
dcfined as the ratio of the weight of the crystalline “phase” to 
lhat of the whole specimen. Actually, the quantity A indicates 
I he extent of the defects in the crystals.
The quantity A can be determined by X-ray diffraction, by measur- 
ing the density, the index of refraction, heat of fusion, and by 
several other methods. The arbitrariness in defining A leads to a 
lack of coincidence between the values of the degree of crystal
linity determined by different methods.
17.4.4. The high viscosity of polymers is responsible for the
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prolongée! process of crystallization which, in some cases, takes 
many days. For this reason, polycrystalline polymers are in a 
thermodynamically nonequilibrium state (see 7.1.6.) in most 
cases. This lack of equilibrium is manifested, in particular, in 
that the fusion température Tf is practically always higher than 
Ter and the melting process requires a certain température inter- 
val. The existence of a fusion température interval is due not 
only to the nonequilibrium condition, but also to the crystal 
defects. Crystallites of smaller sizes and the more defective ones 
melt at lower températures. Equilibrium fusion of polycrystalline 
polymers is a first-order phase transition (see 10.9.11.).
The dependence of Tf on the molecular weight n is of the forrn

J ___ _  _R
Tf TJ rfu

where T°f = fusion température of an idéal crystal formed by 
molécules having p = oo 

R  = universal gas constant (see 8.1.3.) 
rf = heat of fusion.

L7.4.5. The crystallization température, and hence the capacity 
of polymers to crystallize, is raised when they are subjected to 
tension. Certain polymers can only crystallize in tension. Tension 
leads to the orientation of the polymer chains (see 17.1.2.), 
thereby facilitating the packing of the links. The crystallites of 
polymers that were crystallized in tension are oriented along the 
direction of this tension.

17.5. Mechanical Properties of Polymers
17.6.1. The value of polymer materials for various applications is 
due primarily to their extraordinary mechanical properties: 
their capacity to withstand large deformation and their high 
sensitivity to variations in température and in the frequency of 
external action.
17.5.2. The deformation of polymers is a complex process that 
can be divided into three components: (a) elastic deformation 
similar to that of ordinary solids and associated with the changes 
in the interatomic and intermolecular distances; (b) high-elastic 
deformation associated with the displacement of the links (see
17.1.10.) of the molécule without relative displacement of the 
molécule as a whole; this changes the shape of the molécule, for
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instance, in tension molecular coils are uncoiled; (c) plastic 
deformation (flow) associated with the relative displacement of 
the molécule as a whole.
High-elastic deformation is inhérent in polymers only. In order 
to attain this type of deformation, it is necessary that the chains 
be of sufficient length. In contrast to elastic deformation which 
does not exceed a few per cent, in high-elastic deformation the 
dimensions of the body are changed by hundreds of per cent. 
Unlike plastic deformation, high-elastic deformation is réversible.
17.5.B. Each of the three types of deformation of rubber has its 
own relaxation time. Elastic deformation follows practically 
instantly upon the application of force. The relaxation time dé
pends to a high degree on température. The relaxation time for 
the high-elastic and plastic deformation of vitrified polymers 
(see 16.1.4.) is so long that no relaxation whatsoever is observed, 
and vitrified polymers are deformed like ordinary solids. The 
crystallinity of polymers also hinders the development of high- 
elastic and plastic deformation.
17.5.4. In crosslinked polymers (see 17.1.4.), the molécules are 
interlaced; this interfères with plastic deformation. In principle, 
thermodynamically equilibrium (see 7.1.11.) high-elastic defor
mation of crosslinked polymers could be observed. This is very 
difficult, however, since the relaxation times may be extremely 
long. Moreover, failures of the cross interlacings and of the chains 
always occur. This leads to irréversible plastic deformation.
17.5.5. The essential features of high-elasticity can be demonstrat- 
ed by an example of uniaxial extension (see 15.7.6.). When 
subjected to this kind of deformation, a cube with sides 70 be- 
comes a parallelepiped with the length l.
One property of high-elastic materials is that their volume changes 
a negligibly small amount in deformations in which the tempéra
ture and pressure do not change. This property is called “incom- 
pressibility”. It is similar to the corresponding property of liquids 
(see 14.1.1.). Consequently, with a fair degree of accuracy it 
may be assumed that the transverse dimensions of the parallele-

Since the cross section is greatly changed in high-elastic defor
mation, it is necessary to distinguish between the actual stress 
a (see 15.7.3.) which is equal in magnitude to the elastic force 
per unit cross-sectional area of the deformed body, and the condi- 
tional stress S per unit cross-sectional area of the undeformed 
body. In incompressible bodies, the actual and conditional
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stresses are related as follows

17.5.6. The change in internai energy U (see 9.1.1.) in uniaxial 
tension is determined by the équation

This équation enables the change in the internai energy upon 
deformation to be determined experimentally.
In soft rubbers with sufficiently flexible chains, the relative 
change in internai energy is much less than the relative change 
in entropy. Such rubbers resemble an idéal gas in which an iso
thermal change in volume is not accompanied by a change in the 
internai energy (see 9.1.5.). For rubbers which are idéal in this 
sense, the elastic force is proportional to the absolu te température 
(analogous to the pressure of an idéal gas).
In the deformation of crosslinked polymers with more rigid 
chains, for instance interlaced polyethylene, the relative change 
of internai energy is comparable to the relative change in entropy.
17.5.7. The statistical theory of equilibrium high-elastic defor
mation is based on the assumption that in calculating the free 
energy of deformation no account need be taken of the interaction 
between the chains. This theory is applicable to sufficiently 
widely-spaced networks, i. e. to those in which the chains are 
in tight coils in the undeformed state.
In a range of deformation far from the limiting value (in which 
the chains are almost completely straightened out), the distri
bution of the distances between the ends of the chains in the 
network can be described by a Gaussian distribution (see 17.2.8.). 
The statistical theory of high-elasticity gives the following relation 
between the actual stress and the élongation:

where R = universal gas constant (see 8.1.3.)
Q = constant depending upon the number of crosslinks 

(interlaces) between the chains (Q increases with 
the number of crosslinks) and upon the flexibility 
of the chains.

where Fel = elastic force
(— ) = température dérivative at constant l and V.
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This formula gives a qualitatively true description of the stretch-

or 400 per cent. At greater élongations, the stress grows substanti- 
ally faster than follows from the theoretical formula.
This discrepancy is explained by the fact that in this région of 
élongation the molecular coils are severely stretched and the 
Gaussian approximation of the distribution function is no longer 
valid. This région is said to be non-Gaussian.
These discrepancies are associated both with the insufficient 
cquilibrium of the observed deformations and with the crudeness 
of the assumption on which the theory is based. The stretching 
of rubber in the Gaussian région is more exactly described by the 
empirical Mooney-Rivlin formula

where Gx and C2 are elastic constants.
17.5.8. In the région of small élongations

and the formula of the statistical theory of high-elasticity is 
• onvert.ed to Hooke’s law (see 15.7.5.)

i. e. Young’s modulus for rubber is equal to SRTQ.
17.5.9. Maxwell’s équation (see 16.2.1.) is inapplicable to describe 
lhe viscoelastic properties of polymers, firstly because it leads to 
a linear relation between the stress and deformation, being thereby 
suitable only for the région of small deformations, and secondly 
because the complexity of the molecular and supermolecular 
structure of polymers leads to the necessity for describing their 
viscoelastic properties by an extensive set of relaxation times. 
The description of viscoelasticity for large deformations is a 
very difficult problem. The viscoelastic properties can be compa
ra tively simply characterized in the région of small deformations— 
lhe région of linear viscoelasticity.
17.5.10. The relation between the stress o(t) and the deformation 
r(t) in the general case of a viscoelastic body is given by the 
• quation

ing of rubber in a range in which y- varies not more than by 300

3R T Q  Al 
U)

(j(t) = Eooe(t) — J K(u) e(t — u) du
o
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where Eoo = instantaneous, or ultimate, modulus 

K(u) = relaxation function.
At high frequencies, this relationship is converted into Hooke’s 
law:

< 7 ( 0  =  Eooe(t) 

which reveals the meaning of E ».
17.5.11. If very rapid deformation occurs, up to the value e0, 
which is then maintained constant, then the ensuing stress relaxa
tion is described by the formula

<7(0 = [Eoo~E(0) + E(tÏÏe0

where£(0=J K(u) du is called the relaxation modulus. The difïer-
t

enceEoo—E(0) is called the equilibrium modulus.
17.5.12. For comparison with the stress relaxation in a Maxwellian 
body, the relaxation modulus can be written in the form

oo I
E(t) = J H (r )e ~  £

where t = relaxation time
H(t) = relaxation time spectrum.

The quantity H(r) d ln r indicates what contribution to the relax
ation is given by the relaxation times in the interval from 
ln r  to ln r  + dlnr .  The size of the région in which the function 
H(t) difïers noticeably from zéro is called the width of the spec
trum. The spectra of polymers become wider with an increase of 
the molecular weight.
17.5.13. At températures above that of vitrification or fusion, 
the equilibrium modulus of linear polymers becomes zéro and it 
is possible to observe true flow which can be described by Newton’s 
équation (see 11.4.4.), the coefficient of viscosity being

o o  o o

tj = J G(u) du = J H(r) dr
O — o o

where G(u) = relaxation shear modulus
H(t) = corresponding spectrum of relaxation times.

17.5.14. The viscosity of polymers dépends to a great extent 
upon the molecular weight and température. Each polymer has a
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certain critical molecular weight. At molecular weights lower 
t.han this critical value, rj is proportional to the molecular weight; 
at molecular weights above the critical value, rj is proportional 
to where fïw is the weight-average molecular weight (see
17.1.9.).
The température dependence of the viscosity of polymers is 
described by the Williams-Landel-Ferry relationship (WLF 
équation) :

W  Ci(T-Tr)
ë  y(Tr) Ct+ T -T r

where rj(T) = viscosity at température T
Tr = a certain reduced température (Tr is higher than 

the vitrification température Tg)
C1 and C2 = constants.

If T r = Tgj then = 17.78 and C2 = 51.6°K for the majority 
of amorphous polymers.
17.5.15. The WLF viscosity formula follows from a general law 
which is known as the principle of temperature-time invariance. 
According to this principle, when the température is raised, ail 
the relaxation times are to be multiplied by the same factor which 
is described by the WLF viscosity équation. The principle of tem- 
perature-time invariance is applicable only to amorphous poly
mers.



PART THREE

The Fundamentals of Fluid 
Mechanics

CHAPTER 1 8

Fluid Statics

18.1. Introduction
18.1.1. Fluid mechanics is the brauch of physics that deals with 
the laws of equilibrium and motion of liquids and gases, as well 
as the interaction of the moving liquids and gases (generally 
called fluids) with the solid bodies they flow along. Fluid mechan
ics digresses from the molecular structure of liquids and gases, 
regarding them as a continuons medium, or continuum, evenly di- 
stributed in space.*
Fluid statics is the division of fluid mechanics that investigates 
the conditions and laws of the equilibrium of liquids and gases 
subjected to the action of applied forces.
Fluid dynamics is the division of fluid mechanics concerned with 
the laws of motion of liquids and gases and of their interaction 
with solids.
18.1.2. The distinguishing feature of liquids and gases is their 
fluidity, i. e. their low résistance to shear (see 15.7.12.). Upon an 
unlimited réduction in the rate of deformation, the forces of résis
tance of a fluid to this deformation approach zéro.
The différence between a liquid and a gas is only in the nature of 
the dependence of their density on pressure, i. e. in the practical 
incompressibility of liquids and the appréciable compressibility of 
gases.
18.1.3. In fluid mechanics, a single term “fluid” (either incompress-

* This model is inapplicable to dilute gases (see 11.5.1.) which cannot be 
investigated by the methods of fluid mechanics and are taken up in molecular 
physics,
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Me or compressible) is commonly used to refer to both liquids 
and gases.
An incompressible fluid is a liquid or gas in which the dependence 
of the density on pressure can be neglected in a given problem. 
A compressible fluid is a gas in which the dependence of the density 
on pressure cannot be neglected in a given problem.
An idéal fluid is one in which there is no internai friction (viscos- 
ity) and which is also considered to be incompressible. Viscous 
/luids are ones in which the phenomenon of internai friction 
(viscosity) cannot be neglected.
Barotropic fluids are ones whose density dépends only on pressure.

18.2. Fluid Statics
18.2.1. Problems of fluid statics may be considered on the basis 
of the solidification principle: the equilibrium of a fluid will not 
be disturbed if some element of its volume is assumed to be soli- 
dified, i. e. if it is replaced by an imaginary solid of the same vol
ume and shape and having the same density as the fluid under 
considération.
Distinction is made between two types of external forces acting 
on an element of volume of the fluid : mass and surface forces. 
Mass, or body, forces are ones whose action on the element being 
considered does not dépend upon the presence of other portions 
<»f the fluid, and whose magnitude is proportional to the mass of 
tliis element. An example of a mass force is the force of gravity. 
The mass force equals FQdV, where dV  is the volume of the élé
ment of fluid being considered, q is its density, and F is the mass 
force per unit mass of the fluid. The vector F is called the inten- 
s i t y  of the mass force field (for example, in the case of gravity, F 
equals the free fall accélération g).
Mass forces are said to be conservative if their intensity F can be 
expressed in the form

F = -grad  <pF = -  v y F

where grad (pF =--• ~ i  + — = gradient of the scalar func- 
tion <pF(x, y , z, t), called the mass force potential

i, j and k = unit vectors of the Cartesian coordinate System

v = j k = nab,a °Perator-
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Surface forces are ones applied to the fluid element by the adja
cent particles of the rest of the fluid. These forces act on the 
surface of the element being considered. The surface force per 
unit of surface on which it acts is called the average pressure 
intensity. Any surface force can be resolved into components 
normal and tangential to the surface. Accordingly, distinction is 
made between the normal pressure intensity, or simply pressure />, 
and the tangential pressure intensity r. In a state of equilibrium 
the tangential components of the pressure intensity in a fluid 
equal zéro and the surface forces consist only of the normal compo
nents. The pressure intensity p at a given point of a fluid is the 
same in ail directions, i. e. it does not dépend upon the orientation 
of the surface for which it is determined.
18.2.2. The equilibrium équations of a fluid are

■pt   dp . -p   J_ dp
x ~  q dx  ’ ~  q d y

and Fg 1. ÊR
q dz

where Fz, Fy and Fz are the projections of vector F, the résultant 
intensity of the mass force field acting on the fluid, on the axes 
of a Cartesian coordinate System. In the vector form the equilibri
um équation is

F = -  grad p

Equilibrium équations are derived from the équations of hydro- 
dynamics of an idéal fluid (see 19.3.1.), under the assumption 
that the velocity of fluid flow equals zéro.
18.2.3. A fluid subject to the action of mass forces can be in 
equilibrium only if the field intensity F of these forces satisfies 
the équation

JP ( d F z  d F v\ jp ( d F m d F t \ „ ( d F v ÔF*\ _ n 

or, in vector form,
(P curl P) = 0

where curlF = + is the curl
of vector F.
If the density q of the fluid does not dépend upon the coordinates, 
then — grad p = grad —, and equilibrium is possible only in a
potential force field (so« 3.5.3.) with a potential (p = -  — -i-const.
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The equipressure surfaces coincide with tlie equipotential sur
faces.
18.2.4. Gonsider the equilibrium of a fluid in a uniform gravitation- 
al field (F = g = const). If axis Oz is directed opposite to g, 
tlien F, = F = -g , Fx = F , = 0 and the equilibrium équation 
is of the form

In the general case, the density of a fluid is a functionof the press
ure and température: q = ç(py T). If the température is the 
same throughout the fluid (condition of thermal equilibrium) and 
the fluid is incompressible, then

P +Qgz = Po

where p 0 is the pressure at the level 2  = 0. This relation is known 
as the basic équation of hydrostatics for incompressible fluids. As a rule 
the reference point for z coincides with the free surface of the 
fluid and then p 0 is the external pressure on this surface. The 
différence p — p 0 does not dépend upon p0 i. e. the pressure exerted 
on the fluid by external forces is transmitted equally in ail 
directions (Pascal*s principle).
In a compressible fluid which is in thermal and mechanical equi- 
libria (see 10.9.8.), the sum G + gz should be the same throughout 
the whole volume. Here G is the Gibbs function (see 10.6.3.) 
of unit mass of the fluid and gz is the potential energy of unit 
mass of the fluid in the gravitational field.
Mechanical equilibrium of a fluid located in a gravitational field 
is possible even in the absence of thermal equilibrium if the 
température of the fluid varies only along the vertical axis Oz. 
This equilibrium is stable if the following inequality is satisfied 
(no-convection condition):

( dv \ da n
V e f  j , dF *  0

where v and s are the spécifie volume and entropy of unit mass of 
I lie fluid. For most fluids > 0 and the no-convection condi-
linn takes the form

d T  ^  _  g T  / dv \ 
dz  ^  C p V  \  d T / p

where cp is the spécifie heat of the fluid at constant pressure. For
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an idéal gas

III.

<1T ^  _ j  
dz cp

18.2.5. Archimedes’ principle states that a body wholly or partly 
immersed in a fluid is buoyed up witli a force which is equal to 
the weight of the volume of fluid the body displaces and which 
acts vertically upwards through the centre of gravity of the 
immersed part of the body.



CIIAPTER 19

Fluid Dynamics

19.1. Basic Concepts
19.1.1. A particle of a continuons medium is a very small element 
of volume of the medium whose size, howevcr, is many times 
larger than the intermolecular distances. Since these distances are 
oxtremely small (of the order of 10~6 cm in gases at standard 
conditions) with some approximation the fluid particles can be 
regarded as points.
19.1.2. Two different methods of describing motion are applicable 
l,o fluid kinematics. One of them, called the Lagrangian method, 
consists in specifying fluid motion by indicating the dependence 
of the coordinates of ail the fluid particles on the time t .  Thus

x = F x(at b, c, t)
y = F 2(at b, c, t) •
z = Fz(a, b, cf t)

wliere a,f b and c are the coordinates of the particle at the initial 
instant of time t  = 0 and serve to dénoté the particle. The path 
•*<|iiation of the particle can be obtained by eliminating the time 
from these équations. The quantities a, bf c and t are called the 
Lagrangian variables. The projections of the velocity vector v 
utid the accélération vector a of the particle on the axes of coordi- 
nntes are equal to

dx d y ____ -, 02
» . - i r  and "* = i r

_  d2X . ax — > av
d*y 
dt2 and a2 d 2z

0i2
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Fluid Mcchanics ni.
The principal method used in fluid mechanics is thc one called 
the Eulerian method. It consists in determining the motion, or 
flow, of fluids by specifying a velocity field of the fluid in space 
at each instant of time, i. e.

V =  f lr ,  f)

or, expressed as projections on the axes of a rectangular Cartesian 
coordinate System,

vx =  f i ( x 9 y , s, t)
= U(*» 2/> 0 •

w. = /»(*» 2/> 0

where v = u*i + u j + w*k is the velocity of the fluid at the instant 
of time t at the point in space defined by the radius vector r = 
= ÆÎ-fyj + sk. The quantities x , y , z and t are known as the 
Eulerian variables. Cylindrical, spherical and other kinds of 
coordinates can be used as Eulerian variables in place of the 
Cartesian coordinates (x , y, z).
The projections of the accélération vector a of the particles of a 
fluid on the axes of Cartesian coordinates equal

dvx dvx + dvx
*>» +  ■

dvx
v y + dvxax = dt = dt dx~ dy dz Vz

dx>y dV y ■ + dVy Vx + dVy Vy + dVyav = ~dt ~= er dx ~dy ~Tz~ Vg
dvz dvz dvz dvz

Vy + dvz
« z  = H T  ~" dt + dx Vx + dy ~ W Vg

It is évident from these équations that the accélération a of a 
fluid particleis equal to the sum of two accélérations: a = a,M + 
+ Konv ^  which

A dV* t* l o e ~  dt

is the local accélération, resulting from the change in the velocity 
field in time, and

/ dvx dvx , dvx \ .  , /  dvv , dvy , dvy \ .
("* Tx + v» ~éu ' + s t ) 1 + \v* + v» ~dT )

(j)a dvz
dx + V, dvz

dy
dvz \
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is the convection accélération which is due to nonuniformity of the 
velocity field.
In the following, ail équations of fluid dynamics will be written 
in terms of Eulerian variables, and x, y, and z are understood to 
be Cartesian coordinates.
19.1.3. The motion, or flow, of a fluid is said to be a steady one 
if the velocity field does not change in the course of time. Other- 
wise, the motion is said to be unsteady. In the steady motion of 
a fluid, the pressure and density fields are independent of time. 
Potential or irrotational motion of a fluid is one in which curl v = 
= 0 at each instant of time throughout the volume of the 
fluid. In other words, the velocity is equal to the gradient of a 
certain scalar function of the coordinates and time y(x, y, z, t)> 
called the velocity potential. If a région of the fluid exists in which 
curl v ^  0, then the motion of the fluid is said to be rotational, 
or vortex, motion.
19.1.4. A stream line is an imaginary line whose tangent at each 
point, at the given instant of time t, coincides in direction with 
the velocity vector of the fluid at this point. For steady motion 
of a fluid, the stream lines coincide with the paths of the fluid 
particles. The équation of a stream line is of the form

dx _  dy _  dz
vx(x, y , z, t) ~ vy(x, y, z, t) ~~ vz(x, y , z, t)

in which the time t is the fixed parameter.
A stream tube is the surface formed by the stream lines passing 
llirough ail the points of a small, closed curve. The part of the 
fluid bounded by the stream tube is called the stream filament. 
With steady motion, or flow, of a fluid, the stream tubes do not 
change with time and the fluid particles flow in such a manner 
that each one remains within the bounds of a definite stream 
lllament.
19.1.5. Velocity circulation around a closed curve L  is the line 
intégral

r  = £ (v di)
L

wlicre d\ is a vector élément equal in magnitude to a length 
clément of the curve and directed along a tangent to the curve 
in the direction the line intégral is taken.
According to Stokes’ theorem

F = J curl* v dS
8
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where S = area of the surface bounded by closed curve L 
curlMv = projection of curl y on the external normal n 

to the élément dS of this surface.*
In the case of potential motion of the fluid F  = 0 regardless of 
how the closed curve L  is selected.
19.1.6. A vortex line is an imaginary line whose tangent at each 
point, at the given instant of time t, coincides in direction with 
the vorticity vector curl y at this point. The équation of a vortex 
line is of the form

where curlx y, curlv v and curlz v are the projections of vector 
curl v on the corresponding coordinate axes.
A vortex tube is the surface formed by vortex lines passing through 
ail the points of a small, closed curve. The fluid contained in a 
vortex tube is called the vortex filament.
The vortex (or vortex tube) strength is the product of the magnitude 
of vector curl v in some normal cross section of the vortex tube 
by the area o of this cross section. The vortex strength is con
stant along the whole vortex tube and is equal to the velocity 
circulation along an arbitrary closed curve drawn on the surface 
of the vortex tube and encircling it once.
19.1.7. The fluid flou) across a stationary surface S is the mass 
mtec of the fluid passing across this surface in unit time. Thus

where il = unit vector of the outward normal to the élément 
of surface dS 

vn = projection of the fluid velocity on vector n 
j = = vector of the density of fluid flow.

19.2. The Continuity Equation
19.2.1. The continuity équation is the mathematical expression 
of the law of conservation of mass in fluid mechanics. In terms of 
the Eulerian variables it can be written in several équivalent

* The v e c l o r s  n  are drawu in such inamier Ihal lïom üicir ends the closed 
curve L is seen to be circuited in Ilie counterclockwisc direction in calculating 
the circulation.

dx _  dy _  dz
curlx v curly v curlz v
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lonns :
(a| + + ? ; + - & ) “ »

where q (x , y , z , t )  =  density of the fluid 
\ ( x , y , 2 , J) = velocity of the fluid

div y = a!x + + “fzL = divergence vector v.

(h) If + div (gv) = 0
or

esT+ ic (<!<’*)+ iy-k>Vp) + -sz (CWa) =  0 

(e) + div v+ (v grad q) = 0

or
dç

+ e<L
eu + Vz ) = o■âr+ e l‘â ï"+ 9ÿ + a z i+ r- ' sx 

wliere grad q is the density gradient.
I H.2.2. The continuity équation for an incompressible lluid

div v = 0 or dvx
dx

+ »*» + 0«
evz
dz = 0

The continuity équation for the steady motion of a lluid 
is

div (gv) = 0 or e( QVx) . d( Qüy) <Kq»z)
dx dy dz

(d u  
\ dl

»)

»)

NVith a steady motion, the llow of lluid through a cross section 
of a stream filament does not dépend on the location of the 
cross section. For two arbitrary cross sections dSx and dS2 of 
.in elemental filament the following condition liolds:

QjPi dSi = q2v2 dS2

19.3. Equations of Motion for F laids
IW.JJ.I. The équations of motion of an idéal (inviscid) lluid (Eule- 
nun équations) are:
(.i) in the vector form

d v  ti l i
= * - y  g™*/»
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0v 4- (vv)v = F -  — grad p

where F = intensity of the mass force field (see 18.2.1.) 
p W= pressure 
q  = density of the fluid

(VV) = vx - ~  +  v t ~ ~ + v z - ^  = operator.
(b) in terms of projections on the coordinate axes

dvx
dt

dvy
di

= F .~

= F .-
dvz _j-t
dt ~  F z

dp_
èx
dp
dy
dp

~ë'z

dvx .
~w + v*

dtjL 4. v  d-üx 4- v  ÜEï_ =  F  -  
k ^ vv dy ^ s *7- x

dvv
dt + V3

dx
dVy .

ë x +v»
dVy
dy + 2̂

dz
dVy
dz

dvz
~ar+ ü*

dvz , dvz , dvz 
~dx+ v » ~Sy + v ‘ dz

F,

F.

For steady motion ff  = 0 and ^  = %  -  a(
19.3.2. The équations of motion of a viscous fluid (Navier-Slokes 
équations) are:*

dvx dvg = 0.

* It is assumed that y *  const and C = coust. Otherwise llie équations of 
motion are of the following, more coinplex, form:

dvx 
e ~dt

d vz 
■ dt

QÏ\ - & + 2 A ( ,
dx dx \

0Va
0X K

2
3 (y div v) + 0

0.X(C div v)

qFv_|P. + 2 « („
dy dy\

dv| 
dy b k m i m ?;

1
«

 j ± i ï a i v v )+ 0
dy (C div y)

vFz ®P , O 3 /
~ e z + 2 sz r

dvzy 
dz y) + +^ ) ] l+SI

■ } | ( . , d i v v )  + | ( C d i v v )
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(a) in the vector form

- -  = F -^-grad  p + v As + (— + y )  grad div y

where v = -- = kinematic viscosity of the fluid
rj = dynamic viscosity of the fluid or the coefficient of 

internai friction (see 11.4.4.) 
f = second, or bulk, viscosity (see 19.3.3.)
J  = ^  + ̂  + ̂  “  Laplacian opérator frequentty de-

noted by v 2.
(b) in terms of the projections on the coordinate axes ♦

dvx _  1 dp J & V x  . & V x  , S2üj£\ / C r \ _e / cto* Ôt>„ 0r*\ "
dt q  0x+  U *  2 + dy2 f  d z 2 ) +  \q +  3  / 0.x\0x +  dy +  'dz)

l lVy  _  v  l_  d p  J Ô 2Vy d 2Vy Ô H y \  / C  V \  _ 0 _  / 0 V *  0 Ü *  0 T * \

d f  Q By +  VU **"+  dy2 +  0z2/ +  U  +  3 /  dy U *  +  dy  +  dz )
i dp / d2vz d2vz d2vz\  / C . v \ d ( dvx dvy ôva\

* l + l e + T ) te lâ v + 05-+ fe-j= Fdt G dz ^ \dx2 ^  dy2  ̂ dz2)

For an incompressible fluid, div v = 0  (see 19.2.2.) and the 
Navier-Stokes équation takes the form

P J, grad p f  i’/lv

This équation can be written in a form which does not contain 
I he pressure p :

~  curl v = curl F-}- curl [v curl v] + v A curl v

If the mass force field is potential, as, for instance, the gravitation- 
al field, then curl F = 0 . With an idéal fluid (v = 0 ), the last 
torm in the preceding équation also equals zéro.
19.3.3. The second, or bulk, viscosity (coefficient of the second 
viscosity) C, like the dynamic (first) viscosity 77, is a positive 
value and dépends upon the Chemical nature of the compressed 
lluid, the pressure and the température. The first viscosity is 
inanifested in deformations due to simple shear; the second vis
cosity is manifested in deformations due to triaxial compression 
which are accompanied by a change in the density of the fluid. 
Compression and expansion of a fluid disturb its thermodynamic 
cquilibrium and processes are initiated in the fluid that tend to 
restore this equilibrium. Since processes for establishing equilib- 
rium are irréversible (see 1 0 .1 .2 .), they are accompanied by an
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incroase in the entropy (see 10.5.1.) which is an evidence of tho 
dissipation of energy. This dissipation of energy, and the second 
viscosity ’Q which governs the amount of dissipation, will be the 
greater, the slower the processes of restoring equilibrium in 
comparison with the compression or expansion process. For in
stance, the value f should be large if, in compression or expansion, 
the Chemical equilibrium of the fluid is disturbed and a Chemical 
reaction occurs having a long relaxation time, i. e. a low rate. 
In the case of compression and dilatation caused by sound waves 
(see 33.1.3.), Ç dépends on the frequency (second viscosity disper
sion).
19.3.4. The basic problem of fluid dynanties is to flnd the fields 
of velocities, pressures and densifies in a fluid whose motion, or 
flow, is due to the action of given external forces, i.e. to flnd tho 
following five functions of the coordinates and time:

v* = f i ( y, 2 , 0; = ft(x, y, 0;
*>* = .y, 2 , t) ;

p = fi(x, y , 2 , t) and n =■ /V,(.r, y , 2 , /)

The équations of motion and continuity are suffîcient to solve. the 
basic problem of fluid dynamics for any fluid in which the densily 
and both coefficients of viscosity dépend only on the pressure and 
the forms of these relationships are given beforehand: q = g(p)t 
C = Ç(p) and rj = y(p). In particular, this is true of an idéal in
compressible fluid (q = constant and rj = £ = 0), an idéal 
barotropic fluid (?/ = ; = 0), as well as of the isothermal motion 
of a viscous fluid.
In ail other cases, the solution of the basic problem of fluid dynam
ics will require an extended System of équations including the 
équations of motion, continuity, energy (see 19.4.1.), state of the 
fluid (see 7.1.10.) and équations expressing the dependence of 
the dynamic and second viscosities and the state variables of the 
fluid (see footnote to 19.3.2.).
19.3.5. To take into account the spécifie features of a concrète 
problem and to obtain a single-valued solution of the above- 
mentioned System of differential équations of fluid dynamics, it is 
also necessary to specify the initial and boundary conditions of 
the problem to be solved.
The initial conditions détermine the state of motion of the fluid 
at the initial instant of time (t = 0) : ex0 = f x(x, y, z, 0) ; ny0 = 
= AI®» Vy 2 , 0); etc. There is no need for specifying the initial 
conditions with steady motion of the fluid.

3 2 8



19. F lu id  D ynam ics

The boundary conditions détermine the spécial conditions of 
motion of the fluid at its boundaries with solid bodies, at the 
free surface of the fluid, and at the interface between immiscible 
fluids.
Ifl.3.6. Certain cases of the boundary conditions for an idéal 
fluid are given in the following:
(a) At points on the surface of a stationary solid wall, the velocity 
component of the fluid normal to the surface is equal to zéro 
(slip condition) :

vH = 0 or d<P 0 0  

! te  +  0»8S + B-
00
dz

vvhere <P(x, y, z) = 0 is the équation of the wall surface.
(b) If the wall moves in space and, in the general case, is deformed 
in this motion, then the velocity of any point on the surface and 
the velocity of a fluid particle which is at this point at the given 
instant should hâve equal projections on a normal to the surface. 
T h us

00 

: 0.V + Vv 00

dy + 7,j
00 00 _
dz dt ~  U

where &(x, y , z, i) = 0 is the équation of the moving surface.
(c) In addition to condition (b), at the free surface &(x> y , z,t) = 0 
of the fluid, the condition of constant pressure—p(x, y , z, t) = 
-  const—should also be complied with.

(d) At the interface between two immiscible fluids, the pressures 
of the two fluids should be equal, as should be the components, 
normal to the interface, of the velocities of the interface itself 
and of the two fluids.
13.3.7. Certain cases of the boundary conditions for a viscous 
lluid are given in the following:
(a) At points on the surface of a stationary wall the velocity of 
(lie fluid equals zéro (adhérence condition).
(b) At points on the surface of a moving wall, the velocity of the 
lluid equals the velocity of the corresponding point on the wall. 
The System of diiïerential équations in fluid dynamics is extremely 
eoinplex. Any solution based on analytical methods encounters 
insuperable difficultés and is feasible only for certain of the 
simplest cases of motion.
13.3.8. The Bernoulli équation (Bernoulli intégral) is valid for 
an idéal barotropic fluid (see 18.1.3.) in a conservative force 
(ield:

v * ç dp _  r
! i ' + J T  ~  C

329



Fluid Mechanics ni.
where <pF = potential of the mass force field

C = value that is the same for ail points of the given 
stream line and, in general, in going over from one 
stream line to another.

If the fluid is not subject to the action of other mass forces besides 
gravity, then <pF = gz (axis Oz is directed vertically upward) and 
the Bernoulli équation takes the form

gJ+»-+ j < y . - c

For an incompressible fluid

« * + T + *  = Ci or * + £ + £ - C,

where —  = dynamic (kinetic-energy) head 
p — static pressure 

—  = piezometric head
Q8  * #

= velocity head.

For a compressible fluid, the intégral J — dépends upon the kind
of process by which the state is changed. In isothermal and adia- 
batic (isentropic) processes of an idéal gas (see 7.1.11.)

J — *  kx ln p  + const 
isotherm

J  f  = * 2  ~r[P * + conet 
atliabat

where x — = ratio of the spécifie heats of the gas in isobaric
and isochoric processes (adiabatic exponent, 
see 9.4.5.)

A*i and k2 = constants.
19.3.9. Potential motion, or flow (see 19.1.3.) of an idéal barotrop- 
ic fluid is possible only when the mass forces are conservative. 
The Cauchy relation is valid for this type of motion. Thus

■jf+îi
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vvhere <p = velocity potential (v = grad çp)
(pF — potential of the mass forces 

f(t) = time function whose form remains arbitrary.
19.B.10. Let us consider the steady potential motion, or flow, 
of an idéal fluid. The Bernoulli-Euler équation is valid for a baro- 
tropic fluid :

<Pp + j  + j y  = const

in which the constant, unlike the Bernoulli équation, is t<he same 
for ail stream Unes.
19.3.11. Two-dimensional (plane) motion, or flow, is the motion 
of a fluid in which ail its particles move in planes parallel to a 
certain stationary plane, the velocities of ail particles lying on the 
same perpendicular to this plane being equal. If the coordinate 
plane xOy is taken as the stationary plane, then in two-dimensional 
motion

l’z = fi{x, y, I) ; V,  = f 2(x, y , t) and vt = 0

For the two-dimensional motion of an incompressible fluid
dtp
éy and dtp

~dx
where ip(x, y , t) is the stream function. The family of Unes y>(x, y , 
/) = const (t here is the flxed parameter) is the totality of stream 
Unes on plane xOy at the instant of time t.
If the external force fleld is conservative, the stream function of 
an idéal fluid complies with the diflerential équation

~ Aw = l i v
f l  *  dx dy

dv ô Ay 
dy dx

where A = + is the two-dimensional Laplacian opérator.
If the two-dimensional motion of an incompressible fluid is poten- 
lial, the Cauchy-Riemann équations are valid:

dip _  dtp i dy> _  dtp
dy ~ dx  anQ  dx ~  ~  dy

The stream function and the velocity potential comply with the 
Laplace équation: Axp = 0 and A(p = 0. The stream Unes are 
orthogonal paths of a family of Unes of equal velocity potential. 
19.3.12. The law of conservation of velocity circulation (Kelvin 
circulation theorem) states: in the flow of an idéal barotropic 
Il nid in a conservative mass force fleld, the velocity circulation
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around an arbitrary closed curve passing througb the same fluid 
particles (material curve) romains unchangod in the courso ol* 
time. Thus

<j> (v dl) = const. or —  ̂(v d\) = 0
L h

19.4. Energy Equations
19.4.1. The flrst law of thermodynamics for moving Systems is 
of the form

d{u  + ~<?) = âQ+ÔA' or d ( H + Mf )  = SQ + ÔA' + d [ p V )

where TJ and H = internai energy and enthalpy (see 9.1.1. and 
9.1.6.) of the System 

V  = volume of the System 
p  = pressure 

M  =  mass of the System
ô Q =  amount of beat delivered to the System from 

outside
ôA' = work done by the extern al forces 

v  =  velocity of the System.
19.4.2. The differential équation of the law of conservation of 
energy for a compressible viscous fluid is

= e + div (K grad T) -  p div v

{̂4(-si,+(5)'+(tn+[ts+i')'
+ ( w  + -S-)’ + (* -+■ « ) 1 - ? (div-)'} + « t lv . | -

or

•j '!!, "  + f +  div (* grad F

where u and h =  internai energy and enthalpy of unit mass 
of the fluid
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q, T  and p — donsity, absolu te température and pressure 
of the fluid

K , r\ and £ = coefficients of heat conduction (thermal 
conductivity), internai friction and second 
viscosity of the fluid 

e amount of incoming heat per unit volume of 
the fluid in unit time due to radiation or 
any other cause except heat conduction (for 
instance, due to Chemical reactions).

+ (£ +

\ dz 
dv- 
dx

0V|
cix

»r_\*
c /

V J

The dissipative function 0  represents the amount of mechanical 
energy of the fluid which is converted, due to friction, into internai 
energy in unit volume of the fluid in unit time.
Kor a gas that complies with the Mendeleev-Clapeyron équation, 
it can be assumed, if the changes in température are not too 
marked, that

du
dt

d T
dt and dh =  d T  

d f  ~  Cp dt

where cv and cp are the spécifie beats in isochoric and isobaric 
processes.
Ifi.4.3. When K = r )  = Ç = e = 0, the energy équation déter
mines the condition of adiabatic motion, or flow, of an idéal fluid:

du  P j* ds 0S , , J \

w  = — t dlv v or ~dt = ar+ <v «rad *) = 0
where s is the entropy of unit mass of the fluid.
bor an incompressible fluid at e = 0, the energy équation t.akes
l.lie form

d T  
■ dt = div T) ̂ {4(̂ T+(lr)2+(t)1

/dvx ,dvp\* /dvx dv2L\ 2 , /
\ dy ^ dx J l dz ^ dx ! "I~ V dy

-±.dvJL 
"*■ d z )•}

where c is the spécifie heat of the fluid.
Kor an incompressible idéal fluid at e = 0 and K = const

dT  = a. V *Tdt
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or
t &T 0^r <PT \ 
A dx2 +  02» )

where a = — is the coefficient of thermométrie conductivity 
(see 15.3.1.).
19.4.4. Convective heat exchange is the transfer of energy in the 
form of heat between nonuniformly heated portions of the fluid 
or between the fluid and solid bodies. It is a resuit of the motion 
of macroscopie portions of the fluid in relation to one another or 
in relation to the solid bodies.
Convective heat exchange between a fluid and solid bodies is called 
heat transfer. Depending upon the cause of the fluid motion, dis
tinction is made between free-, or natural-convection, and forced- 
convection heat transfer. Fluid motion in the former is due to the 
force of gravity and results from the nonhomogeneous density of 
the differently heated portions of the fluid. In the latter, the rela
tive motion is due either to the displacement of the bodies in the 
stationary fluid or to the action of various kinds of pumps, fans, 
etc. on the fluid.
19.4.5. The heat transfer coefficient a is a quantity that charac- 
terizes the intensity of heat transfer and equals

where q = thermal flux density, equal in magnitude to the 
amount of heat transferred across unit area of the 
surface of a body in unit time 

AT = température head, equal to the absolute value of the 
différence between the températures of the fluid and 
the surface of the body.

In many cases, the température head is otherwise deflned. For 
instance, when a stream of compressible fluid flows around a 
body, AT is usually taken equal to the absolute value of the 
différence between the température of the fluid at a point far 
from the body and the equilibrium température that the surface 
of the body would hâve if there were no heat exchange.
Owing to the influence of viscosity, the velocity of the fluid 
eqÏÏals zéro at the surface of the body. Consequently, in the immé
diate vicinity of the surface, heat exchange is accomplished by 
conduction :

q = K  Igrad T \B
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where K = beat conductivity of the fluid 
|grad T \b = absolute value of the température gradient of the 

fluid at the boundary with the body.
The relationship bctween the heat transfer coefficient and the heat 
conductivity is of the form

a = — Igrad T \ ,

19.5. Dimensional Analysis and Physical 
Similarity

19.5.1. A unit of measurement [A] of physical quantity A  is an 
arbitrarily selected physical quantity of like physical nature.
A system of units is the totality of units of measurement tliat 
hâve been established in some definite manner for ail the quanti
fies dealt with in a given branch of physics. The following Systems 
are used, for example, in mechanics: cgs (absolute physical), 
mks (absolute practical) and mk(force)s (engineering) Systems, 
The ones used in electricity and magnetism are: cgs electrostatic 
(cgse) and cgs electromagnetic (cgsm) absolute Systems, gaussian 
and the absolute practical (MKSA) Systems. The International 
System of Units (SI) was recommended in 1960 by the Internation
al Conférence on Weights and Measures, as préférable for ail 
branches of science and engineering. This System (SI) coincides 
with the mks system with its mechanical quantities and with the 
MKSA system with its electromagnetical quantities.
Absolute Systems are ones in which units of length, mass and time 
are used as the fundamental units for mechanical quantities. 
Fundamental^ or basic, units of measurement of a given system are 
the independently established units of measurement of several 
(usually three or four) arbitrarily selected unlike physical quan
tities. For example, in the cgs system, the fundamental units 
are 1 cm (unit of length), 1 g (unit of mass) and 1 sec (unit of time). 
The international System of Units (SI), covering ail branches of 
science and engineering, is based on six fundamental units: 
length (m), mass (kg), time (sec), current (A), température (°K) 
and luminous intensity (cd).
Derived units of measurement are ones that are defined by référ
encé to fundamental units of the given system on the basis of 
physical laws expressing the relations between the physical quan
tifies being considered and the quantities whose units of measure- 
ment hâve been accepted as fundamental units.
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The dimensional formula, or simply. thv dimensionality^ of some 
physical quantity B is the équation which détermines the relation 
between the unit of measurement [B ] of this quantity and the 
fundamental units [/IJ, [A2], . . . ,  [AA of the given System. 
Dimensional formulas are in the form of power monomials:

[B\ = [AJ*' [ ,isr . . .  [Akr
where k = number of fundamental units
nx, n2, . . nk = rational numbers.
The units of measurement and the dimensionalities of Various 
physical quantifies in various Systems of units, as well as the 
relations between the units of measurement of the same quantity 
in the différent Systems, are listed in Appendix I.
19.5.2. Homogeneous physical quantities are ones having the saine 
dimensionality and physical essence, i. e. ones that differ only in 
magnitude (for instance, the coordinates of a point of a body and 
its linear dimensions).
Like physical quantities are ones having the same dimensionality 
but different physical meaning. An example of like quantities 
are the coefficient of diffusion and the kinematic viscosity. 
Dimensionless values are ones whose magnitude is indépendant 
of the System of units being used. For instance, the ratio of two 
homogeneous or two like physical quantities] is a dimensionless 
value. The ratio of two homogeneous quantities is called a simplex.
19.5.3. A xioms of dimensional analysis follow:
(a) The nuinerical value a of physical quantity A is equal to the 
ratio of this quantity to its unit of measurement [A]. Thus

(b) A physical quantity does not dépend upon the clioice of its 
unit of measurement, i. e. when the unit of measurement is 
increased q times, the numerical value of the given physical

lquantity is reduced to — of its former value.
(c) A mathematical description of some physical phenomenon, 
which shows the functional relationship between the numerical 
values of physical quantities, is independent of the choice of the 
units of measurement of these quantities. Consequently, ail the 
terms of an équation which describes a physical process should 
hâve the same dimensions since tliis enables them to be converted 
to the dimensionless form by dividing botli sides of the équation 
by some constant having the saine dimensions.
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19.5,4. The U-lheorem states that.any relationship between n 
dimensional quantities, for whose measurement k fundamental 
units are used, can be represented in the form of a relationship 
between n - k  dimensionless combinations nx, . . . ,  nn- k of these n 
quantities.
For example, let us assume tliat the relationship between the 
numerical values au . . . ,  an of the dimensional quantities 

. . . ,  A» in the phenomenon being investigated is of the form 
an = f(au a2, . . . ,  an- x). We further assume that the units of 
measurement of the first k quantities hâve been established inde- 
pendently of one another and accepted as fundamental units 
while the units of measurement of the remaining n - k  quantities 
are derived, i. e.

k k

[a *+,] = [A.i =
1=1 t=l

Tlien, increasing the fundamental units [A J, [A 2], . . [ / ! * ]  by 
a factor of alt a2, . . . ,  aki respectively, the relationship given 
above can be written in the dimensionless form :

or

where nï

K n- k  = f( 1, 1, • • 1, Kl ,  • • -, 7l n - k - l )

71n - k  —  ^ ( ^ 1 >  • • •» X n - k - l )
+ i _ aH• • •> ïïn — k

n af‘
_A n
k
n Af*

are the dimensionless combinations, or power complexes, of the 
physical quantities A lt . . A n.
Two corollaries of the //-theorem are: (a) if n -  k = 0, the équation 
an = f(aly ...» a„_i) has been incorrectly formulated since it 
cannotbeconverted to the dimensionless form; and (b) if n - k  = 1, 
then 7in- k = const.
19.5.5. Two physical processes are said to be similar if they obey 
the same physical laws and if ail the quantities Ci characterizing 
one process can be obtained by multiplying the quantities CW 
liomogeneous with the first quantities and characterizing the other 
process, by the constants c,-. The latter are called similarily 
factors and are the same for ail homogeneous quantities: Ci = 
-  CiC'i'.
Criteria of similitude are dimensionless power complexes included 
in the dimensionless mathematical description of the process 
heing investigated wlien tliis description is formulated with the
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aid of the /7-theorein. To establish the kind of criteria of similitude 
required in each concrète process, it is necessary to make a list 
of ail the dimensional quantities A lf . . . ,  A n, characterizing this 
process, using for tliis purpose the differential équations of 
the process and the condition of their single-valued solution. 
Then the 77-theorem is applicd to the functional relationship 
f(al9 . . . ,  aH) = 0 which is an unknown intégral (solution) of the 
problem.
Décisive criteria of similitude are ones made up of quantities 
specified to suit the uniqueness condition, and of independent 
variables.
19.5.6. The first theorem of similitude states that for two similar 
processes ail the criteria of similitude are pairwise equal to each 
other, i. e.

Tt-y —— 71̂ | JT2 = 712 > etc.

Second theorem of similitude: the criteria of similarity are related 
to one another by a similitude équation which is a dimensionless 
solution (intégral) of the problem on hand and is valid for ail 
similar processes.
Third theorem of similitude: for two processes to be similar it is 
necessary and sufficient that they are the same qualitatively and 
their décisive criteria are pairwise equal to each other.
Processes are said to be qualitatively the same if their mathcmatical 
description difïers only in the numerical values of dimensional 
quantities they contain.
19.5.7. The theory of similarity, or similitude, is the scientific 
basis for the experimental investigation of complex phenomena 
by the modeling (simulation) and analogue methods.
The modeling, or simulation, method consists in reproducing and 
investigating processes on a model, these processes being qualita
tively the same as the real processes. The results of the experiments 
can be extended to cover these objects if the conditions stipulated 
in the third theorem of similitude are complied with.
The analogue method consists in the study of some process by 
means of experimental investigations on other physical processes 
which are qualitatively different but proceed according to difTer- 
ential équations which coincide with those of the process being 
studied. Besides, the conditions of uniqueness of the analogue 
processes should also coincide with those of the real processes. 
Extensively used at the présent time are experimental methods 
of investigating various phenomena which are based on the ana- 
logy between electrical, hydrodynamic, thermal, mechanical and 
other phenomena. In its application to thermal processes, the
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analogue method has an essential shortcoming since it does not 
enable the dependence of the physical properties of the medium 
(viscosity, heat conductivity, beat capacity, etc.) on tempéra
ture to be taken into account.
19.5.8. The principal criteria of similitude in fluid dynamics are
the Reynolds number Re, Froude number Fr, Strouhal number
St and the Mach number M.

»!
The Reynolds number Re = — , where v is the characteristic veloc
ity of the fluid for the given problem, l is the characteristic linear 
dimension, and v is the kinematic viscosity of the fluid. The 
characteristic velocity and the characteristic length dimension 
can be chosen in different ways depending upon the problem on 
hand. For example, in considering the flow of an incompressible 
fluid through a round pipe of inside diameter d, the value l — d 
and v is the average velocity of the fluid along the cross section
(n = ■, where Vgee is the volume flow rate of the fluid).
For the transverse flow of a fluid around a circular cylinder of 
diameter d, the value l = d and v is the velocity of the undisturbed 
fluid, i. e. its velocity at a point a long distance before the 
cylinder. The Reynolds number is the ratio of the inertial forces 
to the viscous forces in the stream of fluid.
19.5.9. The Froude number Fr = — (where v is the velocity of the
fluid at a point far from the body it is flowing around, l is the 
characteristic linear dimension of the body and g is the accélération 
of gravity) is the ratio of inertial forces to gravity forces. It is of 
importance in the simulation of processes involved in the operation 
of various hydraulic structures, the motion of ships, etc. In model- 
ing gas flow, this criterion of similitude is of no particular signif- 
icance since, owing to the low density of gases, the influence of 
the gravity forces can usually be neglected.
19.5.10. The Strouhal number is the criterion of similitude for
unsteady motion of fluids. It equals St = , where v is the charac-
leristic velocity, l is the characteristic linear dimension, and T 
is the characteristic time interval (for instance, in periodic motion, 
T is the period).
19.5.11. The Mach number M = -- (where v is the fluid velocity
at the point being considered and c is the local velocity of sound 
in the fluid at the same point) is a measure of the influence of the 
eompressibility of the fluid on its motion (or of the ratio of elastic 
forces to inertial forces). If M «  1, the fluid can be regarded as
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being incompressible. The motion of a compressible fluid is said 
to be subsonic if M < 1 and supersonic if M > 1. The Mach 
number is the main criterion of similitude for the steady motion 
of a compressible fluid at high velocities.
19.5.12. The principal criteria of similitude for steady-state free- 
convection heat transfer (see 19.4.4.) in an incompressible fluid 
are the Nusselt number Nu, the Grashof number Gr, and the 
Prandtl number Pr. The Nu, Re and Pr criteria are used for 
steady-state forced-convection heat transfer (see 19.4.4.). The 
Peclet number Pe = RePr is also frequently applied.
19.5.13. The Nusselt number Nu = -  , where a is the heat transfer
coefficient (see 19.4.5.), I is the characteristic dimension and K 
is the heat conductivity of the fluid.
19.5.14. The Prandtl number characterizes the physical properties
of the fluid. It is equal to Pr = ~  — — , where ris the kinematie
viscosity (see 19.3.2.) of the fluid, a is its coefficient of thermo
métrie conductivity (see 15.3.1.), r) is its dynamic viscosity, and 
c is the spécifie heat (for gases, c = cp).
19.5.15. The Grashof number Gr = AT , where at is the coeffi
cient of thermal expansion (see 10.7.3.) of the fluid, v is its kine- 
matic viscosity, g is the free fall accélération, l is the characteris
tic dimension, and AT is the température head which is equal to 
the absolute différence between the températures of the fluid and 
the wall.

19.6. Motion of Bodies Immersed in a Fluid. 
Boundary Layer

19.6.1. In accordance with Galileo’s relativity principle (sec 2.9.3.), 
the problem of the force interaction between a body, moving 
uniformly and in a straight line at a velocity u in a stationary 
unlimited fluid, and the fluid is équivalent to the problem of 
the interaction between a motionless body and a steady stream 
of fluid, flowing around the body, whose velocity v0 at a point 
far upstream of the body equals -  u.
19.6.2. The Navier-Stokes équation (see 19.3.2.) for steady flow 
of a fluid in the absence of mass forces is of the form

(vv)v = -  * grad p + v A \ + (— + -—) grad div v

If the flow of a stream of incompressible fluid (div v = 0) around
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the body corresponds to low values of the Reynolds number
(Rc = — «  l), wbere l is the characteristic dimension of the body,
so that the inertial term (vv)v «  v Zfv, the équation can be written 
i n the following approximate form

r) As -  grad p = 0 or A curl v = 0
1 0.6.3. The force of résistance F of a fluid, acting on a sphere moving 
slowly in the fluid, is determined by Stohes’ law:

F = — 6nr]R\i
where R = radius of the body (sphere) 

u = velocity of the body 
r] = dynamic viscosity of the fluid.

This law is valid for cases in which Re «  1 (Re = uI*° , where p
is the density of the fluid).
The terminal velocity w of a solid sphere falling in a viscous 
fluid by the action of the gravity force is equal, within the limits 
of application of St.okes’ law, to

_  2R*g(Q'-Q)
u ~ Vv

where o' = density of the sphere 
"g = free fall accélération.

The force of résistance exerted on a falling spherical drop of 
fluid and its terminal velocity are

F  = 2nr\Ru un+v
2 R 2g ( g ' -  q) (t}+  >/) 

3 t](2r] + 3 tf )

where q' and are the density and dynamic viscosity of the 
fluid of which the drop is formed.
Kor a small bubble of vapour floating up in a fluid, q' ê* 0 and 
//' ^  0. Hence the force of résistance is

F = kn'qRu

and the velocity with which the bubble rises is

10.6.4. At very large values of the Reynolds number, it can be 
assumed with some approximation that the efïect of viscosity 
is manifested only in the portion of the fluid that flows in the
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immédiate vicinity of the surface of the body it is flowing around. 
This portion of the fluid is therefore called the boundary layer.
The fluid velocity at the surface of the body (boundary) equals 
zéro (adhérence condition, see 19.3.7.) ; the velocity at the outer 
limit of the boundary layer dépends upon the velocity and trans
verse dimensions of the oncoming stream, and the shape and size 
of the body. For longitudinal subsonic flow along a thin fiat plate, 
this velocity is equal to that of the oncoming stream.
The thickness of the boundary layer gradually increases as the 
layer moves downstream along the surface of the body. Other 
conditions being equal, the greater the Reynolds number, the 
thinner the boundary layer.
The fluid outside the boundary layer may, with a sufficient degree 
of accuracy, be regarded as idéal.
19.6.5. Two qualitatively different types of flow of a viscous fluid 
are possible: laminar and turbulent. Laminar flow is ordered 
fluid flow in which the paths of neighbouring particles difTer only 
slightly from one another so that the fluid can be regarded as a 
totality of separate layers or laminae, flowing at different veloc- 
ities without intermixing. Turbulent flow of a fluid is one in 
which its particles hâve unsteady haphazard motion along corn-, 
plex irregular paths, as a resuit of which various layers of the flow
ing fluid are intensively mixed together.
Laminar flow may be either steady or unsteady; turbulent flow 
can only be unsteady (the velocity of the fluid varies irregularly 
in time at each point in space). To characterize a turbulent 
stream, use is made of the concept of a temporal mean velocity 
v at the given point in space, obtained by averaging the true 
velocities v over a sufflciently long interval of time. The différence 
v' = v —v is called the fluctuation in velocity. A turbulent flow 
can be arbitrarily regarded as steady if v is independent of time

(-£-»)■
A turbulent flow is set up as a resuit of the loss of stability of a 
laminar flow at sufflciently high values of the Reynolds number. 
19.6.6. The équations of steady two-dimensional flow (see 19.3.11.) 
of an incompressible fluid in a laminar boundary layer are

dvx , dvy d2vx 1 dpv~ + Vv -r - — v = ------- -J--dx y dy dy2 q dx
where x and y = curvilinear coordinates measured downstream 

along the surface of the body (x) and normal 
to this surface (y) 

p = pressure at the outer limit of the boundary 
layer.

and dVx = 0
dx ^  dy
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The pressure is transmitted through the boundary layer without 
any change, i. e. —  = 0, p  = p(x), and is related to the velocity 
v at the outer limit of the boundary layer by the équation

1 dp ~ dv
------=  — V -3—q dx dx

1 9 . Fluid Dynamics

19.6.7. In the case of a larninar boundary layer on a plate along 
which an incompressible fluid flows longitudinally, the shear 
stress at the surface of the plate due to the friction forces is

0.332 0 .332^

where q  and rç = density and dynamic viscosity of the fluid 
v0 = velocity of the oncoming stream 
x = distance from the leading edge of the plate

If the length of the plate along the stream equals Z, the average 
viscous stress along the whole plate is

f B =  J t B dx =  0.664pP5 j— r
0

where Re = is the Reynolds number.

13.6.8. The Reynolds number (Rex)c at which a laininar boundary 
layer becomes turbulent is caüed the boundary-layer transition, or 
rritical, Reynolds number. For longitudinal flow along plates and 
bodies with surfaces of small curvature (Rex)c ~ 300,000 and 
dépends to a great extent upon the degree of initial turbulence 
of the oncoming stream. This initial turbulence is equal to the 
ratio of the root-mean-square fluctuation of velocity of the oncoming

Ÿv'**stream to its inean velocity: •
The turbulization of the boundary layer leads to an increase in 
the velocity gradient in the fluid at the surface of the body and 
to an increase in the viscous stress. The reason for this is that, 
in this case, the internai friction (viscosity) in the fluid is due to 
the transport of momentum by two simultaneously acting proc
esses: thermal motion of the molécules and turbulent rnixing.
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19.7. Fluid Flow in Pipes
19.7.1. It follows from the équation of continuity that for steady 
flow of a fluid in a pipe

wliere mscc = mass of fluid flowing in unit time through eacli 
cross section of the pipe (mass flow, see 19.1.7.) 

P = density of the fluid 
dS = element of cross-sectional area 
vn = fluid velocity component normal to area dS.

If the fluid is incompressible then

where V,ee is the volume of fluid flowing in unit time through an 
arbitrary cross section of the pipe (volume flow).
In the flow of an idéal fluid through a cylindrical pipe (S = const), • 
the velocity vn = v and is the same for ail points of a given cross 
section. If the fluid is incompressible, the velocity is also the same 
for ail cross sections.
For a compressible fluid

19.7.2. In the flow of an incompressible fluid through a cylindrical 
pipe, the stream in the initial part of the pipe consists of two 
portions: the boundary layer at the wall and the undisturbed 
velocity core, within wliose limits the fluid velocity is the same for 
ail points of the given cross section. The thickness of the boundary 
layer gradually increases with the distance from the pipe inlet 
until, at a distance lgtaby the boundary layer fllls the full cross 
section of the pipe. The initial zone of length lstab is called the 
zone of hydrodynamic stabilization, and the fluid flow beyond this 
zone is said to be stabilized since it corresponds to equal fluid 
velocity fields at ail cross sections. The length lttab increases with
the diameter of the pipe and lhe Reynolds number (for laminar
flow in a round pipe, lgtab ~ R  Rc, where R  is the pipe radius and

mgec = I Ql,n dS = const
S

Vgec = J  vn dS = const
s

ov - -m'ec = consto
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19.7.3. For stabilizod laminar flow of an incompressible fluid 
through a cylindrical pipe whose axis coïncides with the Oz axis 
of a Gartesian coordinate System, the velocity v of the fluid at ail 
points in the pipe is parallel to axis Oz. Thus vx = vy = 0 and 
v, = v. From the continuity équation (see 19.2.2.) it follows that

~  = 0, i. e. v = f(x, y)

According to the Navier-Stokes équation (see 19.3.2.)

= |p  =  0; = f -  = i j ( - | t  + 'H-) = const =  — -r-dx dy ’ dz dz '\ dx2 dy2 ) l

where Ap is the pressure drop over the length l of pipe.
19.7.4. This formula can be written as follows for a round cylin
drical pipe:

1___ d I dv \ _  _dP
r dr V  dr ) ~ rjï

where r = Ÿx2 + y2 is the distance from the pipe axis.
The velocity distribution along the cross section of the pipe is 
expressed by the équation

v(r) = -4L (**-»■*)

where R  = radius of the pipe
r = distance from the axis to the point of the cross 

section being considered 
rj = dynamic viscosity of the fluid 

Ap = pressure drop over the length l of pipe.
The volume flow (or discharge) of a fluid is determined by the 
Poiseuille équation

T7 n R* A
V*ee ~~ Ytjï Ap

19.7.5. If the pipe is of elliptical cross section, thon
, x A p  a262 r. x -  y 21

=  S ÿ â i + S r e - n V - f c . - J
T7 _ na?b2 *
V,ee ~ ~Ufl(â2 + b2) np

where a and b = semiaxes of the ellipse
x and y = coordinatés of the point being considered in the 

cross sections; the coordinate axes Ox and Oy 
coïncide with the semiaxes a and b of the ellipse.
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19.7.6. For flow through an annular space between two concentric 
cylindrical surfaces of radii R 1 and R 2 > Ri

19.7.7. The critical Reynolds number Re^Re = , where
d is the pipe diameter), corresponding to the transition from
laminar to turbulent flow in a smooth round pipe, is of the order 
of 2300.
A number of semiempirical formulas hâve been derived for the 
turbulent flow of an incompressible fluid through circular pipes.
19.7.8. In the steady adiabatic flow of an idéal compressible fluid 
through a pipe of variable cross section, the dependence of the 
flow density qv on the velocity v is of the form

■5 » te") = K1
where c = local velocity of sound (see 33.2.1).

q =  density corresponding to the state variables of the 
fluid in the cross section where its velocity equals v. 

The quantity q v  reaches its maximum value q + v + at the velocity 
7;*, equal to the local velocity of sound c* and called the critical
velocity. The ratio — = M* is called the velocity coefficient. At
M* < 1, the flow is subsonic and at M* > 1 it is supersonic (see 
19.5.11.). Togooverfrom subsonic to supersonic flow it is neces- 
sary that the cross-sectional area S of the pipe vary according 
to the law

S = rrit-e— = g
q v  eu *

Thus the tube gradually converges in the zone of subsonic flow 
up to the critical value S+ and then diverges again. Such a tube 
is called a converging-diverging (Laval) nozzle.
For an idéal gas

» . -  » . f e r T , = % rp
h T  1 o and p .  = i>0(— r )“
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where x = adiabatic exponent (see 9.4.5)
B  = spécifie gas constant (see 8.1.3.) 

p 0, q0 and T0 = pressure, density and température of a gas 
which has been adiabatically retarded to the 
velocity v = 0 

c0 = velocity of sound in the gas at température Tn 
p*, and p+ = critical values of the density, température and 

pressure.
In an arbitrary cross section of a pipe, the variables of an idéal 
gas comply with the équations



PART FOUR

Electricity and Magnetism

CHAPTKÏl 20

Electrostatics

20.1. Basic Concepts. Coulotnb's Law
20.1.1. Electrostatics is Lhe study of the properties and interaction 
of electric charges which are fixed with respect to the inertial 
frame of reference chosen for this study.
There are two kinds of electric charges: positive and négative. 
Like charges repuise each other; unlike charges attract each 
other.
20.1.2. The law of conservation of electric charge States: the alge- 
braic sum of the electric charges remains constant in a closed 
system.
The electric charge of any body consists of a whole number of 
elementary charges each of which equals 4.8X10-10 electrostatic 
(cgs) units of the quantity of charge. The smallest stable subatom- 
ic particle having a négative elementary charge is called the 
électron. The mass of an électron is 9.1X10-28 g. The smallest 
stable subatomic particle having a positive charge is the proton. 
The mass of a proton is 1.67 X10“24 g. Electrons and protons are 
found in the atoms of any substance.
A neutral (uncharged) body contains charges of opposite sign 
which are equal in absolute value.
Electric charges are said to be point charges if the linear dimen
sions of the bodies on which the charges are concentrated are 
very much smaller than any other lengths pertinent to the 
problem under considération.
20.1.3. Coulomb's law states that the force F of electrostalic 
interaction between two point electric charges qx and q2 in a 
vacuum is directly proportional to the product of the charges

3 4 8
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and inversely proportional to the square of lhe distance r between 
them. Thus

F = . 1 ‘h(J- (in SI units)4 7ït « r2 ' '

F = ----- (in cgse units)

where c0 = 8.85 X 10“12 = 8.85 X 10“ 12 ^  is the perrniltivily
of free space or permittivity of a vacuum. It is also sometimes 
called the capacitivity in vacuo, or the dielectric constant of a 
vacuum.
For like charges (q{ > 0 and q2 > 0 or q± < 0 and q2 < 0), 
F  > 0; this corresponds to mutual repulsion. For unlike char
ges (qt > 0 and q2 < 0 or qx < 0 and q2 > 0), F < 0, which cor
responds to mutual attraction of the charges.
20.1.4. The forces of electrostatic interaction are central forces. 
The force F12, exerted in a vacuum on point charge q2 by point 
charge qu equals

*’<•,! -  ,,'fo rJ= ('» uhîIs)

f’iï = ~rv  r i2 (in cgsu units)

where r ,2 is the radius vector con
necting charges qx and </2 (Fig. 20.1 .)•
20.1.5. If point charges qv and q2 are in a homogeneous and infinité 
dielectric medium, the force of tlieir electrostatic interaction will 
be

F** = i  (in SI units>

F>2 = K% ('" CgSe Units>
where Kc is the dielectric constant of the medium, or its relative 
permittivily, which shows how many times the force of interaction 
between charges qv and q2 is greater in a vacuum than in the
given medium. The réduction of force F12 to ~ - of its value in a
vacuum is associated with a phenomenon known as électrostric
tion, i.e. the deformation of the dielectric under the influence of 
the electric field. In their deformation, liquid and gaseous dielec- 
trics, since tliey are directly adjacent to the charged bodies, exert 
an additional mechanical action on these bodies. In solid dielee-

r2f *21
qt >0

r/z _ .  *72 .
qt >0 7z>0

MU .20.1
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tries, the charged bodies are located inside cavities and, other 
conditions being equal, the forces acting on the bodies dépend 
upon the shape of the cavities.

Electricity and Magnetism

20.2. Electric Field. Electric Field Intensity
20.2.1. According to the theory of short-range force action, interac
tion between particles of matter and between macroscopie bodies 
located at some distance from one another is accomplished by 
means of physical fields which are set up by these particles or 
bodies in surrounding space. The fields are no less material than 
their sources—the particles and bodies. The concept of physical 
fields is closely associated with the finiteness of the velocity of 
propagation in space of the changes in any interaction. In the 
spécial theory of relativity (see 32.1.1), it is contended, in accord
ance with experimental data, that these velocities do not 
exceed the velocity of light in a vacuum c = 3X1010 cm per sec.
20.2.2. Interaction between fixed electrically charged particles 
or bodies is accomplished through an electrostatic field. An electro- 
static field is a steady-state elcctric field, i. e. one that does not 
change in time, set up by fixed charges. It is a spécial case of an 
electromagnetic field by means of which interaction is accomplished 
between electrically charged particles. In the general case, these 
particles can travel in an arbitrary way with respect to the frame 
of reference.
20.2.3. The force characteristic of an electric field is the vector 
of its intensity (electrostatic field intensity or simply the electric 
intensity)

where F is the force exerted by the field on a stationary test 
charge qQ placed at the point of the field being considered. It is 
assumed that the test point charge g0 is sufficiently small so that 
it does not distort the field whose intensity is to be measured. 
The electric intensity at any point of the field is numerically 
equal to, and coïncides in direction with, the force exerted by 
the field on a unit positive test point charge placed at this point. 
The electrostatic field intensity is independent of time. An 
electrostatic field is said to be uniform if its intensity E is the 
saine at ail points of the field. If not, it is said to be nonuniform. 
Electrostatic fields are visualized by drawing Unes of force. 
Lines of force are imaginary fines drawn in sucli a way that their
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direction at any point (i.e. the direction of tho tangent) is the 
same as that of the vector of electric intensity at that point of 
the field. The Unes of force of an electrostatic field are open curves. 
They originate at the positive charges and terminate at the 
négative charges (in particular, they may pass out toward infinity 
or corne in from infmity). Owing to the single-valued property of 
direction of the vector of electric intensity, or simply field vector, 
the lines nowhere intersect. The path of a free charged particle 
travelling in a field coïncides with a line of force of the field only 
if the field is uniform (the lines of force of such a field are a System 
of parallel straight lines) and if the initial velocity of the particle 
is directed along the line of force.
20.2.4. The résultant force F exerted on a test charge qQ by a 
field, set up by a System of fixed charges qu q2, . . . ,  qm is equal 
to the vector sum of the forces F,- exerted on the test charge 
by each of the fields of charges qL. Thus

F -  £  F.

This leads to the principle of superposition of electric fields:

E = j r  E,

The electric field intensity of a System of point charges is equal 
to the vector sum of the intensities of the fields set up separately 
by each one of the charges.
For a continuons distribution of the electric charges,

E = JrfE

where intégration extends over the région in which the charges 
are distributed. This is:
(a) a line if the charges are distributed along the line with a 
linear density r = ~  (dq being the charge of a line element of 
length dl)\
(b) a surface if the charges are distributed over the surface with 
a surface density o = — (dS being an element of area of the 
surface);
(c) a volume if the charges are distributed in the volume with a 
volume density q = —  (dV being the element of volume).
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20.2.5. If the electrostatic field being considered contains dielec- 
trics, distinction is made between two kinds of charges: free and 
bound. Bound charges are those included in the composition of 
the atoms and molécules of the dielectric, as well as the charges 
of ions in crystalline dielectrics having an ionic lattice. Ail the 
other charges are said to be free. Examples of free charges are 
the conduction électrons in me tais, ions in gases and electrolytes, 
and excess charges transmitted to a conductive or nonconductive 
body and impairing its electrical neutrality.
The electric field intensity E in this case is equal to the vector 
sum of the electric intensities of the fields set up by the free 
(E0) and bound (Ep) charges. Thus

E = Eo + Ep
In the examples of electrostatic fields considered below it is 
assumed that the medium surrounding the free électrons is an 
isotropie dielectric which is homogeneous either within the limits 
of the whole field or within the limits of the régions bounded by 
equipotential surfaces (see 20.4.7.). Under these conditions

where Ke is the dielectric constant (relative permittivity) of the 
medium at the point being considered in the field. This implies 
that at a given distribution of free charges, the intensity of the 
electrostatic field in a vacuum is Ke times greater than in a homo
geneous isotropie dielectric (sometimes called the generalized 
form of Coulomb's law).
20.2.6. The intensity of the electrostatic field of point charge q 
equals

E = - ,1------  -  — (in SI units)4?rf0 Ker2 r ' ’

E = ifc*  T- <in cgse units'
where r = radius vector drawn from the point charge to 

the point being investigated in the field 
Ke = dielectric constant (relative permittivity) of the 

medium
e0 = permittivity of free space.

The magnitude of the electric intensity is
E = .y „ (in SI units)4*f0 K er -  ' '

E  = (in cgse units)
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20.2.7. The intensity of the electrostat.ic field of a System of point 
charges qu q2) . . qn equals

pi _ i_ y> Hi__rf
bneQ i = i Kerf n

p  _  y *  Qi Jj 
i é i  K er\ n

(in SI units) 

(in cgse units)

In particular, for an electric dipole, which is a System of two 
charges, +q and - q, of equal magnitude 
but of opposite sign and separated by a 
distance l from each other that is small 
in comparison with the distance r to the 
point of the field being considered,

E = 

E -

3(P«r)r
/l7l£QKeT5
3(P«r)r _  p« 
Kers Ker3

___Ve
477 (in SI units)

(in cgse units)

where pe = ÿl is the electric moment of the 
dipole, or simply dipole moment. The vec- 
tor 1 is directed from the négative charge 
toward the positive one. /
In the spherical System of coordinates r,
0 and <p with the origin at the middle
of the dipole and the polar axis parallel to p, (Fig. 20.2):

Pe COS B Ee = Pe s i n  6  

4 7if0 Ker* and Eç, = 027ir0AV’3 ’
J, 2 p e C O S 0 .  „ Pe s i n  0 , „
h r ~Z~ K ^  ’ ~ ~ Ker* and h * = 0

« nd the magnitude of the intensity vect.or is

(in SI units) 

(in cgse unitsj

E -

E

, (îos2 ~0 \-1 (in SI units)4 7Tf0 k er3 ' '

(in cgse units)-£‘.3 fa  COS2 0 + i

20.2.8. The intensity of the electrostatic field outside of a uni- 
formly charged infinité straight line, a circuler cylinder charged 
on its surface or in the space between two coaxial cylinders
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(coaxial cable or a cylindrical capacitor, sec 20.6.6.) is

2 ne0Ker
2 r r

Ker r

T
r (in SI units) 

(in cgse units)

whorc t = linear charge density
r = radius vector of the shortest distance from the 

axis of the cylinder to the point of the field being 
considered.

The intensity of the field inside the cylinder Ef = 0.
20.2.9. The intensity of the uniform electrostatic field set up hy 
a uniformly charged infinité plane is

E  = (in SI units)

r ,  2tt a  xE — „ (in cgse units)

where a is the surface density of the charges.
20.2.10. The intensity of the electrostatic field set up between 
two uniformly and oppositely charged infinité parallel pianos is

E = —°K (in SI units)

E  = (in cgse units)

where a is the absolute value of the surface density of the charges 
of the two planes.
20.2.11* The intensity of the electrostatic field set up by a sphere 
of radius R , whose charge q is uniformly distributed over its 
surface, coincides outside the sphere with the intensity of the 
field set up hy a point charge q placed at the centre of the sphere. 
Thus

E = __ qT__tine0Ker* (in SI units) 

(in cgse units)

The intensity of the field inside the sphere E< = 0.
20.2.12. The intensity of the electrostatic field set up by a sphere 
of radius i?, uniformly charged throughout its volume to the

354



20. E lectrosta tics

volume density g, is

(in SI units)
for r* sR :  E = Qt

(in egse units)

20.3. Electric Displacement. Ostrogradsky-Gauss 
Electric Flux Theorem

20.3.1. The electric displacement (electrostatic induction) U is a 
vector quantity which characterizes an electric field.
For a field in a vacuum

where P, is the polarization vector (see 20.7.10. and 20.7.14.). 
If the medium is isotropie then

in which Kt is a scalar quantity. If, in addition, the medium is 
homogeneous, then E  is inversely proportional to Ke and D 
does not dépend on K t (with a given distribution of free charges). 
20.3.2. The basic problem in electrostatics is to find the vectors 
D and E at each point of the electric field set up by the given 
system of electric charges. In addition to the use of the principle 
of superposition of fields (see 20.2.4.) for solving this problem, 
a method based on the calculation of the electric fluxïs employed.

D = £0E (in SI units)
D = E (in cgse units)

For a field in a dielectric
D = e0E + P« (in SI units)
D = E + 4nPe (in cgse units)

D = K es0E (in SI units)
D = K. E (in cgse units)
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An élément d&e of the flux of eleetrie displaceinent D through 
an element dS of surface is equal to

d&c -  (Du) dS = D dS cos (D, n) = Dn dS = D dSn

where n = unit vector of the outward normal to the surface 
dS (Fig. 20.3.)

Dn projection of vector D on the normal
dSn — dS cos (D, n).

n The displacement flux 0 e through an arbitrary 
yv surface S is found by summation (intégration)

D of ail the éléments of flux:
0 e = J U dS cos (D, n) = J Dh dS = J D dS„

s  S sriü.2U.3
lf the field is liomogeneous and a fiat surface »V is 

perpendicular to the lield, then Dn — D = const and
<1\ = ÜS

20.3.3. The Ostrogradsky-Gauss thcoreni s la tes thaï the eleetrie 
displacement flux &e through an arbitrary closed surface is 
proportional to the algebraic sum of the free eleetrie charges 
qt encloscd by the surface. Tlius

<1>C --- |  D„ dS -  £  q,
s 1

0 C ---- ^ D„ dS = lin £  <Ji
.V *

The displacement flux &e through an arbitrary closed surface 
wliich does not, enclose any free charges is equal to zéro.
In its dilïerential form (p being tho volume charge density, see
20.2.4. ), the Ostrogradsky-Gauss theorem can be written as

div I) = g (in SI units)
div D = 47tq (in cgse units)

In tliis form, the theorem shows tliat the sources of eleetrie 
displacement are free eleetrie charges. The differential form of the 
theorem is one of Maxwell’s équations for an electromagnetic 
field (see 30.4.1.).
The application of the Ostrogradsky-Gauss theorem in calculal- 
ing D consists in choosing a closed surface of such shape tliat 
the eleetrie flux &t can be readily calculated by simple moans.

(in SI units) 

(in cgse units)
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20.4. Potential of an Electrostatic Field
20.4.1. The eleinent of work dA  done by force F on a point 
dectric charge q' in moving it in an electrostatic field having 
an intensity E equals

dA = F dl cos (F, d\) = q'E cos (E, d\) dl

whcre dl = element of path followed in moving the charge in 
the field

(E, d\) = angle between the directions of vectors E and d\.
The total work A  done in a finite mo- 
vcment of charge q' from point n to 
point m of the field (Fig. 20.4) is

m
A  = q' j  E d i  cos (E, dl)

3 m

nu.20.4

20.4.2. If the electrostatic field lias been set up by the point 
charge -fÿ, then

A = ( r[ rt ) (in SI units)

A = (7 - - —) (in cgse units)
wliere rx and rt = distances of points n and m from charge q 

e0 = permittivity of free space 
Kt = dielectric constant of the medium.

The work done by the electric forces of repulsion of like charges 
lu positive when the charges move away from each other and 
négative if they move toward each other. The work done by the 
dectric forces of attraction of unlike charges is positive when 
lliey move toward each other and négative if they move away 
fmm each other. The work done in moving an electric charge 
7 in a field set up by charge q does not dépend upon the shape 
of the path along which it is moved, but only on the initial and 
llnal position of the charge (conservative nature of electrostatic 
forces, see 3.4.1.).
The work done by electric forces in moving a unit positive 
charge along a closed path L  is numerically equal to

A - E dl cos (E, dl) = <j> (E dl)
L h
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This intégral is called the circulation of the field intensily vector 
with respect to the closed path, or contour, L.
The circulation of the electrostatic field intensity with respect to 
a closed path is equal to zéro (conservative nature of an electro
static field). Thus

|  (Edi) = j> E  dl cos (E, dl) = 0
L  L

The condition that an electrostatic field is a conservative 011e is 
expressed, in differential form, as

curl E = 0
20.4.8. The work done by the field forces in moving an electric 
charge q' in an electrostatic field set up by charge q is equal to 
the decrease in potential energy Wp of charge q'. Thus

A  = — AW p = Wpl- W p2

where Wpl and Wp2 are the values of the potential energy of the 
charge at the initial and final points of its path.
In moving a charge q' in an electrostatic field set up by an arbi- 
trary System of charges (qlt q2, . . . ,  qn)y the work done by the 
electrostatic forces equals the algebraic sum of the amounts of 
work done by the forces exerted on q' by each of the charges qh 
The change in the potential energy AWP of charge q' in moving 
it from point 1 to point 2 in the field set up by a System of point 
charges qt is equal to

AW> = £  ( î ^ t r -  -  r ^ r )  <in SI units)

Alv» = l ' Ê (**„-“ ̂ r) (in cgse units)
where rtl and rt2 are the initial and final distances between 
charges q{ and q'. Summation is carried out over ail n charges of 
the System.
20.4.4. The potential energy of an electric charge q' at a given 
point of an electrostatic field, at a distance r from charge q 
wliich has set up the field, under the condition that ^ (o o )  = o, 
is equal to

w ,= qq' _ 
kne0K0r (in SI units)

iv, = qq'
K,r (in cgse units)
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The potontial energy of répulsion of like charges is positive and 
increases as the charges corne doser together. The potontial 
onergy of attraction of unlike charges is négative and increases
l,o zéro as one of the charges moves to infinity. Curves of the 
relationship Wp {r) for two point char
ges are shown in Fig. 20.5.
20.4.5. The potential of an electric field 
is its energy characteristic. The poten
tial at a given point of a field is a scalar 
quantity which is numerically equal to 
the potential energy W~ of a unit posi
tive charge placed at this point. Thus

20.4.6. The work done by the forces of an electrostatic field in 
rnoving a point electric charge q is equal to the product of this 
charge by the potential différence between the initial 1 and final 
2 points of the path followed. Thus

A = Wpl- W r2 =  q(<p,-g>2)
I f point 2 is at inflnity, then Wp2 = 0 and it is assumed that <p2 = 0. 
The work A ^  done in moving charge q from point 1 to inflnity 
equals

A v  =  Wrl =  q<pi
Aa„

nnd consequently, (p = .
The potential of an electrostatic field is numerically equal to 
the work done by electric forces in moving a unit positive charge 
from the given point of the field to inflnity. The potential is also 
numerically equal to the work done by external forces (acting 
ugainst the forces of the electrostatic field) in bringing a unit 
msitive charge from inflnity to the given point.
’roquently, zéro potential is taken, not as its value at infmity, 

Init as the potential of the earth. This is immaterial since in ail 
practical calculations it is important to know the potential 
différence between two points of an electrostatic field and not 
I lin absolute values of the potential at these points.
20.4.7. An equipotential surface is the locus of the points in an 
electrostatic field having the same potential. At any point of an 
equipotential surface, the electric intensity vector of the field is 
•erpendicular to the surface and directed toward the decrease 
n potential.

f i g . 2 0 . 5
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The relation hetween the intensity and potential of an electro- 
s ta tic field is

E = -  grad y
The intensity at an arbitrary point of an electrostatic field is 
equal to the gradient of the potential at that point taken with 
the minus sign. The minus sign indicates that the vector E is 
directed as mentioned above.
Since E has a finite value at any point of the field, the potential 
(p is a continuous function of the coordinates of points of the 
field.
20.4.8. In superposing electrostatic fields their potentials are 
added together algebraically. If there are dielectries in the electro
static field, the potential cp at an arbitrary point is equal to the 
algebraic sum of the potentials at this point for fields set up by 
the free ((p0) and the bound (<pp) charges (see 20.2.5.) Thus

<p = <p0 + (pp 
Under the condition that <p(oo) = 0

r = i  [J V i V + S ° r P rfv] (in SI units>
(p = J  ----J*—dV + J a-~°- dS (in cgse units)

where q and qp = volume density of free and bound charges
a and ap = surface density of free and bound charges

r = distance from the éléments of volume dV
and of surface dS to the point being considered
in the field.

Intégration is extended throughout ail the space occupied by the 
free and bound charges.
In the examples of electrostatic fields considered below, it is 
assumed that the dielectric that fills the field is homogeneous 
and isotropie. In this case, foragiven distribution of free charges,
the potential of the electrostatic field in the dielectric is ^  of
that in a vacuum : œ = -®-. This complies with Poisson’s équation 
in the differential form:

divgrad (p = ——— or A f  = (in SI units)

div grad w = -  - -  or A<p = -  (in cgse units)lie
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where â -  ~  + —  + ~  = Laplacian operator
Kê = dielectric constant (relative permittivity) of the 

medium
g = volume density of free charges.

20.4.9. The potential of the field set up by a point charge q, 
under the condition that ÿ>(oo) = 0 , is

? = 1 7&C7- <in SI units)
(p = (in cgse units)

wiicre r — distance from the point of the field with a potential 
(p to the charge q 

K t = dielectric constant (relative permittivity) 
e0 = permittivity of free space.

20.4.10. The potential of the field set up by a System of poin 
charges qu . . . ,  qn, under the condition that ç>(°°) = 0 , is

= (in s i units)

»

<P =  Z  7 ^ 7  ( i n  c g s e  u n i t s *

lu purticular, tho potential of tlie field set up by an electrio dipole 
(sec 20.2.7.) is

(in SI units)

(p = (in cgse units)

where pe = dipole moment
r = radius vector drawn from the iniddle of the dipole 

to the point being considcred in the field.
20.4.11. The potential of an electrostatic field set up by charged 
surfaces (potential of a field of surface charges), under the condi
tion that 90(0 0 ) = 0 , equals

’,=  4Ü jL7 ^  (in s i units)
S

<P = f  Y<y (*n cgse units)
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The potential of an electrostatic field set up by space charges, 
under the condition that <p(°°) —- 0 , is

V = J ' K '  J  <in SI unils>
V

(p = J (in cgse units)
v  e

where q and o = volume and surface density of free charges 
r = distance from the element of volume charge 

gdV  or of surface charge a dS to the point being 
considered in the field.

Intégration is carried out over the surfaces or throughout the 
volumes in which the electric charges are distributed.
20.4.12. The potential différence between two points of a field 
located at the distances rl and r2 from a uniformly charged in
finité straight line equals

<Pi-9-t = y Â j <c l n  r* S I  u n i l s >

<Pi -  <p2 = -1- ln rJ  (in cgse units)Jxe ~i
where t  =  linear charge density

Ke = dielectric constant (relative permittivity) 
e0 = permittivity of free space.

These formulas are also valid for a field set up by a uniformly 
charged circular cylinder of radius R  and infinité length if r ^ R .
20.4.18. The potential différence between two points of a field, 
1 and 2 , located at the distances x x and x2 from a uniformly 
charged infinité plane, equals

(Pi~ <P2 — (in SI units)
2na . . 

^ 1 - ^ 2  = (*2~*i) (in cgse units)

where a is the surface charge density.
20.4.14. The potential différence <px -  (p2 between two uniformly 
and oppositely charged infinité parallel planes equals «.

<Pi-<p2 = 7 “ “̂  (in SI units)

(Pi — (p2 — /l*?- (in cgse units)

where d is the distance between the planes.
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20.4.15. The potential of the oloctrostatic field sot up by a sphoro 
of radius R  with a charge q, uniformly distributed over its sur
face, is the same, for points located outside the sphere, as the 
potential of a field set up by the point charge q located at the 
centre of the sphere [ç>(oo) = 0]. Thus

v = -T^Ü Tr <in SI UnitS>
<p = —— (in cgse units)Ker

where r is the distance from the point outside the sphere to the 
centre of the sphere. Inside the sphere, the potential of the field 
is constant and equal to <p(R).
20.4.16. The potential différence (pi-<p2 between two points of 
the electrostatic field set up by a sphere of radius R, uniformly 
charged throughout its volume with a volume charge density p, 
(•quais :
inside the sphere

9 i-V * =  ( '• i- 'll

<Pi -Vi  =  (4-rl)
outside the sphere

q / 1 1 \

q I 1 1 \
r i - r *  =  T c ;  ( r7 -  r i)

(in SI units)

(in cgse units)

(in SI units) 

(in cgse units)

where q = -y- qR 3 = total charge of the sphere
r, and r2 = distances from the points to the centre of the 

sphere.

20.5. Conductors in an Electrostatic Field
20.5.1. Under the action of an external electrostatic field, the 
charges in a conductor (conduction électrons in a metallic conduc- 
tor) are redistributed in such a manner that the intensity of the 
rosulting field at any point inside the conductor equals zéro 
(H -  0). At ail points of its surface, E = En ^  0 and ET = 0, 
where En and Er are the normal and tangential components,

363



IV.

respectively, of the field intensity vector. The whole volume of 
the conductor is equipotential : the potential is the same at ail 
points inside the conductor. The surface of the conductor is also 
equipotential. In a charged conductor, thé uncompensated 
electric charges are located only on its surface.
20.5.2. The electric displacement and the field intensity in a 
homogeneous isotropie dielectric near the surface of a charged 
conductor (but outside of it) are

D — o 1
£  _  a > (in SI units)

D — 4 no 1
F -  / l 7 I (in C£se u n its)

“  I<e )

where e0 = permittivity of free space
Ke = dielectric constant (relative permittivity) 

a = surface density of electric charges on the conductor.
The distribution of electric charges on the surfaces of conductors of 
various shapes, located in a homogeneous dielectric, dépends 
upon the curvature of the surface: a increases with the curva- 
ture. On the internai surfaces of cavities in conductors, a = 0. 
Multiple transfer of charges by internai contact to a hollow con
ductor enables the potential of the conductor to be raised to 
high values which are only limited by the leakage of the charge 
from the conductor. This principle has been applied in the van 
de Graaff electrostatic generator which is used in linear accelerators 
of particles (see 26.3.2.).
20.5.3. The force dF acts on an element dS of the surface of a 
charged conductor. This force is in the direction of the outward 
normal to the surface of the conductor. If the conductor is in 
a vacuum, then

Electricity and, Magnétisai

dF = - - -  dS = dS (in SI units)iĈo
E2

dF  = 2x0* dS = dS (in cgse units)

where E  is the intensity of the electrostatic field at the surface 
of the conductor.
If the conductor is in a homogeneous liquid or gaseous dielectric 
then, owing to the phenomenon of électrostriction (see 20.1.5.),
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the force dF will only be - -  of that in a vacuum. "ï’inis 

d F = Û-kV -  F0' ^  dS (in SI units)

dF = dS — dS (in cgse units)

where E  is the intensity of the electrostatic field in the dielectric 
near the surface of the conductor.
The pressure p on the surface of a charged conductor due to the 
force dF  equals

(in SI units)

(in cgse units)

The forces F  of attraction acting on the oppositely charged 
fiat parallel plates of a capacitor (see 20.6.4.), separated by a 
solid dielectric, are the same as when there is a vacuum between 
the plates. Thus

F  — S (in SI units)

F = 2no2S (in cgse units)
where S = area of the capacitor plate

a = surface density of the free charges on the plates.
If the space between the plates is filled with a hornogeneous 
liquid or gaseous dielectric, then

F  = 2k ^ S  = ^  ('n *SI »nits)
n  2 71CT" p .) /■ • « \F = ~ S = ^  »s (in cgse units)

where E  is the field intensity in the capacitor (see 20.2.10.).
20.5.4. The phenomenon of electrifying an uncharged conductor 
in an external electrostatic field is called electrostatic induction. 
It consists in séparating the positive and négative charges, equal 
amounts of which are contained in the conductor. These induced 
charges disappear when the conductor is removed from the electro
static field. In any method of electrifying the conductor, the 
olectric charges are distributed over its surface and the cavities 
in the enclosed conductor are shielded from the external electro
static fields. Electrostatic protective shielding is based on this 
principle.

P =

d F
as~
dF
d S

'o AV?2o
A>E2_
877
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20.6. Capacitance
20.6.1. As the charge q of a conductor is increased, the surface 
charge density at any point on its surface increases proportion- 
ally. Thus

a = kq

where k is a certain function of the coordinates of the point being 
considered on the surface.
The potential of the field set up by a charged conductor in a 
homogeneous and isotropie dielectric (see 20.4.11.) is

* = usb; f  = db: i  - f  <in SI l,nits>
8  S

<p = -Jç <j> ~ ~  = ^7 f (in °gse units)
S  8

For the points of the surface S of a conductor, the intégral dépends 
only on the size and shape of the conductor.
The potential y  of an isolated charged conductor, not subject to 
the action of external electrostatic fields, is proportional to its 
charge q. The quantity

G = l  or

is called the capacitance of an isolated conductor. It is numerically 
equal to the charge that changes the potential of the conductor 
by ofie unit. The capacitance of a capacitor dépends upon its 
shape and linear dimensions. Geometrically similar conductors 
hâve a capacitance directly proportional to their linear dimen
sions. The capacitance does not dépend upon the material of 
the conductor or its state of aggregation. It is directly propor
tional to the relative permittivity of the medium in which the 
conductor is located.
20.6.2. The capacitance of an isolated sphere is

C = 47ieQK Ji (in SI units)
C = KJ{ (in cgse units)

(in SI units) 

(in cgse units)
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where R = radius of the sphere
Ke => relative permittivity of the surrounding medium 
e0 = permittivity of free space.

20.6.3. The mptual capacitance of two conductors is a quantity
numericfally ecfual to the charge q which it is necessary to trans
fer from one conductor to the other in order to change the po- 
tential différence between them by one unit. Thus

c  = —Vi — Vz
The mutual capacitance dépends upon the shape, size and relative 
position of the conductors, as well as on the relative permittivity 
of the medium they are in.
20.6.4. A capacitor is a System of two oppositely charged conduc
tors having charges of equal magnitude and having such shapes 
and relative position that the field set up by the System is con- 
centrated (localized) in a limited région of space. In the case of 
parallel-plate capacitors, the conductors are called plates. The 
capacitance of the capacitor is the mutual capacitance of its 
plates (or conductors in the general case).
20.6.5. The capacitance of a parallel-plate capacitor is

C = — (in SI units)

C = (in cgse units)

where S = area of each plate or that of the smaller plate 
d = distance between the plates.

The formula for the capacitance of a multi-plate capacitor 
differs from that for a parallel-plate capacitor in that the term S  
is replaced by S ( n - 1 ), where n is the number of plates.
20.6.6. The capacitance of a cylindrical capacitor or a coaxial 
cable is

C = —®— (in SI units)
l n ^

Ti

C = - (in cgse units)
2 ln - -

where r2 and rt = radii of the external and internai cylinders 
/ = lengtli of the cylinders.
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20.0.7. The capacitance of a splierical capacitor is
ç  _  'l7It0/vVlï’2 

r 2- r i (in SI units)

(J __ «!•,*>_ (in cgse units)

where r2 and rx are the radii of the external and internai sphères. 
20.0.8. The capacitance of a two-conductor transmission line is

Ç _  ne0Kcl
~  . d—rl u -------r

(in SI units)

c  _  - - d _ r

\  l l l -------r
(in cgse units)

where d = distance between the axes of the conductors
r = radius of the conductors.

20.0. 0. Eacli type of capacitor lias its breakdown voltage wliich 
is the potential différence between the plates (or conductors) at 
which an electric discharge passes through the layer of dielectric. 
The breakdown voltage dépends upon the thickncss of the di
electric, its properties and the sliapc of the conductors in the 
capacitor.
20.0. 10. The capacitance can bc increased by connecting the 
conductors of like charge of two or more capacitors in parallel. 
The équivalent capacitance for such a connection is

c =  Y, c <» = 1

where Ci is the capacitance of the i-tli capacitor.
20.0.11. When capacitors are connected in sériés, their oppositely 
charged conductors are connected together. In this case

1
C

The équivalent capacitance is always less than the minimum 
capacitance of any capacitor in the neiwork,
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20.7. Diehctrics in an Electric Field
20.7.1. Dielectrics are substances that do not conduct electric 
curront. They hâve no free electric charges. The quantum picture 
of dielectrics, giveo in the energy-band theory of solids, is dealt 
with in 44.4.32. i^rough 44.4.40.
20.7.2. In their electrical properties, the molécules of a dielectric 
arc équivalent to electric dipoles with a moment p, = q\t whcre 
7  is the total amouiit of positive charges (or equal amount of 
négative charges) of a molécule and l is the distance between 
the “centres of graviiy” of the positive and négative charges. 
If, in the absence of an cxternal electric field, l = 0, the dielectrics 
are said to be nonpolar; if under the same conditions l ^  0, 
lhe dielectrics are said to be polar.
20.7.3. In the molécules of nonpolar dielectrics (II2, N?, CC14, 
hydrocarbons, etc.), the “centres of gravity” of the positive and 
négative charges normally coincide in the absence of an exter
nat field and the dipole moment of the molécule equals zéro. 
Wlien such dielectrics are placed into an external electric field, 
llieir molécules (or atoms) are deformed (displaced) and an 
induced dipole moment of the molécule appears, which is propor- 
lional to the field intensity E. Tlius

Ih = (in SI units)
pc = aE (in cgse units)

whm* a — polarizability of the molécule or atom 
e0 = permittivity of free space (see 20.1.3.).

The polarizability of a molécule dépends only on its volume. 
The thermal motion of the molécules of nonpolar dielectrics lias 
nn influence on the induction of dipole moments in them; a 
«lues not dépend on température.
20.7.4. The molécules of polar dielectrics (II20, NH3, IIC1, CH3C1,
• •le.) hâve a permanent dipole moment p„ = const, which is due to 
lhe asymmetry in the arrangement of the électron clouds and 
mielei of these molécules. The “centres of gravity” of the positive 
.nul négative charges in such molécules do not coincide (they
• i" at a practically constant distance l from each other—perma
nent dipole).
20.7.5. If a polar dielectric is placed in an external electric field 
"I intensity E, the individual permanent dipoles of moment pc 
rsperience a torque M, wherc

M = Lp.Ej
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which tends to turn the dipole in the direction of the intensity 
vector of the field, i.e. to align it with the fleld. Iiÿthe real molé
cules of polar dielectrics, the action of the extefnal field leads, 
additionally, to the appearance of an induceç dipole moment 
(see 20.7.3.). (
20.7.6. A permanent dipole, when placed in^o a homogeneous 
extemal electric field, is subject to the forc^F:

F = grad (p.E) = p. m,
di

where — is the change in E over unit length along the axis of
the dipole. The force F is directed along the vector —  and tends
to displace the dipole toward the région of greater values of 
the field intensity E.
20.7.7. The potential energy Wp of a permanent dipole placed in 
an extemal electric field is

Wp = ~ (P«E) = - p eE  cos 0
where pe = dipole moment

E = intensity of the external field at the point where 
the dipole is placed 

0 = angle between the dipole axis and vector E.
The minus sign indicates that the stable position of the dipole, 
corresponding to minimum potential energy, is with its vector 
pe aligned with the positive direction of vector E.
20.7.8. Each element of volume of a dielectric, placed in a non- 
homogeneous electrostatic field E, is subject to a force equal to 
the résultant of ail the forces applied to its individual molécules. 
The volume density f of the forces, i. e. the force applied to unit 
volume of the dielectric, is

f = grad e 2 (in SI units)

f = —f — grad E 2 (in cgse units)O 71
Tliis formula is valid for dielectrics with low polarizabilily 
(*e« l ,  see 20.7.10). The force î is directed toward the increaso 
in the magnitude of vector E, regardless of the actual direction 
of this vector.
20.7.9. In the absence of an external electric field, the electric 
moments of the molécules of a dielectric, which is not a ferroelec-
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trie (see 20.8.1,), are either equal to zéro or, in any case, are 
oriented absolutely at random. Gonsequently, the résultant 
dipole moment of any element of volume AV  of the dielectric, 
containing a great number of molécules, equals zéro.
In an external electric field, dielectrics are polarized, i.e. they go 
over to a state in which the dipole moments of each element of 
volume AV  of the dielectric no longer equal zéro. Dielectrics in 
I his state are said to be polarized. Distinction is made between : 
(a) orientalional polarization of a dielectric with polar molécules. 
T his is also called dipole polarization and consists in the align- 
ing of the axes of permanent dipoles along the direction of the 
intensity vector of the field. As a resuit of combined action of 
the electric field and thermal agitation of molécules which disori
ents the dipole molécules, preferred orientation of the dipole 
moments of the molécules occurs in alignment with the field. 
Orientational polarization increases with the intensity of the 
(ield and decreases with a rise in température. It is found in 
inany liquids and gases.
(h) electronic polarization of a dielectric with nonpolar molécules 
which consists in the appearance of an induced electric moment 
in each molécule (see 20.7.3.) and is found in many liquids 
and gases.
(o) ionic polarization in crystalline dielectrics, such as NaCl and 
GsCl which hâve ionic crystal lattices (see 15.1.5.). It consists 
in the displacement of the positive ions of the lattice along the 
direction of the field and the négative ions in the opposite direction.
20.7.10. A measure of the polarization of a dielectric is its polari
zation vector (or simply polarization) P# which is the vector sum 
nf the dipole moments of the molécules (or atoms) in unit volume 
of the dielectric. Thus

whore n = number of dipole molécules in volume V of the 
dielectric

pe< = dipole moment of the i-th molécule (or atom).
l'or a homogeneous dielectric with nonpolar molécules in a 
Immogeneous electric field

P» — n0Ve

where p, = induced dipole moment of one molécule 
n0 = number of molécules per unit volume.
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Applying the formula given in 20.7.3. we can Write
Ve = e0w0«E == (in SI unité)
Pe = w0aE = *eE (in cgse units)

where xe = n0a is the électric susceptibility of the substance, or 
the polarizability of unit volume of the dielectric, and is propor- 
tional to the volume of ail the molécules in 1 cm3.
If a homogeneous dielectric with polar molécules is placed in a 
uniform elèctric field

P* = "oP«
where p„ is the average value of the component along the field 
of the permanent dipole moment vector of the molécule. It is 
calculated by means of the Boltzmann distribution for particles

in a force field (see 12.5.1.). Thus

2 3 4
rio.20.fi

S G

IpJ = L(a)p9 = (co th a-
where L(a) = classical Langevin func- 
tion (Fig. 20.0)

(in cgse units) 

3 and

(in SI units) 
(in cgse units)

PeE
kr

At « «  1, L(a)

P« =
Pa = X.E

The susceptibility xe is calculated by the Debye-Langevin for-
6

m u la :

xê = n0p;
Ze0kT

He ~ n0Pl
.U71’

where k =
T =
nt) =

(in SI units) 

(in cgse units)

per unit volume of the 
dielectric.

xe

f i o . 2 0 .7

J
f

Figure 20.7 shows the dependence of xe on ~ for nonpolar (a)
and polar (b) molécules. The intercept OA represents the elec- 
tronic polarizability in polar molécules.
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20.7.11. In a polarized dielectric each molécule is subject to an 
effective electric field of intensity Eeff  which is external with respect 
to the given molécule. The intensity Ee/f differs from the inten
sity E of the average macroscopie field in the dielectric. For 
nonpolar molécules

Kff = E + -3;- P. (in SI units)

Etf,  = E + y P ,  (in cgse units)

where Pe is the polarization vector. This formula is inapplicable 
to dielectrics with permanent dipoles, and the function Eeff(PJ 
is quite complicated.
20.7.12. In a nonpolarized dielectric, the volume (qp) and sur
face (ap) densities of the bound charges (see 20.2.5.) equal zéro. 
When the dielectric is being polarized, the bound charges are 
displaced. In a polarized dielectric, the values of qp and ap dépend 
upon the polarization vector. Hence the corresponding space 
and surface bound charges are called polarization charges. Space 
bound charges occur in a dielectric 
which is nonuniformly polarized. Thus S/

Qp = -  div P,
If the dielectric is homogeneous and 
is in a uniform electric field (Fig. 20.8), —
div P e = 0 and qp = 0.
Surface polarization charges occur at 
the interfaces either between unlike 
polarized dielectrics or between a 
polarized dielectric and a vacuum or 
conductor. If P^ and P^ are the polarization vectors of the first 
and second media at some point A  of their interface S , and Peln 
and Pe2n are the projections of these vectors on the outward nor
mal (with respect to the first medium) to surface S at point 
/I, the surface polarization charge density at point A will be

~ (-P«2h Peln)
In particular, if the second medium is a vacuum or conductor, 
lhen

P* 2 = 0; P el = P, and ap = Pen
20.7.13. The external polarizing electric field E0, to which the 
occurrence of the bound charges is due, is set up by a System of 
frve electric charges. In a dielectric, the field E0 and the field E;,

+

+ E
Æ

y*-
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of bound charges are added vectorially. The field intensity vector 
E in a dielectric characterizes the résultant macroscopie field. 
Gonsequently, E dépends upon the electric properties of the 
medium.
Example. Consider a homogeneous dielectric in a uniform electro- 
static field between two parallel conducting planes A A ' and B B' 

which are uniformly charged and hâve surface 
B r charge densities of +a and - a ,  respectively 

(Fig. 20.9).
The volume density of the polarization 
charges gp = 0. The surface densities of polar^ 
ization charges on the surfaces adjacent to 
planes A A ' and B B ' are equal, respectively, 
to — op and +ap, where

ap — Pe = e0xeE  (in SI units) 
f ap = Pe = xeE (in cgse units)

fig.2 0 .9 The polarization charges set up an additional
field of intensity Ep inside the dielectric. This 

field is opposed to E0 and E and is numerically equal to

Ep = —  = x9E  (in SI units)
Eo

Ep = 4tzOp = 4nxtE  (in cgse units) 
The intensity of the résultant field in the dielectric is

Hence

E = Eo + Ep = E0- * eE 
E = E0+Ep = E0 —4tt«#E

pi _   pi   Eo
L “  l + xe E° “  K,

E = 1
1 +  4 n x e E..= Eo*7

(in SI units) 
(in cgse units)

(in SI units)

(in cgse units)

where Ke is the relative permittivity of the dielectric (see 20.7.15). 
20.7.14. The Ostrogradsky-Gauss theorem (see 20.3.3.) for the 
electric displacement vector D in an arbitrary medium is

|  Dn dS = Y  9/ree (in SI units)
S

j> Dn dS = 4  71 Y  Çfree
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where Y  qfrce = sum of frec charges within the closed surface S
<j> Dh dS = displacement flux through this surface.
s

The Ostrogradsky-Gauss theorem for the intensity vector E in 
a dielectric is

<j> e„En dS = £  q,ret + £  qbm (in SI units)
S

j> En dS = 4w(£ ?/,« + E  SW) (in cgse units)
S

where d) E n dS = flux of the field intensity vector through the 
s closed surface S

Y  Vf™ = sum of free charges within the closed surface 
Y, Çbnd = soin of bound charges within the closed 

surface.

E  Çbnd = - j p „ d s
s

where P is the projection of the polarization vector P, on the 
outward normal to the element of surface dS.
20.7.15. The relationsliip between the vectors of displaceinent D, 
intensity E and polarization P, is

D = e0E + Pe (in 81 units)
D = E + 47tI \  (in cgse units)

In isotropie dielectrics, the polarization vector P# is proportional 
to the field intensity E and coincides with E in direction. Hence

D = KteQE (in SI units)
D = AVE (in cgse units)

where Ke is the relative permittivity (dielectric constant) and 
is a scalar quantity. The relationship between K 9 and the electric 
susceptibility xe (see 20.7.10.) is of the form

Kt = 1 + x9 (in SI units)
K9 = 1 + 4tixe (in cgse units)
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20.7.10. Taking into account the différence of the effective field 
(see 20.7.11.), acting in a dielectric, from the average macroscopie 
field, the relation between Ke and xe for nonpolar dielectrics is 
given by the Clausius-Mosotti équation:

or

or

Ke- 1 1
A’e + 2 “  3

Kc-\ n _ Nja _
Kc + 2 q ~  3

A.-J = 4» 
Ke+ 2 3 *

K 0- \
K e  +  2  q

N a<i = Q,

(in SI units)

(in cgse units)

wliere fi = molecular weiglit of the substance 
q = its density 

N A = Avogadro’s number 
a = polarizability of the molécule 

Q and Üt = values of the molar (molecular) refraction, which 
are proportional to the volume of ail the molécules 
in 1 mole and 1 kmole of the substance, respcc- 
tively.

20.7.17. The electric properties of an anisotropic crystalline 
dielectric differ in different directions {x0 and Kt are tensor 
quantities). Hence, in the general case, vcctors Pe and D do not 
coïncide in direction with the field intensity vector E.
For anisotropic crystals that are not pyroeleclric, i. c. that do not 
expérience spontaneous polarization in the absence of an exter- 
nal field, the relationships between the projections of vectors Pe, 
D and E on the axes of a Cartesian System of coordinates x , y , 
5 are of the form

D ci — ^  XfijLj

l \ i  =  ç  X'ijE,

Di -  e0 Y .K ^ E j 

D ( = Ç K ttjE,

(in SI units) 

(in cgse units) 

(in SI units) 

(in cgse units)
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whore /, j = x, y, z
Xeij ~  Ktj{
K eii = Keji.

The values of xeij and K eij dépend upon the orientation of the 
coordinate axes with respect to the crystallographic axes of the 
dielectric. The axes x, y and z can be selected so that xexy, xexzy 
xeyg, Kexm K*xz and K ^  are simultaneously reduced to zéro, and 
the dielectric properties of an anisotropic crystal will be fully 
characterized by the three principal values of the electric sus- 
ceptibility:

=  * e x x \  =  « eyy « ^ d  X e:i =  X e;z

and the corresponding three principal values of the relative permit-
tivity :

= Ktxx — 1 + *«] j Ktî A ryy = t + X.2 and
K ti = at,„ = 1 H' *,!l (in SI units)

A'., - \  + f*7ixel\ K t2 -  H- ftnxn and
K., = 1 i- \7TXr.t (in cgse units)

20.8. Ferroelectrics. Piczoelectric Effect
20.8.1. Ferroelecîrics are substances belonging to a group of 
crystalline dielectrics in which spontaneous orientation of the 
dipole moments of particles in the crystal lattice occurs even in 
the absence of an electric field. As a resuit, ferroelectrics consist 
of a combination of microscopie régions (domains) polarized in 
various directions. Ferroelectrics hâve been thus named because 
their electrical properties are analogous to the magnetic properties 
of ferromagnetic materials. Examples of ferroelectrics are the 
tetrahydrate of potassium sodium tartrate (Rochelle sait) 
NaKC4H40 6-4H20, barium titanate BaTi03 and pota^ium 
dihydrophosphate KH2P 04.
20.8.2. The relative permittivity Ke of ferroelectrics inc ises 
sharply in a definite température interval (Fig. 20.10) an; is a 
function of the field intensity E in the substance: K t = Ej(E) 
(Fig. 20.11). In this connection the dependence of D on E is 
nonlinear for insufficiently strong fields. At sufficiently high 
values of E , saturation is reached and the polarization vector 
P, ceases to change with the growth of E.
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20.8.3. Spontancous polarization oc- 
curs in ferroelectrics in a tempera- 

5500 ture range which is limited, in gene- 
m  ral, by the upper and lower Curie 

bbUU points 0.
0500 For Rochelle sait, Gup = 297°K and 

Gl0U) = 255°K. The existence of one 
3500 Curie point 0, above which the cha- 
2500 racteristic properties of ferroelect

rics disappear, is a necessary fea- 
ture of ail représentatives of this 
type of substance. At T  > 0, the 
thermal agitation destroys the spon- 
taneous orientation of dipole mo
ments in the domains. Near the 
Curie point, a sharp increase in beat 

capacity is observed (Fig. 20.10). This indicates that a second- 
order phase transition (see 10.9.11.) occurs at this point.*
20.8.4. The phenomenon of dielectric hystérésis (lag, Fig. 20.12) 
is observed in ferroelectrics. The value Pe0 characterizes the 
rémanent polarization and E d is the field intensity in the opposite 
direction—depolarizing (coercive field)—at which 
the polarization of a ferroelectric disappears.
20.8.5. The piezoelectric effect consists in the de
velopment of unlike electric charges on the faces 
of certain crystals when they are mechanically 
distorted in spécifie directions. This effect is

observed in quartz, tourmaline, Rochelle sait, barium titanate, 
sphalerite, etc. In quartz, the piezoelectric effect takes place 
along the electrical axes x u x2 and #3 of a crystal (Fig. 20.13),

* In certain ferroelectrics (for instance, BaTiOa), a first-order phase transi
tion occurs at the Curie point
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perpendicular to its optical axis z (see 39.2.2.). If the direction of 
deformation is reversed (from compression to tension, or vice 
versa), the charges developed on the surface will also be reversed. 
The inverse piezoelectric effect consists in changing the linear 
dimensions of certain crystals by applying an electric field. If 
the direction of the field is reversed, the type of deformation will 
also be reversed (from expansion to contraction and vice versa). 
This effect is of prime importance in producing ultrasound (see
33.11.1. ).

20.9. Energy of a Charged Conductor 
and an Electric Field

20.9.1. The energy of electrostatic interaction of a System of 
point charges qXi q2, . . . ,  qn is

W i *  =  \  t  9 , 9 i  * <=1
wherc <p, is the potential at the point where charge qt is located 
for a field set up by ail the charges of the System with the 
exception of charge qt.
If the charges are in a homogeneous isotropie dielcctric, then

IV<” = J.K .  S  - - -  (in SI units)
(**<)

l'Vu. =  S  7 7  (in cSse «“its)
(*»*0

where K e = relative permittivity of the dielectric 
rik = distance between charges q{ and qk.

20.9.2. The total electrical energy W 0 of a System of point charges 
(1d <72> • • - , Çnj i e. charged bodies at distances from one another 
much greater than the linear dimensions of the bodies, differs 
from W ita by the sum of the intrinsic energies of the charged 
bodies (or charges qt). Thus

We = WUa+ t W u r <

The intrinsic energy of a charged conductor is the energy of interac-
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tion of the charges on this conductor. The energy of a conductor 
which is not subject to an external field is the intrinsic energy of 
this conductor. It equals

Electricity and Magnetism

w  — j?£. -  _ c<p2
itr 2 2 c 2

where C = capacitance of the conductor 
q and <p = its charge and potential (at q = 0, y  = 0).

In contrast to the interaction energy W Ua1 the intrinsic energy 
of the conductor cannot be négative in value. It equals zéro if 
the conductor is uncharged. For any two conductors, the sum 
of their intrinsic énergies always exceeds (or, if they are un
charged, is equal to) their mu tuai energy. Thus

( K ' f l r ) l  +\}VU9)t *>Wiêm

20.0.3. The total electrical energy of a systein of charged conduc
tors equals

W 1
2

n
£  w »

where </, — charge of the i- th conductor
(pt = potential of the i-th conductor due to the field of 

ail the other conductors as well as its own field.
The energy of a charged capacitor is

q Atp _  q* _  C A(p2
_ _ _ _ _  _  - - - - -  _  - - - - -

where q = charge of the capacitor
C = capacitance of the capacitor 

A<p = potential différence between the plates.
20.0.4. The energy of any System of charges in a vacuum or 
dielectric can be expressed in the form

w . = 4 J i«p d V + — J o<p dS
V s

where q and a = volume and surface density of free charges 
<p = potential of an élément of volume dV  or of an 

élément of surface dS for the electrostatic 
field set up by ail the space and surface charges.
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Intégration is to be extended throughout the whole volume V 
oecupied by the free space charges and ail the charged surfaces S. 
The influence of the dielectric on the value of W e is évident in 
the fact that for the same free charge distribution, the potential
<p varies in different dielectrics (in a homogeneous isotropie di
electric, (p is ^  of that in a vacuum).
The équation for We can also bc written in the form

W c = -V- J (DE)dV  (in SI units)

We = |  (DE)dV  (in cgse units)
V €

where D and E are the electric displacement and intensity in 
I lie element of volume dV  for a field set up by the System of charges 
heing considered. Intégration is to be extended throughout the 
whole volume Vc of the space oecupied by the field. lt follows 
that the energy We is distributed throughout this space, i. c. 
that the electric field possesses energy. The volume density of 
energy of an electric field, i. e. the energy per unit volume of the 
f i e l d ,  is

WC = d̂ y  = 2

u\ = d̂ y ' = g - (DU) (in egse units)

If lhe medium is isotropie, thon
DE D 2
O 2 : 2 K s o

DE KtE2 D2
w '  = T »  = 8n~ ~ SnKe

(in SI units) 

(in cgse units)

Ü0.M.5. Il is postulated in the macroscopie theory of electricity 
lliat wr is the volume density of free energy (see 10.6.3.) of art 
> Irrtric field in a dielectric, i. e. it is a measurc of the work donc 
m making an isothermal réversible change in the field within 
«mit volume of the dielectric.
In a dielectric having nonpolar molécules, a portion of the energy 
• «'«iiiirod to set up the field is expended in polarizing the dielectric 
(m “stretching” the elastic dipoles). The volume energy density
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of a polarized dielectric is

wdi = (Ke -1 ) (in SI units)
E2

wdi = (Ke- 1) -g- (in cgse units)

The difîerence between we and wdi is the volume energy density 
of an electric field of the same intensity, but set up in a vacuum. 
It is sometimes called the volume density of the intrinsic electric 
energy of the field in a dielectric. Thus

w€- w di = (in SI units)

w 9 ~ w d i  =  g— (in cgse units)



CHAPTER 21

Direct Electric Current in Metals

21.1. Principal Concepts and Définitions
21.1.1. An electric current is any ordered motion of electric charges 
in space.
21.1.2. The ordered motion of free charges produced in a conductor 
!>y the action of an electric field is called conduction current.
An ordered motion of electric charges can be accomplished by 
the displacement of a charged body (conductor or dielectric) 
in space. This motion is called an electrical convection current 
(for example, the current associated with the motion of the earth, 
liaving a surplus négative charge, on its orbit).
21.1.3. The direction in which the positive charges move is con- 
ventionally taken as the direction, or sense, of the current. 
Actually, in metallic conductors, the electric current is produced 
liy the motion of électrons in a direction opposite to that of the 
nirrent.
21.1.4. The strength of the current (or simply, the current) through 
h certain surface S is the scalar quantity / ,  equal to the first 
lime dérivative of the charge q passing through this surface. 
Thus

21.1.5. A current is said to be direct if its magnitude and direc
tion remain constant in time. For a direct current

where q = electrical charge 
t = time.
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IVE lectricity and M agnetism

A direct current is numerically cqual to the charge q transported 
through the surface S in unit time.
21.1.6. The distribution of the electric current over the cross 
section S is characterized by the current density vector j. I ts= 
directon is toward the motion of the positive charges and it is 
numerically equal to

where dS' = projection of the element of surface dS on a planr 
perpendicular to j 

d l  = current through dS and dS'.
The projection j H of vector j on the normal n to the element ol 
surface dS equals

dl
Jn =  d s  =  J cîos a

where a is the angle between j and n.
21.1.7. The current in a conductor equals

I = f j d S

in which intégration is extended over the whole cross section 
S (a = 0) of the conductor.
21.1.8. The density of a direct (steady) current is the same over 
the whole cross section of the conductor. Thus

I = j S
The densities of a direct (steady) current in two cross sections of a 
conductor are inversely proportional to the cross-sectional areas:

Ji __ S*
h  ~ s i

21.2. Electron Theory of Conduction
21.2.1. Current is carried in me tais by conduction électrons which 
originate due to the fact that the valence (outermost) atomic 
électrons are collective in a métal, i. e. they are not associated 
with definite atoms. In the classical approximation, these 
électrons (conduction électrons) are treated as an électron gas 
whose particles hâve three degrees of freedom. In a more rigorously 
substantiated approximation, the électron gas is dealt with as a
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21. D irect E lectric Current in  M etals

degenerate quantum gas which complies with Fermi-Dirac 
statistics (see 12.8.1.). In the classical approximation, the number 
of conduction électrons per cm3 of a monovalent métal is taken 
equal to

n _  n a  n
“  ~ÂTD

where JNA = Avogadro’s number (see 7.1.7.)
A  = atomic weight of the métal 
D = density of the métal.

In its order of magnitude n0 ^  1022 to 1023 per cm3.
21.2.2. According to the classical theory, the haphazard thermal 
motion of électrons is accomplished at room températures at 
mean velocities (see 11.2.3.) of the order of 105 cm per sec. Accord
ing to the Drude-Lorentz theory, the électron has a mean free 
path X (see 11.3.2.) equal in order of magnitude to the crystal 
lattice constant of a métal (10“8 cm).
21.2.3. In the quantum theory, électron behaviour is described 
by the laws of quantum mechanics (see Ghap. 44) and complies 
with Fermi-Dirac quantum statistics (see 12.7.3.). Neglecting 
the electric field of positive ions in the crystal lattice and the 
interaction of électrons, a model of a square potential well with a 
fiat bottom has been conceived. Here the potential energy of the 
électrons equals zéro outside the métal; inside the métal, the 
énergies of the électrons form a quasi-continuous spectrum. 
At the upper filled level, the energy of an électron equals -  A, 
where A  is the work function, i. e. the work done in removing an 
électron from the métal (see 24.1.1.). If the influence of the field 
set up by ions on the motion of électrons is taken into account, 
this leads to the concept of the band structure of the energy 
spectrum of électrons in metals (see 44.4.32. through 44.4.40.).
21.2.4. The momenta and energies of électrons
in metals are quantized, i. e. hâve definite dis- i 
rrete values. In a métal, the energy levels are ^l~~l^xxxxy 1 !
lllled with électrons in accordance with the |  
l'auli exclusion principle (45.6.2.) which states 1 - —̂
l hat not more than two électrons of opposite f i g . 2 1 . i
spins (see 28.1.1.) occupy each level. The top 
rnergy level occupied by électrons at absolutej zéro tempéra
ture is called the Fermi level. The work done in removing an 
électron from the métal is measured from this level (Fig. 21.1). 
The number of energy levels filled by électrons is equal in order 
of magnitude to the number of free électrons in the métal.
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Near-by (quasi-continuous) energy levels in a métal form energy 
bands (see 44.4.34.). The lowest zone, partially filled with électrons, 
is called the conduction band in metals. Sometimes, two conse
cutive bands overlap in metals (for example, in alkaline-earth 
and transition metals). The existence of bands only partially 
filled with électrons is a characteristic feature of conduction in 
metals.
21.2.5. In the quantum theory of metals, the interaction between 
électrons and positive ions is regarded as the scattering of électron 
waves by the thermal vibrations of the ions of the lattice.
21.2.6. The ordered motion of électrons in a métal conductor is 
due to the action of the external electric field. The current density 
is

1 =

where n0 — number of conduction électrons per unit volume 
e = magnitude of the charge of each électron 
v = average velocity of ordered motion of the électrons.

At the maximum permissible current densities, v = 10”2 cm per 
sec. The time required for a steady current to be established in
the circuit is t = , where L  is the length of the circuit and c
is the velocity of light in a vacuum, and t coïncides with the time 
required for a steady electric field to be set up along the circuit 
and for ordered motion of the électrons to begin. Practically, 
this motion is originated over the whole length of the conductor 
simultaneously with the closing of the circuit.
21.2.7. Ohm*s law for current density is

j = yE = | E

The current density in a conductor is equal to the product of the 
electric conductivity y of the métal by the electric field intensity E.
The quantity q = —• is called the resistivity.
The équation for y in classical électron theory is

_ Woe*Â
^ ~ 2mü

where n0 = number of électrons per cm3 volume of the métal
J. = mean free path
u = arithmetic mean velocity of thermal motion of the 

électrons at the given température.
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According to the quantum theory of metals

noe*Ay  =  — --------
r VP

where pF = momentum of an électron which is at the Fermi 
level W F (see 12.8.6., where the notation E F is 
used); p F is independent of température 

î  = mean free path of the électron waves in the métal ; 
J. dépends uponHemperature.

In the range ofroom températures, J. oc T-1. Hence, the resistivity
of metals q = y , in accordance with experimental data, increases
proportionally to T. At lower tempéra
tures J. oc T~n, where n > 1 and increa
ses with a réduction in T  (the curve in 
Fig. 21.2 shows the dependence of A on 
T  for silver).
Ohm’s law is not valid for high current 
densities.
21.2.8. The thermal power density w of 
a current is the amount of energy which 
is transmitted to the ions of the crys- 
tal lattice per unit volume of the con- 
ductor per unit time as a resuit of the 
interaction between the ions and élec
trons. The Joule-Lenz law states that
the thermal power density of a current in a conductor equals the 
product of the square of the current density by the resistivity of 
the conductor. Thus

to too ma T,%
FIG. 2 1 . 2

W =  QJ

21.2.9. The Wiedemann-Franz law states that for ail metals the 
ratio of the thermal conductivity K  (11.4.3.) to the electric 
conductivity y (21.2.7.) is directly proportional to the absolu te 
température T. Thus

y  = cT = 3(-~-)! r

where k = Boltzmann’s constant (see 8.1.4.) 
e = charge of the électron.

The Wiedemann-Franz law is based on the fact that the heat 
< onduction in metals is accomplished by free électrons, as is their 
••lectric conduction (see 21.24.), According to the quantum
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theory of metals (see 15.3.7.).

This value of c is in good agreement with that of experiments 
conducted at room températures.
21.2.10. The Drude-Lorentz classical électron theory of conduction 
provides an erroneous value for the atomic heat capacity of
metals (9 gram atom deg)' ActuaUy> the degenerated électron 
gas in metals (see 12.8.10) makes practically no contribution to
the heat capacity of metals which equals 6 ^ram ^om deg (see
15.4.4.). r ma om. eg
21.2.11. The dependence of the resistivity q of a conductor on 
température is

Q =  p0(l +  at)

where p0 = resistivity of the conductor at 0°C 
t = température in deg C 
a = température coefficient of resistivity.

For most metals in the température range from 0 to 100° G, 
a varies in the range (3.3. to 6.2) xlO"*3 deg-1. The dependence 
of q and y on température for pure metals (and some alloys) is 
due to the dependence of J on température.
At any température, except T  — 0, électron waves (see 21.2.5.) 
are subject to scattering by the thermal vibrations of ions which 
increases with the température. The values of J. and y are inver- 
sely proportional to the absolute température (except in the région 
of very low températures). Certain metals and alloys display a 
phenomenon called superconductivity. Below a certain critical 
température, the résistance of these substances vanishes (see
28.7.1.).

21.3. Direct Current Laws
21.8.1. Coulomb’s forces of electrostatic interaction between 
electric charges (see 20.1.3.) cause these charges to redistribute 
in the conductor in such a manner that the electric field in the 
conductor disappears and the potential becomes equalized at 
âll points in it. Gonsequently, a Coulomb force field cannot main- 
tain a direct (steady) electric current.
21.3 .2 . A  direct conduction  current can be m aintained on ly  under
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the condition that the intensity of the electric field in the conduc- 
tor is not zéro and remains constant in the course of time. A direct 
conduction current circuit should be closed and, in addition to the 
electrostatic (Coulomb) forces, the free électrons should besubject- 
ed to the action of nonelectrostatic forces, called external forces. 
An electric field of external forces is set up in a circuit by connect
ing a seat of electromotive force (errtf) into it. Such seats may be 
galvanic cells, storage batteries, electric generators, etc. By moving 
the electric charges and maintaining a constant potential différ
ence between any two points of a direct current circuit, the 
external forces do work at the cost of the energy expended in the 
seat of emf. Thus the latter is the source of energy in the circuit. 
The field of external forces exists inside the seat of emf. In the 
parts of a direct current circuit that contain no seats of emf, the 
charges are transported by the action of the forces of an electro
static field.
21.3.3. For any point of a conductor through which a direct current 
flows

E = Eeoi»l+E*r<r

where E = intensity of the electric field at the given point 
KcottI and Etxtr = intensities of the Coulomb and external force 

fields, respectively.
Kor the segment 1-2 of a conductor of cross-sectional area S  we 
«an write

2 2 2 

i  J e f  = J (E„.,diH J (E„„di)
1 1 1

where 1 = current in the conductor
d\ = vector numerically equal to the element dl of length 

of the conductor and directed along the tangent to 
the conductor in the same direction as current den- 
sity vector j.

J  (E ^ d l) = (fix-tpt

where <px and <p2 are the values of the potential of the electrostatic 
lleld at points 1 and 2 (see 20.4.5.).
21.3.4. The line intégral of the intensity vector E0Xtr of the electric 
lleld of external forces along the segment 1-2 of the circuit is
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called the electromotive force (emf), or electromotance, S2l acting 
in this segment of the circuit. Thus

2<321 =  J {Etextrd\)
1

The emf is numerically equal to the work done by the external 
forces in moving a unit positive charge along segment 1-2 of the 
conductor. The value 2̂1 is equal to the algebraic sum of the emf’s 
of ail seats connected into the segment 1-2 of the circuit. The emf 
of a seat is taken to be positive if, when connected by itself into 
the closed circuit being considered, it originates a current directed 
from point 1 toward point 2 in the segment 1-2.
21.B.5. The voltage (or voltage drop) U21 across the segment 1-2 
is a quantity numerically equal to the work done by the combined 
field, set up by the Coulomb (electrostatic) and external forces, 
in moving a unit positive charge over the segment of circuit 
1-2. Thus

2 2

Uti = J ((E„„, + E„(r)dl) = /  (Edi)

^ 2 1  — ( ^ 1  ~  ^ 2 ) +  ^ 2 1

21.3.6. The intégral
2

1

is called the résistance of the segment of the circuit between 
cross sections 1 and 2. For a homogeneous cylindrical conductor 
(q = const and S  = const)

where l2l is the length of segment 1-2 of the conductor.
21.8.7* Ohm's law for an arbitrary segment of the circuit States that 
the voltage across the segment equals the product of the résistance 
by the current. Thus

or
Z /? 21 — ( ^ l  — ^ 2) +  &2\
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Example 1. In a closed electric circuit, <p, = <p2, the total résist
ance of the whole circuit R n  = R  and

ë = IR
where ê is the algebraic sum of ail emf’s acting in this circuit. 
For the closed electric circuit shown in Fig. 21.3, 
where the seat has an emf of ê and internai ré
sistance r, the voltage U across the terminais of 
the current source (across the extern al circuit) 
equals

U = IR, l i f t . . 3

where /  = g
r + R ,

Rx = R ~ r
llence

U = ê R x
r+Rx

ër
T + R , ê — Ir

Example 2. In an open circuit I  = 0 and = (p2-<pv To déter
miné the emf of the seat it is necessary to measure the potential 
différence across its terminais when the external circuit is open. 
21.3.8. If the conductors forming a circuit are fixed and the electric 
current is steady, the work of external forces is completely expend- 
ed in heating the conductors. The energy W  developed in the 
circuit during the time t throughout the full volume of the con- 
ductor is

W  = IU t
where I  = current

U — voltage drop in the conductor.
The amount of heat Q (in calories) generated in the conductor 
« orresponds to the amount of energy developed and equals

Ç = 0.24 IU t
where I  is given in amperes, U in volts, and t in seconds.
The last formula is an expression of the Joule-Lenz law which 
states that the amount of heat developed in a conductor is propor- 
tional to the current, the time it flows and the voltage drop.

21.4. Kirchhoff's Laws
21.4.1. The analysis of complex (branched) d-c circuits consists in 
linding the éléments of the circuit in accordance with the given 
résistances and applying to them the emfs of the current in each 
rlnment. This problem is solved on the basis of Kirchhoffs laws.
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21.4.2. A branchpoint, or junction, in a branched circuit, or network, 
is a point where there are more than two possible directions of the 
current (Fig. 21.4). Three or more conductors are joined at each 

junction. A mesh, or loop, is any closed con- 
ducting path in the network.
Kirchhoff’s first law (point ride) States that 
the algebraic sum of the currents I k which 
meet at any junction of an electric circuit 
is zéro:

£ / *  = «

where n is the number of conductors joined at the branch point. 
Currents flowing toward the branch point are considered positive; 
those away from it are considered négative.
21.4.3. Kirchhoff’s second law (mesh rule) States that in any mesh, 
arbitrarily chosen from the circuit, the algebraic sum of the prod- 
ucts of the currents I k by the résistances R k of the corresponding 
segments of the mesh equals the algebraic sum of the emf’s 
Sk applied in the mesh. Thus

£  ikRk — J]k<m 1 J

When applying the second law (mesh rule) a deflnite direction 
around the mesh (i. e. either clockwise or counterclockwise) must 
be chosen : currents /* coincidîng in direction with the one chosen 
are considered to be positive. The emf’s êk of the current sources 
are considered positive if they produce a current in the direction 
chosen around the loop.
21.4.4. The following procedure is employed in analysing a com- 
plex d-c circuit.
(a) The directions of the currents are arbitrarily assigned in ail 
éléments of the circuit.
(b) For m branch points, m - 1  independent équations are written 
on the basis of the point rule.
(c) In applying the mesh rule, select the meshes so that each 
new mesh contains at least one element of the circuit not included 
in the previously considered meshes. In a branched circuit, con- 
sisting of p  branches and m branch points, the number of inde
pendent équations based on the mesh rule equals js -m + l .  
Example 1. In measuring the currents I  that exceed the maximum 
current / 0 for which an ammeter having a résistance of R0 is
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designed, it is necessary to put an additional resistor in paral- 
lel with the ammeter. This resistor is called a s h u n t (Fig. 21.5). 
The résistance of the shunt is calculated by Kirchhofï’s laws. 
Thus

T = I B + I,„ and = I lhR,h
from which

Ro h  
i - l o

where I 9h is the current in the shunt.

f i g . 2 1 . 5 f i g . 2 1 . 6

Example 2. To measure the voltage U across an element of a cir
cuit, a v o ltm e te r  is connected in parallel with the element. The 
voltmeter is designed for a voltage U0 at the maximum permis- 
sible current 70 in the instrument (Ü0 = /*/?<>)• l t  U U0l an 
additional resistor R a is connected in sériés with the voltmeter 
(Fig. 21.6). Its résistance is determined from the équation

(/?0+ iîo)J0 = TJ
from which

Example 3. In the electric circuit shown in Fig. 21.7, the résist
ances R 2, R 3 and R A and the electromotive forces ëx and are 
given. Détermine the résis
tance R x under the condition 
I hat there is no current in the 
circuit of the galvanometer G 
(Ig = 0). If the directions of 
current hâve been assigned as 
indicated by arrows in Fig.
21.7, the application of 
KirchhofTs first law (point 
rule) to the branch points A ,
R and C leads to the following
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équations :

I2— /j = 0 j 1% — 1 and Y| — 12 — 0
The counterclockwise direction is taken in traversing the meshes 
ABCGA , ADCGA and BCDB . Then

~ I  \R\ + Iifiz —
— / 4-R4 = ^

^3-^3 +  - 4̂-^4 =  ^2

Solving th is  S y stem  of équations, w e can w rite

n _  R2R2 RfjRé+Rj) 1̂
1 ~  Ré Ré Cs

If ê1 = 0, the resuit does not dépend upon £ and we obtain the 
Wheatstone bridge circuit used for measuring unknown résistances. 
Thus

o _  RzRt
^ “ - rT

This formula is still valid if the galvanometer O and the seat of 
•mf ê2 are interchanged in the bridge.
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Electric Gurrent in Liquids and Gases

22.1. Electrical Conduction in Liquids.
Electrolytic Dissociation

22.1.1. In many liquids (aqueous solutions of salts, acids, etc.) 
an electric current involves an ordered motion of ions, which are 
atoms or groups of atoms having a surplus or insufficient number 
of électrons in comparison with neutral atoms or molécules. 
The electric field that produces ordered motion of ions is set up 
in the liquid by électrodes which are conductors connected to the 
terminais of the current source. The positive electrode is called 
the anode, and the négative one the cathode. Accordingly, the 
positive ions (cations)—the ions of metals and hydrogen—move 
toward the cathode and the négative ions fanions)—ions of acid 
radicals and of the hydroxyl group—toward the anode.
22.1.2. The passage of an electric current through such liquids is 
aecompanied by the phenomenon called electrolysis which is the 
déposition on the électrodes, or the libération at them, of the 
components of the dissolved substances, or of other substances 
resulting from secondary reactions. Conductors in which a current 
is aecompanied by electrolysis are called électrolytes, or second- 
order conductors. In contrast to currents in metsdlic conductors 
(first-order conductors)> those in electrolytes involve the transfer 
of matter.
22.1.B. Electrolytic dissociation is the décomposition of molécules 
of the dissolved substance (soluté) into positively and negatively 
charged ions as a resuit of interaction with the solvent. This 
phenomenon is due to the combined action of two factors: 
thermal motion and the interaction between the polar molécules 
of the soluté, consisting of interrelated ions (for instance, mole-
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cules of salts, acids and alkalis), and the polar molécules of the 
solvent (for instance, water). This interaction weakens the bonds 
between ions and facilitâtes their rupture when the molécules 
of the soluté collide with sufficiently rapidly travelling molécules 
of the solvent (or of the dissolved substance). The degree of disso
ciation a is the ratio of the number of molécules n'0 dissociated 
into ions to the total number of molécules n0 of the dissolved 
substance (soluté). Thus

22.1.4. As a resuit of the random thermal motion of the ions, a 
process occurs in which ions of opposite charge recombine to 
form neutral molécules. This is called deionizaXion.
Under conditions of dynamic equilibrium between the processes 
of dissociation and deionization, the degree of dissociation a 
complies with the équation

1 —a .= const X n0

If n0 0, then a -*• 1, i.e. in weak solutions a ss 1, and almost 
ail the molécules are dissociated. The value of a decreases with 
an increase in the concentration of the solution. In highly con- 
centrated solutions

const a £* - -
Ÿn*

22.2. Laws of Electrolysis
22.2.1. The first law of electrolysis ( Faraday's first law) States 
that the mass of the substance M  liberated at an electrode is 
directly proportional to the electric charge q passing through the 
electrolyte. Thus

M = kq

The coefficient of proportionality k, numerically equal to the 
mass of the substance liberated when a unit electric charge passes 
through the electrolyte, is called the electrochemical équivalent of 
the substance. When a direct current I  is flowing through an 
electrolyte for a time of t sec, q — l t  and M  = kit.
22.2.2. The second law of electrolysis (Faraday*s second law) 
states that the electrochemical équivalents of the éléments are
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directly proportional to their Chemical équivalents. Thus

k = C Z

in which the ratio of the atomic weight A  of the element to its 
valency is called the Chemical équivalent. An amount of a sub
stance, whose mass, expressed in grams, is equal to its Chemical
équivalent, is called the gram-equivalent. The quantity F  =
is called Faraday1 s constant.* It is equal to the electric charge 
that must be passed through an electrolyte to liberate 1 gram- 
equivalent of any substance at the electrode. Thus

F  = 96,494 coulombs
gram-equiv 9.65 X104 coulombs

gram-equiv

22.2.3. Faraday1 s united law is

M = ± f l l  or M = ± r ± q

22.3. Atomicity of Electricity
22.3.1. The amount of charge q of any ion can be determined by 
Faraday’s laws. Thus

where Z = valency of the ion 
F  = Faraday’s constant 

N A = Avogadro’s number.
The charge of a monovalent ion (Z = 1) is equal in magnitude to 
that of the électron:

qx = e = 4.803 XlO”10 electrostatic units 
= 1.602x10”19 coulombs

It has been found that any electric charge is a multiple of the 
smallest charge e which is said to be elementary (see 20.1.2.).

* To avoid notational confusion, Faraday's constant was denoted by N* 
In 10.6.7.
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22.4. Ohm?s Law for Currents in Liquids
22.4.1. The ouïrent density j (see 21.1.6.) in liquids is equad to 
the sum of the current densities of the positive and négative ions. 
Thus

i = i+ + i-
The dependence of the current density j in liquids on the inten- 
sity E of the electric field applied to the électrodes is of the form

j = -^-2+n0+(M+ + M_)E
where F  = Faraday’s constant 

N A = Avogadro’s number
Z+ = valency of the positive ions in the solution 
n0+ = number of positive ions per unit volume of the 

electrolyte
u+ and = mobility, respectively, of the positive and négative 

ions, i.e. average velocity of motion of these ions 
due to the action of an electric field of unit inten- 
sity.

The preceding formula is the expression of Ohm's law of current 
density in électrolytes.
22.4.2. The resistivity of an electrolyte equals

v FZ+7lo+(U+ + U_)
If a molécule of the electrolyte dissociâtes into k + positive and /c_ 
négative ions, then k +Z + = Hence

n0+ = k+an,, and ti0_ = k_an0
where a = degree of dissociation

nQ = concentration of the electrolyte (see 22.1.3.).
Then

_ Na   1
 ̂~~ FZ+fc+ano(u++U_) °r '  ~ FaC(u+ + it-)

where C = - +~ - n° = is the number of gram-equiva-
N a Na

lents (kilogram-equivalents) of the ions of a single charge per 
unit volume of the electrolyte, either in the free state or bound 
in the molécules. The quantity C is called the équivalent concentra- 
lion of the solution (it is measured in kilogram-equivalents per 
m3 or gram-equivalents per litre, whieh are of equal magnitude).
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\ 22.5. Electrical Conduction in Gases
22 5.1. Gases consist of electrically neutral atoms and molécules, 
and\are insulators under normal conditions. Gases become conduc- 
tors of electricity after their ionization—the detachment of outer 
électrons from the atoms and molécules of the gas. The atoms (or 
molécules) that lose their électrons become positive ions. Négative 
ions ai*e formed in gases by the attachment of the free électrons 
to neutral atoms (or molécules).
22.5.2. In the ionization of an atom (or molécule), the work of 
ionization A { is done to overcome the forces of interaction be- 
tween the électron being detached and the other particles of the 
atom (or molécule). This work A t dépends upon the Chemical nature 
of the gas and the energy state of the électron in the atom (or 
molécule). The value of A t increases with the électron detachment 
(multiplicity) factor, i.e. the number of électrons detached from 
each atom.
22.5.3. The ionization potential <pt is the potential différence that 
an électron must traverse in an accelerating electric field in order 
for its increase in energy to equal the work of ionization. Thus

where e is the magnitude of the charge of the électron.
22.5.4. Ionization of a gas is brought about as a resuit of some 
external action. This may be violent heating, X-rays, radioactivity 
and the bombardment of the molécules (or atoms) of a gas by 
high-speed électrons or ions. The intensity, or rate, of ionization 
is measured by the number of pairs of oppositely charged particles 
that are produced per unit volume of the gas in unit time.
22.5.5. Collision ionization of a monoatomic gas by électrons or 
ions occurs when the kinetic energy of the ionizing particle is

where A t = work of ionization 
M = mass of the atom.

To accomplish ionization by collision, monovalent ions must tra
verse a greater potential différence in an accelerating field than 
électrons. This is true for the ionization of molécules consisting of 
any number of atoms.
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22.6. Nonself-Maintaining Discharges in Gases
22.6.1. If the electrical conduction in a gas is due to exteffrial 
ionizing agents, the electric current in the gas is called a nonself- 
maintaining discharge. The curve in Fig. 22.1 shows the dependence 
of the current in a nonself-maintaining discharge on the voltage U 
across the électrodes. At low voltages, the current density j of a 
discharge is proportional to the field intensity E. Thus

j = en0(u+ + u_) E
where u+ and = mobilities of the posi

tive and négative ions 
n0 = number of pairs of 

électrons and monova
lent positive ions per 
unit volume 

e = magnitude of the 
charge of the électron.

In the pressure range froin 10~4 to 102 atm, u+ and are inversely 
proportional to the pressure of the gas. Upon a further increase 
in the field intensity E, the ion concentration in the discharge 
decreases and the dependence of the current on the voltage ceases 
to be linear.
22.6.2. The maximum current I , possible with a given intensity 
of ionization is called the saturation current. Here, ail the ions 
produced in the gas reach the électrodes: I , = eiV0, where N0 
is the maximum number of pairs of monovalent ions produced per 
second in the gas by the action of the ionizing agent.

22.7. Self-Maintaining Discharges in Gases
22.7.1. An electric discharge in a gas, which continues after the 
action of the external ionizing agent ceases, is called a self- 
maintaining gas discharge. The free electric charges required to 
maintain such a discharge appear chiefly as a resuit of collision 
ionization (see 22.5.5.) of the molécules of the gas by the action 
of électrons (volume ionization) and the émission of électrons at 
the cathode caused by the positive ions which bombard it (surface 
ionization). The collision ionization of a gas by positive ions should 
be taken into considération only if the fields are sufficiently strong 
(see 22.5.5.). Electrons may also be emitted from the cathode as 
a resuit of it being heated (thermoelectron, or thermionic, émission,
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see 24.4.1.) and the extrinsic photoeffect associated with discharge 
glaw (photoelectric émission, see 24.4.5.).
22.7.2. The transition of a nonself-maintaining gas discharge into 
a self-maintaining one is called an electric breakdown of the gas 
and occurs at the breakdown voltage Ubd(ignition voltage). According 
to Townsend’s approximate theory, the breakdown ignition condition 
for self-maintaining discharges between fiat électrodes in gases is 
of the iorm

y (* * -1) = 1
vvhere d = distance between the électrodes

a = coefficient of volume ionization of the gas by élec
trons, equal to the average number of acts of ion
ization performed by one électron over a path of 
unit length

y = coefficient of surface ionization, equal to the average 
number of électrons emitted by the cathode when 
bombarded by one positive ion.

For a given gas and cathode material

T = &(■£) and ? = U^ d )
where p  = pressure of the gas

U = voltage across the électrodes.
Thus the breakdown voltage Ubd of a given gas is a function of 
the product pd (Paschen's law). The form of the curve expressing 
this function is shown in Fig. 22.2. Other 
(conditions being equal, the breakdown vol
tage Ubd decreases with the ionization po- 
tential (see 22.5.3.) and with the work re- 
quired to émit électrons from the cathode 
(work function).
The dependence of the discharge current 
on the voltage applied to the électrodes in 
the discharge is called the current-voltage 
vharacteristic of discharge.
22.7.3. At low pressures (several scores of mm Hg) a glow discharge 
is observed. It is self-maintaining. The principal parts of a glow 
discharge are the following four régions: I —cathode, or Crookes, 
dark space; I I —négative glow; I I I —Faraday dark space; and 
IV—positive column or plasma (Fig. 22.3). Régions / ,  I I  and I I I  
form the cathode région of the discharge. There is a sharp drop 
in potential near the cathode due to the high concentration of 
positive ions at the boundary between régions I  and I I . The elec-
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trons in région I I , after having been accelerated in regioiÿ /, 
participate in intensive collision ionization. The glow is nue 
chiefly to the recombination of électrons and ions into neutral

atoms or molécules. The glow has 
a continuous spectrum. Obsferved 
in the positive column is a con
stant and high concentration of 
électrons and positive iqns (gas- 
discharge plasma, see 2^.8.5.) re- 
sulting from the collision ioniza
tion of the gas molécules by the 
électrons. The potential drop ac- 
ross the positive column is com- 
paratively small and, other con
ditions being equal, increases 
with a réduction in the diameter 
of the gas-discharge tube.

The glow of the positive column, determining the optical proper- 
ties of the glow discharge, is associated with the radiation of 
excited atoms (or molécules). The recombination of électrons and 
positive ions takes place mainly on the walls of the gas-discharge 
tube and heats the walls. The positive column is frequently stri- 
ated, i.e. broken up into alternating luminous and nonluminous por
tions called striations. The shape of the positive column complies 
with that of the tube, irrespective of the shapes and locations of 
the cathode and anode. This is due to the existence of a transverse 
(radial) field set up by the électrons deposited on the walls of the 
tube. If the glow discharge occurs in a sufficiently short tube or in 
a wide vessel no luminous positive column is observed.
The main région of a glow discharge, the one in which ions are 
formed by volume ionization to render the charge self-maintaining, 
is the Grookes dark space. The length lc of the Crookes dark space 
is the distance from the cathode to the point of the discharge 
where the <p = <p(l) curve (Fig. 22.3) has a maximum or to the 
inflection point. A glow charge occurs only when the distance 
between the électrodes d ^  lc. The change in potential A(pc over 
the length of the Crookes dark space is called cathode fall. 
Distinction is made between two modes of operation: a normal 
glow discharge, in which the current density does not dépend upon 
the current which is varied by means of an external loading resis- 
tor, and abnormal glow discharge, in which the current density 
increases with the current. In the former, the cathode' is not com- 
pletely covered by négative glow, while in the latter it is. In a nor
mal glow discharge, Zc is inversely proportionl to the pressure of

/  JIIII
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thel gas and A(p0 dépends upon the kind of gas used and the mate- 
rial\and surface condition of the cathode. The cathode potential 
fall mcreases with the work function in emitting an électron from 
the dathode (see 24.1.1.). With an increase in the discharge current, 
the potential drop over the positive column is reduced. For this 
reason the charge characteristic is of the dropping type, i.e. the 
voltage across the électrodes is reduced with an increase in the 
current. In an abnormal glow discharge, lc is reduced and A<pc 
increaseS with an increase in the discharge current. An abnormal 
glow discharge has a rising characteristic.
If the pressure in a tube with a normal glow discharge is sufficiently 
low, the Crookes dark space almost completely fills the tube. 
Uere the électron beam moves from the cathode to the tube walls 
practically freely, i.e. without undergoing collisions with the gas 
molécules. Such électron beams are called cathode rays.
Canal rays are beams of freely moving positive ions. They also 
ean be obtained in a glow discharge if a small hole (canal) is made 
in the cathode of the gas-discharge tube. The positive ions that 
get into the canal pass through it to the vacuous space beyond 
I he cathode in the form of a beam of canal rays.
22.7.4. At normal and high gas pressures several types of gas 
discharges are observed. They include: brush, corona, spark, and 
arc discharges.
V corona discharge, or simply corona, is produced in a gas which 
is in a highly nonuniform electric field, i.e. in the neighbourhood 
«>f électrodes with a surface having a small radius of curvature 
(for instance, near sharp points or edges, high-tension power lines, 
etc.). In a corona, gas ionization and glow occur only in a com- 
paratively small région adjacent to the electrode with a small 
radius of surface curvature. This région is called the corona layer. 
The corresponding electrode is called the corona electrode. The 
icmainder of the discharge gap not within the corona layer (or 
two layers, if both électrodes display coronas) is called the 
vxternal (“dark”) space of the corona.
If the cathode displays a corona (négative corona), the électrons 
(dîecting volume ionization of the gas are emitted from the cathode 
l>y its bombardment with positive ions. If the corona is exhibited 
l>y the anode (positive corona), the électrons appear near the 
miode owing to the photoionization of the gas by the radiation 
<>f the corona layer. In the dark space of the discharge, the conduc- 
I ivity of the gas is relatively low since it is accomplished only by 
^articles of like charge entering this space from the corona layer. 
Ilence the current in a corona, in constrast to other kinds of self- 
maintaining discharges, is determined, not by the résistance of
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the external part of the circuit, but by the résistance of the dârk 
space in the discharge. At higher voltages, a corona at a sharp 
point begins to resemble a luminous brush—a System of thin 
luminous lines having sharp bends and zigzags, originating at the 
point and alternating in time. This is called a brush discharger 
When the voltage across the électrodes becomes equal to the spark- 
over voltage U,, the corona is transformed into a spark. Other con
ditions being equal, U, is lower for a positive corona than for a 
négative one. The voltage U, and the corona voltage Ue for starting 
a corona dépend upon the gap distance, d, between the électrodes. 
With a réduction in d, voltage U, decreases more rapidly than Z7e, 
i.e. the voltage range from Ue to Ut, at which a corona is displayed, 
is reduced. At the value der (critical gap), U, becomes equal to Ue. 
If d < der, then U, <  Ue and a corona cannot be produced
22.7.5. A spark has theform of intermittent, bright, zigzag-shaped 
branched threads. These are the canals of ionized gas which pierce 
the discharge gap and disappear, being replaced by new canals. 
A spark is accompanied by the évolution of a great deal of heat 
and bright luminescence of the gas. The phenomenon character- 
izing such a discharge is caused by électron and ion avalanches 
originating in the spark canals where the pressure is raised to hun- 
dreds of atmosphères and the température to 104 °G. An example 
of a spark discharge is lightning. The main canal of a lightning 
discharge is from 10 to 25 cm in diameter. Such a discharge may 
be several kilométrés long with the maximum puise current reach- 
ing hundreds of thousands of amperes.
22.7.6. An electric arc is struck at a high current density and when 
the voltage across the électrodes is of the order of several scores 
of volts. It results from the intensive émission of thermoelectrons 
(see 24.4.1.) by the incandescent cathode. These électrons are 
accelerated by the electric field and ionize the gas molécules by 
collision. For this reason the electric résistance of the gas-filled 
gap between the électrodes of the arc is not very high. With an 
increase in the arc current, the conductivity of the gas-filled gap 
between the électrodes increases so sharply that the voltage across 
the électrodes is reduced (dropping discharge charajcteristic) . The 
cathode température (at atmospheric pressure) reaches 3000 °G. 
The bombardment of the anode by électrons forms a dépréssion 
—an arc crater—in the anode in which the température is about 
4000 °C (at p  = 760 mm Hg). The température of the gas in the 
arc canal is from 5000° to 6000 °C. If the arc is struck at a com- 
paratively low cathode température (as, for instance, in a mercury- 
vapour arc lamp), the principal part is played by the cold émission 
of électrons from the cathode (see 24.4.4.).
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22.8. Eléments of Plasma Physics
22.8.1. Plasma is a state of matter characterized by a high, or 
even complété, ionization of its particles. Depending upon the 
degree of ionization a, i.e. the ratio of the concentration of ionized 
particles to the total concentration, a plasma is classified as: 
weakly ionized (a is a fraction of one per cent) ; moderately ionized 
(a equals severaï per cent) and fully ionized (a close to 100 per cent). 
In nature, weakly ionized plasma is found in the ionosphère. The 
sun, hot stars and certain interstellar clouds are examples of 
fully ionized plasma, formed at very high températures (high- 
temperature plasma). Artificially, plasma is produced in gas dis
charges (see 22.7.3.) and gas-discharge tubes. The control of its 
motion is the basis for the use of plasma as the working medium 
in various engines and for the direct conversion of its internai 
energy into electric energy (magnetohydrodynamic, or MHD, 
generators; plasma sources of electric energy; etc.).
22.8.2. The high electric conductivity of a plasma brings its 
properties near to those of conductors. Any accidentai différence 
or imbalance in the concentrations of charged particles or poten- 
tial différences that occur in a plasma which is not subject to 
cxternal action is balanced out, as in a conductor which is not 
subject to an external emf.
22.8.3. Electrostatic forces (see 20.1.3.) act between charged par
ticles of a plasma; the forces between the charged and neutral 
narticles are of a quantum-mechanical nature (see 45.2.7.). 
Plasma differs from a simple accumulation of charged particles 
m that it must hâve a minimum density. This is determined from 
the condition that L  D, where L  is any length characterizing 
the plasma and D is the Debye screening radius (also called the 
Üebye shielding distance and Debye length).

where e( = charge of the i-th species of particles 
n( = their concentration 
Tt = their température 
k = Boltzmann’s constant.

A t distances of D, the Coulomb field of an arbitrary charge of the 
plasma is shielded because the charge is predominantly surrounded 
l>y oppositely charged particles. As a whole a plasma is a quasi-

fin cgse units)
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neutral System with a great number of charged particles arranged 
in a région of space having various dimensions, Z, »  D.
The total number of charged particles of plasma in a sphere of 
radius D is called the Debye number N . A plasma is said to be 
gaseous if N  is very large, and thermodynamically it is regarded 
as an idéal gas.
Spécifie features of plasma, related to the Coulomb long-range 
interaction of its particles, allow it to be regarded as a spécial State 
of aggregation of matter. These features are its strong interaction 
with external magnetic and electric fields, owing to its high electric 
conductivity;,the singular collective interaction of the particles 
of plasma by means of the self-consistent field (45.2.3.) and the 
existence of other properties enabling various vibrations and 
waves to be excited and propagated in the plasma.
22.8.4. The state of thermodynamic equilibrium of a highly ioniz- 
ed gas is similar to a plasma at a definite température in which 
the loss of charged particles due to recombination (see 22.7.3.) 
is recompensed by new acts of ionization. The average kinetic 
energy of the various particles (positive and négative ions and 
neutral particles in various States of excitation) making up such 
a plasma is the same. The energy of black-body radiation (see
12.7.4. ) existing in such a plasma corresponds to the same tem
pérature. The processes of energy exchange between the particles 
are equilibrium ones. A plasma having the preceding properties 
is said to be isothermal. It exists in the atmosphères of high- 
temperature stars. The significance of plasma for thermonuclear 
processes is dealt with in 48.3.15.
22.8.5. In a gas-discharge plasma, the charged particles included 
in its composition are continuously in an accelerating electric 
field. The average kinetic energy of the électrons in a gas-discharge 
plasma is associated with a certain température of the Maxwellian 
energy distribution of the électrons (see 11.2.4.) called the électron 
température Te. This température is purely conventional insofar 
as there is no thermodynamic equilibrium in a nonisothermal gas- 
discharge plasma. The average kinetic energy of the électrons 
in a gas-discharge plasma substantially exceeds the average 
energy of the neutral particles in the plasma.
22.8.6. The state of a thermally nonequilibrium gas-discharge 
plasma is maintained at the expense of the energy of the discharge 
current through it. If the external electric field disappears, the 
gas-discharge plasma will also disappear. The disappearance of 
a gas-discharge plasma that has been left to itself is called deion- 
ization of the gas. Together with the ionization and recombination 
processes, occurring throughout the volume, a large part in the
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energy balance of a plasma produced in a limited volume is 
played by the interaction between the plasma and the walls 
confining its volume, as well as the radiation of the plasma and 
the transport of radiation in it. The diffusion of the charged par- 
ticles to the walls and their recombination on the walls, and the 
transfer of energy to the walls by heat conduction reduce the 
energy of the plasma and contaminate it with various impurities. 
To avoid these processes, it is necessary to prevent contact with 
the walls by confining the plasma with a magnetic field (see also
48.3.15.). The kinds of radiation of plasma in the optical range and 
in the far ultraviolet are: braking (bremsstrahlung) radiation of 
the électrons, occurring when they are retarded by the ions; 
recombination radiation, accompanying the recombination proc
esses; and ordinary radiation produced by the excited particles 
of the spectral lines. Moreover, in a magnetic field, betatron 
(synchrotron) radiation (see 34.2.8.) is also possible.
22.8.7. The parameters of a gas-discharge plasma are : the électron 
température Tei the électron concentration rc0, the number of 
ionizations per électron per second, the density of the ion or 
électron current on the walls, and the longitudinal electric field 
intensity Ea established along the axis of symmetry of the plasma.
22.8.8. A condition for providing a high degree of ionization of a 
thermodynamically equilibrium plasma, consisting of two species 
of charged particles which hâve charges opposite in sign and equal 
in magnitude, is the maximum réduction in the recombination 
of the particles (see 22.7.3.).
The plasma raréfaction condition is

et
y- < kT  (in cgse units)

where e- = average potential energy of Coulomb’s interaction
between particles having charges e and located at 
distances r

kT = average energy of thermal motion of the particles 
k = Boltzmann’s constant 
T  = absolute température.

22.8.9. A fully ionized plasma can be produced under the condition 
that

kT  »  e<pi

where (p{ is the ionization potential of the atoms of the gas. For 
hydrogen and deuterium, this corresponds to a température 
T 160,000°K. Under these conditions, radiation of the plasma,
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making its adiabatic insulation (see 7.1.4.) difficult, becomes of 
vital importance.
22.8.10. At températures much lower than those corresponding 
to full ionization, the internai energy of a thermodynamically 
equilibrium plasma, consisting of particles of two species with 
charges ± e  and of neutral atoms, equals

U = Uu -e*N  }/— £  (in cgse units)

where Uid = CVT + U 0 = internai energy of an idéal gas (see
9.1.5.)

N  = number of particles of each species in the volume V.

The quantity d = j/ 4̂ ^ 2- is the Debye screening radius for a
plasma whose properties approach those of an idéal gas. At dist
ances greater than d, the electric field set up by a given charge 
is screened by charges of the opposite sign and becomes negligibly 
small.
22.8.11. For a plasma of the type considered in 22.8.10: the free 
energy (see 10.6.4.) is

F = F ti- ± N e > f ^

the thermal équation of state (see 7.1.10. and 10.6.6.) is 
/ dF \ RT M 1 , T 2 lArriVe2

P = -U v i = ~  —  ~ T Ne VWvr
the entropy (see 10.6.6.) is

5 =  - « R  =  ( C r U l n T  + f m n  VM- -± N e *

( V/t is the volume of one mole of an idéal gas) and the heat capac- 
ity (see 10.6.6.) is

ln these formulas, R  is the universal gas constant (see 8.1.3.),
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Electric Current in Semiconductors

23.1. Intrinsic Conduction in Semiconductors
23.1.1. Semiconductors constitute a large class of substances 
whose resistivity varies in wide limits and is reduced to a very 
great extent with an increase in température (according to an 
exponential law). In Mendeleev’s periodic table, semiconductors 
form the group of éléments shown in Fig. 23.1. The most typical 
and extensively employed semiconductors, whose electrical prop- 
erties hâve been well investigated, are germanium (Ge), Silicon 
(Si) and tellurium (Te). In the 
outer shell of Silicon or germa
nium atoms there are four 
valence électrons which are 
chemically bound (form cova
lent bonds, see 46.2.8.) with 
the valence électrons of the 
adjacent atoms. Crystalline 
semiconductors belong to the 
type of solids that hâve full 
valence bands of energy (see
44.4.38.) which are separated from empty conduction bands 
(at 0 °K) by a relatively narrow energy gap.
23.1.2. The electrical conduction of a chemically pure semiconduc- 
tor is called the intrinsic conduction. Electron conduction (n-type 
conduction) is observed when électrons are transferred from the 
valence band (the highest full band) to the conduction band 
(Fig. 23.2). The energy that must be expended for this transfer 
is at least equal to the width of the forbidden band (see 44.4.34.)
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E lectricity  and M agnetism iv.
and is called the activation energy of intrinsic conduction AW0. 
The values of the activation energy of the intrinsic conduction 
of the semiconductors are indicated (in eV) in circles in Fig. 23.1.

The electric conductivity y of semiconductors 
increases with the température T . ThusConduction

band

v = y
AW0
2kT

Valence 
band 

f i g . 23.2

vvhere k is Boltzmann’s constant. The electri- 
cal résistance of semiconductors is reduced 
when they are heated. This is an important 
différence between semiconductors and metals 
(see 21.2.11.).
In addition to heating, conduction in semi
conductors may be effected by a sufficiently 
strong electric field and by illumination (photo- 
conduction in semiconductors, see 42.1.10.).

23.1.3. The transfer of électrons from the valence band to the 
conduction band empties energy levels in the previously filled 
band. The motion of an électron in this zone, due to the action 
of an electric field, is équivalent to the motion of a positive charge 
(“hole”), numerically equal to the charge of the électron. The holes 
move in the direction of the field intensity (see 20.2.3.). Conduction 
due to this apparent motion of the “holes” is called hole, orp-type, 
conduction.
23.1.4. The total electric conductivity of semiconductors is the 
sum of their n- and p-type conductivities. Thus

y = eneue + enhuh
where e = magnitude of the charge of a unit current

carrier (charge of the électron) 
ne and nh = equal concentrations of électrons and holes 
ue and uh = mobilities of the électrons and holes (see

22.4.1.) which differ due to the différence 
in their effective masses (see 44.4.36.) and 
in the mean free times of these particles.

23.2. Extrinsic Conduction in Semiconductors
23.2.1. Extrinsic, or impurity, conduction in semiconductors is 
due to the presence of impurity centres. Impurity centres (or 
simply impurities) may be: (a) atoms of foreign éléments; (b) 
excess atoms (in comparison with the stoichiometric composition)
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23. Electric Current in  Sem iconductors

of éléments making up the semiconductor; (c) ail possible imper
fections of the crystal lattice, such as vacant lattice points, 
interstitial atoms or ions, slip due to plastic deformation, fissures, 
etc.
23.2.2. Impurities introduce changes in the periodic electric 
field of the crystal (see 44.4.32.) and affect the motion of the 
électrons and their energy states. The energy levels of the valence 
électrons in the impurity atoms are not disposed in the allowed 
energy bands of the host crystal and form impurity energy levels 
located in the forbidden band (localized levels).
23.2.3. The impurities may serve as a supplementary source of 
électrons in the crystal. For example, in the substitution of one 
tetravalent atom of germanium by a pentavalent atom of phos- 
phorus, arsenic or antimony, one of the électrons cannot form a 
covalent bond and is thereby “superfluous”.
The energy level of such an électron is below the conduction 
band (Fig. 23.3). Such levels, filled with électrons, are called 
donor levels. The atoms of the impurity that supply électrons are 
called donor atoms. To transfer the électrons from the donor 
levels to the empty conduction band, a small amount of energy 
AWe is required. For example, for Silicon AWe — 0.054 eV if the

nipurity is arsenic. As a resuit of the transfer of électrons from 
he donor levels to the conduction band, électron impurity con
duction is obtained. Semiconductors of this type are called électron, 
r n-type, semiconductors.
3.2.4. If a tetravalent atom of germanium is replaced in the crys- 
al lattice by an atom with three valence électrons (boron, aïu- 
linium or indium), there will be a lack of one électron to form 
ovalent bonds. The missing électron can be borrowed from the 
eighbouring atom of germanium (Fig. 23.4) in whose lattice a

Filled band 

fig .23.3 f i g . 2 3 . 4
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IV.E lectricity  and M agnetism

positive “hole” is left. These “holes” in the germanium are filled 
by adjacent électrons leading to conduction of the semicon- 
ductor. Empty impurity energy levels are called acceptor levels. 
They are a little above the upper edge of the valence band of 
the host crystal (Fig. 23.5), at a distance of AWh from it. For 
example, when boron is introduced into the Silicon lattice, 
AWh = 0.08 eV. The atoms of such impurities are called acceptor 
atoms. The transfer of électrons from the filled valence band to 
the acceptor level leads to hole impurity conduction (p-type con
duction). Semiconductors with this type of conduction are called 
p-type, or holet semiconductors.
23.2.5. If both donor and acceptor impurities are introduced 
into a semiconductor, the character of conduction is determined 
by the impurity with the higher concentration of current carriers. 
With any kind of conduction, the number of current carriers in 
semiconductors is substantially less than in metals. The concen
tration and energy of the électrons (and holes) in semiconductors, 
in contrast to metals, dépend very largely on température, in- 
creasing with it.
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23.3. The Hall Effect in Metals 
and Semiconductors

23.3.1. The Hall effect refers to the setting up of a transverse 
electric field and potential différence in a métal or semiconductor 
conducting an electric current if it is put into a magnetic field 
perpendicular to the direction of the current. If a métal or an 
n-type semiconductor is placed in the magnetic field, the électrons, 
travelling with the velocity v (Fig. 23.6a), are deflected to a 
definite side by the Lorentz force (see 26.1.1.). Positive charges 
accumulate on the opposite side. In a hole (p-type) semiconductor
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23. Electric Current in Semiconductors
(Fig. 23.66), the signs of the charges on the surfaces are the oppo
site of those in the first case.
23.3.2. A transverse electric field prevents the deflection of élec
trons by the magnetic field. The potential différence in the Hall 
effect is

TT j j  B IU — <p1 — (p2 — R —
where B = magnetic induction (see 25.1.2.)

I  = current
d = linear dimension of the specimen in the direction 

of vector B 
R = Hall coefficient.

The intensity of the transverse electric field is
E* = Æ[Bj]

where j is the current density vector.
23.3.3. For metals and extrinsic semiconductors having a single 
type of conduction

R  = (in SI units)
A

R  = ----  (in Gaussian units)cnq
where c = 3X1010 cm/sec = electrodynamic constant (con

version factor)
q and n = charge and concentration of the current carriers 

A  = dimensionless numerical coefficient of the order of 
unity, related to the statistical nature of velocity 
distribution of the current carriers.

The sign of the Hall coefficient indicates the type of conduction 
of the semiconductor or conductor (with électron conduction, 
q = —e and i?<0; with hole conduction, q = e and i?>0). 
its magnitude can be used to détermine the concentration of the 
current carriers.
23.3.4. For semiconductors with mixed (both n- and p-type) 
conduction, the Hall coefficient dépends, in the general case, 
not only on the mobilities (see 22.4.1.) and concentrations of both 
types of current carriers—électrons (ue and nc) and holes (uh 
and nh)—but on the magnitude of the magnetic induction as 
well. For weak fields, i.e. under the condition that

B «  max , — J (in SI units)

max j — , -^-J (in Gaussian units)
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IV.Electricity and Magnetism
the Hall coefficient equals

R  = A u \ n h - u \ n ,

« (uhnh+ucne)*

R  = A «X -m X
ce (uhnh+uene)*

(in SI units)

(in Gaussian units)

The type of prédominant conduction can be determined from 
the sign of the Hall coefficient.
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Junction, Thermoelectric and Emission Effects

24.1. Junction Effects in Metals. Voltals Laws
24.1.1. The work function A  in removing an électron from a métal 
is the minimum energy that it is necessary to give to a conduction 
électron of the métal for it to be able to emerge from the métal 
into a vacuum. It can be found from the relationship

A — e((p — çp') — fi

where <p and <p' = values of the electrical potential at points in 
the métal and in the vacuum near the surface 
of the métal, respectively 

fi = Chemical potential of the électron gas in the 
métal (see 12.8.9.).

The quantity fi — ep is called the electrochemical potential of the 
électron gas in the métal.
The work function dépends upon the kind of métal and the state 
of its surface. For pure metals its value is of the order of several 
électron volts.
24.1.2. In the classical électron theory, the work function is 
interpreted as the work done by the électron as it flies out of 
the métal, firstly to overcome the attractive forces of the positive 
charges induced by the électron on the surface of the métal, and 
secondly to overcome the forces of the electric field set up by the 
double electric layer (barrier layer). This layer appears at the 
surface of the métal owing to the fact that in the process of ther
mal motion, conduction électrons may cross the surface, forming 
an “électron cloud” near to it. The density of this “cloud”
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differs from zéro only within the limits of several interatomic 
distances (~10“8 cm). Such a double electric layer is similar to 
a very thin charged capacitor, one of whose plates is the surface 
of the métal with its positive ions and the other is the “électron 
cloud”. Beyond the limits of the barrier layer, the intensity of its 
electric field is equal to zéro.
24.1.3. The quantity

.  r A + /iA<p = <p-<p' =  - r -

is called the surface potential jump ai the metal-vacuum boundary 
or the contaet-potential différence between a métal and a vacuum. 
In the classical électron theory, the contact-potential différence 
equals

à?* = —

This value differs from the true value given above and agréés 
with it only qualitatively.
24.1.4. Voltafs laws are:
(1) When two conductors made of different metals are joined 
together a contact-potential différence is set up between them 
that dépends only on their Chemical compositions and on the 
température.
(2) The potential différence between the ends of a circuit, consist- 
ing of metallic conductors connected in sériés and ail at the same 
température, does not dépend upon the Chemical compositions 
of the intermediate conductors. It is equal to the contact-potential 
différence set up when the end conductors are connected together.
24.1.5. In a State of equilibrium, the electrochemical potentials 
p-e<p (see 24.1.1.) of two contacting metals should be the same. 
Hence, when two uncharged metals (ç>' = 0) with different work 
functions A x and A 2< A X are joined together, the électrons pass 
predominantly from the second métal to the first. As a resuit, 
both metals become charged (métal 1 negatively and métal 2 
positively) and an electric field is set up in the surrounding space. 
At the same time, a relative shift occurs in the energy levels of 
the électrons of the contacting metals. In métal 1 ail the levels 
are displaced upward and in métal 2 downward. To establish 
equilibrium, it is sufficient for an insignificant amount of the 
conduction électrons to pass from métal 2 to métal 1. Hence, 
when metals are brought into contact (joined together), the values 
of their Chemical potentials px and p2 remain unchanged.
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2 4 . Junction and Other Effects
24.1.6. The equilibrium condition for joining two metals is oi' 
the form

e(Pi — f*i =  e<Pz-V2 
where (px and cp2 are the equilibrium values of the potentials of 
the two metals. The quantity

-#12 =
is called the “intrinsic” contact-potential différence. It results 
from the différence in the Chemical potentials of the électrons of 
the contacting metals. In accordance with the équation for the 
Chemical potential (see 12.8.9.)

= T K - ^ +ïïWfe-ifcl
where k = Boltzmann’s constant

W F1 and W F2 = values of the Fermi energy for the first and 
second metals.

The quantity A(pl2 dépends upon the température T  of the 
junction between the metals, and conditions the thermoelectric 
effects (see 24.3.1.).
24.1.7. The potential changes from (px to q>2 within the limits of 
the double electric layer, formed at the surface of contact and 
called the contact layer. The thickness of the contact layer is of the 
order of 10~8 to 10“7 cm. The formation of this layer at the junc
tion of two metals is associated with the transfer from one métal, 
which becomes positively charged, to the other métal, which 
becomes negatively charged, of only an insignificant part of 
the conduction électrons that are in the volume of the contact 
layer. Therefore, the concentration of électrons in the contact 
layer is practically the same for each of the metals as in the remain- 
ing volume of métal. Thus, the resistivity of the contact layer 
does not differ from that of the rest of the métal.
24.1.8. In the classical électron theory of metals, the intrinsic 
contact-potential différence is regarded as being due to the différ
ence in the concentration n0 of the conduction électrons in the 
contacting metals. In a state of equilibrium, the diffusion flux 
of électrons from the métal with a higher value of n0 to the métal 
with the lower value is fully compensated by the flux of électrons 
in the opposite direction under the influence of the electric 
lield set up by the contact layer. The corresponding expression 
for the intrinsic contact-potential différence is of the form

Aq>l2el = ln - - -  Tliel 9 n02
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This differs from the true value of Atp12 {see 24.1.6.); It can be 
used only for a qualitative treatment of the relationship between 
the intrinsic contact-potential différence and the température.
24.1.9. The extrinsic contact-potential différence is the potential 
différence between two points near to the surfaces of the first 
(<p[) and second {(p2) contacting metals on the outside of each 
surface. From the condition of the equality of the electrochemical 
potentials of the électrons in contacting metals. it follows thaï

. , , a x- a z
A<Pi2 — <Pi — 9^2 ~

where A 1 and A 2 are the work fonctions for the électrons from 
the first and second metals.

24.2. Junction Effects in Semiconductors

A. Metal-Semiconductor J unctions

24.2.1. The work function A  (thermodynantie work function) of 
a semiconductor is the minimum energy that it is necessary to 
expend to eject an électron from a semiconductor into a vacuum 
if the initial energy of the électron in the semiconductor equals 
the electrochemical potential. The energy level equal to the 
electrochemical potential is usually called the Chemical potential 
level or the Fermi level of the semiconductor. Its position with 
respect to the bottom of the conduction band is determined, as 
for metals, by the value of the Chemical potential p (usually 
//<0, i.e. the Fermi level in semiconductors, in contrast to metals, 
is below the bottom of the conduction band; note the following). 
The outer work function A 0J  of a semiconductor is the minimum 
amountof work that mustbedone to eject an électron into a vacu
um if the initial energy of the électron in the semiconductor equals 
an energy corresponding to the bottom of the conduction band. 
The relationship between A and A out is of the form : A  = A out -  p. 
The outer work function is determined by the properties of the 
crystal lattice of the semiconductor and varies from 1 to 6 eY 
for various semiconductors.
24.2.2. For an intrinsic (chemically pure) semiconductor

A W q  k T  
2 + 2 ln —
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24. Junction and Other Effects
where AW0 = activation energy ot‘ intrinsic conduction (sec 

23.1.2.) 
k = Boltzmann’s constant

(2«m?*!’)1 and v„ = |  (2.™*/,-'/')’
where h — Planck’s constant

m* and m* = effective masses (44.4.36.) of the électron 
and hole.

A.t T  = 0 °K, fi = — — , i.e. the Fermi level is in the middle
of the forbidden band which séparâtes the conduction band 
from the valence band.
The concentrations of électrons in the conduction band (na) and 
that of holes in the valence band (nA) equal

AW0

». -  nk ■--- iv,vh e
where e is the base of natural logarithms.
24.2.3. For an extrinsic n-type semiconductor:
(a) In the range of low températures, complying with the condi
tion

à  w t
IcT *'ee 55> —nd

where AW e - activation energy of extrinsic n-type conduction 
(Fig. 23.3) 

nd = concentration of the donor levels,

U T = 0 °K, /t = -  , i.e. the Fermi level is midway between
the donor levels and the bottom of the conduction band. As the 
température rises from 0°K to T0, fi first increases and then 
«lecreases. The température T0 complies with the condition

a nd

f̂ max

VAT») = nde »
, __ h 2e  / n , t \ ^  

0 “  2nm*k \ 2 )

,,r . AW,
M E ) = - - j —+

3 h * e  

8ar m?
wle iv e is the base of natural logarithms.
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The concentration of électrons in the conduction band (n0 «: nd) is
AWt

ne = in dvt e UT 
(b) in the range of températures at which ail the donor levels

( V ~ \hâve been emptied »  e kT J but the intrinsic conduction
of the host semiconductor can still be neglected, the concentra
tion of électrons in the conduction band is independent of tem
pérature. Thus

n0 = nd and f i  = kT \n —
v e

The saturation température, at which ne becomes equal to nlh 
can be found from the relationship

T gai — A W e

h ln n*
At T = T,a„ n = - A W e.
(c) In the range of still higher températures, the concentration of 
électrons in the conduction band begins to increase again owing 
to the transfer of électrons from the valence band. At nt »  nd, 
the Chemical potential of an rc-type semiconductor approaches 
the value

T 2 ^  2  1 1 ve

which corresponds to intrinsic conduction (see 24.2.2.). Thus, 
the température of the transition to intrinsic conduction equals

T im aw0
k ln -

24.2.4. For an extrinsic p-type semiconductor:
(a) In the range of low températures, complying with the con
dition

n a

where AWh = activation energy of extrinsic p-type conduction 
(Fig. 23.5)

na = concentration of the acceptor levels, 
fl = - A W u + ̂ ± - ï f  ln ^ -
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At ■a w . + ¥ - ' . i.e. the Fermi level is midwavT  — 0°K, f l  — u r r Q | £
between the upper edge of the valence band and the acceptor 
levels. As the température rises from 0°K to !T0, f i  first decreases 
and then, at T > T0, begins to increase again. The température 
T0 and fimin are equal to

h*e  /  iig \  3

*™*k \ 2 )Tn =

M'min — M T 0) — Z lPF0 +
AWh 3 /i2e

Rjrmî (?)
where e is the base of natural logarithms.
The concentration of holes in the valence band (nh «  na) is

== YnmH*
2k T

(b) In the range of températures at which ail the acceptor levels
(vliave been filled V— ■» e kT ) but the intrinsic conduction of

lhe host semiconductor can still be neglected, the concentration 
of holes in the valence band is independent of température. Thus

nh = na and -A W ^ + kT  ln-^-na
Tlie température of the transition to intrinsic conduction equals

A W q 

VeVh
ni

r in, =
h ln ■

24.2.5. If a métal is brought into contact witli a semiconductor 
lhen, in the same way as when two metals are joined together, 
balancing of the electrochemical potentials of the électrons in 
lhe métal and semiconductor should occur. This “balancing of 
the Fermi levels” is accomplished as a resuit of the transfer of 
électrons from the body with the smaller work function to the 
body with the greater one. At the same time, a contact-potential 
différence is set up between the métal and semiconductor. It is 
due to the double electric layer formed in the contact région and 
called the contact layer. Owing to the low concentration of current 
carriers in a semiconductor (of the order of 1014 to 1016 per cm3 
instead of 1022 per cm3 in metals) the thickness of the contact 
layer in semiconductors may range from 10”5 to 10"4 cm, i.e.
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IV.Electricity and Magnétisai
several orders of magnitude thicker than the contact layer in 
metals. In a semiconductor, the space charge is distributed and a 
contact electric field is set up within the limits of this layer. 
The sign of the space charge dépends upon the magnitudes of 
the work function of the métal (A J  and that of the semiconductor 
(AJ: if A y > A 2, the space charge is positive; if Ay <  A 2, it is 
négative.
24.2.6. Owing to the existence of an electric field set up by the 
contact layer, the potential at points in this layer of a semicon
ductor at Ay > A 2 islowerthan in therest of the volume of the 
semiconductor, while at Ay < A 2 it ishigher. Hence, if Ay > A 2, 
the energy of électrons in the contact layer of the semiconductor is 
higher, ail other conditions being equal, than that of the électrons 
in the rest of the volume. Since the electrochemical potential is 
the same throughout the semiconductor, the bottom of the con
duction band moves upward in the contact zone, farther away 
from the Fermi level, and the upper edge of the valence band 
also moves upward, doser to the Fermi level. The energy gap 
AW0 between the upper edge of the valence band and the bottom 
of the conduction band remains the same, however, as in the 
rest of the volume of the semiconductor.
If Ay < A 2 the direction of the intensity vector of the contact 
electric field is reversed so that the potential of points in the 
contact layer of the semiconductor is higher than in the remain- 
ing volume. Hence, in the contact layer, the bottom of the con
duction band moves downward, doser to the Fermi level, and 
the upper edge of the valence band also moves downward, far
ther away from the Fermi level.
24.2.7. The following four cases of joints are possible between a 
métal and an extrinsic semiconductor (Fig. 24.1).
(a) Ay > A 2, and the semiconductor is of the n-type.
The positive space charge is a resuit of an excess of positive ions 
of donor impurities in the contact layer. The contact layer of 
the semiconductor has a déficit of the majority current carriers— 
the électrons in the conduction band. Therefore, the resistivity 
of the contact layer is many times higher than that of the remain- 
ing part of the semiconductor. Such a contact layer is called a 
barrier layer.
(b) A y > A 2, and the semiconductor is of the p-type.
There is an excess of the majority carriers—the fioles in the val
ence band—in the contact layer of the semiconductor. Therefore, 
the contact layer has a high conductivity. Such a contact layer 
is said to be a n tib a r r ie r .
(c) Ay «< A 2, and the semiconductor is of the n-type.
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# —électrons in the conduction band and négative ions of the acceptor 
iinpurities; o—holes in the valence band and positive ions of the donor 

impurities; d—thickness of the contact layer

The négative space charge of the contact layer of the semicon- 
ihictor results from an excess of the majority current carriers—the
• lectrons in the conduction band. Therefore, the contact layer
• d the semiconductor has high conductivity and is an antibarrier 
loyer.
(d) A x < A 2, and the semiconductor is of the jo-type.
Tlie contact layer of the semiconductor has an excess of négative 
Ions of the acceptor impurities and a déficit of the majority 
e.urrent carriers—the holes in the valence band. It is therefore a 
humer layer.
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IV.Electricity and Magnetism
24.2.8. A barrier layer at the metal-semiconductor boundary 
possesses unipolar conductivity, i.e. if the métal and semiconduc- 
tor are connected into an electric circuit, the current will be 
practically in one direction only (either from the métal to the 
semiconductor or vice versa). This property of the barrier layer 
is due to the fact that the magnitudes of its résistance differ 
very greatly in two opposite directions through the contact 
surface.
If the direction of the external field intensity and the current 
excited by this field are opposite to the intensity of the contact 
electric field, the majority current carriers are drawn into the 
contact layer from the rest of the volume of the semiconductor. 
At this, the contact layer, depleted of the majority carriers, 
becomes thinner and its résistance is reduced. This is called the 
direction of easy flow in vvhich an electric current flows through 
the metal-semiconductor junction. Upon reversing the direction 
of the external field intensity, the majority current carriers are 
forced out of the barrier layer into the bulk of the semiconductor. 
At this, the thickness and electric résistance of the barrier layer 
are greatly increased. Gonsequently, in the direction opposite to 
that of easy flow, the electric current practically cannot pass 
through the barrier layer. This is called the high-résistance direc
tion.
For a barrier layer at the junction of a métal with a p-type 
semiconductor (A x < A 2), the direction of easy flow is from the 
semiconductor to the métal; for a barrier layer at the junction 
of a métal with an rc-typesemiconductor (A x > A 2) it is the oppo
site—from the métal to the semiconductor.

B. S e m i c o n d u c t o r - S e m i c o n d u c t o r  J u n (:t  1 o n s

24.2.9. The boundary of contact between two semiconductors 
with different, n- and/>-type, conduction (see 23.2.3. and 23.2.4.), 
is called an electron-hole junction (p-n junction). Commonly this 
junction is formed in a single crystal of the semiconductor whero 
by doping with suitable impurities (see 23.2.1.), régions of differ
ent (n- and />-type) conduction are obtained.
24.2.10. The double electric layer (see 24.1.2.) of a p-n junction 
is formed as a resuit of the flow of électrons from the n- to the 
^-type semiconductor (since A p > A n, where A p and A n are the 
work functions for p- and ra-type semiconductors) and the holes 
flow in the opposite direction. In the contact layer of the n pari 
there willl be an excess of positive ions of the donor impurities 
and in the contact layer of the p part, an excess of négative ions
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24. Junction and Other Effects
of the acceptor impurities. Thus the contact layers in the two 
parts of the semiconductor (or in two semiconductors) are deplet- 
ed of the majority current carriers and hâve reduced conductiv- 
ities, i.e. they are barrier layers. The thickness d of a p-n junction 
in practically important cases varies from 10~4 to 10-5 cm.
24.2.11. If an external voltage is 
applied to the contact layer in such 
a way that the n part of the semi
conductor (or ra-type semiconductor) 
is connected to the positive pôle of 
the seatof emf (Fig. 24.2), then the 
external electric field will strengthen 
the field set up by the contact layer 
and cause électron flow in the n part, 
and hole flow in the p  part in direc
tions opposite to each other and 
away from the p-n junction boundary. This makes the barrier 
layer thicker and increases its résistance. The direction of the ex
ternal field with which the barrier layer becomes thicker is called 
the high-resistance (reverse) direction. Practically no current flows 
in this direction across the junction.
24.2.12. In the easy-flow (forward) direction (Fig. 24.3), the exter

nal electric field opposes the field set up by 
the contact layer. The external field effects 
électron and positive hole flow toward the 
p-n junction boundary and each other. As a 
resuit the contact layer becomes thinner and 
its résistance is reduced. Consequently, elect
ric current can readily flow in this direction 
across the junction.
24.2.13. The action of a p-n junction, which 
has unipolar conduction, is similar to that 
of a two-electrode valve, or tube, called a 

diode (see 29.3.2.). Accordingly, a semiconductor with a p-n junc- 
I ion is called a semiconductor diode.
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24.3. Thermoelectric Effects in Metals 
and Semiconductors

24.3.1. The processes of transferring a charge (electric current) 
and energy are interrelated in metals and semiconductors since 
they are accomplished by the flow of movable current carriers -  
conduction électrons and holes. This interrelation leads to a
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IV.Electricity and Magnetism
number uf effects (Seebeck, Peltier and Thomson) which air 
known as thermoelectric effects.
The expressions for the density j of a direct current and the 
density u of energy flux in an isotropie métal or semiconductor, 
in the absence of an external electric field, are of the form :

7 I = -  a grad T  — grad (<p-~)

u = -77grad'7’ + 77j + ((f- f ) j

where p = Chemical potential of the électrons 
<p = electrical potential
e = magnitude of the charge of the électron 

(fi — eq>) electrochemical potential 
K = thermal conductivity 
y = electric conductivity.

The coefficients a and 77 are called the spécifie thermal electro- 
motive force and the Peltier coefficient, respectively. They dépend 
upon the material of the conductor or semiconductor and tem
pérature. The relation between 77 and a is based on the laws of 
thermodynamics and is called Thomson’s second relation. Thus

77 = aT

24.3.2. The Seebeck effect is the setting up of an emf êT in a closed 
electric circuit formed by connecting conductors of different 
metals (or different semiconductors) in sériés if their junctions 
are maintained at different températures. The quantity ëT is
called the thermal electromotive force (thermal emfj.Since — is

k h j . 2 4 .  «

a continuous function of the coordinates, 

ë T = -  <j> a(grad T, d\) = -  <j> adT
L L

in which intégration is carried out over the whole 
closed path L  of the electric circuit.
The simplest closed electric circuit (Fig. 24.4), 
consisting of two conductors of different metals 
(or of two different semiconductors), 1 and 2, is 
called a thermoelement, or thermocouple. \ i  Ta and 

l'b are the températures of junctions a and b of the thermocouple, 
then, if the direction around the circuit is chosen clockwise as
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24. Junction and Other Effects
in Fig. 24.4, the thermal emf of the thermocouple equals

lf the température range T b- T a is not large, it can be assumed 
that a12 is a constant value within this range and that

At Tb > Ta, ëT > 0  if a12 = a2- a x > 0 and ëT < 0 if a,2 < 0. In 
the first case, the thermocurrent /  in the thermocouple circuit has 
the direction shown in Fig. 24.4 (clockwise) and in the second it 
has the opposite direction. Thus, in a hot junction of a thermo- 
couple, the thermocurrent always flows from the branch with 
the lower value of a to that with the higher value.
If any number of intermediate conductors of other composition 
are inserted in one branch of a thermocouple and ail the junctions 
of the intermediate conductors are thermostatic (i.e. maintained 
at the same température), the thermal emf of the new circuit is 
the same as that of the initial thermocouple.
24.3.3. The Seebeck effect has the following three causes :
(a) prédominant diffusion of the current carriers in the conductor 
or semiconductor from the hot end toward the cold end (volume 
romponent of the thermal emf) ;
(b) the dependence of the contact-potential différence on tempéra
ture is related to the dependence of the Chemical potential p on 
température (contact component of the thermal emf);
(c) the drag exerted on électrons by phonons (see 15.3.7.) which 
move predominantly from the hot end of the conductor to the 
cold end and, interacting with the électrons, effect prédominant 
motion of them in the same direction (phonon component of the 
thermal emf). At low températures this component of the thermal 
l'inf may be the controlling factor.

&r — a12(Tb~ Ta)
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IV.Electricity and Magnétisai
Accordingly, the spécifie thermal emf a is the sum of the three 
components :

a av + ae+<iph

wherea,
The électron gas in metals is in a highly degenerate state (see
12.8.5.). The concentration of conduction électrons is very high 
and is independent of the température, and their distribution 
with respect to energies and velocities of thermal motion changes 
only slightly when the métal is heated. Therefore, spécifie ther
mal emf of metals is very small (of the order of several jlîV per 
deg.) The Seebeck effect in metals is used çhiefly for measuring 
the température.
The concentration of current carriers (conduction électrons and 
holes) in semiconductors is substantially lower than in metals. 
Ordinarily, it is so low that the current carriers obey Boltzmann’s 
elassical statistics (nondegenerate semiconductor), i.e. theiro
average energy of thermal motion is equal to y  kT, where k is
Boltzmann’s constant. If the température of the semiconductor 
is raised, the concentration of the current carriers is likewise 
raised (though sometimes it remains constant, see 24.2.3.) and, 
what is of especial significance, the velocity of their thermal motion 
is increased. Hence, the value of the spécifie thermal emf a for 
nondegenerate semiconductors with one type of current carrier 
is many times greater than for metals (of the order of 102 to 103 
fiY /deg). The spécifie thermal emf’s a of n- and p-type semicon
ductors are opposite in sign. Consequently, the highest values of 
the spécifie difîerential thermal emf a12 can be obtained for pairs 
comprising an n- and a p-type semiconductor.
Semiconductor thermocouples are used for the direct conversion 
of internai energy into electric energy. The efficiency of up-to-date 
semiconductor thermoelectric generators reaches 15 per cent.
24.3.4. The Peltier effect refers to the évolution or absorption of 
beat (depending upon the direction of current), in excess of the 
Joule heat and called the Peltier heat, at the junction of unlike 
conductors or semiconductors when a direct current flows 
through the junction.
The electrochemical potential (fi-eq>), température T  and the 
normal components of the energy flux u and of the current den- 
sity j are continuous on the contact surface of two conductors 1 
and 2. Hence it follows from the équation for u (see 24.3.1.) 
that upon the passage of a direct current I  from the first conductor 
into the second, the amount of Peltier heat evolved (or absorbed)
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24. Junction and Other Effects
in the time interval t at the contact surface is 

QP — IJ12It — /7j2<7 
where U 12 = 1I1 — 1I2 = — a12T 

q = It
ln contrast to Joule heat which is proportional to the square of 
the current and is always evolved in a conductor, Peltier heat is 
proportional to the first power of the current and its sign dépends 
upon the direction of current in the junction. If the current in 
the junction flows from the conductor with the higher value of 
the Peltier coefficient to the conductor with the lower value 
{II1 > 772 and ü 12 > 0), then QP > 0, i.e. Peltier heat is evolved in 
the junction. If the current is reversed in the junction, QP < 0, 
i.e. Peltier heat is absorbed in the junction.
24.3.5. The Peltier effect is due to the fact that in unlike conduc- 
tors or semiconductors, when brought into contact, the values 
îdl and w2 of the average energies of the movable charges, that 
participate in producing the current, are not equal to each other. 
Let us assume that îül > w2 and the direction of the current is 
such that the carriers pass through the contact surface from the 
first conductor into the second. In the second conductor, the 
current carriers from the first conductor hâve an energy in excess 
of the energy corresponding to thermodynamic equilibrium 
between these carriers and the crystal lattice points. Hence, 
upon collision with the lattice points of the second conductor, 
the current carriers give up their surplus energy, thereby heating 
lhe conductor. This process takes place in a very thin layer of 
the second conductor adjacent to the contact surface, i.e. it is 
inanifested in the heating of the junction. If, under the same 
conditions, the current in the junction has the opposite direction, 
the current carriers pass from the second conductor into the 
first and hâve an energy which is less than the equilibrium value 
in the first conductor. Golliding with the lattice points of the 
first conductor, the carriers receive the energy they lack to reach 
the equilibrium value. Gonsequently, the junction is cooled in 
this case.
The Peltier effect is the reverse of the Seebeck effect. As the 
thermocurrent passes along the circuit of a thermocouple Peltier 
heat is absorbed in the hot junction, and evolved in the cold 
junction. Hence, in accordance with the second law of thermody- 
namics, to maintain a constant thermocurrent it is necessary to 
deliver heat continuously from outside to the hot junction and 
lo continuously remove heat from the cold junction. The Peltier
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IV.Electricity and Magnetism
effect in semiconductors is used in the design of refrigerators of 
sufficiently high efficiency and cooling capacity.
24.8.6. The Thomson effect is the évolution (or absorption), of 
heat, in excess of the Joule heat, when a direct' current passes 
through a nonuniformly heated homogeneous conductor or 
semiconductor. If follows from the équations for the energy 
flux density u and the current density j (see 24.3.1.) that the 
amount of heat evolved per unit volume of the conductor in 
unit time is

w = -d iv  u = div (K grad T) + ^ - j2 + T (jj,grad T)

where r is the Thomson coefficient which is related to the spécifie 
thermal electromotive force a and the Peltier coefficient 77 by 
Thomson's first, relation:

/ dn \ da
T = - ( d T - a) =  “ 7 d f

The amount of heat generated per unit volume of the conductor 
per unit time, called the Thomson heat, is

w, -  r (j, grad T)

The sign of wT dépends upon the direction of current: if r > 0, 
then wT > 0 if the current passes from the cold end of the con
ductor to the hot, end, and wT < 0 if the current is in the opposite 
direction.
The amount of Thomson heat generated in a portion of the con
ductor of length dl during the interval of time t is

dOr = r h { ^ )  dl -= r q { ^ ) d l

where q = It is the charge flowing through a cross section of
the conductor during the time t. The dérivative — > 0 if the
current flows in the direction of increasing température of the 
conductor.
The Thomson effect is due to the fact that the average energy of 
the current carriers is greater in the more heated part of the 
conductor than in the less heated part. If the current carriers 
flow in the direction of the decrease in température, they give 
up their surplus energy to the crystal lattice of the conductor, i.e. 
Thomson heat, is evolved : dQT > 0. If, however, the current carriers 
flow in the opposite direction, they supplément their energy ni
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24. Junction and Other Effects
lhe expense of the energy of the crystal lattice, i.e. Thomson 
beat is absorbed: dQT < 0 . Thus, the Thomson coefficient r  > 0 
for conductors and semiconductors having électron conduction, 
and t  < 0 for those having hole conduction.

24.4. Emission Effects in Metals
24.4.1. Thermionic émission is the éjection of électrons from a 
solid or liquid body when it is heated to a sufficiently high tempér
ature. The électrons ejected from the heated body are called 
thermoelectrons, or négative thermions, and the body is the ernitter. 
To escape from the métal, an électron must hâve a certain mini
mum energy sufficient to overcome the potential barrier at the 
metal-vacuum boundary, i.e. one equal to the work function 
(see 24.1.1.).
At ordinary (room) températures, very few électrons hâve this 
amount of energy and thermionic émission is practically absent. 
It becomes noticeable at considerably higher températures 
when the métal is incandescent.
24.4.2. Thermionic émission is made use of in electronic tubes 
and in other electronic devices having an incandescent cathode. 
The thermoelectron current in a two-electrode vacuum tube 
(diode) whose incandescent cathode emits thermoelectrons 
dépends upon the voltage UA applied between the anode and 
cathode (anode voltage of the diode); the shape, size and relative 
position of the électrodes; and the work function of the cathode 
and its température. Other conditions being equal, the dependence 
of the current I A on the voltage UA 
«an be represented by a curve of the 
form shown in Fig. 24.5. This depen
dence is nonlinear, i.e. the current in a 
diode does not obey Ohm’s law\
The small current in the diode circuit at 
négative anode voltages (i/0< UA < 0) 
is due to the fact that certain électrons 
emitted by the cathode hâve an initial 
kinetic energy sufficient to overcome 
lhe retarding electric field between the anode and cathode. As a 
ride, this current is very small even when UA = 0, i.e. the 
initial kinetic energies of the thermoelectrons can be neglected. 
In this case, at low positive values of the anode voltage, the 
l hermionic-emission current, limited by the cloud of négative 
rharge, obeys the Boguslavsky-Langmuir équation (three-halves
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power law) which states that the current is proportional to the 
three-halves power of the anode voltage.
Thus for fiat électrodes of infinité extent at a distance d from 
each other, the current density is

j  = B U \

where B = -̂ (in SI units)

Tt ^  1 B  9 rr d2 fi (in cgse units)
e = magnitude of the charge of the électron 

m = mass of the électron 
€0 = permittivity of free space.

For électrodes in the form of coaxial cylinders of infinité length, 
of which the inner is the cathode, the current per unit length of 
the cathode is

j  = B U \

where B  = ^ 2  ^  (in SI units)

B = - J -  - V  Ÿ m  <in c8se units'
rA = radius of the anode
P2 = function of the ratio of the anode radius to the 

cathode radius rc.
As —  varies from 1 to 41.25, 82 increases from 0 to 1.095; atrc ’ r  ’

values of —  > 41.25, fi2 decreases, approaching 1 as
24.4.3. The maximum thermoelectron current possible at a given 
température of the cathode is called the saturation current. In 
this state ail the électrons emitted by the cathode arrive at the 
anode (sometimes called the plate). The saturation current in
creases with the température of the cathode. The saturation 
current density j s is calculated by the Richardson-Dushman 
équation:

A

j, = DCT‘e kT

where D = average penetrability of the potential barrier at 
the metal-vacuum boundary to électron waves 
(see 44.4.29.)

4 3 2



24. Junction and Other Effects

1.2X106—J— = émission constantp  _  4nmeh*
~ h3 ~~ w m2 deg2
= Boltzmann’s constant 

h = Planck’s constant 
A  = work function of the métal.

24.4.4. CoZgZ (autoelectronic) émission is the removal of électrons 
from a métal by an external electric field (field-induced électron 
émission). This effect may occur at room températures, and the 
température of the métal remains practically constant in the 
process. Cold émission is accounted for by the tunnel efîect (see 
44.4.31.)—the piercing of the potential barrier at the métal sur
face by électrons travelling at any velocity. The probability 
that électrons will pierce the potential barrier dépends upon 
the intensity E  of the external electric field, as consequently 
does the current density j  of cold émission. Thus

______  j  ce e E
where E 0 = -~ Ÿ 2 m A 3.

24.4.5. Photoelectric émission is the libération of électrons from 
the surface of bodies (mainly metals), placed in a vacuum or a 
gas, by the action of light (see 42.1.2.).
24.4.6. If the surface of a métal in a vacuum is bombarded by 
électrons, a counterflow of électrons from the surface is observed. 
'This is called secondary électron émis
sion. In addition to the primary élect
rons reflected from the surface, other 
••lectrons are released from the surface.
The highest émission of secondary élect
rons is observed when the primary 
« lectrons hâve energies of several hun- 
dred eV. Secondary émission is charac- 
terized by the secondary électron émis
s io n  coefficient <5, equal to the ratio of 
I lie sum of reflected and emitted elect- 
rons to the number of primary ones.
\ typical curve showing the dependence 
of ô on the energy W  of the primary électrons is given in Fig.
24.6. For most degassed metals, ômax does not exceed two with 
normal incidence of the électrons on the surface. Coefficient ô 
increases to three in the presence of adsorbed gas. Secondary élect
ion émission is used in électron multipliers for the multiple ampli- 
Ihation of weak électron current.s.
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C H A P T E R  25

Magnetic Field of Direct Current

25.1. Magnetic Field. Ampere's Law
25.1.1. A magnetic field is one of the forms of an electromagnetic 
field. Its distinguishing feature is that it acts only on moving 
partïcles and bodies having an electric charge, as well as on mag- 
netized bodies (see 28.2.2.) regardless of their state of motion. 
A magnetic field is produced by current-carrying conductors, 
by moving electrically charged particles and bodies, by magnet- 
ized bodies, or by a variable electric field (by displacement cur- 
rents, see 30.3.1.).
25.1.2. The force characteristic of a magnetic field is the vector 
of magnetic induction B. In the International System of Units 
(SI), it is numerically equal to the limit of the following ratio: 
the force exerted by the magnetic field on an element of a current- 
carrying conductor, to the product of the current by the length 
of tîie element of the conductor, the limit being taken as the 
length of the element goes to zéro and with the element positioned 
in the field in such manner that the limit has its maximum value. 
Thus

where c is the electrodynamic constant (conversion coefficient), 
equal to the ratio of unit charges in the cgsm and cgse Systems. 
It is the sanie as the velocitv of light in a vacuum (c ^  3 x l0 lü 
cm per sec).

In Gaussian units, it is



25. Magnetic Field of Direct Current
Vector B is perpendicular to the element of the conductor, which 
complies with the above-mentioned condition, as well as to the 
force exerted on the element by the magnetic field. From the 
end of vector B, rotation in the shortest way from the direction 
of the force to the direction of the current in the element of the 
conductor should be seen as being clockwise.
25.1.3. The force exerted by the magnetic field on the current- 
carrying conductor is called Ampères force. An element dF of 
Ampere’s force exerted on a small element of length dl of a con
ductor carrying the current I  equals

dF = 7[<flB] (in SI units)
dF = — [rflB] (in Gaussian units)

where dl is a vector numerically equal to the length dl of the 
element of the conductor and having the direction of the vector 
j of current density in this element of the conductor. This relation 
is known as Ampere’s formula, or 
Amperës law.
The mutual positions of vectors dF,
B and d\ are shown in Fig. 25.1. In 
l>articular, if dl J- B, the direction of 
I lie force dF can be found by the 
left-hand rule: if the left hand, open- 
ed fiat with the fingers parallel to 
nue another and the thumb perpen
dicular to the fingers, is held so that 
I he magnetic induction vector enters 
l.hc palm and the fingers indicate the direction of the electric 
current, the thumb will indicate the direction of the force exerted 
by the field on the conductor.
25.1.4. Magnetic fields are represented graphically by Unes of 
induction, or Unes of magnetic flux. The lines of induction are 
< urves whose tangent at each point coincides with vector B at 
ibis point of the field. Lines of induction are always closed loops 
«nd surround conductors carrying the current that sets up the 
lidd. The fact that the lines of induction are closed curves is an 
indication of the absence of free magnetic charges in nature. 
\ magnetic field is said to be uniform if. the vectors B are the 
•ame at ail points of the field. Otherwise, the field is said to be 
nnuuniform.
25.1.5. The direction of the lines of induction of the magnetic 
llcld set up by a current is determined by Maxwell's rule (corkscrew 
r u l e )  : if a corkscrew is screwed in the direction of the current in

d l
y i o. 25.1

435



IV .Electricity and Magnetism
the conductor, the handle of the corkscrew will turn in the direc
tion of the lines of induction.
25.1.6. In contrast to electrostatic forces which are central forces 
(see 20.1.4.), Ampere’s force, as well as ail other forces of electro- 
magnetic interaction, are not. They are perpendicular to the 
lines of induction of the magnetic field.

25.2. The Biot-Savart-Laplace Law
25.2.1. The Biot-Savart-Laplace law establishes the magnitude 
and direction of the vector of magnetic induction dB at any arbi- 
trary pointe of a magnetic field set up in a vacuum by an element 
of a conductor of length dl carrying a current I  (Fig. 25.2). Thus

dB = {± J j[d lt]  (in SI units)

dB = -i-~rdlr] (in Gaussian units)

where d\ = vector of the element of the conductor, numerically 
equal to dl and of the same direction as the current 

r = radius vector drawn from the element of the con
ductor to the point being considered in the field; 
r = I r I

c ^  3 x l0 10 cm per sec = electrodynamic constant
/f0 = 47tX10“7 Y2!1t̂ ic = 4^x10-7 = (permeabilityr ” amp m m ' J n

of empty space, or of a vacuum).
The vector dB is perpendicular 
to the plane in which the vectors 
dl and r lie. Its direction is such 
that from its head the shortest 
rotation of vector dl to align it 
with vector r is seen to be coun- 
terclockwise (Fig. 25.2). The same 
direction of dB is obtained if the 
corkscrew rule is applied.
The magnitude of vector dB 
equals

(in SI units)

(in Gaussian units)dB = ~  — d(p c r 7
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2 5 . Magnetic Field of Direct Carrent
where dp is the angle subtended by the element dl of the conductor 
and having the point being considered in the field as its vertex 
(Fig. 25.2).
25.2.2. If the current-carrying conductors or inoving charged 
bodies are not in a vacuum, but in some substance (magnetic 
material), the substance will become magnetized and the mag
netic induction of the résultant field (see 28.5.2.) will equal

B = B0 + Bint

where B0 = magnetic induction of the external (magnetizing) 
field set up by the conduction currents and the 
convection currents (macroscopie currents)

Bfnt = magnetic induction of the field set up by the 
magnetized substance, i.e. molecular currents in the 
substance.

in cases when a homogeneous and isotropie magnetic material 
completely fills ail the space occupied by the magnetic field, or 
a portion of this space, but in such a manner that the lines of 
induction of the magnetizing field do not intersect the surface 
of the magnetic material, then in the latter

B = K m B0

where K m is the relative permeability of the magnetic material 
which shows how many times the magnetic induction at the point 
being considered of the field, in the given substance filling ail of 
the field, is greater than the induction in a vacuum at the given 
distribution of macroscopie currents.
25.2.3. The intensity of a magnetic field (magnetic intensity) is 
the vector physical quantity H that characterizes a magnetic 
llold and is defined as follows:

H = —  -M  (in SI units)

H = B — 4;rM (in Gaussian units)

where M is the intensity of magnetization (or simply megnetiza- 
lion, see 28.2.2.) at the point being considered in the field. In 
pnrticular, for a magnetic field in a vacuum

H = —  (in SI units)
Mo '  '

H = B (in Gaussian units)
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If the medium is isotropie, then

H = — (in SI uni is)Am/"0 ' 1
jg

H = -jz-- (in Gaussian units)■K-m
where K m is a scalar quantity so that vectors H and B are collinear. 
If the conditions indicated in 25.2.2. hâve been complied with, 
i.e. in particular for a magnetic field in a homogeneous isotropie 
magnetic material filling the whole volume of the field, then the 
magnetic intensity H is independent of K m and coincides with the 
intensity, at the point being considered, for a magnetic field set 
up by thesame System of macroscopie currents in a vacuum. Thus,

h = J <m
i

where dH can lie determined bv the Biot-Savnrt-Laplaee law 
for magnetic field intensity:

rfH = --- — [rflr] (in SI units)

d\\ = -g-fdlrj (in Gaussian units)

the notation being the same as in 25.2.1.
25.2.4. The magnetic induction B7 and intensity Hff of the mag- 
netic field set up by a charge q, travelling in an infinité, homogene
ous and isotropie medium at a velocitv v, equal

B, = 'V”— V | vr]ç ri n  r 3 i- J

Hv = — -rTvi’lV ti7 l  r 3 I J

(in SI units)

B ^ Kfn 4-[vrlq c r3 1 1

H,, -  l
(in Gaussian units)

where r is the radius vector drawn from the moving charge to 
the point being considered in the field. Vectors B7 and Hq are 
perpendicular to the plane passing through vectors y and r. 
If £>0, theshortest way of rotation from v to r seems to be coun- 
terclookwiso whon seen from the heads of vectors B7 and H7. If
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-S- Magnetic Field of Direct Current
q < 0, vectors B? and hâve the opposite direction (Fig. 25.3). 
The magnetic field of a moving charge is variable because the 
magnitude and direction of r
vary even when v = const. In ^ ^
contrast to the electrostatic field 
set up by a stationary charge (see
20.2.6.) which is spherically sym- 
metrical, a magnetic field has 
mirror symmetry with respect to 
(he direction of v. i i g . 2 5 .3

25.3. Simplest Magnetic Fields Set Up by Currents
25.3.1. According to the principle of superposition of fields (see
20.2.4.), valid for a magnetic field as well, the magnetic induction 
B at any point of a magnetic field set up by a conductor carrying 
a current I  is equal to the vector sum of the induction AB, of the 

éléments of the field set up by ail the portions 
of the conductor. ThusM n.

B = Ç AB,

where n is the total number of portions into 
which the conductor is divided. As n <x>,

B JdB

in which intégration is extended over the 
whole lengtli of the conductor.
In ail the examples of magnetic fields dealt 
with below, it is assumed that the medium 
is homogeneous, isotropie and fills ail the 
space occupied by the magnetic field.
25.3.2. The magnetic induction and inten- 

f i g . 2 5 .4  sity at an arbitrary point A  of the magnetic
field set up by a straight conductor M N  

arrying a current /  (Fig. 25.4) equal

u = Upe* L (cos v  .
k n  r 0 v r i ■ cos (p2)

H -
4 n r0 (COS <£, - COS <p2)
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B = -i- Km-^ (cos <pt-cos <p2) 

H = - J (cos <px -  cos ?>2)
(in Gaussian units)

where r0 = distance from point A  of the field to the con- 
ductor

(px and (p2 = angles formed by the radius vectors drawn 
to point A  from the beginning and end of the 
conductor 

K m = relative permeability 
fjLo = permeability of a vacuum.

In particular, for the magnetic field set up by an infinitely long 
straight conductor carrying a current /,

B = Î L  and H  = —  (in SI units)kn r0 kn r0 ' 7

fi = — K m—  and H  = — —  (in Gaussian units)
C Tq C Tq

where the notation is the same as above.
25.3.3. For the magnetic field at the centre of a rectangular turn 
carrying a current /

fi =

H

K mtxo 8 IŸ a 2 + bz 
4 n ab

SI + 
ab

SI Ÿâ*+b*

k n

B  =  - c K »  a .

H  = J_ 8//â*+6*
ab

(in SI units)

(in Gaussian units)

where a and b are the sides of the rectangle.
25.3.4. The magnetic moment of a closed liât circuit with the 
current I  is

p,„ — /S (in SI units)

pTO = --- iS (in Gaussian units)

where S is a vector of a magnitude equal to the area enclosed by 
the circuit and of a direction normal to the plane of the circuit
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25. Magnetic Field of Direct Current
in such a manner that from the head of vector the current in 
the circuit seems to be counterclockwise (Fig. 25.5).
The magnetic moment pm of an arbitrary System of closed cir
cuits carrying current is equal to the vector sum of the magnetic 
moments of the individual closed circuits making up the System. 
In particular, the magnetic moment of a solenoid (see 25.3.8.) is 
equal to the vector sum of the magnetic moments of ail its turns:

P„ , -  N I H

where iV = total number of turns in the solenoid

Vector pm is along the axis of the solenoid and its direction coïnci
des with that of the solenoid’s magnetic field.
25.3.5. The magnetic field set up by a circular turn, carrying a 
current / ,  at an arbitrary point on the axis of the turn (Fig. 
25.6) is defined as:

B = 

H -

B -  

H =

K  rat* 0______2 p m__
4 7i ( R 2 + h 2)$

1 2pm
4 7i ( R 2 +  h 2) i

rs P̂m
m ( R 2 +  h 2)$

2p«n 
( R 2 +  h 2) î

(in SI units)
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The magnitudes of vectors B and H equal
KmU0

H -

B l

Il =

where

(R2 + h2)* 
J R 2 

(R2 + /i2)*
2 . t  7 7 ? 2  

(R2 + h2)? 
2nIR2

( R 2 + h 2) î

IR2 __ KmMoIS 
2n(i?2 + fc2)»

IS
2 ri (R2 4- Tï,2)7

1 ^ 2/«_ 
(j?2 4 ;»2)l

J_ 2/S 
c

l/t- 1 jrr
—  —  - _

(in SI units)

(in Gaussian units)

(R2 + /i2)t
h = distance to the centre of the turn 
i? = radius of the turn 
S  = tiR 2 = area of the turn.

25.3.6. For the magnetic field at the centre of a circular turn of 
radius R  which carries the current I  (Fig. 25.7)

A”"° %  and H = -2?-m4tt R3 kn R»
R3 Cl..VI .. -  ~R9

B -

B = À_ —

(in SI units)

(in Gaussian units)

The magnitudes of vectors B and II equal

R = Kmfi0~ -  and H = ■— (in SI units)

B = ~  2nK m — and H = -  2̂ - (in Gaussian units)

The magnetic field set up b y a circular turn is directed along 
the axis and perpendicular to the plane of the turn.
25.3.7. A toroid is an annular coil wound on a core having the 
shape of a torus (Fig. 25.8). The magnetic field of a toroid is corn-

I
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25. Magnetic. Field of Direct Current
pletely confined within its volume, in whicli

R  = N I
2 Tir and H = N I

L2 n r

R  = '- K m
C

2 N I  
r

and H = 1 2 N J
c r

The field intensity within the toroid varies
H -  NI t A/ -  NI -

2 n R t  T0 n 'nin *" 2 n R x ~  2 n ( R 2 + d)

(in SI units)

(in Gaussian units) 

from

, where Hl and R ,

are the outside and inside radii of the torus and N  and d are the 
number and diameter of the turns of the coil. The magnetic 
field intensitv at the centre line of the toroid is

NIHcl = , - 5 - = n i (in SI units)\ rrtici
whm! Rt, -  Hl±Mi

n — number of turns per unit length of the centre line 
of the toroid.

Vs R el 0 0  and with constant d and n9 an infinitely long solenoid 
with a uniform field is obtained.
*25.3.8. A solenoid is a cylindrical coil consisting of a large number 
of turns of wire in the form of a hélix. If the turns are wound 
light against, or sufficiently close to, one another, the solenoid 
••onstitutes a System of circular closed current-carrying circuits 
ronnected in sériés and having the same radius and a common 
oxis. Dots and crosses in the cross sections of the turns in Fig.

'i5.y indicate the direction of the current (respectively out of 
or into the drawing). The magnetic induction vector B and 
intensity vector H are along the axis of the solenoid with their 
direction given by the corkscrew rule (see 25,1,5.).
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IV.Electricity and Magnetism
For the magne tic field of a solenoid at an arbitrary point 
lying on the axis of the solenoid

B — rc/(cos «2 ~ cos a,)

H — —  (cos a2 -  cos a,)
(in SI units)

B = —- 27iKmnI(cos a2 — cos aj) 

H  = -i- 27m/(cos a2 -  cos a j
(in Gaussian units)

where n = y  = number of turns per unit length of the solenoid
ax and a2 = angles at which the ends of the solenoid are 

seen from point A  (ax > a2, Fig. 25.9)

cos «! h
Ÿ R * + l î

and cos a2 L-h
VR2+(L^U)*

The maximum values of the magnetic induction B max and inten- 
sity Hmax correspond to a point in the middle of the solenoid’s 
axis. Thus

Bmax ~ K ^ l»nI ŸütîÏL t

h max n i . —~/4R2+L2

(in SI units)

25.3.9. Under the condition that L^> B t the magnetic field inside 
the solenoid at points on its axis sufficiently distant from its ends 
is characterized by

B  = Kmfi^nl and H = n i (in SI units)
1 1 B = — knKmnI and H  = — knnî (in Gaussian units)

25.3.10. The magnetic induction and intensity of the magnetic 
field of a solenoid of sufficient length, at points of its axis coin- 
ciding with its ends, are

B  = n i  and H = -  n i

B = 2nK mnI and H = ^  2twJ

W \

(in SI units)

(in Gaussian units)



25 . Magnetic Field of Direct Current
25.3.11. The intensity H of a magnetic field set up by an arbitrary 
System of currents with a magnetic moment pm, at distances /• 
from the System which considerably exceed its linear dimensions, 
is equal to the intensity of the field set up by an équivalent 
‘‘magnetic dipole” with the moment pm. Thus

_ 1__ T 3(Ptt»r)r_ Pm i
~  \ n  l r5 r3 J
=  3(pmr)r Pm 

r5 r8

(in SI units)

(in Gaussian units)

A. “ m a g n e tic  d ip o le ” is a System of two unlike magnetic point 
charges, + m  and - m ,  a t a distance l from each other which is 
small in comparison with the distance r to the point being consid- 
ered in the field. The magnetic moment of the dipole is pm =  ml, 
where the vector 1 has the direction from the south pôle to the 
north pôle (from - m  to -f m, see 20.2.7.).

25 A. Action of a Magnetic Field 
on Current-Carrying Conductors.
Interaction of Conductors

25.4.1. A m p e re * s  fo r m u la  for the magnetic interaction of small 
éléments of two conductors of lengths d l x and d l2y carrying currents 
F  and / 2, in a vacuum can be written as:

=  f ' -  [dU Æ .r,,]]‘in  r, 2

= - £ - 4 -  ‘- lA tÆ A d ]‘in  r2l

(<Œ,11U  = - i - ^ î - [ d U d l 1r lt]]
C ” l2

c r21

(in SI units)

(in Gaussian units)

where (d F 12)vae =  force exerted on the element of the second 
conductor of length d l2 by the element of 
the first conductor of length d l x 

(d F 21)vae =  force exerted on element d l Y by element d l2 
r 12 =  radius vector drawn from element d l x to 

element d l 2 

r2T = “ r i?*
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The vectors d \ x and d \2 are in the direction of tlie current in the 
corresponding parts of the conductors.
Tf, as is assumed in ail the following examples, the conductors are 
in a homogeneous, isotropie and infinité medium with a relative 
magnetic permeability K m, then

^ F l 2  == K - m (^ ■ ^ 1 2 ) vac a n d  d \  21  =  F m [ d F 2 ^) oae

25.4.2. The force exerted on an element of length d l  of a straight 
conductor carrying a current by a long straight conductor 
carrying the current I 2 and arranged parallel to the first conductor 
a t the distance d  equals

d F  =  ~  d l  (in SI units)

d F  =  -  K m 2j—  d l (in Gaussian units)

The force F  on a portion of conductor of length l equals

F  =- ^  ~ l i l i  1 (in SI units)
a

F  — -  K m 2 j 1* l (in Gaussian units)

Conductors carrying currents I 1 and I 2 which flow in the sanie 
direction a ttrac t each other. If the currents flow in opposite 
directions, the conductors repuise each other.
25.4.3. The force of interaction between two identical square 
loops carrying currents I 1 and I 2 (the sides of the loops being 
parallel to one another and their centres on a straight line per- 
pendicular to their planes) is

Electricity and Magnetism

f  =  Kr"° 8 / , / J d Ÿ 2a* + ds ^ (in SI units)
ll7t 1 d fa 2 + d2 a2+d2 f

^ — 1 h k  i . f  J  a* + 2d2 d /2 a 2 + d2 1 1 (in Gaussian units)
* «* m l * U Y r f ^ d ‘ a2 + d2 J

where a  =  side of the square loop
d  =  distance between the centres of the loops.

The loops a ttrac t each other if their currents hâve the same 
direction and repuise each other if the currents are in opposite 
directions.
25.4.4. The force of interaction of two sufficiently long coaxial 
solenoids (with radii 7?j and R 2 of their turns), whose nearest
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Magnetie Field of Direct Current
l'iids are a t a distance d » i ? ,  and ft2, equals

F  -  K ’n-f‘n f »n *s i A n i s '  ( j n  s i  n n i t s i
\  tj a£

F  — K m — (jn Gaussian units)

where 6\ = nR\ and *S'2 = nR\. The direction of F dépends on 
whether the currents flow in the same or opposite directions in 
lhe solenoids. In the first case the solenoids a ttrac t and in the 
second they repuise each other.
25.4.5. The moment of forces M acting on a closed fiat current- 
carrying circuit (for example, a rectangular loop) placed in a 
uniform magnetie field is

M -  [pwB]
where pm = vector of the magnetie moment of the loop 

B =  magnetie induction of the field.
The rotational moment is perpendicular to vectors pOT and B 
in such a manner th a t the shortest rotation from pm to B is 
soen from its head to be counterclockwise. By the action of moment 
>1, the loop will assume a position of stable equilibriurn in which 
vectors pOT and B are parallel to each other.
25.4.6. In addition to the moment of forces M, a closed current- 
carrying circuit in a nonuniform magnetie field is also subject
l.o the résultant force F. Thus

F =  grad (pwB)
llv the action of force F, the loop is attracted  in the direction 
toward the higher values of induction of the magnetie field (to- 
ward the région of a stronger field).

25.5. Total Current Law. Magnetie Circuits
25.5.1. The c ir c u la t io n  o f  v ec to r  H o f  m a g n e tie  f ie ld  in te n s i ty  with 
respect to the closed path (curve) L  is an intégral of the form

§  (Hdl) = ji  H  d l  cos (H, <fl)
L L

where L  =  closed path (curve) of arbitrary shape
dl = element of length of the path in the direction it is 

c ircuited ..
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IV.Electricity and Magnetism
Intégration is carried out over the whole length of the closed path 
(curve).
25.5.2. The to ta l  c u r r e n t la w  (Ampere’s circuital law) fo r  c o n d u c tio n  
c u r re n ts  states : the circulation of the intensity vector of a magnet- 
ic field, set up by a direct current, with respect to a closed path 
(curve), is proportional to the algebraic sum of the currents 
bounded by this path. Thus

<j> (H dl) =  (j> d l  cos (H, dl) =
L L

(in SI units)

j  (Hdl) =  j  H d l  c o s  (H, dl) =  —  £  h
I  T. *  =  1

(in Gaussian units)

where n  is the number of ail the conductors carrying currents thaï 
are bounded by the closed path  L  of arbitrary shape. A current 
is considered to be positive if from the head of the current density 
vector (see 2 1 .1 .6 .), along the axis of the conductor in the direc
tion of the current, the circuiting of path L  seems to be counter- 
clockwise (according to the corkscrew rule, see 25.1.5.). Other- 
wise, the current is considered to be négative. Currents th a t are 
not bounded by closed path L  do not contribute to the circulation 
of vector H.
The to ta l  c u r r r e n t la w  can be writt.en for a magnetic field in a 
vacuum in the form

<f (BÆ) =  ^  î  h
L * = 1

L k ~ l

(in SI units)

(in Gaussian units)

where j> (B d l) is the c ir c u la t io n  o f  th e  m a g n e tic  in d u c t io n  vec to r
L

with respect to the closed path L .
The generalizations of the total current law covering cases where 
displacement currents and molecular currents exist are given in
28.5.6. and 30.3.4. The total current law is used for calculating 
magnetic fields of direct currents.
25.5.3. An element of flux d ® m of the magnetic induction vector 
B through a surface element of area d S  is

d ® m =  B  d S  cos (B, n) =  B n d S  =  B  d S n
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25. Magnetic Field of Direct Current
where n = unit, outward normal voctor to the surface d S

B h — projection of voctor B on the outward normal 
(Fig. 25.10).

The m a g n e tic  f lu x  0 m through an arbitrary surface S  can be 
found by summing up or integrat.ing ail the flux éléments. Thus

® m — J  #  d S  cos (B, n)
s

= J Iî„ d S  J B  d S n
S  S

For a uniform field and a fiat surface S  
which is perpendicular to vector B

i'ic,.2f>.1 0

B n =  B  =  const and <f>m =  B S

25.5.4. The O s tr o g r a d s k y -G a u s s  th eo rem  fo r  the m a g n e tic  in d u c t io n  
/ lu x  states th a t the magnetic flux through an arbitrary closed 
surface equals zéro. Thus

<j> B n d S  =  0
S

This theorem expresses the fact tha t there are no magnetic 
charges in nature (no free magnetic pôles) and th a t ail the lines 
of induction of a magnetic field are closed curvcs.
The differential form of this theorem

div B = 0

is one of Maxwell’s équations for an electromagnetic field (see
1.).

25.5.5. A m a g n e tic  c ir c u i t  is the totality  of bodies or régions of 
space to which a magnetic field is confmed. Magnetic circuits are 
necessary components of electrical machinery andvarious electric- 
.il devices.
25.5.0. In a magnetic circuit the magnetic flux plays a partsim ilar 
b» that of the current in an electric circuit. The magnetic flux 
•/»„, should be the same a t ail cross sections of an undivided 
magnetic circuit.
25.5.7. The H o p k in s o n  f o r m u la  (O h m 's  la w  fo r  c lo se d  m a g n e tic  
• ■Ifrui ts) is
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IV.Electricity an d  Alagnetism
where i ï m — magnetic Hux which is constant along oaeli élément, 

of the circuit
£ tn =  I N  =  m a g n e to m o tiv e  fo rce  (also denoted by mmf), 

or m a g n e tiz in g  fo rce  (in the SI)
N  =  number of turns of magnetizing current I  

R m =  to ta l  r é lu c ta n c e  (m a g n e t ic  r é s is ta n c e )  of the circuit.
The réluctance of an element of the circuit of length l { with a 
constant cross-sectional area S  is

* - * = ! d k s  (in SI units)

where K m relative magnetic permeability of the given élément 
of the circuit 

=  magnetic constant.
If S  is not. constant, then

k

R ” ‘ = J  x 5 r0s  lin SI units>
o

25.5.8. The total réluctance R m of parts of a magnetic circuil 
connec.ted in sériés equals

Rm ~  ^  R,nt«= L
where n  is the number of parts of the circuit.
If n  réluctances are connected in parallH, the total réluctance 
R m of the magnetic circuit will be

5.5.1). K ir c h h o f f 's  f ir s t la w  fo r  d i v id e d  m a g n e tic  c ir c u i ts  s ta te s  
hat the algebraic sum of the magnetic fluxes toward a brandi 
point of a magnetic network is zéro:

Ë = 0 1-1

where n is the number of éléments joined a t the branch point 
(compare with 21.4.2.).
The magnetic flux O mi is considered positive if the lines of induc
tion enter the branch point and négative if the lines emergo 
from it.
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2 5 . Magnetic Field of Direct Current
25.5.10. K ir c h h o j f ’s  s e c o n d  la w  states th a t in any lsop (closed 
path), arbitrarily chosen from the magnetic network, the algebra- 
ie sum of the products of the magnetic fluxcs @ mi by the 
réluctances R mi of the corresponding éléments of the loop equal 
the algebraic sum of the mmf’s S mi applied in the loop. Thus

1 = t»=i <=i
vvherc k is the number of éléments making up the loop (compare 
with 21.4.3.). The fluxes & mi and m m f’s S mi are considered positive 
if the directions of the lines of induction of the corresponding 
magnetic fields coincide with the arbitrarily chosen direction for 
circuiting the loop.

25.6. Work Done in Displacing a Currenl-Carrying 
Conductor in a Magnetic Field

25.0.1. Under the influence of Ampere’s forces (25.1.3.) an unfixed 
eurrent-carrying conductor tends to move when placed in a mag
netic field. The element of work d A  done by the Ampere force 
in moving the element d l  of the conductor carrying the current 
f  equals

d A  = I  d & m (in SI units)

d A  =  — /  d @ m (in Gaussian units)

where d 0 m is an element of magnetic flux through the surface 
grnerated by the element of length of the moving conductor. 
The work done by the Ampere forces in moving a conductor of 
linitc length, carrying the current I  =  const, is

A  =  I  0 m (in SI units)

A  =  — /  0 m (in Gaussian units)

where 0 m is the magnetic flux across the surface générated by 
lhe conductor in its motion and I  =  const.
25.A.2. The work done in the arbitrary displacement of a closed 
Innp, carrying a current / ,  in a magnetic field is

A  =  I  A 0 m (in SI units)
\

J. — - - /  A 0 m (in Gaussian units)
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IV.Electricity and Magnetism
where A & m is the change in the magnetic flux through the surface 
bounded by the diosed loop.
In calculating the magnetic flux & m across the surface enclosed 
by the closed loop carrying the current, the direction of the out- 
ward normal is taken so th a t the current in the loop is seen from 
the liead of the normal véctor lo be counterclockwisc.
25.A.3. The work required to move a conductor or loop, carrying 
the current I  =  const, in a magnetic field is done a t the expense 
of energy of the source of the current.



CHAPTER 2G

Motion of Charged Particles in Electric and 
Magnetic Fields

26.1. Lorenlz Force
26.1.1. An electric charge moving in a magnetic field is subject 
lo the L o r e n lz  fo rce :

wliere q  = algebraic value of the moving charge (q >  0 for a
positive charge and q <  0 for a négative one) 

v = velocity of the charge
B =  magnetic induction of the field in which the charge 

is moving
c =  electrodynamic constant (c =  3X 1010 cm per sec).

The relative arrangements of the vectors Fz, B and v for the cases 
7 ^ 0  and q <  0 are shown in Fig. 26.1. The Lorentz force per- 
Ihrms no work since it is perpendicular to vector v.

F/y -  q[ vB] 

Fi  = - t ?[vl{]

(in 81 units)

(in Gaussian units)

riü.26.1

453



IV.Electricity and Magnetism
26.1.2. Owing to the combined action of electric and magnetic 
fields on a moving charge, the résultant force (also called the 
Lorentz fore) is

F  = <7E + g[vB] (in SI units)

F = ÿE +  -  [vB] (in Gaussian units)

where E is the intensity of the electric field.
26.1.3. If a uniform magnetic field is perpendicular to the direc
tion of the velocity of a moving charged particle, the latter, due 
to the Lorentz force, will travel in a circular path of constant 
radius r in a plane perpendicular to vector B. Here the Lorentz 
force is a centripetal force (see 2.4.3.) and the radius r equals

r = ,-p  i  SI units)

r =  — - -  (in Gaussian units)

where ni =  mass of the particle
| î |  =  magnitude of its charge 

v =  velocity of the particle 
B  =  magnetic induction.

The direction in which an elementary charged particle is deflected 
in a magnetic field (Fig. 26.2) is an indication of the sign of its 

charge.
The period of révolution T  of a charged par
ticle in a uniform magnetic field is

T  =  —  7— (in SI units)B \q\  ' '

T  =  —y (in Gaussian units)

AL a particle velocity v  «  c, where c is the 
velocity of light in a vacuum, the period T  
does not dépend on v .

26.1.4. If a charged particle moves in a uniform magnetic field in 
such a manner th a t its velocity vector v makes an angle a  with 
the direction of the magnetic induction B, the path of the particle 
will be a hélix (Fig. 26.3.) of radius r  and pitch h :

r  =  —r v — a- and h  =  —  “TT v  co s a (*n units)k l  B B |<i| '

r  =  — r —  - a- and h =  —  v  cos a  (in Gaussian units) \<11 B B \q I ' '

'mu. 26.2



20.1.5. If the motion considered in 26.1.4. occurs in a nonuniform 
field whose magnetic induction in- 
creases in the direction of motion 
of the particle, the radius r  of 
the coils and the pitch h  of the 
hélix decrease with an increase in

2 6 . Motion of Charged P  articles

26.2. Charge-to-Mass Ratio of Particles.
Mass Spectrography

20.2.1. The c h a r  g e - to -m a s s  r a t io  of a particle is the quotient of 
its electric charge by its mass. This ratio is determined by meas- 
uring the deflection of charged particles in a magnetic field (see
26.1.1. ). The velocity v of the particle is determined experiment- 
ally (usually the particle is accelerated to the required velocity 
by an electric field with a given potential différence), as also is
the radius r  of its patli. Then the ™ ratio is determined by the
formula in 26.1.3.
The charge-to-mass ratio of the électron is given in the table of 
Appendix II.
20.2.2. The combined action of magnetic and electric fields is 
nsed to détermine the charge-to-mass ratio and the mass of 
positive ions. Instruments employed for the précisé measurements 
of the relative atomic weights (and, consequently, the masses) 
of the isotopes of Chemical éléments (see 47.1.3.) are called m a s s  
sprrtrographs and mass spectrometers.

20.2.3. The m a s s  s p e c tr u m  of particles is the to tality  of values of 
llieir masses. In the A s to n  m a s s  s p e c tr o g r a p h  (Fig. 26.4) ail parti- 
« 1 r s  with the saine charge-to-mass ratio are deflected in the electric
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fiold of capacitor C  and t.ho magna tic fiold of coil M  (the t.wo 
fields bcing inulually perpendicular) so tha t they arc focuscd on 
the same point regardless of their vclocities. A sories of narrow 
parallol lines <£2, . . . )  arc obtaincd on the photographie plate.
They correspond to the dilTerent vaines of ^

D o u b le  fo c u s in g  of ions with respect to both energy and direction, 
accomplished by replaeing the fiat capacitors with cylindrical ones 
and by using spécial electromagnets, produces a plane-parallel 
ion beain entering the magnetic field. With sufficient intensity of 
the lines on the photographie plate, instrum ents based on this 
principle provide an accuracy of measurement of the masses of 
the ions of light éléments within 1 0 “ 4 per cent.
26.2.4. In mass spectrometers, monochromatic ion beams are 
produced by means of spécial ion sources. These beams can be 
focused well in a transverse magnetic fïeld even in the case of 
highly divergent beams of a large number of ions. This enables 
liighly accurate measurements to be made of the concentrations 
of various isotopes.

26.3. Charged P article Accelerators
26.3.1. Devices for obtaining charged particles with very high 
binetic energy are called a c ce le ra to rs . Methods of accélération can 
ke classed into three groups: d ir e c t- f ie ld ,  in d u c t iv e , and ré so n a n c e .  
According to the shape of the path of the particles, accelerators 
are classified as l in e a r  and c y c lic . In linear accelerators, the paths 
of particles are approximately straight lines; in cyclic accelerators, 
they are circles or spirals.
26.3.2. In a direct-field linear accelerator, a particle passes only 
once through an electric field with a high potential différence set 
up by electrostatic generators, for example the V a n  d e  G r a a f f  
g e n e ra to r  (see 20.5.2.).
26.3.3. The only accelerator of the inductive type is the b e ta tro n ,  
which is used to accelerate électrons to energies of the order of 
1 0 2 MeV (million électron volts). Use is made in the betatron of a 
circulating electric field tha t is set up in the accelerating chamber 
by the alternating magnetic field of an electromagnet. The électrons 
travel along circular paths th a t coincide with the lines of inten
sity of the circulating electric field. After many thousands of 
révolutions of the électron along a stable orbit, it gains very high 
energy.
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26. Motion of Charged Particles
The intensity E  of the circulating electric field in a betatron is 

E = - i2- r i ? f  (in SI units)

where B nv — average magnetic induction a t the instant of time 
t within a circle of radius r 

r =  distance from the axis of the field to the point being 
considered (radius of the circular orbit of the élec
tron in the betatron).

A condition for a stable orbit of the électron in the betatron is

«  = 2 B „

where B  is the instantaneous value of the magnetic induction on 
the orbit.
The steadiness of the électron orbits in a betatron is ensured by:
(a) axial focusing, i.e. arrangement of the orbits in a single plane; 
this is achieved due to the spécial shape of the pôle pièces of the 
electromagnet which provide for graduai weakening of the mag
netic field in the direction away from its axis.
(b) radial focusing, i.e. the return of the électrons tha t accident- 
ally hâve left the stable orbit back to it again; this is achieved 
because the magnetic induction of the field of an electromagneti
decreases more slowly from the axis to the periphery than —,
where r is the distance from the point being considered in the 
field to the axis.
2(1.3.4. In magnetic résonance accelerators, employed for acceler- 
ating protons, deuterons and other particles, the particle being 
accelerated repeatedly passes through an alternating electric 
lield along a closed path, its energy being increased each time. 
A strong magnetic field is used to 
control the motion of particles 
and to return them periodically 
lo the région of the accelerating 
electric field. The particles pass 
definite points of the alternating 
electric field approxim ately when 
I lie field is in the same phase (“in 
résonance”).
2 (1.3 .5 . The simplest résonance 
liccelerator is the cyclotron. The 
alternating accelerating electric 
aeld is set up in the gap between i ic.20.5
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the two halves ( d e e s )  M  and N  of an arrangement shaped like a 
pillbox (Fig. 26.5). The particles are accelerated each time they 
complété a half-circle in a dee and enter the gap between dees 
M  and N .  To continuously accelerate the particles it is necessary 
to comply with the condition of résonance (the condition of 
s y n c h r o n is m )  : T 0 =  T, where T q is the period of oscillation of 
the electric field and T  is the period of révolution of the particle. 
A t velocities v  of the particles, commensurate with th a t of light 
in a vacuum, the period T  increases, due to the relativistic de- 
pendence of mass m  on velocity (see 32.6.3.), and the condition 
of synchronism is violated.
26.3.0. The p r i n c i p l e  o f  p h a s e  s ta b i l i t y  (auto-phasing) in a cyclic 
accelerator of relativistic particles consists in the following: each 
déviation of the period T  from the résonance value T 0 leads to 
such a change in the energy incrément of the particle a t each 
accélération th a t T  varies in the neighbourhood of T () and, on an 
average, remains equal to T {). Thus

where E  =  total energy of the particle (see 32.6.4.) 
c = velocity of light in a vacuum

m {) =  mass of the particle a t rest.
The remaining notation is the saine as in 26.1.3.
26.3.7. In a sy n c h r o c y c lo tr o n  ( p h a s o tr o n , also fre q u e n c y -rn o d u la te d  
c y c lo tr o n ) ,  accélération is accomplished a t B  =  const b y a slow 
increase of T 0. I t  follows from the principle of phase stability tha t 
this leads to an increase in the energy of the particles owing to the 
relativistic increase of mass with velocity.
In a s y n c h r o tr o n , with a constant period T () of the accelerating 
electric field, the induction B  of the magnetic field increases 
proportionally to the increase in the mass of the particles

=  const). The energy of the particles increases proportionally
to the increase of B  (at a constant T ) .
In a p r o to n  s y n c h r o tr o n  ( s y t ic h r o p h a s o tr o n ) , T {} and B  are increased 
simultaneously and in coordination. This leads to an increase 
in E .
26.3.8. The intensity of the magnetic field in accelerators cannot 
exceed 15,000 or 20,000 oersteds. Therefore, it is necessary to 
increase the radii of the orbits of the particles in order to acceler-

m
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26. Motion of' Charged P article*
ate them. This leads to an increase in the sizc and weight of the 
accelerator, and also complicates the focusing needed for stable 
motion of the particles in the vacuum chambers. The application 
of s tr o n g  fo c u s in g  enables the weight and size of the accelerators 
to be reduced. I t  is done by means of electromagnets of spécial 
design and by operating the magnetic field under spécial condi
tions. Thus, in an annular phasotron, a magnetic field th a t is 
constant in time is set up by a magnet consisting of separate 
radial sectors in whicli the fields in adjacent sectors vary sharply 
along the radius in opposite directions. This rnethod is also called 
(d te r n a tin g -g r a d ie n t  fo c u s in g .
20.3.9. New methods of particle accélération are being success- 
fully developed a t the présent time. They include the colliding 
beam rnethod, the cohérence rnethod, and others.
The c o l l id in g  b e a m  rn eth od  makes use of the collision of particles 
possessing high energies W 1 and W 2 and travelling in opposition. 
In their relative motion each of them acquires an energy W  ^  
^  2 TI7! W 2. To obtain an appréciable number of collisions there 
sliould be from 1 0 12 to 1 0 14 particles in orbit.
1 n the co h éren ce  rn e th od  a beam of électrons is impinged on a stream 
of protons. Owing to Coulomb interaction, the électrons entrain 
the protons as long as v e >  vpl where v e is the velocity of the 
(‘lectrons and vp is the velocity of the protons. When v e =  vpi the 
cnergy of the protons is approxim ately 1840 times th a t of the 
(•lectrons. In this procedure, the accelerating action of the electric 
lield is determined not only by the external source bu t also by the 
number of particles being accelerated.

26.4. Fundamentals of Electron Optics

20.4.1. E le c tr o n  o p t ic s  deals with the properties of beams of charged 
particles (électrons and protons) interacting with electric and 
magnetic fields. In g e o m e tr ic a l é le c tro n  o p t ic s , the wave properties 
of the beams of particles are neglected (see 44.1.2.). The charged 
particles are conceived of as material points, and their motion in 
the fields is described by the to ta lity  of their paths.
The laws of geometrical électron optics are invalid in régions of 
charged particle beams where their density varies substantially 
within the limits of the linear dimensions
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IV.Electricity and Magnetism
where h =  P lanck’s constant

e =  charge of the particle 
m  =  mass of the particle 
(p =  potential of the electrostatic field. These régions 

correspond to the boundaries of the beams and the places where 
they converge (for example, a t the principal focus and a t the 
image points produced by the electron-optic System). Here 
diffraction phenomena, associated with the wave properties of 
particle beams, are observed.
26.4.2. Ail the main laws of ordinary (light) optics can be applied 
to électron optics. The analogy between ordinary and électron 
optics is based on the fact tha t the field in which a beam of élec
trons (or other charged particles) travels can be likened to an 
optically nonuniform medium, and the paths of the électrons—to 
light rays in this medium (optical-mechanical analogy, see 5.4.4.). 
Mainly axisymmetric fields are made use of in électron optics (simi- 
lar to the axially symmetric optical Systems).
26.4.3. For the motion of an électron in an electrostatic field in a 
nonrelativistic case (when the velocity of the électron v  «  e, 
where c is the velocity of light in a vacuum), the index of electron- 
optic refraction (or the refractive index) of the “m edium” equals

n  =  C j q )

where (p =  potential a t the point being considered in the field 
and measured from the point at which the velocity 
of the électron equals zéro 

C  == arbitrary constant.
The law of refraction a t the interface of two “media” (Snell’s law) 
in this case is of the form

sin i _  Ÿ ?•> 

si in’ VVi

where i and r are the angles of “incidence” and “réfraction” a t a 
certain surface dividing the field into régions with the potentials 
(px and <p2. This relationship is applied for approximately deter- 
mining the paths of électrons. A number of equipotential surfaces 
(the “interfaces”) (see 20.4.7.) are specified and the électron paths 
are regarded as straight linos (“rays”). The paths of the élec
trons can be constructed mon' precisely by laking their curvature 
into account. Thus

l _ 1 <i<r
q 2<p dn
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2 6 . Motion of Charged P articles
where ^  is the variation in tlio potontial of tlio electrostatic 
field in a direction normal to the path.
In the relativistic case, the refractive index for an electrostatic. 
field is of the form

n -  C )/< p (\-\-k (p )

where k  — s- e—-  =  relativistic correction 2 m0c2
e — magnitude of the charge of the électron 

m0 =  rest mass of the électron.
If, in addition to the electrostatic field, the électron is also subject 
lo the action of a steady magnetic field, the refractive index will 
dépend, not only on <p, but also on the direction of motion of the 
électron a t the point being considered. Consequently, a combined 
(electrostatic and magnetic) field is similar to an anisotropic 
“medium” (see 39.1.3.).
26.4.4. E lectrostatic and magnetic lenses serve to control the 
motion of électrons in electron-optical instrum ents (é le c tro n  m ic r o 
s c o p e s , é lec tro n  m u l t ip l ie r s ,  im a g e  c o n v e r te r s , etc.).
E le c tr o s ta tic  le n se s  are metallic irises with apertures of round shape, 
or pièces of round metallic tubing. The optical axis of the lens is 
formed by the axes of symm etry of its électrodes. A lens is said 
to be u n ip o te n t ia l  if the potentials of its outm ost électrodes are 
the same; otherwise, it is said to be an im m e r s io n  lens.
The field of an electrostatic lens changes the velocity of électrons 
both in magnitude and direction. If the électrons pass through 
lhe lens it is co n v erg e n t. The paths of the peripheral électrons of a 
beam always intercept the optical axis of the lens before it is 
intercepted by the central électrons of the beam (sperical aberra
tion, see 38.7.2., is always négative).
If the potential at the centre point ( s a d d l e p o i n t )  of a unipotential 
l<*ns is lower than the potential of the électron source (cathode), 
lhe lens becomes an é le c tro n  m ir r o r . This mirror may be d iv e r g e n t  
and produce a Virtual image (see 38.1.5.) or it can be co n v erg e n t  
and produce a real image, depending upon the position of the 
• •(juipotential surface, from which the électrons are refiected, in 
I lie lens.
The shape of the paths of the électrons in electrostatic lenses, in 
l he case when the velocities of électrons are much lcss than tha t 
of light in a vacuum (nonrelativistic case), dépends only upon the 
distribution of the potential. When the velocities of électrons 
approach the velocity of light, the paths may also be influeneed
by the quantity  ^  —the charge-to-mass ratio.
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IV.E lectricity and M agnetism

A lens is said to be th in  if ils focal length is many times larger 
than the field of the Ions in the axial direction. The p o w e r  (see 
.'18/ 1.8 .) of a thin, u n ip o te n l ia l  electrostatic lens in a nonrelat.ivistic 
case is a p p ro x im a tif  (‘quai to

D  - I - J L  f W )*  d~1 e f 1G J <p2 a~

wherc f =  focal length of the ions
q \z )  — potentiai distribution along the opt.ical axis c of the 

lens

For an immersion lens under the same conditions

Ir-iVVS J(î-)>
— o o

where f x and f 2 =  front (in the object space) and back (in the 
image space) focal lengths of the lens 

(px and tp2 =  potentials of the electrostatic field in the 
object and image spaces.

26.4.5. M a g n e t ic  le n se s  are usually short solenoids (see 25.3.8.) 
coaxial to the beam of électrons. Solenoids encircled by ferro- 
magnetic shells are used to concentrate the magnetic field a t the 
optical axis of the lens.
The p o w e r  of a th in  m a g n e tic  le n s  for a paraxial beam (see 38.3.2.) 
in the nonrelativistic case is approxim ately equal to

o o

A» = y = g-ÿ J B l d z  (in SI units)
— oo

where U  =  potentiai différence traversed by the électron before 
entering the magnetic lens 

B g(z) =  magnetic induction along the optical axis of the 
lens.

The field of a magnetic lens changes the velocity of the électrons 
only in direction ( fo c u s in g  a c t io n )  in such a manner th a t the élec
trons move in a helical path about the optical axis. This tu r n s  the  
é lec tro n  im a g e  in reference to the object through an angle ü.
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2 6 . Motion of Charged Particles
For a paraxial beam, this angle equals

0 Ÿ-dnr I B , d z (in SI units)

oc
Since J B \ d z  >  0, only convergent magnetic lenses exist. Here

— o o

D m, in contrast to electrostatic lenses, dépends on the velocity of 
électrons (i.e. on U ) even for the nonrelativistic case. For relativ- 
istic velocities of the électrons, the quantity  U  in the formulas
given above should be replaced by U *  =  U  +  c2 U 2 (m 0 being
the rest mass of the électron, see 32.6.2.).
28.4.6. Stigmatic, or punctual, images of objects (see 38.1.5.) are 
obtained in electron-optical Systems only for paraxial électron 
beams.
The p r i n c i p a l  é q u a tio n s  ( p a th  é q u a tio n s )  of paraxial beams of 
électrons in axisymmetric fields are of the form (in SI units):
(a) for electrostatic lenses in the nonrelativistic case

d2r  1 d<p dr r d 2q> _  ~
dz8 2ç> dz dz 4q> dz2

where y ( z )  =  potential on the optical axis of the System ineas- 
ured from the point a t which the électron velo
city v  =  0

z  and r =  coordinates along this axis and in the radial 
direction, respectively.

This leads to the following s im i l i tu d e  la w s :  (1) if the linear dimen
sions of the electron-optical System are increased n  times, the di
mensions of the paths will be increased by the same factor; 
(2) the paths are not changed when the potcntials of ail the élec
trodes are increaseed n-fold.
(b) for electrostatic lenses in the relativistic case

Y<p(\ + k< p) - -  [ ^ ( 1  +  % ) f  {- (1 -I- M  r  = 0

where ( ~  2 m 0c2 
m 0 =  rest mass of the électron 

c =  velocity of light in a vacuum.
(<•) for magne tic lenses in the nonrelativistic case

(*2,‘ . C IV
\ i z i  +  b m  u  I i - r  ~  0
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wliere B z(z) =  projection of the magnetic induction on thc axis ot‘ 

the lens
U  =  potential différence traversed by the électron be- 

fore entering the lens.
(d) for magnetic lenses in the relativistic case, the preceding for
mula is used after making the substitution for U  indicated in
26.4.5.
(e) for combined electrostatic and magnetic fields in the nonrela- 
tivistic case

-  - ) + - V  m ) r  = 0
dz \  d z l  kS<p \ dz2 2m  J

and in the relativistic case

l / W + W )  4  \ f ¥ \  +  W ) % \  + T  [(1+/f?) B l \ r  = 0

The presence of a space charge (see 20.2.5.) in electron-optical 
Systems is taken into account by replacing the term by tlie

tcrms + ’ w îere Q(z ) the axial distribution of the space
charge and e0 is the electric perm ittivity  of free space (see 20.1.3.).
26.4.7. Owing to the impossibility of restricting electron-optical 
Systems to paraxial électron beams, aberration (see 38.7.1.) is 
inévitable.
E lectrostatic and magnetic axisymmetric Systems are mainly 
subject to spherical aberration, coma, astigmatism, curvature of 
field, and distortion (see 38.7.1. through 38.7.10.).
Instability of the power supply of the sources of électrons and 
of the lenses leads to a certain scatter in the électron velocities 
and causes chromatic aberration, chromatic différence in magnif- 
ication and c h r o m a tic  d iffé r e n c e  o f  im a g e  r o ta tio n  (the last two 
errors are inhérent in magnetic lenses only). Ail these errors impair 
the resolving power and the quality of the image in electron-optic
al Systems.
28.4.8. E le c tr o n  m ic r o s c o p y  is the technique of obtaining images 
of microscopie objects by means of électron beams which are 
focused by electric and magnetic fields. Electron microscopy 
makes use of électrons with a de Broglie wavelength (see 44.1.2.) 
much shorter than the size of the object. H en ce the beams of 
électrons behave like rays in geometrical optics (see 38.1.1.). 
The resolving power of électron microscopes is several orders 
of magnitude higher than th a t of optical microscopes and is 
limited by the wave properties of électrons a t their given energy.



C H A P T E R  27

Electromagnetic Induction

27.1. Fundamental Law of Electromagnetic 
Induction

27.1.1. The p h e n o m e n o n  o f  e le c tr o m a g n e tic  in d u c t io n  is the devel
opment of an in d u c e d  e le c tr o m o tiv e  fo rc e  &{ in a conducting 
circuit placed in a varying magnetic field. If the circuit is closed, 
a current, called an in d u c e d  c u r r e n t, is produced in it.
27.1.2. F a r a d a y 's  la w  o f  e le c tr o m a g n e tic  in d u c t io n  states th a t the 
induced emf in the circuit is equal in magnitude and opposite 
in sign to the rate of change of the magnetic flux & m through 
the surface bounded by the circuit. Thus

ê i =  (in SI units)

^  =  ~~c ^aussian u n its )

The directions around the circuit and of the outward normal 
il, assumed in calculating ê t and <Z>m, respectively, are interrelat- 
od: from the head of vector n the direction around the circuit 
should be seen as counterclockwise.
If a closed circuit consists of N  turns connected in sériés (for 
instance, in the form of a solenoid), O m should be understood as 
I lie to tal magnetic flux through surfaces bounded by ail N  turns. 
I n electrical engineering, this quantity  is called the f l u x , or m a g n e t
ic■, l in k a g e  of the circuit

>/' =  £  0 mi
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IV.Electricity and Magnctism
and the law of eleetromagnetic induction can bu writton in the 
form

é’f = (in SI unils)

27.1.8. The minus sign in the formula for ë t is an expression of 
L e n z 's  la w  which states th a t the induced current in a circuit is 
always directed so tha t the magnetic flux it sets up through the 
surface bounded by the circuit reduces the change in magnetic 
flux th a t induced the current in the first place.
27.1.4. The magnetic flux encompassed by a circuit can change 
for various reasons: owing to distortion of the circuit or its mo
tion in the external magnetic field, as well as to changes in the
magnetic field with time. The to tal dilferential takes ail
these causes into account.
If a conducting circuit moves in a stationary magnetic field, 
emf’s are induced in ail parts of the circuit th a t eut the lines of 
magnetic induction. The total emf in the circuit is the algebraic 
sum of the em fs induced in ail the parts. The development of an 
emf of electromagnetic induction can be explained for this case 
by the fact th a t each free charge <7 (current carrier in the(conductor), 
moving together with the conductor in the magnetic field, is 
subject to the Lorcntz force

FL — ?[(v+ v')B] (in SI units)

b'L = ~[(v-f v')B] (in Gaussian units)

wherc v = velocity of the charge q in its motion together 
with the conductor 

v' = velocity of the charge with respect to the conduc
tor.

Under the action of external forces—componcnts of the Lorcntz 
force tangent to the conductor—the charges q are displaced to 
develop an induced current in a closed conductor.
27.1.5. The direction of the circuital electric field of electromag
netic induction in a straight conductor moving in a magnetic 
field is determined by the r ig h t-h a n d  r u l e : if the right hand, 
opened fiat w ith the fingers parallel to one another and the thumb 
perpendicular to the fingers, is held so th a t the vector B of mag
netic induction enters the palm and the thumb indicates the 
eomponent of velocity of conductor motion perpendicular to 
the conductor, the fingers will indicatc the direction of the circuit-
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al olectric field of electromagnetic induction developed in the 
conductor.
Example 1. An induced emf is developed in a piece of conductor 
of length l which moves in a magnetic field and cuts tlie Unes of 
induction. In the simplest case, wlien the velocity of the conduc
tor y is perpendicular to B, wliere B is the vector of magnetic 
induction,

Example 2. A fiat turn rotâtes in a uniform magnetic field with 
an angular velocity co in such a manner tha t the axis of rotation 
lies in the plane of the tu rn  and is perpendicular to the vector 
B() of magnetic induction of the external field. Then the induced 
emf in the turn equals

where S  =  area bounded by the turn
0 ms =  flux of self-induction of the turn (see 27.3.1.).

27.1.6. The emf of electromagnetic induction in a stationary 
conducting circuit which is in a varying magnetic field equals

The phenomenon of electromagnetic induction in stationary 
eonductors is due to the fact th a t varying magnetic field excites 
a c ir c u i ta l  e le c tr ic  f ie ld . The circulation of the intensity vector E 
of this field with respect to the closed contour L  of the conductor 
equals

ê t =  -  v B l

Sf — B {)Sco sin co t----

£,  -  -  I inS w  sin c o t - ~  ^  * c " c dt (in Gaussian units)

(in SI units)

&i = (in SI units)

(in Gaussian units)

(in SI units)
L

(in Gaussian units)
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27.2. Eddy Currents
27.2.1. Currents induced in massive conductors are called e d d y  
c u r r e n ts , or F o u c a u lt  c u r re n ts . Closed circuits of such currents 
are formed in the volume of the conductor.
The am ount of heat generated per unit time by eddy currents is 
proportional to the square of the frequency of change in the 
magnetic field. High-frequency currents are used to generate 
large am ounts of heat (as in in d u c t io n  fu r n a c e s ) .
27.2.2. To reduce energy losses associated with eddy currents, 
the magnetic circuits of electrical machinery and the cores of 
transformers are of laminated design, built up of thin sheets, 
or laminae, arranged parallel to the lines of magnetic induction. 
The résistance of magnetic circuits can be increased by the use 
of m a g n e to d ie le c tr ic s  which are mixtures of powdered ferromag- 
netic substances (see 28.6.1.) and dielectrics (see 20.7.1.) compact- 
ed a t high pressures, or of fe r r i te s  which are semiconductor 
ferromagnetic materials with a resistivity ~ 109 times higher 
than th a t of metallic ferromagnetic substances. Ferrites are 
double oxides formed by ferrie oxide (Fe20 3) with oxides of 
bivalent metals (see also 28.6.16).

27.3. Self-Induction
27.3.1. The induction of an cmf in a circuit as a resuit of the 
varying current in this circuit is called s e lf - in d u c t io n . The m agnet
ic field set up by the current in a circuit produces a magnetic 
flux 0 ms through the surface S ,  bounded by the circuit, equal to

d>m, =  J B n d S
S

The magnetic flux & ms is called the f lu x  o f  s e lf - in d u c t io n  o f  the  
c ir c u i t . If the circuit is in a nonferromagnetic medium, its flux 
of self-induction is proportional to the current I  in the circuit. 
Thus

0 ms — J A  (in SI units)

= * J A  (in Gaussian units)

whore L  =  £°- J d S  j> \d \  r]„ (in SI units)
S  î
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29. Ëleciromagnetic Induction

L  =  J d S  <j> ~  [d \ r]n (in Gaussian units)
8 l

( iQ =  magnetic constant (permeability of free space) 
K m =  relative magnetic permeability of the medium 

r =  radius vector drawn from the element d l  of the 
circuit to the element d S  of the surface S  bounded 
by this circuit; subscript n  indicates the projection 
on the normal to the element d S .

The quantity  L  is called the s e lf - in d u c ta n c e  of the circuit. I t  is 
numerically equal to the flux of self-induction of the circuit a t 
unit current (or, in Gaussian units, a t a current I  =  c). I t  (L )  
dépends upon the geometry of the circuit, its dimensions and the 
relative permeability of the surrounding medium.
Kxample 1. The self-inductance of a solenoid (see 25.3.8.) of 
length l and cross-sectional area S  having a to tal number of 
turns N  is equal to

L  =  k  =  k n aK mn W  (in SI units)

L  =  k K m -4 —j'- A _  4 n k K mril V  (in Gaussian units)

where n =  -- = number of turns per unit length 
V  =  S I  =  volume of the solenoid
h =  factor depending upon the ratio of the length / 

of the solenoid to the diameter d  of its turns.

The following table lists values o fH o r various ^ ratios:

i  °-1 0.5 1 5 10

h 0.2 0.5 0.6 0.9 “ 1.0

Il can be seen th a t a t — »  1, k  ^  1.
Hxumple 2. The self-inductance of a sufficiently long coaxial 
râble of length l equals

L  = 2 71 l ln
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wherc J i 2 and R x are thc radii of the oxternal and internai con- 
ductors.
Example 3. The self-inductance of a long two-conductor (two- 
wire) transmission line of length l is

L  — l n — (in SI units)

where d  =  distance between the axes of the conductors
R  =  radius of the cross section of the conductors

27.3.2. The self-induced emf is determined by F araday’s law:

=  =  (in SI units)

ë ,  =  -  ' - - ( L I )  (in Gaussian units)

If the medium is not ferromagnetic (see 28.6.1.) and the circuit 
is rigid (undeformable), then L, =  const and

ê s =  —L  —  (in SI units)

<£, = ~  (in Gaussian units)

27.3.3. According to Lenz’s law, a self-induced current opposes 
the change in current in the circuit, impeding its increase or 
decrease. The self-inductance of a circuit is a measure of its 
inertia to changes of current.
27.3.4. The law for the change of the current in closing and open- 
ing a circuit having a constant emf <£, self-inductance L  and 
electric résistance R  is

where I 0 is the current a t the initial instant of time t =  0. 
Example 1. In closing a circuit (there being no initial current, i.e.
/o = 0)

As the current increases in the circuit it approaches the asymp- 
<5 Htotic value ^  the more rapidly, the greater the ratio - j -  (Fig.

27.1).
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k k j . 2 7 . 2

Examplc 2. In switching otï tlie source of emf (C =  0)
R

I  =  h e " 1 '

The current in the circuit decreases froin ils initial value I 0 to
zéro the more rapidly, the greater the ratio — (Fig. 27.2). The
large self-induced emf obtained when a circuit is suddenly broken 
is the cause of the breakdown of the air gap between the contacts 
of the switch and the striking of an arc (see 22.7.6.) which may 
melt the contacts. Spécial switches (breakers) and the inclusion 
of capacitors, connected in parallel, in the circuit are used to 
extinguish the arc.
27.3.5. Upon a sudden increase in the 
résistance in a d-c (direct current) cir
cuit from i?0 to R , the conséquent self- 
induced emf is

where L  =  self-inductivity of the cir
cuit

£ =  emf of the sources inclu- 
ded in the circuit.

27.3.6. The circuital electric field of self- 
nuluction, set up in a conductor through 
which an alternating current flows, op
poses the current changes in the con- 
huctor and facilitâtes the changes near 
ils surface. The direction of the lines of force of the circuital 
lleld upon an increase in current is shown in Fig. 27.3a, and 
upon a decreasc in current in Fig. 27.3&. The résistance of the 
internai portions of the conductor to an alternating current is 
higher tlian th a t of the external portions. The density of the
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IV.Electricity and Magnetism
alternating current is a maximum at the surface of the con- 
ductor and a minimum at its axis. In the case of high-frequency 
currents, the current density is other than zéro only in a thin 
layer near the surface of the conductor. This is called the s k in  
effect. Approximate formulas describing the skin efïect in homo- 
geneous cylindrical conductors are

1 + —- a t k  < 1

0.977/c + 0.277 a t 1.5 <  k  <  10

* + T + «ïk a t k  > 10

effective résistance of a conductor of radius r  to 
alternating current with a cyclic frequency co 
résistance of the conductor to direct current 
r
2«î

ô =  2 ( 2 K m/u,0yo j)~ *  (in SI units)

ü =  c (2 7 iK my œ )~* (in Gaussian units)

c =  electrodynamic constant 
ju0 =  magnetic constant

y  — electric conductivity of the conductor for direct cur
rent

K m =  relative magnetic permeability of the conductor 
ô =  skin depth (effective depth of pénétration of alter

nating current) which is the distance from the sur
face of the conductor a t which the current densityi
falls to — of its value a t the surface.e

The thinner the conductor, the more pronounced the skin effect 
and the lower the values of co and y  a t which it should be taken 
into account.

whereiîa, =

= 
k =

Rœ
Ro

27.4. Mutual Induction. The Transformer
27.4.1. M u tu a l  in d u c t io n  refers to the induction of an emf in ail 
conductors in the vicinity of other conductors in which the current 
changes in time. For example, upon a change in the current / ,  
in the first circuit shown in Fig. 27.4, an emf S 2 of m utual induc-
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2 Electromagnetic Induction
tion is developed in the second circuit, producing an induced 
currcnt. Thus

_ (W>m2 1
' 2  =  ~  Vu
> _  _  1 d<l>nvl
2 ~ c <n

(in SI units)

(in Gaussian 
units)

where & m2i is the magnetic flux r m . 2 7 .'i
of the field set up hy current
/ j, through the surface bounded hy the second circuit.
27.4.2. The magnetic llux 0 tt>2, is proportional to the current I v  
Th us

0 m2i = M 2\ I \  (in SI units)

0 m 2l ~  c (in Gaussian units)

vvhere M 2l is the m u tu a l  in d u c ta n c e  of the second and first cir
cuits. The mutual inductance dépends upon the geometry, di
mensions, and relative arrangement of the circuits, as well as the 
relative magnetic permeability of the medium surrounding them. 
Similarly, & ml2 = A/12/ 2, in which I 2 is the current in the second 
circuit; 0 ml2 is the magnetic flux of the field set up by the current 
I 2 through the surface bounded by the first circuit and M X2 
is the mutual inductance of the first and second circuits. For a 
nonferromagnetic medium (see 28.6.1.) M 2l =  M y i. If the me
dium is ferromagnetic, then M l2 and M 2l dépend, in addition to 
the previously mentioned quantifies, on the currents in the cir
cuits and, due to hystérésis (see 28.6.12.), on the way in which 
the currents change.
27.4.8. The équation for the emf of mutual induction is

ê 2 =  ----- (in SI units)

f ’>.2 =  -  *2 ( M a I , )  (in Gaussian units)

If M 21 = const, then

S2 =  -  M 2l -y - (in SI units)

ê 2 =  -  ---- (in Gaussian units)

Hxample. T r a n s fo r m e r s  are used to raise or lower (to step up or 
si('p down) the voltage of an alternating current. Their operation
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IV.Electricity and Magnetism
is bascd on mu tuai induction. The alternating magnetic field set 
up by current I x in the p r i m a r y  w in d in g  produces an emf of 
mutual induction in the s e c o n d a r y  w in d in g .  The core of the trans
former is designed to provide for substantial mutual inductance 
M 21. For no-load operation (at / 2 =  0)

whore TV, and iV2 = number of turns in the primary and second
ary windings 

R m =  réluctance of the core (see 25.5.7.).
The ratio of the magnitudes of the voltages U 2 and U 1 across 
the terminais of the secondary and primary windings a t no-load 
operation is called the v o lta g e  r a t io  of the transformer. Thus

! t /2 | =  A'2 
I Ui ! A'i

27.f). Energy of a Magnetic Field Set 
Up by an Electric Current

27.5.1. The in t r in s ic  e n e rg y  o f  the c u r re n t I  in a circuit with a 
self-inductance L  is a value numerically equal to the work donc 
in overcoming the emf of self-induction to produce the current 
(it is assumed tliat the medium is nonferromagnetic, so t.hat h  
does not dépend on /). Tlrns

Il m = L *~ (in SI units)

1 i  ]~JT,,, = . (in Gaussian units)

The intrinsic energy of an electriccurrent is the energy of its mag
netic field. For instance, in a long solenoid

IV m -  l  / i llK ,„ u - I - V  (in SI units)

IF,„ — hJ ‘ 2 n n - l -  V  (in Gaussian units)

whore V  =  volume of the solenoid
n =  number of turns per unit length of the solenoid 

f iu = magnetic constant
K m = relative magnetic permeability of the medium.
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27. Electromagnetic Induction
27.5.2. The v o lu m e  e n e rg y  d e n s i ty  w m in a magnetic field is the 
cnergy per unit volume of the field. Thus

The volume energy density of a magnetic field in an isotropie and 
nonferromagnetic medium equals

where /u0 =  magnetic constant
K m =  relative magnetic permeability of the medium 

B  and H  =  magnetic induction and intensity a t the point 
being considered in the magnetic field.

27.5.3. The energy of a magnetic field, set up in a nonferro
magnetic isotropie medium by n  circuits w ith the currents 
î» -̂ 2» • • • » In t is

where M ik =  m utual inductance of the i-th and ft-th circuits 
M u  =  L i  =  self-inductance of the i-th circuit.

27.5.4. The m u tu a l  e n e rg y  o f  c u r re n ts  I t an I k is the quantity

IKi* =  - h  J  d V  = i -  (*n Gaussian units)

where / ^ k
11,- and H , = intensities of the magnetic fields set up by currents

Intégration is to be extended throughout the whole volume V  
nf the field. Therefore, the energy of a magnetic field set up by

Wm d V
d W m

(in SI units)

_  K mU* _ b h _ _  1 a*
Wfn ~  “ 8 71 “  Sn ~  8 n K m

1 H2 
8 n K m

(in Gaussian units)

W m =  ‘ £  M u I t I t  (in Si uniis)
* », *= 1

1 H
XV m = 2c2 Y  Mue h  h  (in Gaussian units)

i.kL  i

(in SI units)
F

F

I t  and I k separately.
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a System of circuits carrying various currents is equal to the 
sum of the intrinsic and m utual energies of ail these currents. 
27.5.5. The v o lu m e  e n e rg y  d e n s i ty  in  a n  e le c tr o m a g n e tic  fie ld  in an 
isotropie medium, having no ferromagnctic or ferroelectric 
propertics, is

w  — w m \-u \ K m/io I l2 ■ K 9e0E 2
o ' o (in SI units)

w  =  w m + w t o _ ' o _8 71 8 71 (in Gaussian units)



CHAPTEK 28

Magnetic Properties of Matter

28.1. Magnelle Moments of Electrons and Alorns
28.1.1. An électron lias an in t r in s ic  a n g u la r  m o m e n lu m  (mcchan- 
ical moment) p, wliich is called s p in .  This moment can hâve 
only two orientations with respect to the external magnetic 
lield directed along the axis z . They are sueli that its two possible 
projections on the direction of this field equal

wliere h = Planck’s constant (sec 41.2.7.)

h h_
2 n

28.1.2. Gorresponding to the spin ps of the électron is the s p in  
m a g n e tic  m o m e n t pma. Thus

Pm« — §«V»
The quantity g 8 is called the g y r o m a g n e t ic  r a t io  o f  the s p in  m o m e n t.  
Thus

& = (in SI units)

g s = (in Gaussian units)

whcre e — magnitude of the charge of the électron 
m = mass of the électron 

c = velocity of light in a vacuum.
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IV.Electricity and Magnetism
The projection of the spin magnetic moment of an électron on 
axis 2  (see 28.1.1.) is numerically equal to the Bohr magnéton 
fiji. Tlius

I>m,z  =  ±  =  ± P i >  (in Si unils)
e h

p m8z = — ~2mc = -(** (in Gaussian units)

whcre = 0 .9 2 7 X 1 0 -* * »  = 0.927 X lO "* * ^ -.
Electron spin accounts for the fine structure of the spectrum 
lines (see 45.3.5.) and the splitting of these lines in magnetic 
fields (see 45.4.1.). Electron spin influences the distribution of 
the électrons among the energy states in atomic Systems. Spin 
also accounts for the magnetic properties of ferromagnetic sub
stances (see 28.6.1.).
The anomalous magnetic moment of the électron is dealt with in
49.3.8.
28.1.3. The magnetic moment pm developed by the motion of 
the électron on its orbit is called the orbital magnetic moment. 
The angular momentum p of the électron equals p = ra[rv] 
(see 4.3.1.), whcre r is the radius vector and y is the velocity of 
the électron.
28.1.4. The orbital magnetic moment of the électron and its 
orbital angular momentum with respect to the nucléus are pro- 
portional to each other and opposite in direction. Thus

V m = SP
where g = (in SI units)

C£ -- —--
2 m c

(in Gaussian units)

The gyromagnetic ratio g of orbital moments is only one lialf of 
g, (see 28.1.2.). For the steady state of the électron in the atom, 
the quantity p  equals

p = Ÿ ld+ i)h

where l is the orbital quantum number (see 45.1.9.). Under the 
same conditions

Pm = ŸHI+ 1) PB

where pB is the Bohr magneton (see 28.1.2.).
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28.1.5. The vec to r  P,M o f  th e  o r b ita l  m a g n e tic  m o m e n t o f  a n  a to m  
is the vector sum of the orbital moments of ail ifs Z électrons. 
Tlms

p.» = £
i = 1

where Z is the atomic number in Mendeleev’s periodic table 
(see 45.6.8.).
The vector P of orbital angular momentum of the atom is deter- 
mincd in a similar manner:

p = I  p.i ~ l

where p,- is the orbital angular momentum of the i-th électron. 
The proportionality relationship is valid for the afoinic moments 
PWI and P as well :

P,n = g?
where g is the gyromagnetic ratio (see 28.1.4.).
The magnetic moments of nucléons and atomic nuclei are treated 
in 47.3.1. and 47.3.4.
28.1.6. If an atom is introduced into a uniform magnetic field, 
the latter changes the angular velocity (1.4.3.) with which the 
électrons rotate about the nucléus. This 
change occurs in the process of growth of 
the magnetic field into which the atom is 
introduced and is a resuit of the develop
ment of an induced circuital electric field 
(see 30.2.1.) acting on the électrons.
28.1.7. If the orbit of an électron and the 
vector pm of its orbital magnetic moment 
are arranged with respect to the in ton- 
sify vector H of the magnetic field as 
shown in Fig. 28.1, there will be a pre- 
cessional motion (see 4.7.3.) of the orbit 
and vector pm about vector H with an 
angular velocity o L (Larmor preccssion) 
npial to

ell
^  2m

0)L - eH
2mc

(in SI units)

(in Gaussian units)
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IV.Electricity and Magnetism
where c = magnitude of the charge of the électron 

m — mass of the électron 
c = velocity of light in a vacuum 

//0 = magnetic constant (see 25.2.1.).
Larmor's theorem states that the only resuit of the influence of a 
magnetic field on an électron orbit is the precession of the orbit 
and vector p,„ with the Larmor angular velocity coL about an 
axis passing through the centre of the orbit and parallel to 
vector H.
28.1.8. The occurrence of precession leads to the appearance of an 
additional orbital current A Iorh and an induced orbital magnetic 
moment Apm of the électron, having a direction opposing that of 
vector H. Th us

a2fJoS I
4>™ ------ /imn-  H (in SI units)

e2S i
= — >,jnnC2 H (,n Gaussian umts)

where = nr\ = area of the projection of the orbit on a 
plane perpendicular to the magnetic field intensity 

r\ = time-averaged square of the projection of the 
electron’s orbital radius.

— - 2 'For a spherical symmetrical électron shell in an atom, r\ = 3 r2,
where r2 is the average value of the square of the orbital radius. 
28.1.1). The total induced orbital moment z!Pm of the atom equals

A¥m = Y,i = 1
where Apmi = induced orbital magnetic moment of an électron 

Z  = number of électrons in the atom.

(in SI units) 

àfm  =- .É r*?H (m Ganssian units)
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28.2. Classification of Magnetic Materials
28.2.1. Magnetic materials are ail media capable of being magnet- 
ized in a magnetic field, i.e. of creating their own magnetic field. 
Accordingto their magnetic properties, such materials are divided 
into three principal groups: diamagnetic, paramagnetic, and ferro- 
magnetic materials.
28.2.2. The vector quantity M, called the intensity of magnetiza- 
tion (or simply magnetization), is used to characterize the mag- 
netization of substances. It is the vector sum of the magnetic 
moments of the atoms (or molécules) contained in unit volume. 
'Finis

where N  = number of particles in volume V of the magnetic 
material

P,rti = magnetic moment of the i-th atom (or molécule). 
For magnetic materials in fields that arc not excessively strong

m = x mn

where xm is the magnetic susceptibility of the substance. For dia
magnetic materials xm < 0, while for paramagnetic materials

----- 0.
28.2.3. Diamagnetic materials are further classified as “classical”, 
“anomalous” and superconductors. The first subgroup consists of 
inert gases, certain metals (zinc, gold, mercury, etc.), éléments of 
the Silicon and phosphorus types, and many organic compounds. 
For these substances, xm < 0 is of small magnitude, of the order 
of (0.1 to 10)X10-0, and independent of température. The second 
subgroup includes bismuth, gallium, antimony, graphite, etc. 
For these substances, xm < 0 dépends on température and has a 
magnitude of the order of (1 to 100) x 10-6. The magnetic suscept
ibility of superconductors is dealt with in 28.7.5.
28.2.4. Paramagnetic materials are subdivided into normal 
paramagnetic materials, paramagnetic metals with magnetic 
susceptibility that is independent of température, and antiferro- 
magnetic materials.
Normal paramagnetic materials include the gases 0 2, NO, etc.; 
platinum and palladium; salts of iron, cobalt and nickel and 
lliese metals themselves at températures T > 6>c, where S e is 
lin» Curie température (see 28.6.6.); etc. Their magnetic suscepti-
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IV.Electricity and Magnetism
bilit.y xm : - 0 and dépends on température according to the Curie 
law:

or the Curie-Weiss law
-  c 'Km ~ T+A

where C and C' are the Curie constants. The Weiss constant 
A may be positive, négative or equal to zéro.
Typical paramagnetic metals, in which xm is independent of 
température, are the alkali metals: lithium, sodium, potassium, 
rubidium and césium. Thcy are very weakly magnetic: xm ~ 10-7 
to 10"6.
Antiferromagnetic substances (crystals of éléments of the transi
tion groups of Mendeleev’s periodic table, their alloys and Chem
ical compounds) are normal paramagnetic materials with zl<0 at. 
temperatures above the antiferromagnetic Curie température 
9 ae (see 28.6.6.).
28.2.6. Certain transition metals (iron, nickel and cobalt) and a 
number of alloys that possess spécial magnetic properties (see
28.6.1.) constitute a group of ferromagnetic materials.

28.3. Diamagnetism
28.8.1. The phenomenon of diamagnetism is the induction of an 
additional magnetic moment in the électron shells of atoms by 
the action of an external magnetic field. Diamagnetism is inhérent 
in ail substances, but is observed only in cases when the atoms, 
ions or molécules do not hâve a résultant magnetic moment 
Pm (S- or 27-state, see 45.3.4. and 46.3.4.).
28.3.2. The diamagnetic susceptibility equals

Ha = -  r* (>n SI UIlitS)

2 Z
ma = -  f;£r2 E  '< (in Gaussian units)

where n0 is the concentration of the particles of the substance. 
The rest of the notation is indicated in Sec. 28.1. The formula is

z _
valid under the condition that £  r\ hasitssteady-state value and
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2 8 . Magnetic Properties of Maller
is not changed by the thermal motion of tlie atoms. In taking 
lhe quantum properties of the électron shells of atoms into 
considération, the formula is valid for nondegenerate S- and 
l-states (see 12.3.1.) and if the atom nucléus or ion lias a spher- 
ically symmetric electric field.
28.3.3. In addition to their paramagnetic properties, the conduc
tion électrons in metals (see 21.2.1.) also possess diamagnetic 
susceptibility. Thus

(in SI units)

(in Gaussian units)

wlicre \VF = Fermi enorgy (see 12.8.G. ; hero the notation lias 
bcen changed to avoid confusion) 

w0 — concentration of conduction électrons 
ni = mass of the électron 

fi,{ — Bolir magneton (see 28.1.2.) 
h = Planck’s constant.

‘2Wf
hmnBno 1

W V3 /
_ p 'b _ _ b n i / ï B  /jrç\̂   ̂

2W> ~  h2 \ 3 / n°

28.4. Parainagnetism
28.4.1 Parant agnclisni is the totality of magnetic properties of 
certain substances whose atoms (or ions) hâve a constant magnetic 
moment Pm that is indépendant of the external magnetic field. 
Tliis moment Pw is of the order of magnitude of 10~20 erg per 
gauss or 10~23 joule per weber per m2. In the absence of an exter- 
nal field, the disorienting action of the thermal motion of atoms 
dnes not permit ordered alignaient of vectors P#rt or magnetiza- 
I ion of the substance.
28.4.2. If a paramagnetic material is placed into a uniform exter- 
nal magnetic field, the électron orbits and the magnetic moment 
vectors of the atoms will precess about the direction of the exter- 
nal field (see 28.1.7.). The combined action of the field and the 
lliermal motion of the atoms leads to preferred orientation of 
Nie magnetic moments of the atoms in alignment with the exter- 
ual field.
28.4.3. The classical expression for the intensity of magnetization 
M (not taking space quantization, see 45.3.1., into account), 
with the assumption that there is no interaction between the 
.Moins (or molécules), is

.. i*

M  = n«PmL[a)
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IV.Electricity and Magnetism
where n{) = number of particles per unit volume

Pm = constant magnetic moment of the atom (or molé
cule)

L(a) = classical Langevin function (sce 20.7.10.). Here

Lia) = coth a — -' ' a

where a = (in SI units)
P  Ha = (in Gaussian units)

H = magnetic field intensity 
k = Boltzmann’s constant 
T  = absolute température.

At room températures, and if the field is not too slrong, the
condition Pml l  «  kT  is complied with. In this case L(a) ^  and

M = H (in Si units)

M = M (in Gaussian unils)

The paramagnetic suseeptibility is

x„, = (in SI units)

xm -- (in Gaussian units)

The Curie law states that the paramagnetic suseeptibility varies 
inversely with the absolute température.
At low températures or in strong fields the value PmH »  k l \  
L(a) 1, and M  = n0Pm (saturation magnetization) .
28.4.4. The classical expression for the intensity of magnetization 
of a paramagnetic substance, admitting the possibility of any 
orientations of the magnetic moments of the atoms, is replaced 
in the quantum theory of paramagnetism by the formula

where J  -  inner quantum number (see 45.3.2.)
{in --- Bohr magneton (see 28.1.2.)
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g = Lande factor (see 45.4.7.) 

x = g J ^ B  I y  (in SI units) 

x — gJfiB (in Gaussian units)
Bj(x) = Brillouin function:

u i \ 2 J 4-1 * | 2 J 4-1 1 >1 xKAx) -  , j  colh 2J x -  2J colh -.ü

Al a; «  1, itj(x) = x.

The intensity of magnetization is
, ,  J + lM  = nqgfijt 3 æ

The paramagnetic susceptibility is
__ " ü (P /',fl)V o  

3hT
_ rç0(p//fl)2

3ftt

(in SI units)

(in Gaussian units)

whercp = g[J(J + i)Ÿ  is the elTective numbor of Bolir inagnetons 
per atoin.
In strong lields and at vcry low températures x -► o o ,  Bj(x) -► 1 
and the magnetization reaches the saturation value:

M  =  n ^ g j f i ÿ

2S.4.5. The paramagnetic properties of metals are due to the 
spin magnetic moments of the électrons (see 28.1.2.). The présence 
of a magnetic field violâtes the equal justification of the two 
possible spin orientations. The stable thermodynamic equilibrium 
of the électron gas in metals corresponds to the favoured orienta
lion of the spin magnetic moments of the électrons along the 
lield, i.e. paramagnetic magnetization. The paramagnetic suscepti- 
hilil.y of the électron gas does not practically dépend on tempéra
ture and is thrice its diamagnetic susceptibility (see 28.3.2.). 
Thus

*» -= “ iS7,r?- ( i f  "t (i« »1 unil»)
»«. = (f)* "» (in Gaussian unils)
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IV.Electricity and Magnetism
where \VF = Fermi energy (see 12.8.6.)

//„ = concentration of the conduction électrons 
m = mass of the électron 
fxB = Bohr magneton 
h = [Planck’s constant.

28.5. Magnetic Field in Magnetic Materials
28.5.1. The magnetic field set up by the molécules (or alunis or 
ions) of a substance is called the intrinsic, or internai, magnetic 
field. This field is due to the existence of magnetic moments in 
the atoms (or molécules or ions) and is characterized by the vector 
of magnetic induction Btn<r.
28.5.2. The induction vector B of the résultant magnetic field in 
a magnetic material is equal to the vector sum of the magnetic 
inductions of the external (magnetizing) and intrinsic fields. 
T h us

B = B0 + Btn<r

wherc B0 is the magnetic induction of the lield in a vacuum: 
B0 — //0H (in SI nuits) and B0 = H (in Gaussian nuits).
In nonferromagnetic substances, the magnetic induction BiM<r 
of the intrinsic field is proportional to the magnetization inlen- 
sity vector M. Tlius

Bltt(r = |H0M (in SI units)
B,n<r = 47tM (in Gaussian units)

28.5.8. The relation between the magnetic induction B, lield inten- 
sity 11 and magnetization intensity M is

— = H+M (in SI units)t<0 '
B = H + 47rM (in Gaussian units)

28.5.4. The relation between the relative magnetic permeability 
Km (see 25.2.2.) and the magnetic susceptibility xm (see 28.2.2.) 
is

K m = 1 + >cm (in SI units)
Km = l + 4jr«w (in Gaussian units)

For diamagnelic substances < 0 and K m < 1. For paramagnetic
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substances v.m ^  0 and K m > 1. In oithor case, K m does noi dépend 
npon Lite intensity of the magnetic field in whieh the substance 
is placed and di fiers only slighlly from unity (B;w/r«  B„).
28.5.5. The volume energy density (see 27.5.2.) in a nonferro- 
magnetio magnetized medium is

m„ = /«„ (in SI units)
_\)H2wm wag = — (in Gaussian units)

The volume energy density wm of the magnetic field in a magnetic 
matcrial is made up of the volume energy density wmvac of the 
magnetic field in a vacuum (Km = 1) and the volume energy 
density wmmag in the magnetized material. Thus

=  U)m vac +  Wm mag

28.5.6. The total current law for the circulation of the magnetic 
induction vectorB in magnetic materials (see 25.5.2.) is

f  (B cfl) = //,(£  / + £  7„„,) (in SI units)

where 2 1 = algebraic sum of the conduction currents
threading through the intégration contour L  

2A/,oi = algebraic sum of the molecular currents thread
ing through the same contour, this being equal 
to the circulation of the magnetization vector 
with respect to the closed curve L.

Thus
£  = <f (M d \ )

28.6. Ferromagnetism
28.6.1. Ferromagnetic materials are magnetic substances in which 
I lit; intrinsic (internai) magnetic field may be hundreds or even 
lliousands of times stronger than the applied external magnetic 
I k< *lcl.
28.6.2. The high value of magnetization (see 28.2.2.) of ferromag- 
md.io materials is explained by the existence of a “molecular” 
magnetic field in them. This is due to a spécifie kind of quantum-
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IV.Electricity and Magnctism
meehanioal (exchange) interaction (soc 45.2.7 and 40.2.3) botween 
tho uncoinponsated spin magne tic moments of the électrons (sec
28.1.2.) in the atoms of the crystal lattices of ferromagnetic 
materials. As a resuit of this interaction, the stable and energetic- 
ally favourable state of the System of électrons in the crystal is 
an ordered state vvith parallel alignment (ferromagnetism) or 
antiparallel alignment (antiferromagnetism) of the spins (spin 
magnetic moments) of neighbouring atoms in the lattice.
28.0.8. Ferromagnetism and antiferromagnetism are observed 
only in the crystals of the transition metals, such as iron, cobalt 
and nickel (ferromagnetism) and the halogen salts of éléments 
in the group containing iron, chromium, manganèse, etc. (anti
ferromagnetism). The lattices of these substances bave atoms with 
incomplète électron shells 3d or 4f  (see 45.6.10.) so that the net 
spin magnetic moment is not equal to zéro.
28.6.4. Ferromagnetism (antiferromagnetism) is displayed under 
the condition that the exchange intégral (see 45.2.7.), characteriz- 
ing the spécifie quantum (exchange) interaction between the 
spin magnetic moments (see 28.1.2.), is positive (négative).
28.6.5. Ferromagnetism exists only at dcfinitc parameters of 
the crystal lattice. The distances between neighbouring atoms 
sliould ensure the required amount of overlapping of the wave 
functions of the électron shells. This amount should be such 
that the interaction between neighbouring atoms leads to a net. 
energy of the System of électrons that ensures stability of the 
ferromagnetic (or antiferromagnetic) state.
The condition of ferromagnetism is complied with only for those
crystals of the transition metals in which — 1.5, where d is the
diameter of the atom and a is the diameter of the incomplète 
3d (or 4f) shell. Hence, for éléments of the iron group, ferromag
netism is observed only in a-iron, cobalt and nickel. At values
of — < 1.5, the exchange intégral is négative and an ordered
arrangement of the spins corresponds to their antiparallel align
ment (see 28.6.2.). Here, the antiferromagnetism of the magnetic 
structure of the crystal can be regarded as a complex one consist- 
ing of two sublattices with oppositely oriented magnetizations. 
If the magnetic moments of the sublattices are numerically equal, 
there is no spontaneous magnetization of the crystal. If they are 
not equal (due to different numbers of atoms in the sublattices 
or if the atoms are of different species), there will be a différence 
in the magnetic moments of the sublattices. This leads to sponta
neous magnetization of the crystal—uncompensated antiferro-
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magnelism or ferrimagnelism. Such properties are fuund, loi* 
instance, in the ferrites (see 28.6.16.).
28.6.0. The spécifie properties of ferro- and antiferromagnetie 
inaterials are revealed only at températures lower than Ge and 
Oae, respectively, called Curie températures (the température G„c 
is often called the Néel température). At T  < 0 e, ferromagnetic 
bodies are composed of domains which are small régions of sponta- 
neous magnetization up to complété saturation. In the absence of 
an external magnetic field, the directions of the magnetization 
vectors of the separate domains do not coïncide and the résultant 
magnetization of the whole body may be zéro.
28.6.7. Monocrystals of ferromagnetic materials possess sharply 
defined anisotropy of their magnetic properties which is manifest- 
ed in the existence of directions of easy and of hard magnetization. 
The number of easy directions dépends upon the crystallographic 
structure of the given substance. In the absence of an external 
magnetic field, the direction of spontaneous magnetization in 
eacli domain coincides with one of the directions of easy magnet
ization of the monocrystal or of a separate grain of a polycrystal 
(see 15.1.2.). The number of domains with different orientation of 
the spontaneous magnetization (number of magnetic phases) 
equals twice the number of axes of easy magnetization. The size 
and shape of the domains, and the location of the boundarios 
hetween them in the absence of an external magnetic field are 
determined from the condition of minimum free energy of the 
crystal. The linear dimensions of the domains range from 10-3 to 
I0~2 cm.
28.6.8. The transition layer between two domains magnetized in 
different directions is called the domainwall. It is of finite thickness 
(about 300 lattice constants for iron) and has nonuniform mag
ne lization. This wall corresponds to the free surface energy equal 
l o the external work done in forming it.In the equilibrium magne t- 
ized state of the crystal, the domain walls pass through the 
parts of the crystal that comply with the conditions of minimum 
free energy of the crystal and the absence of any net macroscopie 
magnetization in the specimen.
Kxperimental proofs of the existence of régions of spontaneous 
magnetization are: (a) discontinuous nature of the technical mag
netization curve (see 28.6.9.) in the région of weak external fields 
(near the sharp rise in the curve)—the Barkhausen effect, or jump; 
and (b) nonuniformity in the distribution of finely divided mag- 
nefic powders on the surface of a ferromagnetic crystal (llitler- 
\kulov bands or powder patterns).
25.0. 9. The process of technical magnetization of ferromagnetic
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materials is the application of an extcrnal inagnetizing field to 
obtain a résultant magnetization in the materials. The dependence 
of the magnetization M  on the intensity H  of the external field, 
i.e. M  = f(H ), is called the technical magnetization curve (Fig. 
28.2).
There are two types of processes in technical magnetization: 
(a) domain wall motion, consisting in the increase in the volume

of domains, which are more fa- 
vourably oriented relative to the 
external field, at the expense of 
neighbouring domains which are 
unfavourably oriented;
(b) domain rotation, consisting in 
the change in direction of the 
spontaneous magnetization of 
the separate domains or the 
whole crystal by rotation of the 
saturation magnetization vector.
28.6.10. As the external magne- 
tic field increases, the domain 
walls are displaced at a finite 
rate. This process may be either 
réversible or irréversible. If the 
walls between the magnetic 
phases are reversibly displaced in 
magnetization, then in a quasi- 

s ta tic réduction of the external field, the domain walls are displaced 
in the reverse direction through the same places in the crystal 
and, at H  = 0, return to their initial positions. Réversible domain 
wall displacement is observed at the beginning of the technical 
magnetization curve. Irréversible displacement of the walls 
between the domains is not removed when the magnetic field is 
reduced. The initial position of the domain walls can be reached 
in the process of magnetic reversai. The completion of wall displace
ment processes in ferromagnetic crystals leads to their technical 
saturation along the one of the axes of easy magnetization that is 
nearest in direction to the magnetizing field.
28.6.11. A further increase in the intensity of the external mag
netic field, after the completion of the processes of domain wall 
motion, leads to the processes of rotation of the magnetization 
vector. These processes end when vectors M and H become paral- 
lel to each other. The division of the technical magnetization 
curve into sections which difïer in their origin is of a relative 
nature. In the région of weak ficlds below the maximum on the

Réversible domain 
motion processes

FIG. 2 8 . 2
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Stoletov curvc (sce 28.G. 13, Fig. 28.4), xmi» x dr\ for fields of 
medium strength [after the maximum on the x(H) curve] on the 
fiat portion of the M(H) curve (Fig. 28.2), xür »  where x„d 
and ndr are the magnetic susceptibilities of the ferromagnetic 
substance associated with the processes of wall displacement and 
domain rotation (see 28.6.9.).
28.6.12. Magnetic hystérésis of ferromagnetic materials refers to 
the lag in the change in magnetic induction B behind the change 
in the intensity of the extern al magnetizing field, due to the 
dependence of B on its previous values (past history). Magnetic 
hystérésis is a resuit of irréversible 
changes that take place in magne- 
tization and magnetic reversai. The 
causes of magnetic hystérésis are 
the irréversible processes of wall 
displacement between domains of 
spontaneous magnetization and do
main rotation (see 28.6.9.). A hysté
résis loop (Fig. 28.3) is a curve show- 
ing the change in magnetic induc
tion of a ferromagnetic body to 
which an external field is applied as 
Lhe intensity of this field is varied 
from + H 8 to - H ,  and back again, 
where H s is the magnetic field intensity corresponding to satura- 
lion. The value ± B , of magnetic induction reached at an applied 
field intensity of ± H, is called the saturation induction. The amount 
of magnetic induction ± B r remaining in the specimen after 
the field intensity has been reduced from ± H S to 0 is called the 
residual magnetic induction, or remanence. This factor is the basis 
for making permanent magnets. The intensity H e of the reverse 
lield, required to reduce the magnetic induction to zéro, is called 
l.lie coercive force, or coercivity. The area of the hystérésis loop 
l \  (hystérésis losses) is proportional to the work donc in magnetic 
reversai. Thus

B  ;

Bs 1
3 , f  / /  1 

/ /  1 
I  1 ^

r ŝ- - H c / o / H C //y H

i /  y1 ~Br

-B s

F I G . 2 8 . 3

Ph = j> H dB (in SI units)

In accordance with their H e and Ph values, ferromagnetic materi
als are classified as soft (He of the order of dozens of oersteds and 
a small area Ph) and hard (Hc of the order of 102 to 103 oersteds 
and a large Ph).
28.6.13. The dependence of the magnetic susceptibility xm of a 
frrromagnetic material on the intensity / /  of the external mag-
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netizing fïeld is oalled Stolctov's cnrvc 
(Fig. 28.4).
28.8.14. The Curie températures Oe for 
ferromagnetic and 0 ac for antiferro- 
magnetic materials arc points of second- 
order phase transitions (see 10.9.11.). 
AL this température the ferromagnetic 
(or antiferromagnetic) properties of the 
crystals are lost and the structure of 

the crystal lattice is changed, as are the heat capacity, electric 
conducLivity and ollier physical characteristics.
28.8.15. Magnétostriction is the change in shape and volume of a 
ferromagnetic material upon its magnetization. The simplest 
measure of the magnetostrictive effect is linear magnétostriction

vio.28.4

, where Al is the élongation of the specimen and l is its initial
length. Distinction is made between spontaneous and truc magné
tostriction. Spontaneous magnétostriction in each domain is 
associated with the fact that, upon the appearance of spontaneous 
magnetization, the conditions of equilibrium between the lattice 
points are changed and the lattice is anisotropically deformed. 
If a ferromagnetic crystal is not magnetized as a whole, no spon
taneous magnétostriction is manifested. It is found, however, 
in processes of technical magnetization. True magnétostriction is 
the change in the length of ferromagnetic specimens wlien suf- 
ficiently strong magnetic fields are applied to them. It occurs 
in the process of technical magnetization and is associated with 
parallel orientation of the domain magnetization vector as a 
resuit of the change in the conditions of equilibrium between 
the lattice points. Magnetostrictive oscillations are mechanical 
vibrations developed in ferromagnetic materials when they are 
magnetized in a periodically varying fïeld. They are employcd 
in ultrasonic magnetostrictive oscillators. A phenomenon is observed 
in ferromagnetic materials that is the reverse of magnétostriction. 
This is called piezomagnetism and concerns the change in the 
magnetization of a specimen upon its deformation.
28.8.18. Ferrites are ferromagnetic semiconductors with the 
general Chemical formula M0Fe20 3, in which M is a divalent ion 
of some métal (Cu++, Zn++, Ni+ + , etc.). Ferrites are distinguish- 
ed for their appréciable ferromagnetic properties and are poor 
conductors of electricity. They are used for magnetic circuits in 
devices operating at high frequencies (in which they ensure 
small eddy current losses, see 27.2.2.).
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28.7. Superconductivity
28.7.1. Superconductivity is practically complété disappearance 
of electrical resistivity in certain me tais (lead, zinc, aluminium, 
etc.) and alloys (bismuth and gold, carbides of molybdenum and 
tungsten, niobium nitride, etc.) at a certain critical température 
Tc called the transition température to the superconductive State. 
Substances having this property are called superconductors. 
The température vs resistivity curve of a superconductor (Fig.
28.5) shows that the transition région in which superconductivity 
appears is of finite width A B  and dépends upon the presence of 
impurities and internai stresses in the sample. In chemically 
pure superconductors, the interval A B  is of the order of 10“3 deg. 
The températures Te of pure metals range from 0.35 °K (hafnium) 
to 9.22°K (niobium), and of alloys from 0.155°K (BiPt) to 
18°K (Nb3Sn).
28.7.2. The températures T c are inversely proportional to the 
square roots of the atomic weights of the isotopes (see 47.1.3.) 
of a single superconductor (isotope effect in superconductivity).
28.7.8. If a magnetic field is applied to the superconductor, the 
critical température T,, is lowered. The curves in Fig. 28.6 rep

osent the dependence of the résistance B  of white tin (fi-Sn) on 
l.he intensity II of the applied magnetic field at various tempéra
tures. The magnetic field that causes a transition from the super- 
rond uctive to the normal State at the given température is called 
the critical field. With a réduction in the température T  of the 
superconductor, the intensity H c of the critical field increases 
(Fig. 28.7). As a first approximation

R, ohms
6 i—

O Tc T H, oersleds

fi 0.28.5 Kin.28 .fj

28.7.4. The superconductive properties of conductors disappear
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when a sufficiently heavy current is passed through them. This 
is due to the action on the conductor of a magnetic field, set up 
by the current, that destroys the superconductive state.

Ëiectricity and Magnetism

Normal state

( ^  0

FKi.ï îS.S

28.7.5. Magnetic fields weaker than the critical field (see 28.7.3.) 
do not penetrate into the interior of the superconductor. Hence, 
the magnetic induction B  in the volume of the superconductor 
equals zéro. In Fig. 28.8 a uniform magnetic field is directed along 
the axis of a superconductor. A superconductor is an idéal dia- 
magnetic material with a magnetic susceptibility xm = -1  
(see 28.5.4.). The magnetic field intensity in a massive fiat super- 
conductor decreases along a normal to the surface according to 
the law

Il  =  H0e~ô

where
IL

distance from the surface 
field intensity at the surface
constant deterinining the depth of pénétration of 
the magnetic field into the superconductor.

ô -  1[■: mfr h ne- n0si,
where m = mass of the électron 

e = charge of the électron 
c — velocity of light in a vacuum 

"o»e ~  number of électrons per unit volume participating 
in the superconductive current.

At T  < Te, the value ô ^  10-5 cm; as T  -► Te, ô -+ oo. This indi- 
cates that at températures above rJ \, the superconductive state 
changes to the normal state and the magnetic field is distributed 
throughout the volume of the conductor.
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28.7.0. In the presence of a magnetic field, the isothermic transi
tion from the superconductive to the normal state is accompa- 
nied with the absorption of heat and with a jump in the heat 
capacity and heat conductivity. The reverse transition is accompa- 
nied with the génération of heat.
28.7.7. According to the thermodynamictheory of super conductivity, 
the superconductive and normal states are two phases of a sub
stance, each being converted into the other at definite values of 
the state variables—the température T  and the magnetic field 
intensity H—according to the curve He = f(T) shown in Fig. 28.7. 
The conversion of a superconductor to the normal state by the 
action of a magnetic field, i.e. at T  < Te, is a first-order phase 
transition. The same conversion in the absence of a magnetic 
field is a second-order phase transition (see 10.9.11).
28.7.8. The present-day theory of superconductivity regards this 
phenomenon as superfluidity (see 14.6.8.) of the électrons in a 
métal. A spécifie interaction between the électrons (with the 
création and absorption of phonons) can lcad to their mutual 
attraction (forming bound pairs). In certain cases, this efïect 
may be the cause for the transition to the superconductive state. 
In a System of sucli interacting électrons, ail the conduction 
électrons in the métal form a bound collective which cannot give 
up energy in small portions, i.e. no scattering of the électrons by 
lhe thermal vibrations of the ions occurs (see 21.2.5.). To disrupt 
the bonds of the électron with the other électrons of the collective 
it is necessary to expend an amount of energy corresponding to 
lhe average energy of thermal vibrations of the lattice points at 
lhe température Te (see 28.7.1.). Therefore, at T  > Tc, no bound 
state occurs and superconductive properties are not displayed. 
2.8.7.9. When a magnetic field of an intensity greater than H c 
(see 28.7.3.) is applied to certain alloys, a superconductive state 
may appear which is due to the fact that the magnetic field péné
trâtes the superconductor in the form of thin flux lines that thread
I lirough the specimen. The matter between the lines is found to be 
superconductive and the résistance of the whole specimen equals 
/.cro. A number of alloys (Nb3Sn, NbZn, etc.) remain super- 
•onductive at field intensities up to 100 oersteds. There are alloys 
that retain their superconductive properties in fields having 
intensities up to 200 oersteds. This feature is used in engineering 
t o  obtain strong magnetic fields. Magnets of a design based on 
lhe use of superconductive solenoids are being widely applied.
28.7.10. In the present-day theory of superconductivity, the 
possibility of superconductive phenomena being manifested by 
l o n g  organic molécules has been thcoretically discussed. Thus if
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électrons move freely in a long one-dimensional chain of atoms 
having readily polarizable side branches (Little's model)y the 
électrons, in passing near a branch, will polarize it and induce a 
positive charge on the end of the branch nearer to thc main 
chain. The attraction between the électrons of the main chain 
and this charge may lead to an effective attraction between the 
électrons that exceeds their Coulomb repulsion. A superconductive 
state has been theoretically predicted for such a System of interact- 
ing électrons with a température Tc of transition to the super
conductive state (see 28.7.1.) near 2000°K.
28.7.11. Superconductivity has been found experimcntally in a 
number of semiconductors (for instance, GeTe and strontium 
titanateSrTi03). The relative dielectric permeability of strontium 
titanate is very high at low températures. This sharply reduces 
the Coulomb repulsion between électrons and facilitâtes the 
formation of bound électron pairs which provide for supercon
ductivity.
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Electromagnetic Oscillations

29.1. Oscillating Circuit
29.1.1. In the general case, an oscillating circuit is an electric 
circuit consisting of a capacitor of capacitance Cy a coil of induct
ance L t and a resistor of résistance i?, ail con- 
nected in sériés (Fig. 29.1.). The variation of the H  
charge q on the capacitor plates with timc can CL 
be described by the diiïerential équation

T d2<L , n  d<i . <1 -  o
L  d l*  dt ' H C ~  ° mcî.29.1

The solution of tliis équation (at R < 2 j / J  is of the forni

l t

q — A ne 2L sin (wM a0)

where oj = Y  Te ~~ il*  *s ^ le ^yc^c f^ T loncy oscillations. This 
équation shows tliat the magnitude of the charge of the capacitor 
lias damped vibrations (sec G.2.6.). The quantity /? = — is called 
(lie damping factor.
The amplitude of damped vibrations is 

A  = A„e-p‘ 

wliere An is the initial amplitude.
If at the initial instant of timc (t — 0) the charge of the capacitor
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plaies is q = qu and there is no currenl in the circuit, lhen 

A = q°__
f

R 2C
k L

The initial phase of the oscillation is

a0 = arctan —- = arctan j / " - 1 
29.1.2. The votlage Ue across the capacitor plates is

R

Uc = — = - ~ e  2L sin (ûrt+a0) 
The current in the oscillating circuit is

n
/  = - - ? - =  A 0e *L ' [-£- sin (tot + a0) -co cos (cüJ + a0)]

29.1.8. The period T  of damped vibrations in the circuit is (see 
6.2.9.)

2rp _

n
R2 

LC  4L2

The period T  increases with the résistance R  of the circuit and, 
at R = 2|A— , becomes infinity.

29.1.4. At R  > 2 |A— , the variation of the charge on the plates
is no longer of an oscillating nature and the discharge of the capaci
tor is said to be aperiodic. This is also called overdamping. The 
solution of the differential équation for this case is of the form

where Aj

q = C1 e ît + C2 t 

IL  !  4L2 4C’ 2L I  4L2 LC ’
and Cl and C2 are constant coefficients depending upon the 
sélection of the time reference points.
29.1.5. The periodic variation of the charge on the capacitor 
plates gives rise to an alternating current /, an alternating voltage 
Uc across the capacitor plates, and alternating electric and mag- 
netic fields. The free, or natural, oscillations of q, I  and Uc are 
called free, or natural, electromagnetic oscillations. When q = q0 
at the instant t = 0, the energy of the oscillation is equal to the 
electric energy of the ficld. Owing to the génération of Joule heat
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in the circuit, the energy of eleetromagnetic oscillations decreascs 
(is dispersed) and the oscillations are damped.
29.1.6. With R  -► 0, the eleetromagnetic oscillations in the circuit 
are undamped (/? = 0). For such oscillations

q = A 0 sin (a)0* + a0);
U' = ^  sin (a>0t+ a0);

I  = -  A 0co0 cos (û>0< + a0)

where co0 = is the cyclic frequency of natural undamped
eleetromagnetic oscillations in the circuit. The current lags in
phase by an angle — behind the potential différence between the 
plates.
29.1.7. The period T  of natural undamped oscillations is given 
by the Thomson formula:

T = —  = 2ji y LCVJQ
29.1.8. The amplitude / 0 of the current and the amplitude Ue0 
of the voltage are

h  = A o£üo = ^  and U,, = ^

29.1.9. With natural undamped oscillations, there is a transfer 
of energy in the circuit back and forth from the electric field of 
I lie capacitor to the magnetic field of the electric current. At the
instants of time t = 0, , T, etc., the energy of the electric field is

1 CU}al a maximum and equals —— while the energy of the magnetic
lield equals zéro. At the instants of time « = 1/4 T, 3/4 T, etc., 
(lie energy of the magnetic field is at a maximum and equal
to ~ ~  while the energy of the electric field equals zéro. From
Ihe condition

CUk _. LJlt) o
il. follows t.hat.

T, = -r c
The quantity j/"-— is called the characteristic, or wave, impédance 
«»f the circuit.
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Ëlectricity and Magnetism iv.

29.2. Sustained Electromagnetic Oscillations
29.2.1. In a real oscillatory circuit, the résistance R  does not 
equal zéro and the natural electromagnetic oscillations are 
damped. To obtain undamped oscillations it is necessary to deliver 
energy to the circuit to recompence that lost as Joule heat. 
Such forced electromagnetic oscillations can be sustained in the

An arbitrary continuons emf in the form of the function ê = ê(t) 
can be represented, according to Fourier’s theorem, as the sum 
(Pinite or infinité) of simple sinusoidal emf’s with different ampli
tudes, initial phases and cyclic frequencies.
29.2.2. The dilîerential équation of sustained electromagnetic 
oscillations is

where the notation is the same as in 29.1.1. The solution of this 
équation is represented as the sum of two terms: the complété 
solution of the corresponding équation vvithout the right-hand 
part (see 29.1.1.) and the particular solution. The first terni, 
characterizing the natural damped oscillations in the circuit, can 
be neglected when a certain time lias passed after the beginning 
of the oscillations. The current in the circuit, after the sustained 
oscillations hâve reaehed a steady state, is

where /w is the amplitude of the current in the circuit. Thus

where « is the phase shift between the current and applied emf,

circuit by connecting it to a current source with 
a periodically varying, for example, sinusoidal,

l'Ki.?!).?

<£ —- <90 s in ül

where <£0 = amplitude of the emf
Q = cyclic frequency of the emf.

/  = /„ sin (Qt + a)

a — arctan K
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20 . Electromagnetic Oscillations
29.2.3. Tho quant.ity

z = i R i+ Q K -T ü ï
is called the impédance of an a-c electric circuit (oscillatory 
circuit). It is made up of tho résistance R, the inductive rcactance
X L — QL, and the capacitive rcactance X c = — , the last l wo
being collectively termed réactances X. A purely inductive 
rcactance shifts the phase of the alternating current in the cir
cuit by a = — ^  in reference to the phase of the applied ernf (tho 
current lags behind the ernf). A purely capacitive rcactance 
offects a phase shift in which the current leads the ernf by a = ” .
211.2.4. The average power evolved during a period by an alter
nating sinusoïdal current in a circuit (or any electrical network) is

N  = -V 0 cos «
where /„ and Æ0 — amplitudes of the current and ernf in the 

circuit
a = phase shift between the current and ernf.

The effective values of the current /«// and electromotivc force 
are the values of these quantifies for a direct current that 

will develop the same power N  (for an alternating current) 
when the efïective ernf is applied to the same olwnic résistance. 
Fur a sinusoïdal alternating current

I _ h and &eff -
Æo
Y’ï

211.2.5. The amplitude / 0 of the current dépends, not only on 
l.lie parameters of the circuit (i?, L  and C) and the amplitude 

of the ernf, but also on the cyclic frequency Q. Figures 29.3 
and 29.4 show the fonctions In(Ü) and a(Ü) for constant /?, L, C 
and <£().
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The maximum value of the eurrent

J _  0̂
1 0 max

is reached wlien

where cou is the frequency of natural undamped oscillations in 
lhe circuit (see 29.1.6.). At Q = Qr, the impédance of the oscillat- 
ing circuit is at the minimum and equal to the résistance R. Here 
a = 0, i.e. the eurrent and the impressed emf are in phase.
The sharp increase in the amplitude of the eurrent in an oscilla- 
tory circuit as Q Qr is called résonance in an electric nelwork. 
The frequency Qr is called the résonance cyclic frequency. The 
70 vs Q curve (Fig. 29.3) is called the résonance curve. The réso
nance frequency Qr is independent of the ohmic résistance R.
29.2.6. The amplitudes of the voltage drop UL across the induct
ance and Uc across the capacitance in a résonant circuit, shown

in Fig. 29.2, are equal:

Un  = Uoc = L û rJ0 =
but opposite in phase. Thus UL leads ÏJC by .t 
so that UL + Uc = 0. The total voltage drop 
in the circuit (Fig. 29.2) equals the voltage 
drop UR across the résistance R (voltage ré
sonance).

29.2.7. When a sinusoïdal emf é> = ê0 sin Qt is applied in an 
electric circuit consisting of a capacitance C and inductance l, 
connected in parallel (Fig. 29.5), the currents I x and J2 in the 
parallel branches are

FIG.29.5

7i = 70l sin (Qt + aj) and 72 = 702 sin (72h-«2)

where /«i i/' /iï+-
T _  PQ _
02 m + â n *

tan ci __i_
ücr tan a2 QL 

R o

The eurrent in the unbranched part of the circuit is
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2 9 . Electromagnetic Oscillations

wliere 70 = //jS1 + /jj2 + 2 /01/ 02 cos (a2- a j

tan a = 0̂Ï s*n q*+h>2 s*n qg
loi COS ax+ I02 COS a2

lf the ohmic résistances of the two branches equal zéro = 
= R 2 = 0), then

Io\ — j i 7̂02 — q j' i tan ctj — oo and tan q2 — — oo
~nc

i.e. ax = y- and a2 = —- so that the currents in the branches are
opposite in phase. The amplitude of the current in the ou ter 
(unbranched) circuit is

h  = I /oi ~ -̂ 02 I = *o|0C  QL |

At Q = Qr = , / 01 = / 02 and 70 = 0. The sharp decrease in
r <L*G

the amplitude of the current in the outer circuit whicli supplies the 
inductive and capacitive réactances connected in parallel, under

1the condition that Q -*■ û r = , is called current résonance.
Y LC

‘29.2.8. If an emf, which is the sum of sinusoidal emf’s with 
diitèrent cyclic frequencies û {i i.e.

n
ê = ^  sin

t = i
is applied to an oscillating circuit, then, owing to résonance 
plicnomena, the circuit will respond most strongly to that compo- 
iiont of the emf whose frequency Qk is equal to or is nearest to 
i In* résonance frequency Qr of the circuit. In radio receiving sets 
based on this principle, the résonance frequency is varied by 
rlianging the capacitance or inductance of the circuit.
‘29.2.9. In an oscillating circuit, the influence of applied emf’s 
wliose frequencies difîer from Qr is the weaker, the sharper is 
lin1 peak on the résonance curve I0(ü) near the value Q = Q, = 

w„. The sharpness of the résonance curve is characterized by
ils relative half-width —  :ijr

A Ü  20 
ür = ür
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IV.Electricity and Magnctisrn
where /Jti = ü 2- ü l — diffé

rence brlwei'n 
the cyclic frequ- 
ency values cor
respond ing to
72 _ L 72
J 0 9 J 0 tnax
(Fig. 29.6)

/I — damping factor 
of the circuit (see
29.1.1.)

Qr = résonance frequ- 
ency.

The quantity
« r
2j8

ür
R
L

is called the Q~factor of the circuit. 
Gonsequently

aü _ 1
a '  ~~ Q

29.3. Electronic and Semicondticlor Rectifiers 
and Amplifier s

29.8.1. Electrical circuits, called rectifiers and amplifiers, are 
used to rectify alternating current and to amplify electroniag- 
netic oscillations. The principal component of such circuits are 
electronic tubes and semiconductor devices.
29.8.2. Electronic tubes are based on the phenomenon of thermionic 
émission (see 24.4.1.). The simplest tvvo-electrode electronic 
tube—the diode—is shown schcmatically in Fig. 29.7. At a
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29. Elcctromagnetic Oscillations
constant température of the cathode (filament) of the tube, the 
current I A in a diode dépends upon the anode voltage UA (see
2 4 .4 .2 .  ).
29.3.3. Diodes hâve unipolar conductivity: a current is possible 
in the tube only under the condition that the voltage over the 
cathode and anode, or plate, UA > 0. This enables thèse tubes to 
be employed for rectifying alternating current. A two-electrode 
vacuum tube that serves to rectify alternating current is some- 
times called a kenotron.
29.3.4. Shown in Fig. 29.8 is the circuit of a half-wave vacuum-tube 
rectifier (kenotron). The primary winding I  of transformer T  is 
eonnected to a source of alternating current. The secondary 
winding I I I  supplies the filament of the tube. The leads of another 
secondary winding I I  are eonnected to the cathode and anode 
(plate). The current in the tube and load R  has a single direction 
(shown by arrows), and its magnitude varies (pulsating current). 
The variation in this pulsating current during a cycle is illustrated 
in Fig. 29.9. During the first half of the cycle UA < 0 and 1 = 0. 
The pulsations of the rectified current are smoothed out by means 
of a filter, which is either a capacitor or choke coil, eonnected in 
parallel or in sériés with the load R. The srnoolhing action of a

Va i

r% /  \  £
u

V l \ 'ï ' — 
\ J \ Z  \ \ J \ 2 J 

1 1 l

/  ;

A A A A A
'\' A A < A A A A A j

0 I T  T 3 ZT  
Z 1 2 1

FIG.2 9 .9

0 1 T  T  3 t 2 T  S  
2 1 2  2 l 

f i g . 2 9 .1  0

choke coil is based on the phenomenon of self-induction (see
27.3.1.). In full-wave vacuum-tube rectifiers a diode with two 
anodes (double diode) is used. This enables rectified current to be 
nhtained in both half-cycles (Fig. 29.10).
29.3.5. The action of semiconductor rectifiers, which may be of 
Ihe copper-oxide, sélénium or germanium type, is based on the 
imipolar conductivity at the p-n junction between a hole and an 
électron semiconductor (see 24.2.11). The Symbol of a semi
conductor diode is shown in Fig. 29.11 and the circuits of half- 
wave and full-wave semiconductor rectifiers, in Figs. 29.12
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IV.Electricity and Magnetism
and 29.1:1. Tho roctifying action of somiconductor diodes is 
sensitive to température citantes and is reduced as the tempéra
ture is raised. The working températures for various types of 
somiconductor diodes range from — 60°C to +(50 to 90)°C.

Fin. 29.11 fig .29.12 FIG. 29.19

29.3.0. Electromagnctic oscillations are amplified by means of 
electronic and somiconductor triodes, as well as various multi- 
electrode vacuum tubes (tétrodes andpentodes). In a three-electrode 
tube, a control grid G is inserted between the cathode C and 
anode A, near to the former (Fig. 29.14). The dependence of the 
plate (anode) current I A on the voltage Uc across the grid and 
cathode (grid-to-cathode voltage), for a constant voltage UA

across the anode and cathode (anode voltage) and constant tem
pérature of the filament, is called the static grid characteristic 
of the vacuum tube. The static grid characteristics of a triode 
at various anode voltages UA are shown in Fig. 29.15. The négative 
grid-to-cathode voltage at which the plate current drops to zéro 
is called the cutoff voltage of the tube. It increases in magnitude 
with the anode voltage.
The quantity S, numerically equal to the tangent of the angle 
of inclination of the grid characteristic in reference to axis Uc is 
called the mutual conductance, or transconductance, of the triode. 
Thus

29.3.7. The dependence of the plate (anode) current I A on the 
plate voltage UA dXUc = const and a constant filament tempera-

506



29. Electromagnetic Oscillations
turc is called the static plate characteristic of the tube. A family 
of characteristic curves for various Uc values is shown in Fig. 29.16. 
The quantity R it numerically equal to the cotangent of the angle 
of inclination in référencé to axis UA is called the internai résist
ance of the triode:

29.3.8. For a constant filament voltage 
1a = f(U A, Uc)

The incrément of piale current in a triode is

d IA = C  [dUA + ,i dUc)

wliere jti -- RtS is called the static amplification (mu) factor of a 
thrce-cleclrodc vacuum tube.

1 1The quantity D = ^ ^  is called the penetrance of the tube.

29.3.9. The circuit of the simplest amplifier of alternating voilage 
is given in Fig. 29.17. The alternating voltage Ux to be amplified 
is applied across the grid of the triode. The amplified voltage U2 
is taken from the leads of the ohmic résistance R A connected into 
flic plate circuit. Batteries R c and B A set up a constant négative 
voltage Uco between the grid and cathode and a positive voltage 
UA between the anode and cathode. Thus

Uc = U c o U i  = - ê 1+ U 1 and UA = ë2- I A(RA + rA)
wliere &x = emf of battery R 0 

S2 = emf of battery R A 
rA — internai résistance of battery R Â 
l A = plate (anode) current.
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IV.Electricity and Magnetism
Since rA « i?^ ,

UA = &2- 1 AR A -  Ü2- U 2
At constant é2 and R A tlie plate voltage decreases with an in- 
crease in Uc. The relationship I A = f(Uc) at constant ê2 and R A 
is called the dynamic characteristic of thc triode (shown by the 
dash line in Fig. 29.15).
29.3.10. The amplification factor K is the ratio of the change in 
the output voltage U2 to that in the input voltage Uv Thus

jz _ ^ ^ 2  _ _ _
“  ~dÜ ! “  . R i  

BA
At R a »  R{, the factor K /li.
20.3.11. To increase the static amplification factor, the înutual 
capacitance CAC of the anode and cathode (output capacitance) 
is reduced. This is done by inserting a scrccn grid betwcen tin; 
control grid and the anode (tetrode, Fig. 29.18). The potential 
of the screen grid is constant and lower than that of the anode. 
This weakens the electric field of the anode near the control 
grid and cathode, and incrcases /c

20.3.12. The dependence of the plate (anode) carrent I A on the 
plate voltage UA at constant voltages across the control grid 
(Uc) and screen grid (Us), shown in Fig. 29.19, is not monotonie. 
As UA -► UAli secondary électrons, released from the anode, 
accelerate toward the screen grid, reducing thc plate current I A 
(dynatron effect). In the dynatron eiïect région, from UAX to UA2, 
the signais being amplified are distorted and the tetrode cannot 
opéra te.
20.3.13. To eliminate the dynatron elTect, a third, supprexsur 
grid is inserted betwcen thc plate (anode) and the screen grid.
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2 9 . Electromagnetic Oscillations
This third grid is connocted to the cathode (pentode, Fig. 29.20). 
The electric field between the suppressor grid and plate repuises 
secondary électrons toward the plate, thereby providing for a 
monotonie increase in plate current I A with the plate voltage U A. 
29.3.14. Semiconductor triodes (transistors) contain .two electron- 
hole junctions (p-n junctions) (see 2/§.2.9.). A point-contact 
germanium triode is illustrated schematically in Fig. 29.21.

Screen g r id
m û . ‘2 9 . 2 0

Germanium cryslal A ,  having électron ( n - type) conduction (see
23.2 .3 .)  is soldered to the base O. In the vicinity of the two point 
contacts (électrodes)—the emitter E  and the collector C—tliere 
are régions of hole (p-type) conduction (see 23 .2 .4 .) .  The voltage 
Ul to be amplified is applied across the emitter. The amplified 
voltage U 2 is taken across the loading rcsistor R .  The voltage 
U Ë0 between the em itter and base is positive. Thereforc, the 
electric current I  in the emitter-base circuit is always from E  to 
O  in the germanium crystal, in the direction of conduction of 
the p - n  junction near the em itter (see 24 .2 .12 .) .  The voltage U ü0 
between the collector and base is négative and the electric current 
in the collector-base circuit through the germanium crystal is 
only from O to C, i.c. in the direction corrcsponding to the high 
résistance of the p - n  junction near the collector (see 24 .2 .11 .) .
29.3.15. The voltage U EG between the em itter and collector is 
positive. Even for small values of UEC and UE0, the intensity of 
the electric field near the sharp point of the em itter is very high 
and positive holes are formed in the p-type germanium adjacent 
to the em itter (see 23 .1 .3 .) .  The llow of holes from the /y-type 
germanium to the main part of the crystal (which is of the /A-type) 
is called tin; injection of holes. The em itter and the adjoining jp- 
type germanium are the source of mobile current carriers, i.e.
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Electricity and Magnetism IV.

they act as the cathode in an electronic tube (see 29.3.2). The 
contact of the p -  and «-type germanium near the collector has a 
very low résistance to hole flow. The increase in current / 2 in 
the collector circuit and the voltage drop over the resistor R  
dépend upon the number of holes flowing per unit time to the 
p-n junction near the collector and reducing the height of the 
potential barrier. In its turn, the number of holes dépends upon 
the intensity of the electric field near the emitter, i.e. it varies 
in accordance with the oscillations of the voltage U 1 being ampli- 
lied. Thus, the value U 2 of the output voltage of the amplifier (Fig. 
29.21) dépends upon the input voltage TJV
29.3.16. A t tem pératures close to the conditions for the occurrence 
of intrinsic conduction of the semiconductor (see 23.1.2., about 
100°C for germanium) the number of free current carriers sharply 
increases in the semiconductor and any control of their number, 
required for the operation of the amplifier, becomes difficult. 
The upper operating tem pérature limit for germanium triodes 
ranges from 55° to 75°G. The lower lim it of operating tem péra
tures (usually about — 55°G) corresponds to such thermal motion 
of the particles for which it is impossible to release the necessary 
number of current carriers from within the volume of the semi
conductor. This increases the résistance of the device and impairs 
its operation.
29.3.17. In junction-type semiconductor triodes, or simply junction 
transistors, having higher output power than the point-contact 
type, either a narrow «-type région (produced by doping of impu- 
rities) is sandwiched between two p-type régions, or a p-type 
région between two «-type régions. These semiconductor régions 
are commonly fabricated in a single crystal. The first kind is 
called a p-n-p transistor, or triode based on an «-type semicon
ductor; the second kind is called a n-p-n transistor, or triode 
based on a p-type semiconductor. The principal and circuit dia- 
grams of such transistors are shown in Figs. 29.22 and 29.23.

p n p n  p  n
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CHAPTER 30

Fundamentals of Electrodynamics 
of Stationary Media

30.1. General, Features 0/ Maxivell's Theory
30.1.1. M a x w e l l ' s  th e o r y  and field équations are systematic gener- 
alizations of the fundamental laws describing electric and electro- 
magnetic phenomena: the Ostrogradsky-Gauss theorem (see
20.3.3. and 25.5.4.), Ampere’s circuital law (total current law) 
(see 25.5.2.) and Faraday’s law of electromagnetic induction 
(see 27.1.2.). Being concerned with electromagnetic fields, Max- 
well’s theory enables problems to be solved related to the déter
mination of electric and magnetic fields set up by some given 
distribution of electric charges and currents.
30.1.2. Maxwell’s theory is p h e n o m e n o l o g ic a l .  The electric and 
magnetic properties of the medium are described in this theory 
by three quairtities: the relative perm ittivity K fi (see 20.1.5),
I lie relative magnetic permeability K m (see 25.2.2.) and the 
nm ductivity y  (see 21.2.7.). The dependence of these quantifies 
on the properties of the medium, the internai mechanism of the 
phenomena th a t occur in the medium and set up the electric 
and magnetic fields, are not dealt with in the theory.
30.1.3. Maxwell’s theory is m a c r o s c o p i e  since it treats of fields set 
up by macroscopie charges and currents concentrated in volumes 
I >;> V m, where V m are the volumes of separate atoms and mole- 
« mies. Moreover, it is assumed tha t the following conditions are 
« omplied with:
(a) r » d ,  where r  are the distances from the sources of the fields 
lo the points of space being considered and d are the linear dimen
sions of the atoms and molécules;
( I») T  »  T mt where T  and T m are characteristic times for the changes
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of the electric and magnetic fields and for lhe intrarnoiccular 
processes, respectively.
80.1.4. The macroscopie charges and currents are the totalities 
of the microscopie charges and currents which set up variable 
electric and magnetic fields ( microfields, see 30.7.2.). Maxwell’s 
theory deals witb averaged fields. Averaging is done by the tirne 
intervals t » T m for portions of the field with volumes F »  Vm 
(see 30.1.3.).
80.1.5. Maxwell’s theory is one of short-range action. According 
to this theory, the rate of propagation of electric and magnetic 
interaction is equal to the velocity of light in the given medium. 
Maxwell’s theory reveals the eleetromagnetic nature of light.

30.2. Maxwell's First Equation
30.2.1. According to Maxwell, the law of eleetromagnetic induc
tion in the form (see 27.1.6.)

Electricity and Magneüsm

(îd arbitrarily in a variable magnetic field. A variable magnetic 
field a t any point in space sets up a rotational electric field. 
équations (1) express Maxwell's firsl équation in intégral form. 
30.2.2. Using the following relationship for the magnetic flux:

where B n is the projection of the magnetic induction vector on 
the unit normal n to the element of surface dS\ and the Stokes’ 
theorem

where rfS = d S n, we can write Maxwell's first équation in the 
d i f f r r e  n  t i a  l  f o r m  :

(K d\) -  d ’n (in SI units)

L

is valid for any closed circuit (notonly a conducting circuit) select-

= f  (B dS) = J Bn dS
S s

<£ (E dl) = J  (curl E dS)
L S

1 0B 
c dt
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30. Electrodynamics of Stationary Media

30.3. Displacement Current. Maxwell's Second 
Equation

80.3.1. Ampere’s circuital law (total current law) in the form (see
25.5.2. ):

f (H <fl) = t  *=- 1
(in 81 units)

(in Gaussian units)

asserts th a t a magnetic field is set up by the ordered motion of 
electric charges—conduction currents and convection currents
(see 21.1.2.). Here j> (H dl) is the circulation of the intensity vector

L
with respect to the closed contour L  through which the currents 
flow. According to Maxwell, a reason for the occurrence of a 
rotational magnetic field is also the variable electric field whose 
magnetic action is characterized by the displacement current. 
30.3.2. The displacement current density is

ju .  =  (in SI units)

l di,  =  ~  — - (in Gaussian units)

The displacement current through the arbitrary surface S  is

h t. =  |  (Ut. dS) =  j - ^ d S  =  (in SI units)
S  S

ht. = f  (]«. dS) = j  4 ï ^ r dS =  <in Gaussian units)
s s

where &e = J  D n dS is the flux of the electric displacement vector 
s

I) through the surface S. The displacement currents ensure the 
closure of the circuits of any unsteady currents. For example, in 
«•harging or dischargiug a capacitor a displacement current is 
imluced between its plates th a t closes the circuit.
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IV.Electricily and Magnétisai
30.3.3. In a dielectric (see 20.7.15.).

D = goE + P* (in SI units)
D = E + 4jiP, (in Gaussian units)

where P, = polarization vector (see 20.7.10.)
e0 = permittivity of free space (see 20.1.3.).

The displacement current density in a dielectric is

(in SI units)

(in Gaussian units)
0E 1 0E /where (in SI units) o r ^ - ^  'in Gaussian units) is the displace

ment current density in a vacuum, and is the polarization 
eurrent density.
The displacement current does not evolve Joule heat in a vacuum. 
The polarization current generates heat associated with friction 
in the process of polarizing the dielectric.
30.3.4. The generalized total current law (Ampères circuital law) is

£0 dt + dt

1 _  J_ dE
~ kn et + et

<f (H <fl) = £  /* + /* .
; *->

(H dl) =

(in SI units)

(in Gaussian units)
( 2 )

Equation (2) is Maxwell's second équation in intégral form. 
Making use of Stokes’ formula <j) (H d\) = J  curln H dS and Un*

L S

total current relation

hot — Ë Ik + Idii — f (j»+ jndit) dû*=1 Z

where j is the conduction current density, we can write Maxwell’s 
second équation in differential form :

curlH = j + -®

curlH = ^ j  + i f
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30. Electrodynam ics of S ta tionary M edia

30.4. Complété Set of MaxwelVs Equations for an 
Electromagnetic Field

30.4.1. In addition to équations (1) and (2) the System of Maxwell’* 
équations includes the Ostrogradsky-Gauss theorem for electric 
and magnetic fields (in SI units):

0 ,  = |  Dn dS = q (3)
8

4>m = $ B n AS = 0 (4)
8

where &e and &m are the fluxes of electric displacement D and 
magnetic induction B, respectively, across the closed surface 
enclosing the free charge q. Equation (4) expresses the fact thaï, 
there are no free magnetic pôles. If the volume density q of free
charges is introduced: q — J odV  (where dV  is an element of

volume V) and the Gauss theorem <j) A n dS = J divAdFismade
s v

use of, then équations (3) and (4) can be converted into M a x w e lV s  
th.ird and fourth équations in differential forrn (in SI units):

div D = (j (3')
divB = 0 (4')

30.4.2. The complété set of Maxwell’s équations:

div D. ■ u r l E = - f ;

,urlH = i + f  ;
, „  1 S Bnirl E = - -  -jT-C Ot

= + div B = 0

(in SI units)
div B = 0

div D = 47iq

(5)

(in Gaussian units) (5')

is supplemented by the constitutive équations that relate the vec- 
lors E, D, H and B with quantities describing the electric and 
magnetic properties of the medium:
l> B = fi0KmR  and j = yE (in SI units)
B K,E; B = KmH  and j = yB (in Gaussian units)
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where Ke = relative dielectric permittivity 
Km = relative magnetic permeability 

e0 = permittivity of free space 
y = electric conductivity

fi0 = magnetic constant (permeability of free space)
Here and in the following the medium is assumed to be isotropie, 
nonferromagnetic (see 28.6.1.) and nonferroelectric (see 20.8.1.).
30.4.3. At the interface between two media, the following bound- 
ary conditions are complied with:

Dnl — Dn% = cri 
Bn 1 = Bn2 J 
E n  =  E n

— j sut

Eni - D n2 = km 
Eni — Bn2 
E t  i =  E l2 

H t\ — H  ±

(6)

m

( 6' )

(7')

(in 81 units)

(in Gaussian units)

where o = surface density of free charges
n = vector of the normal to the interface drawn froin 

medium 2 to medium 1 
t = vector tangent to the interface.

Equations (6) express the continuity of normal components ol 
the magnetic induction vector and the jump of the normal compo
nents of the displacement vector. Equations (7) establish the 
continuity of the tangential components of the vector of electric 
field intensities at the interface and the jump of these components 
for the intensity of the magnetic field (jtur is the projection of 
the density vector of surface conduction currents in the direction 
of [tn]).
30.4.4. For given initial conditions (values of vectors E and II 
at the initial instant of time t = 0), the System of Maxwell’s 
équations has a unique solution. Maxwell’s équations are invari
ant with respect to the Lorentz transformations (see 32.3.1.).
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30.5. Solving Maxwell's Equations by the Relarded 
Potentials Method (at K e and Km = const)

80.5.1. To solve a System of Maxwell’s équations, a scalar potential 
<p and a vector potential A are introduced. Thus

B = curl A and E = -grad çp~ d— (in SI units)

B = curl A and E = -  grad <p-^ (in Gaussian units)

Such an introduction is not single-valued. Vector potential A is 
introduced with an accuracy within grad y>, where tp is an arbi- 
Irary scalar function of the point:

A =A0-grad
The scalar potential is introduced with an accuracy within the 
lime dérivative of the scalar function of the point:

To make a single-valued détermination of the potentials, the 
Lorentz condition is imposed on A and tp:

div A + e'jiif = 0 (in SI units)

div A + —• = 0 (in Gaussian units)

This condition is satisfied if tp satisfies the équation

A tp-e 'fi'-—  = div A0 + e'(xf (in SI units)

wluîre (p0 and A0 are particular values of the potentials, satis- 
f.ving the équations

curl curl A+ e'n ' grad + = fi’ Um

A<p + div — - = 1 (in SI units)

w l m r e  e' = e0Ke = absolute dielectric permittivity of the medium 
fi = fi0Km = absolute magnetic permeability of the medium 

A = Laplacian operator (see 19.3.2.).
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30.5.2. The vector and scalar potentials satisfy (VAlemberV.s 
équations:

AA- 1 0*A
' r* 0*2 “ ~  Jcond

1 02 <p
" v*" Ht* ~ e'

1 0*A :
‘ V* 0*2 “ c

1 02 <p 4 n
V* 0*2 ” ~~K~eÇ

(in SI units)

(in Gaussian units)

where v = — = rate of propagation of electromagnetic 
y KeKm

waves in the given medium 
c = rate of propagation of electromagnetic 

waves in a vacuum 
u = volume density of free charges 

hona = conduction current density.
In SI units c= —̂  ^  3 X108 m per sec; in the Gaussian System of 

re ô o
units c ^ 3 x l0 10 cm per sec and is the electrodynamic constant 
(conversion coefficient) (see 25.1.2.).
30.5.8. Potentials (p and A can be regarded as being retarded or 
delayed. This means that the finite velocity v of the propagation 
of electromagnetic signais is taken into considération. Thus

e((x', y', z’, t - —j
(in Gaussian units)<p(x, y, z, t) = J

F '

<p(x, y , z, t) = j —r I ---------   dV' (in SI units)
F '

K  f  j(v , y ’, z \  t - —)
A[x, y, z , t) = -  f -  J ------ -------

F'

. f  l(*'. V’, 2'. <“ )A(*,ÿ,M) = £  J - - - - j:- - - --

in Gaussian units)

(in SI units)
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where x t y and z = coordinates of the point at which the poten- 

tials (p and A are determined for the instant 
of time t

T.', y ' and z’ = moving coordinates of the arbitrarily located 
element of volume d,V' 

r = distance from the element dV' to the obser
vation point.

At a point which is at a distance r from the charges and currents 
that set up the field, the potentials (p and A at the instant of 
time t will be determined by the values of o and j at the instant
of time t — — .

V

30.6. Conservation Laws for an Electromagnetic 
Field

30.6.1. The law of conservation of electric charges, asserting that 
olectric charges are neither destroyed nor created, establishes 
I liât the decrease in charges q in a closed volume V per unit time 
<*<]uals the eurrent

The differential form of the law of conservation of charge is the 
• ontinuity équation for the volume density of charges:

d i v j + £ = o

where j = density of the conduction currents 
p = volume density of the charges.

The energy of a variable electromagnetic field, localized
wilhin a space with the volume density of w = +
[nra 27.5.5.), is propagated with the group velocity (see 34.1.13.). 
The amount of energy flowing through unit area, perpendicular 
In the direction of energy propagation, per unit time, is deter- 
miued by the Poynting vector (instantaneous energy flux density). 
rims

S =  [EH]

S =  ^ - [ E H ]

(in SI units)

(in Gaussian units)
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IV.Electricity and Magnetism
The law of conservation of energy in an electromagnetic field (in 
intégral form) is

----- J w dV  -  j  a dV + £ Sn dS
v  v a

where a = volume density of the thermal power of a current 
(see 21.2.8.)

Sn = projection of the Poynting vector on the outward 
normal to the element of surface dS.

The energy in the volume V of the field is decreased owing to its 
expenditure in evolving Joule heat in the conductors located in 
the field and in the propagation of energy through the closed 
surface S  which bounds the volume. The difïerential form of the 
law of conservation of energy in a field is the continuity équation 
for the volume energy density w:

div S + —  = 0

30.6.8. Transferred together with the energy of an electromag
netic field is the momentum of the field, distributed in space with 
a volume density g (momentum density).
Thus

[EH] _  JS 
c* c2 (in SI units)

g = [EH] = — (in Gaussian units)

The total momentum of the field in the volume V is
G =  j g d V

The fact that an electromagnetic field has a momentum G is 
manifested in the pressure of light (see 42.3.1.).
The law of conservation of momentum of the electromagnetic field is

-  $ g d V  = - ( F e + Ym) + j T n dS
V S

where Fe and Fm = forces acting on the charges and currents, 
respectively, located in the volume V

et Tn dS = momentum transferred per 1 sec through 
s the closed surface S  bounding the volume

Tn = external force acting on unit area along 
the outward normal n to this area.
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30. Electrodynamics of Stationary Media
The law of conservation of momentum in an electromagnetic 
field is complied with, not only when account is taken of the 
mechanical momentum p (see 2.3.4.}, associated with the forces 
acting on the charges and currents:

but of the momentum G of the electromagnetic field as well. If 
the surface S  encloses the whole field, then the total momentum 
in the volume V will be

30.7. Fundamentals of the Electron Theory.
The Lorentz Equations

30.7.1. The Lorentz theory of électrons is a development of Maxwell’s 
electromagnetic field theory. The Lorentz theory is based on 
certain conceptions of the structure of matter (making ifr a 
microscopie theory). In the électron theory, matter is regarded as 
consisting of moving charged particles. The électron theory does 
not employ the quantities Ke and Km (see 30.4.2.), characteriz- 
ing matter in Maxwell’s phenomenological theory, to describe 
electromagnetic phenomena in media. The electric and magnetic. 
properties of substances and ail the electromagnetic phenomena 
that occur in media are explained by the nature of the spatial 
arrangement of electric charges making up atoms and molécules, 
lhe motion of these charges and their interaction.
30.7.2. At each point in space there are microfiélds: an electric 
microfield of intensity e and a magnetic one of intensity h ,  
which satisfy the Lorentz équations:

curl e = -  //0 — ; div e = —
dt £o OT

G+p = const

fin
curl h  = j  + e0 div h  = 0 

curl e = -  — — ; div e = 4no
C 0 t ’ *

curl h  = —  j  +  — 1 div b  = 0c  * c  d t  9

(in SI units)

(in Gaussian units)

The current density j  = @v, where pis the volume charge densitv 
and v is the velocity of the charges.



IV.Electricity and Magnetism
30.7.3. The Lorentz équations are supplemented by an équation 
for the volume density of the Lorentz force f (see 26.1.1.) acting 
on the charges and currents:

f = ^e-f-p[v^0h] (in SI units) 

f = £© + -|[vh] (in Gaussian units)

The conservation laws (see Sec. 30.6.) are valid for microfields e 
and h.
30.7.4. The volume energy density w of an electromagnetic field 
(see 27.5.5.), instantaneous energy flux density (Poynting vector) 
S (see 30.6.2.), and the volume momentum density g (see 30.6.3.) 
of microfields are:

w = (V ’ +Kl*2)

w  = —  (e* +  h?)O Tt
S = [eh]
S = - ^ [ e h j

[e^ = S 
* c2 c2

» = 4 ^ [ehl “  c«

(in SI units)

(in Gaussian units) 

(in SI units)

(in Gaussian units)

(in SI units)

(in Gaussian units)

30.8. Averaging the Microfield Equations
30.8.1. The macroscopie fields E, H, D and B, which are observed 
experimentally, can be obtained by the space-time averaging of 
the microfields e and h (see 30.7.2.). The averaged System of 
Lorentz équations is of the form

curl e = -  //0 — div e = —™ dt ’ Eq

curl h  = e0 —  +  oy  ; div h  =  0
(in SI units)

curl e = -  — —  ; div e = 4no c dt ’ *

curl h  = —  çv + — —  ; div h  = 0c  ̂ c dt 1
(in Gaussian units)
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in which the lines above the symbols indicate that averaged values 
are referred to.
30.8.2. Charges in a medium are divided into free and bound 
charges (see 20.2.5.). Thus

Q =  Qfr +  Qbd

The averaged density of bound charges is expressed by means 
of the polarization vector Pe (see 20.7.11.):

Qbd = -  div P,

30.8.3. The averaged current density j = q\  is the sum of the 
current density of the free charges j/r = and the current 
density of the bound charges j6d = p^v . Thus

j -  i/r+iw
The average current density of bound charges jM is the sum of 
the polarization current density jpoI and the magnetization current 
density ~\mag. Thus jM = jpoi + jma,. The polarization current is 
due to the displacement of the charges in nonpolar molécules or 
the alignment of the axes of polar molécules in the polarization 
process. Thus

The magnetization current appears as a resuit of the existence of 
circulating molecular currents (see 25.2.2.) associated with the 
orbital motion of électrons in atoms and molécules. Thus

jmag = curl M

vvhere M is the magnetization vector (see 28.2.2.).
Substituting the expressions for Qbi and j into the Lorentz équa
tions, the équations for macroscopie fields are obtained:

curl e = (fi0h)

, url (h-M ) = l  +  ± ( e 0ë + V t ) 

div (e0e + Pe) = p; div h = 0
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curl é = — —c
dh
dt

curl ( h  -  ijM ) = —  j + — —- (ë + 4ttP,) 

div (ë + 47rPe) = 4no\ div h  = 0

(in Gaussian units)

where q = volume density of free charges
J = current density of these charges (macroscopie 

currents, see 25.2.2.).
30.8.4. A comparison of the Lorentz averaged équations with 
Maxwell’s équations yields the following formulas:

e = E and h  = —- (in SI units)

e = E and h  = B (in Gaussian units)
and the following relations between the polarization and magnet- 
ization vectors, Pe and M, and the macroscopie fields (see 20.7.15. 
and 28.5.3.):

D = e0E + Pe and H = —M (in SI units)

D = E -r 4jiPe and B = H + 4rcM (in Gaussian units)
30.8.5. The électron theory reveals the physical meaning of the 
macroscopie constants K ei Km and y of substances located in 
various steady and variable electric and magnetic fields.
30.8.6. As in Maxwell’s phenomenological theory, the électron 
theory deals with continuous fields. Problems in which discrète- 
ness of the field is cssential (photoelectric efïect, see 42.1.2.; 
thermal radiation, see 41.2.7. and the Compton effect, see 42.2.1.) 
cannot be explained in the classical électron theory. These difficul- 
ties are overcome in the quantum theory.
30.8.7. The classical électron theory of conductivity (see 21.2.1.) 
deals with the properties of a classical gas of free électrons. 
This leads to various difficulties (see 21.2.10.) which are success- 
fully handled by the Fermi-Dirac statistics for the degeneratr 
électron gas in metals (see 12.8.6.).



CHAPTER 31

Fundamentals of Magnetohydrodynamics

31.1. Magnetohydrodynamic Equations
31.1.1. Magnetohydrodynamics studies the interaction between 
electromagnetic fields and liquid and gaseous media having consid
érable electric conductivity. Examples of such media (fluids) are 
plasma (see 22.8.1.) and liquid metals.
31.1.2. In magnetohydrodynamics, the medium being studied is 
assumed to be continuous (i.e. a continuum, see 18.1.1.). No 
distinction is made between the intensity H of the magnetic 
lield and the magnetic induction B of the medium (in the Gaussian 
system of units) since for ail conducting fluids, the magnetic perme- 
ability K„ ss 1. It is also assumed that the real part of the dielec- 
tric permittivity of the medium K e is constant.
The following assumptions are made with respect to the electric 
conductivity y of the medium (fluid).

value of y is uniform and isotropie throughout the medium 
and independent of H. This is valid if the following condition is 
eomplied with:

tolt «  1

where coL = = Larmor precession frequency for électrons
(see 28.1.7.)

t = mean free time of the électrons in the medium. 
This condition is violated in highly rarefied media and at ex- 
Iremely high magnetic field intensities.
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(b) The value of y is sufficiently large so thaï

where a> is the frequency of processes occurring in the medium, 
for instance, that of electromagnetic waves propagated in a 
plasma.
It is further assumed that the mean free path of the électrons in 
the medium is much less than a certain characteristic length in 
the given problem, for instance, the distance between two conduct- 
ing plates that the fluid flows between by the action of the applied 
magnetic field.
This condition cannot be complied with in highly rarefied media. 
Finally, it is assumed in nonrelativistic magnetohydrodynamics 
that the velocity v of motion of the fluid is much less than the 
velocity of light c in a vacuum.
31.1.3. The magnetohydrodynamic équations are a combination 
of Maxwell’s équations for an electromagnetic field (see 30.4.2.), 
hydrodynamic équations of motion (see 19.3.1.), thermodynamic 
équations of State of the medium (see 7.1.10.), and the équation 
of the law of conservation of energy (see 19.4.2.).
Upon the motion of a conducting fluid in a magnetic field a cur- 
rent is induced, whose density is

j lni = — [vK]
where v is the velocity of the fluid. The action of the magnetic 
field on the currents in the fluid develops an electromagnetic 
volume (mass) force in the fluid of the intensity

= e .E + -[JH ]

in which j is the density of the total current,

i = J<,tf+e.v+yE

where q€ = electric charge density in the fluid 
E = intensity of the electric field.

The quantities j,n<1 and tel express the relation between hydro 
dynamic and electromagnetic phenomena.
With the assumptions of 31.1.2, the first two terms of the équa
tion for j are neglected and only the conduction current density 
is retained: j = yE. In nonrelativistic theory, the first. term in
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31. Magnetohydrody nanties
the équation for tel is also neglected, retaining only the Lorentz 
force (see 26.1.1.), î = --[jH].
31.1.4. The complété set of magnetohydrodynamic équations is 
of the form

—  = curl [vH] + î>m zJH; div H = 0 
|L + (VV)V = _ i_  g ra d /> -~ [H c u r l  H ]+^- J t

+ (c grad div v

(an analogue to the Navier-Stokes équation, see 19.3.2.) 
0- + div(py) = 0 (continuity équation, see 19.2.2.)

P = p(g, T) (state équation of the medium)
dï + = “ ^iv w (équation of the law of conservation
nf energy, see 19.4.2.) where w is the energy flux density:

"  - '*(« + £ + -£ )  -  a: grad T + t, {2[ ( ^ ) 2 + r

+ ^ r ] _ r< div v)2}v  + C(div v)s v
■ [H[yH]]— - [ H curl H|

l - ( - iM dz
• f  —kn

where vm ^  —  = "magnetic viscosity”
P and C = first (dynamic) and second (bulk) viscosities of the 

fluid (see 19.3.2 and 19.3.3.) 
o = density of the fluid 
p = pressure
u = internai energy of unit mass of the lluid (see 19.4.2.) 
K = thermal conductivity of the fluid (see 11.4.3.)
T = absolute température 
v = velocity of the fluid.

Précisé solutions of the magnetohydrodynamic équations hâve 
heen obtained only for the simplest types of motion of the fluid.
31.1.6. If L  and V are the characteristic linear dimension and 
velocity in the magnetohydrodynamic problem being considered, 
then the quantity

m
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is called the magnetic Reynolds nurnber (see 19.5.8.). Jn many 
cases Re,n »  1 and the electric résistance of the mediuhi (fluid), 
and the associated Joule heat losses (see 21.3.8.), as well as dissi
pation of energy of the magnetic field, can be neglected.
31.1.6. For an idéal fluid (?? = £ = K  = 0 and y -► oo) and with 
the assumption that heat exchange with the surroundings is 
immaterial, i.e. the motion of the fluid is adiabatic, the System 
of magnetohvdrodynamic équations takes the form:

—  = curl [vH] ; div H = 0

|f + ( w ) T  = -  -  grad p [H curl H]

+ div (gv) = 0; p = p{Q, T); - -  + (vv)s = 0

in the last équation 5  is the entropy of unit mass of the fluid 
(see 10.4.3.) and the équation expresses the conservation of entropy 
in adiabatic motion of the fluid (see 19.4.3.).
31.1.7. Tho first équation of 31.1.6. (at y = 0 0 ) is an expression 
of the law of conservation of a magnetic flux through any surface 
that moves together with the fluid. This enables the conception 
of magnetic lines of force “frozen in” the fluid to be introduced. 
In this sense, a magnetic line of force is a line linked to particles 
of the fluid and moving together with them.
31.1.8. For an incompressible fluid (see 18.1.3.), using the vari
ables

H Hu = v + -== and w = v -  ——
K4XQ HnQ

the magnetohydrodynamic équations can be written in the sym- 
1 ne trie form:

where

(wv)u = -  grad 0 + zl(au + /Iw)

-^-+(uv)w = -  grad z!(aw + /?u)
div u = 0; div w = 0

* = i + 8(u—w)2 .
/» = ■

v = = kinematic viscosity (see 19.3.2.)
vm = “magnetic viscosity” (see 31.1.4.).
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31 Magnetohydrody nanties
In this form of the équations, the total energy density is of tlu* 
form

Q0± 1P_
2 *" 8tt -f- (u2+u>*)

and the différencietween the kinetic and magnetic energies is
oü‘
"ô"

31.1.9. The Kelvin circulation theorem (law of conservation of 
velocity circulation in an idéal lluid) (see 19.3.12.) is not valid 
in magnetohydrodynamics. In the presence of a magnetic field, 
velocity circulation along a material contour, or curve, is con- 
served only in the particular case when force f*,, referred to unit 
mass, has the potential

curl j — [curl HH]} = 0

31.2. Magnetohydrodynamic Waves
31.2.1. Upon the interaction of electromagnetic and hydro- 
dynamic phenomena, small disturbances in steady flow of the 
lluid are propagated in it in the form of magnetohydrodynamic 
waves. In the general case, these waves cannot be divided into 
longitudinal and transverse waves (see 33.1.2.).
31.2.2. In the case of an idéal fluid and with magnetohydrodynam
ic waves of small amplitude, their frequency <u0 is determined 
hv the équation

ûJo[û>o — (ku)2] [cojj — k'l (c} + u2)oj>1 /r2c?(ku)2] = 0
where k = wave vector (see 33.4.6.)

HU =
q

c, = velocity of sound in the fluid in the absence of a 
magnetic field (see 33.2.1.).

This équation has four different solutions for co0 and thus distim 
Kuishes four different types of magnetohydrodynamic waves
propagating in a fluid, each with its phase velocity V = (see
:i:u.3.).
31.2.3. The solution

w0 = 0
corresponds to a disturbance which is stationary with respect 
lo the fluid, i.e. one carried together with the fluid in its motion.
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IV.Electricity and Magnetism
Such a wave is called an entropy wave: in it only the density and 
entropy vary. The conception of a wave in this case is only condi- 
tional since the velocity of its propagation V — 0
31.2.4. The solution

a)0 = ± (ku) and V = i  cos 6
ÿ^tiq

where 0 is the angle between the direction of wave propagatioii 
and that of the magnetic field, corresponds to déviations in the 
velocity of the fluid and in the intensity of the magnetic field in 
it. Such a wave is said to be magnetohydrodynamic in the narrow 
sense. These waves are purely transverse; oscillation in them 
occurs in directions perpendicular to that of the initial magnetic 
field. They propagate without variations in density and therefore 
exist in both compressible and incompressible fluids. The group 
velocity (see 34.1.13.) of such waves is independent of the direc
tion of the wave vector k and is always equal to u . Conse-fkTZQ
quently, the direction of propagation of a magnetohydrodynamic 
wave (which is understood to be the direction of its energy trans
fer) coïncides with that of the initial magnetic field H.
31.2.5. The solution of the biquadratic équation of 31.2.2. also 
describes magnetosonic waves, propagating with two différent 
velocities :

v\ = {c? + u?± i(ci + 1t2)s -  4c?k2 cos2 6}
wherein

max (u2, cf) V% <  cj + a1
and

0 <  V2_ <  min (u2 cos2 0, cf)
The first of these solutions corresponds to an accelerated and the 
second to a retarded magnetosonic wave in comparison with an 
ordinary Sound wave or magnetohydrodynamic wave. The only 
invariable quantity in magnetosonic waves is the entropy. These 
waves are neither purely longitudinal, nor purely transverse. 
At 0 = 0, an accelerated magnetosonic wave becomes an ordinary 
sound wave if c, > u> or a magnetohydrodynamic wave if cg < u 
Under the same conditions, a retarded magnetosonic wave
becomes a magnetohydrodynamic or a sound wave. At 0 = —,
the velocities of propagation of magnetohydrodynamic and re
tarded magnetosonic waves become zéro and both these waves 
reduce to a removable (first-order) tangential discontinuity (see 
31.3.4).
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31. Magnetohydrody nanties
31.2.6. In the general case, with waves of considérable amplitude 
or with considérable magnetic fields, the division into magnéto- 
hydrodynamic and ordinary sound waves is impossible. In an 
incompressible fluid (ca-+- oo), only one type of plane wave with 
two independent directions of polarization remains (see 34.1.8.). 
The velocity vector v of the fluid and the vector h of the déviation 
of the magnetic field in the fluid from the initial uniform field 
are perpendicular to the wave vector k and related by the équation

These magnetoliydrodynamic waves are ralled Alfvén waves.

31.3. Discontinuities and Shock Waves
31.3.1. In magnetohydrodynamics, a discontinuity surface is a 
material surface in an electrically conducting medium on whicli 
there is a jump, or discontinuity, in the values of either the thermo- 
dynamic or electromagnetic quantities, or both, that character- 
ize the medium.
31.3.2. The following relations are valid for the discontinuity 
surface of a conducting medium:

m which the quantities in the braces (curly brackets) dénoté the 
«lifTerence between the corresponding quantities on both sides
• »f the discontinuity surface designated by the subscripts 1 and 
l (for example, the condition {//n} = 0  is équivalent to the con
dition H ln- H 2n =  0 or H ln = H 2n). The subscripts n and t
• urrespond to the normal and tangential components of the 
vectors with respect to the discontinuity surface (or their pro- 
jrctions in these directions). The remaining notation is given in 
31.1.4.
31.3.3. If the discontinuity surface is fixed with respect to the 
lluid, i.e. vn = 0 and H n 7* 0, then

y ovn = 0; {vT} = 0 ;  \o} 7* 0; {p} = u and {HT} — 0.

iknç

K H T- v r / / n} = 0; {Hn}=  0 

{ + ^) + —  [H*v„ -  (vH)//b]J = 0
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Together with p, discontinuities (called contact discontinuities) 
occur in s, T  and other thermodynamic quantities. The discon
tinuity surface here is the boundary between two fixed media 
with different values of q and T.
31.3.4. If vn = 0 and Hn = 0, the following relationships are 
valid :

Here the velocity and intensity of the magnetic field are parallel 
to the discontinuity surface and on it they may be subject to 
discontinuities which are arbitrary in magnitude and direction. 
These are called tangential discontinuities and can occur in both 
compressible and incompressible fluids. The pressure jump, or 
discontinuity, is related to the intensity jump of the magnetic 
field by the équation

The jumps in the other thermodynamic quantities are determined 
from the jumps in p  and q with the aid of the state équation (see
31.1.4. ).
31.3.5. The condition {p} = 0 leads to the following relationships

Here ail thermodynamic quantities, as well as H?, are continuous 
at the boundary. This is called a rotary discontinuity. The mag
netic field rotâtes about a normal to the discontinuity surface 
without varying in magnitude (|HT| = const).
Discontinuities are possible that combine the properties of the 
tangential and rotary types. Here v and H remain tangent to the 
discontinuity surface and only rotate in their planes without 
varying in magnitude.
31.3.6. A discontinuity in which vn 0 is called a perpendicular 
shock wave. It satisfies the condition {vT} = 0 . If Hn = 0 , the 
relationships at the discontinuity surface can be written in a 
System of coordinates in which vlT = v2T = 0, assuming that 
v = vn and H  = Hr. Thus

and {Ht} 0.

P t-/» . = -"5T( H lr-H M

j  7* 0 ; {vT} 0 ; {p} = 0 and Hn ^  0

{ - }  = o; ( H  = o



31. Magnetohydrody nanties
The discontinuity is a two-dimensional compressional sliock 
wave whose direction of propagation is perpendicular to that 
of the magnetic field.
At H  = 0, the perpendicular shock wave becomes an ordinary 
hydrodynamic shock wave (see 33.12.1.). A perpendicular shock 
wave of small amplitude coincides with an accelerated magneto- 
sonic wave (see 31.2.5.) which propagates transversely across
the magnetic field (0 = y) with the velocity V \  = c\ + w2.
If H n 0 in the System of coordinates in which v ||H  and which 
moves parallel to the discontinuity surface with the velocity

D = t - - ^ Htin
the following relationships are valid at the discontinuity surface: 

{Hn} = 0; + = °'> te"»} = 0

{i> + e"î+ -fr}  = 0 and (ea„yT- — = 0

31.3.7. A discontinuity in which the density of the fluid is sub- 
ject to a jump

{g} ^  0 and j  5* 0
is called an inclined shock wave. In discontinuities of this type, 
the compressional shock wave interacts in a complex manner 
with the magnetic field. In the case when HT = 0 and Hn ^  0, 
the inclined shock wave becomes a parallel shock wave, propagat- 
< <1 along the direction of the magnetic field and not interacting 
with it. If they hâve small amplitudes, inclined shock waves 
hecome either accelerated or retarded magnetosonic waves (see 
:t 1.2.5.).
31.3.8. In magnetohydrodynamics, the équation of the shock 
•nliabatic (Hugoniot adiahatic) curve (see 33.12.4.) is

< ^ 1 )  ( i - i r ) +ï k  ( - - - )  ( ^ - ^ ) 2 = »
where u is the spécifie internai energy of the gas. 
l'Iie entropy jump in a shock wave of small amplitude is
•. s

r '  i
T \  flp* /« [f t-p ii*

j _
16 nT ( flp (H2r-H „y-



CHAPTER 3 2

Fundamentals of the Spécial Theory of 
Relativity

32.1. Einsteiris Principle of Relativity
32.1.1. The restricted or spécial theory of relativity is based on 
two postulâtes:
(a) Ail physical phenomena (mechanical, electromagnetic, etc.) 
proceed in exactly the same way, under the same conditions, in 
ail inertial frames of reference (see 2.1.3.), or, in other words, 
it is impossible to ascertain, by means of any experiments what- 
soever, conducted in a closed System of bodies, whether the 
System is at rest or is travelling at uniform velocity in a straight 
line with respect to some inertial frame of reference.
(b) The speed of light in a vacuum is independent of the speed 
of the source of this light and is the same in ail directions. Accord- 
ing to the first postulate, this speed is the same in ail inertial 
frames of reference, being, thereby, a universal constant.
32.1.2. In Newton’s classical mechanics, the description of the 
interaction of bodies by means of the potential energy assumes 
instantaneous propagation of ail kinds of interaction. In actuality 
there exists a maximum finite velocity c of propagation of inter
actions, and interaction at a velocity exceeding c is impossible. 
The maximum velocity of propagation of interactions is a uni
versal constant which is the same in ail inertial frames of refer
ence. It equals the velocity of light in a vacuum ( invariance of 
the velocity of light). A combination of the postulate of relativity 
and the statement of the finiteness of the maximum velocity of 
propagation of interactions is called Einstein1 s spécial principle 
of relativity.
32.1.3. Time in classical mechanics (in contrast to the coordi-
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32. Spécial Theory of Relativity
nates) is regarded as being independent of the frame of reference. 
Two events which are simultaneous in one inertial frame are 
considered to be simultaneous in any other inertial frame of 
reference. This contradicts the spécial principle of relativity 
which leads to the relativity of simültaneity (of events). As a 
matter of fact, it follows from the law of composition of velocitie 
in classical mechanics (see 1.6.1.), when applied to the propaga 
tion of light, that the velocity of light should differ in diflcnn 
inertial frames. It should be different, for example, in the directiont 
of the earth’s motion and in the opposite direction. This, however, 
is not confirmed by experiments which, on the contrary, indicate 
that the velocity of light does not dépend upon the direction of 
its propagation.
32.1.4. According to the spécial principle of relativity, time 
elapses differently in different frames of reference, and the spécif
ication of an interval of time between 
two events has a meaning only if the 
frame of reference is indicated.
Assume, for instance, that the coordi- 
nate System X 'Y 'Z ' travels at constant 
velocity V with respect to System XYZ  
along axis X  (Fig. 32.1). A light sig
nal, originating at A , reaches points B 
and C, located at equal distances from 
.1, simultaneous!y (points A, B, C and 
the observer ail being in System X'Y'Z').
To an observer in System X Y Z , the light signal is seen to reach B , 
which moves toward the signal, sooner than it reaches C, which 
moves away from it (the velocity c of the signal is the same in 
ail directions in both Systems).

32.2. Intervals
32.2.1. Four-dimensional space is an imaginary concept of a 
space having four dimensions on whose axes the three coordi- 
nates x , y and z, and the time t are plotted. Any event is represented 
by a point in four-dimensional space (world point). The motion 
of a certain particle in space and time is represented by a line 
in four-dimensional space (world line).
32.2.2. If x u y ly zu tl and x2, y2> z2, t2 are the coordinates of two 
iwents in four-dimensional space, then the quantity

«12 = -  <!>2 -  (x2 -  a:,)2 -  (y2 -  yiY -  (a, -  z,)2
is called the interval between the two events.

Z Z \

kio.32.1
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Electricity and Magnetism
The interval between two infinitesimally close events is

IV.

ds — /c2 dt2 — dx2 — dy2 — dz2 --- Ÿc2 dt2 — dl2 
where dl2 = dx2 + dy2 + dz2.
If the variable r  = ict (where i = /  —l) is plotted instead of / 
along the time axis, the value - d s 2 = ds2 + dy2 + ete2 + dr2 can , 
be regarded as the square of an element of length in four-dimen- 
sional space.
32.2.3. The interval between two events is the same in ail inertial 
frames of reference (invariance of a four-dimensional interval). 
The invariance of an interval is a mathematical expression of the 
invariance of the velocity of light. The concept of the four-dimen
sional interval enables the space-time relations between events 
to be studied and their causality relationships to be established.
32.2.4. If x lf y l9 zlf tt and x2t y2y z2i t2 are the world points of two 
events in a certain frame of reference K , then, under the condition 
that sf2 > 0 (realness of the interval), there exists a frame of ref
erence K ' in which both events take place at a single point in 
space (x[ = x2l y{ = y2 and z[ = z'2). Real intervals are said to be 
time-like. The time t'12 = t2 — t[ that elapses between the two
events in frame K' is equal to t\2 = — . The condition 

s\2 = c2t\2 — l\2 = const > 0
where tl2 = t2- t x and l\2 = (x2- x 1)2+(y2- y l)2+(z2- z x)z9 can 
be represented graphically as hyperbolas if l = l12 and et = ct12 
are plotted along the coordinate axes (Fig. 32.2), where l12 and 

t12 correspond to the two given events in 
an arbitrary inertial frame of reference. 
Points A  and A l correspond to event 2 
which occurs at the same point in space as 
event 1 (point O), but either later (point 
A) or earlier (point A x). For example, in 
a causality relationship, if event 2 is the 
efïect of event 1 (point 4̂) it must occur 
later. If two events that occur in a certain 
frame at a single point of space are cau- 
sally related, then, in any other inertial 
frame of reference, they are related in 
exactly the same way (for instance, the 
switching of a galvanometer into an elec- 
tric circuit and the déviation of its hand). 
Causally related events may also occur at
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32. Spécial Theory of Relativity
different points in space, but in such a way that the effect is 
related to its cause by some process of propagation (for instance, 
turning on the light switch and the ignition of the electric lamp). 
Two causally related events correspond to one branch of the 
hyperbola. The région above the upper asymptotes of the hyper- 
bola is called the “absolute future” in relation to the initial event 
O. The sequence of cause and effect is determined by the direc
tion of time. It is objective in nature and the theory of relati
vity, consequently, does not contradict the objective nature of 
causality.
82.2.5. There are events between which the interval, or sépara
tion, is imaginary. Thus

^12  =  £ 2^12 —  ^12 0

Imaginary séparations are said to bfc space-like. They relate 
such events that cH\z <  Il 2 (for example, two events that occur 
nonsimultaneously on two planets under the condition that 
ctl2 ■< l12). In no System of coordinates do these events occur at 
the same point in space. They occur in régions absolutely remote 
(rom the reference point O (elsewhere région in Fig. 32 ^). The 
time sequence of such events is nonunique: coordi*' < Systems 
exist in which one of the events occurs later thar. me other and 
such Systems in which the first event occurs before the second 
one. In one frame of reference, both events occur simultaneously 
(points O and B  in Fig. 32.2). The conception of the simultaneity 
of two events that occur at different points of space and are 
separated by an imaginary interval is of a relative nature. For 
instance, event B (Fig. 32.2) lies on the hyperbola which is both 
in the past and the future in reference to O. Events O and B  
are not related causally.
32.2.6. For the asymptotes to the hyperbolas, Z = ±ct and s2 = 0. 
The asymptotes describe events related by the propagation of 
electromagnetic signais. Owing to the invariance of the velocity 
of light, s = 0 for such events in any frame of reference. The locus 
of the zéro intervals in four-dimensional space (x , y, z, ict) is 
called the light cône for the given world point O.

32.3. Lorentz Transformations and Their 
Conséquences

32.8.1. Relativistic formulas for the transformation of coordi
nates that comply with the requirements for the invariance of 
intervals (see 32.2.3.) are called the Lorentz transformations.
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V.Electrïcity and Magnetism
They express the transformation from an inertial frame of refer- 
ence K  to a frame K ' which travels with respect to K at the 
velocity V in the positive direction along axis X. The transfor 
mation équations are of the form

x' — x -V t y' — y ; z' — z; and 1'
(- V

c2
V*
c2

The Lorentz transformations are symmetrical and retain their 
form in the transformation from K' to K except that the sign 
of V is changed. Thus

v ,/ . 174/ t +-=- *x + V t , , j c2x = — ■ y ~ y ; z = z '; and t —
f r - V2 V r . V2

The Lorentz transformations are linear and at low velocities 
- «  l) they become the Galilean transformations (see 2.9.1.).

32.3.2. The invariance of any physical theory with respect to 
the Lorentz transformations—relativistic, or Lorentz, invariance— 
is a necessary condition for the validity of this theory. The lack 
of relativistic invariance of any physical law means that it must 
be differently formulated in different inertial frames of reference. 
This violâtes the principle of relativity by making inertial Sys
tems nonequivalent physically. The violation of the Lorentz 
invariance by any physical theory indicates that the given theory 
is at best approximate and is valid only to a definite degree of 
accuracy and under certain conditions. For example, the Shrôdin- 
ger équation (see 44.2.1.)—the basic équation of nonrelativistic 
quantum meclianics (see 44.1.1.)—does not possess relativistic 
invariance and bas a strictly limited field of application. The 
équations of relativistic dynamics (see 32.6.1.) are relativistically 
invariant and at u«c are converted into Newton’s laws of mechan- 
ics. The latter are relativistically noninvariant and valid only 
at v «  c.
32.3.3. Time measured on a clock that travels together with a 
System is called its proper time. In this frame of reference ds -  
= c dt'. It follows from the Lorentz formulas that the following 
relation exists between an interval of proper time dt' and an 
interval of time dt in the frame of reference with respect to 
which motion at the velocity V is observed:
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32. Spécial Theory of Relatif ity
Proper time noted by a moving observer is always less than the 
corresponding interval of time in a stationary frame. A stationary 
observer finds that a moving clock runs slower than a stationary 
one.
Example. The mean proper lifetime of a positive mu meson (see 
Table 1, Sec. 49.1.) is 2.20 X10~6 sec. The average path of such 
a particle, travelling at a velocity near to c, should be 660 m 
in air before decaying. Actually, the average path of a mu meson 
in air is much longer because its mean lifetime, measured in a 
stationary frame fixed in the earth (in the air) is substantially 
longer than 2.20 XlO"6 sec.
32.3.4. Another conséquence of the Lorentz transformations is 
the contraction of a moving measuring rule or length standard 
in the direction of its motion (Lorentz contraction). Thus

Ax =

where Ax = length of the rule at rest in the K frame
Ax' = length of the rule measured in the K ' frame which 

travels at the velocity V with respect to frame K.
The proper length is the linear dimension l0 of a body in the System 
of coordinates in which it is at rest (l0 = Ax). The length l of 
the same body, measured in a frame of reference K ' which moves
relative to the body, is reduced in the ratio ■ Thus

The transverse dimensions of the body do not change, i. e.
Ay = Ay ' and Az = Az'

32.4. Transformation of Velocities
32.4.1. The projections of the velocity v of a body on the coordi- 
nate axes in a stationary frame of reference K  are related to the 
projections of its velocity v' in the frame K \  travelling at the 
velocity V in the positive direction along axis X, by the équations

v3
v'x+V

1 +
v*V ’ V,

1 +
V*v
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These formulas represent the law of the composition of velocities 
in the theory of relativity. As c -+■ oo, they are converted into the 
law of the composition of velocities of classical mechanics (see
1.6.1.):

Electricity and Magnetism

vx = v'x+ V; Vy = Vy\ vz = vz

When the body travels along the x axis (vx = v, vy = vz = 0, 
vx = v' and v'v = vz = 0), then

v' + V

The formulas for the transformation froin v to v' ditïer from those 
given above only by the sign of V. If, in particular, v = c, then 
v' = c. The sum of two velocities, lower than, or equal to c, is 
a velocity not higher than c. It follows from the Lorentz trans
formations that v < c in ail cases. An exception is the velocity of 
the photon (see 42.1.1.) which equals c.
32.4.2. The following approximate formula is valid when — «  1, 
for an arbitrary velocity v, with an accuracy to members of the 
order of c

v = V' + V - — (Vy')v'

32.5. Four-Dimensional Velocity and Accélération

32.5.1. The vector of four-dimensional velocity (velocity 4-vector) 
is a vector with the components

(j = 1, 2, 3, 4)

where x l = x\ x2 = y ; oc3 = z\ x4 = ict; ds = c dt |Al — —  ; and
v is the velocity of the body.
For example:

ui = (j = 1, 2, 3);
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32. Spécial Theory of R ela tiv ity

The relation of the components of the velocity 4-vector is
i - 4

The velocity 4-vector is a dimensionless quantity.
82.5.2. The four-dimensional accélération (accélération 4-vector) 
is defined as a vector with the components

ai
duj
m r

d2Xj
~dsr U = 1, 2, 3, 4)

32.6. Helativistic Dynamics
32.6.1. Mechanics, based on the spécial principle of relativity 
and invariant with respect to the Lorentz transformations, is 
called relativistic mechanics. Relativistic mechanics is converted
into the classical kind when ~  «  1, where uis the velocity of the
inoving body (or particle) and c is the velocity of light in a va
cuum.
32.6.2. The Lagrangian function (see 5.1.5.) for a free particle is

L = -  mücl

where m0 is the mass of the particle measured in the coordinate 
system with respect to which the particle is stationary (rest 
mass).
32.6.3. The momentum vector p (see 2.3.4.) is

The relativistic expression for the mass is

where m0 is the rest mass.
\ s  v c ,  m o o  and p  -► oo, provided that m0 ^  0. The dependence 
of the mass on velocity is shown in Fig. 32.3. In the case of the 
photon (see 42.1.1.), v = c and m0 = 0. The momentum of a 
photon is determined on the basis of its energy (see 32.6.9.).
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m

F IG .  32.3

a hody is constant (see

A velocity higher than c leads to an 
imaginary momentum (or imaginary 
mass). This is meaningless physically.
When — «c 1, the équation for the mo
mentum is reduced to the classical équa
tion

p = mv

(the différence between m and m0 when
«  1 is insignifiant).

In classical mechanics, the ratio of the
force F = -J- to the accélération a of a t

2.4.1.). In relativistie mechanics

when F 1 v

when F 11 v m0

32.6.4. The total energy of a body (or parLicle) in the theory of 
relat.ivity is

K  -  ( p v )  — L  — =-- m e 1
\!\ ^
\  ]-  cî

This expression is called the relativistie équivalence of mass and 
energy and plays a fundamental part in nuclear physics. In 
particular, when v = 0 the energy of a body at rest. frest energy) is

E<> =  m0c2
.v

In addition to £  mofC2, where moi is the rest mass of a particle
»= i

of the body, the energy of a body at rest is made up of the 
kinetic energy of its particles and the potential energy of their 
interaction. Hence

y
m0c2 t* V moic2 and m0 Y  moi

<-i i
The law of conservation of the rest mass is invalid in relativistie
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mechanics. For instance, the mass mü of a particle, capable of 
spontaneous decay, is greater than the sum of the rest masses 
of the decay products m01 and m02. Thus

m0 > m0l+m 0n

32.6.5. The kinet.ic energy of a body (or particle) is
mue21 — —7---------m()c-

Ÿ ‘ - W

When — 1, this expression becomes the classical équation :
T = —- (the différence between m and m() at — 1 is in
signifiant).
32.6.6. The Hamiltonian function (see 5.3.1.) for a free particle 
(the total energy expressed in terms of the momentum) is

E  = H = yp2c2 + mfc*
while at low velocities (p «  m0c)

E = H 9* m0c2 + P2 
2mo

With an accuracy to the value of the rest energy, this is the 
classical expression of the Hamiltonian function for a free par- 
l.icle. For a photon, which has no rest mass (m0 = 0).

E — cp

32.6.7. The relationship between the total energy E, the mornen- 
lum p and the velocity v of a free particle is

32.6.8. In relativistic mechanics, the momentum p and the total 
energy E  can be represented as the component.s of the 4-vector 
/>,. Thus

Pi — m0cui
where m0 = rest mass

c = velocity of light in a vacuum 
ut = velocity 4-vector (see 32.5.1).

Three components of the 4-vectorp t coincide with the components 
of the momentum p, i.e. />, = px, p 2 = pv and p 3 = p t. The
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fourth (time) component is related to the total energy of the 
particle as follows:

32.6.9. In transforming to the stationary coordinate System K 
from the System K' which moves with uniform velocity K in a 
straight line along the X  axis with respect to System K , the Lo- 
rentz transformations are valid for the components of the momen- 
tum p and the energy E. Thus

where p xtp y and p z -- components of the momentum in the 
K  System

p'x, p'y and p'a = components of the momentum in the 
K' System

E  and E ' = energies in the K and K' Systems.

32.7. Lorentz Transformations 
forx an Electromagnetic Field

32.7.1. The properties of an electromagnetic field differ in differ
ent inertial frames of reference. In particular, one of the fields, 
either electric or magnetic, may be absent in one coordinate 
system and présent in another.
32.7.2. The Lorentz transformation formulas for the components 
of vectors E, H, D and B in electric and magnetic fields in trans
forming to a stationary coordinate System K  from System K \  
moving at uniform velocity K in a straight line along the X  axis, 
are of the following form in the Gaussian System of units :

y
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Tn ST unit.,s thoy are of the form

E x  —  E ' x \  E y  

h x = //; •, Hy

D x -  D x \ D v

Ex — K  î B y

E'y+VB;
E, =

E'-VB'y

l / ,  ^  ’ i /  7 "y*
\  1 c* V 1_ cV

H’y- v  d;
H . -

*1 y y L*z J J  ** Z * y y

f ' : 1  ' ’ \<
y  tt* y  n

f ' - T  '
D. =

■

V  Tt, . y .
B v ~  t i  E *

y - y :

B z + CÏ E V
B z -  r . -  ■

Ÿ < - Z -

For tho components of vectors parallel (||) and porpendicular 
(1) to V, the vcctor form of tho transformation formulas in SI 
nuits is ^4

Tho unprimed components belong to System K , and the primed 
unes to System K f.
«2.7.3. If ■—•«cl, the formulas can be simplified and will be accu-
ru to to terms of the order of — . In the vector form, in SI units,

c

:ir.-  15009 545



IV.E lectricity  and M agnetism

and neglnr.ting t.lin t.nrm j ' )2, vva can vvrito

D -  ^  [VH'|; II = H' + [VI)'l

F. = E' -  [ VB'] ; B = B' + CV [VE']

These formulas show that voctor H of lhe magnetic fiold playjs 
a part similar to that of voctor 1) in tho oloctric fiold, aiul voctor 
B similar to that of voctor R.
In voctor form and in tho Gaussian System of units 

F. = E '+ —- [HT] ; TI = H' -  ■ [E'V]

If t.horo is no magnetic fiold in System K' (lf' — 0), thon in Sys
tem K

H = ' [VE]

If, on tho other hand, thero is no oloctric fiold in System Kf 
(R' — 0), thon in System K

K = -■ IVH]

The intensities of tho electric and magnetic fields are mutually 
perpendicular in the frame of reforence K. Inversely, upon mutual 
perpendicularity of the intensities of the electric and magnetic 
fields in a certain frame of référencé K , there oxists a frame of 
reference K ' in which the electromagnetic field has one compo- 
nent. This is purely electric or purely magnetic. The velocity V 
of frame K ' is determined by tho procoding formulas.

32.8. Vavilov-Cherenkov Radiation
82.8.1. According to the spécial theory of relativity, the velocity 
v of an électron cannot exceed c, the velocity of light in a vacuum.
Thus p = --- < 1. But if an électron (or another charged particle:
proton, moson, etc.) moves in a medium with a refractive index n 
(see 35.2.2.) its velocity v may turn out to be greater than the
phase velocity of light — in the given medium, i. e. -  < v < c. ïn
this case, an electromagnetic radiation is obsorvod that is called 
Vavilov-Cherenkov radiation.

5 4 6



32. Spécia l Theory of R ela tiv ity

Vavilov-Cherenkov radiation is similar to the Mach sonie shock 
wave developed when bodies travel at velocities greater than 
the phase velocities of elastic waves in the given medium (see
33 .12 .8 .) .
H2.8.2. Vavilov-Cherenkov radiation is contained within a cône 
whose éléments make an angle 0 with the direction of motion 
of the électron. Thus

C0S" -  i  1 U  ( ^ n O
wherc 8 — -r c

n =  refractive index of the medium 
.1 ^  = de Broglie wavelength of the moving électron (see

44.1.1.)
A = wavelength of the radiated light.

Radiation is possible under the condition that fin ^  1 (a >
and is limited with respect to short wavelengths by the value 
Kun at which cos 0 = 1. The energy radiated by the électron 
in unit time equals

dE
dV

e2v
c*~

1
n2p2

A*
Ta2 (*-£)]*»

wliere co = is the cyclic frequency of the radiation
/  2 n  C \
y ° max -  nAminh

In the nonrelativistic case ( -  «  l), the condition fin > 1 implies 
I liat n »  1. Neglecting quantum corrections (recoil of the électron 
in radiation) 0 and the preceding formulas are simplified to

cos 0 = - 1— = —  np nv
<°maxdE c2v f  [. c2 1 ,

d t ~  cs~ J  "L1 n*o* J d<°0
The frequency comaJ[ is determincd from the condition fin(co^x) — 1, 
wliere n(aw) takes in tu account the dispersion dependence 
nf n on co (see 40.1.1.).

;i!>* 547



E lectricity  and M agnetism IV.

32.9. Doppler Effect in Optics
32.9.1. The Doppler effect in optics refers to the change in the 
frequency of light waves perceived by an observer upon a relative 
motion of the observer and the source (the Doppler effect in 
acoustics is dealt with in 33.8.1.).
32.9.2. If the source and receiver of light waves move at uniform 
velocity in a straight line with respect to an inertial frame of 
reference (see 2.1.3.), then the observed frequency v of the light 
is related to the frequency r,„ observed in this frame when both 
source and observer are stationary, by the équation

wliere 0 = angle between the line of observation and the direc
tion of motion of the source with respect to the 
observer, measured in a coordinate System fixed 
to the observer 

v = magnitude of the velocity of relative motion of the 
source

c = velocity of light in a vacuum.

32.9.3. At 6 = — or — and ~  «  1, v = v0 and the Doppler effect
is not observed. If 0 = 0 (mutual recession of the source and 
observer), then v < v0, A > A0 and a “red shift” of the spectrum of 
visible light is observed.
If 6 = 7i (mutual approach of the source and observer), then 
v > v0, A < A0 and a “violet shift” is observed in the spectrum of 
visible light.
32.9.4. At % 1, the Doppler effect is observed even when

This is called the transverse Doppler effect. The experimental 
détection of this transverse shift was one of the proofs of the theory 
of relativity.
32.9.5. At -j- %1, the Doppler effect is not observed in directions 
for which cos0 = - - -  (l - / l  -  fi2), where fi = -  .

v = v0

d = - o r y .  Thus
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PART FIVE

Wave Phenomena

CHAPTEK 33

Fundamentals of Acoustics

33.1. Introduction
38.1.1. Waves are disturbances in the state of inatter or a lield 
propagating in this matter or field.
Elastic waves are mechanical disturbances (deformations) propa- 
gated in an elastic medium. External bodies which cause these 
disturbances in the medium are called the sources of disturb
ances, or of the waves. The propagation of elastic waves consists 
in the excitation of vibrations of particles of the medium which 
are farther and farther away from the source of the disturbance. 
The basic différence between elastic waves in a medium and any 
other ordered motion of its particles is that for small disturbances 
wave propagation does not involve (in the linear approximation) 
any transport of matter.*
33.1.2. An elastic wave is said to be longitudinal if the particles 
<>f the medium vibrate in the direction of wave propagation, and 
is said to be transverse if the particles vibrate at right angles to 
t he direction of propagation.
Transverse waves can be evoked only in a medium having elas- 
licity of shape, i. e. one capable of resisting shear deformations 
(see 15.7.12.). Only solids possess this property. Longitudinal 
waves are associated with volumétrie deformations of the medium 
(periodic changes in its density). Therefore they can be propa- 
gated in liquids and gases as well as in solids. An exception to this 
nilc is the superficialf or surface, waves evoked on the free sur-

* In the case of heavy disturbances, a slight transport of matter occurs. 
Il Is duc to the nonlincar nature of the vibrations of particles of the medium.
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Wave Phenomena v.
face of a liquid or at the interfaces between immiscible liquids. 
Here the particles of the liquid vibrate simultaneously in botli 
the longitudinal and transverse directions, describing elliptical 
or more complex paths. The spécial properties of surface waves 
are due to the fact that the forces of gravity and surface tension 
play a definite part in tlieir génération and propagation.
33.1.3. Sonic, or aconstic, waves are weak disturbances—meehan- 
ical vibrations of small amplitude—propagated in an elastic 
medium. The brandi of physics dealing with the properties of 
sonie (sound) waves, and the laws of their excitation, propagation 
and action on obstacles, is called acoustics.

33.2. Rate of Propagation of Sonic Waues 
(Velocity of Sound)

33.2.1. The velocity of waves in liquids and gases equals

•• » • ;
where K  = bulk modulus (sec 15.7.11.)

q = density of the undisturbed medium.
The process of deformation of the liquid or gas upon the propaga
tion of sonie waves in it can be regarded as adiabatic (see 7.1.11.). 
For an idéal gas, the bulk modulus in an adiabatic process is 
K  = xp, where p is the pressure of the undisturbed gas and n 
is the adiabatic exponent (see 9.4.5.). The velocity of sonie waves 
in an idéal gas equals

c = / « - -  = ÿxB T

where T  = absolute température of the gas 
B = spécifie gas constant (see 8.1.3.).

33.2.2. In an isotropie solid medium, the velocity of transverse 
waves equals

where G = shear modulus (see 15.7.12.) 
q = density.

The velocity of longitudinal waves in such a medium is
„ _  If  Ey 2G lA E i-M
2 V o(l+*> <1-2/0 e r 0 ( l+ /0 ( l - 2 / i )

where E ----- Young's modulus (see 15.7.G.) 
fi -- Poisson's ratio (see 15.7.7.).
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Tn solid media the velocity of longitudinal waves is always 
greater than that of transverse waves.
The velocity of longitudinal waves in a thin rod whose transverse 
dimensions are only a fraction of the wavelength (see 33.4.5.) 
equals

The rate of propagation of transverse waves in a stretclied string— 
a thin flexible cord in which a high tension is produeed by exter- 
nal forces—equals

F  = tensile force
S = cross-sectional area of the string 
q — density of the string material.

33.2.3. In solid anisotropic bodies the elastic properties are not 
the same in various directions. Ilence the velocity of longitudinal 
and transverse waves dépends upon the direction of their propa
gation and, in the case of transverse waves, upon their polariza- 
tion as well, i. e. upon the orientation of the plane passed through 
the wave velocity vector and the displacement vector of particles 
of the medium at the point being eonsidered (this plane is called 
the vibration plane).

33.3. Wave Equation
33.3.1. Helmholtz's theorem States that any single-valued and 
continuous vector field F which vanishes at infinity can be repre- 
sented and, what is more, solely, as the sum of the gradient of a 
certain scalar function cp and the curl of a certain fonction A 
whose divergence equals zéro. Thus

Function (p is called the scalar potential of field F, and function 
A is its vector potential.
33.3.2. For acoustic waves in solid media the scalar potential cp 
of the vector field of displacement S of particles of the medium 
from their equilibrium position characterizes the longitudinal

J7where a = s  = normal stress

F = grad 99 + curl A and div A. = 0
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elastic waves and satisfies the following differential équation, 
called the wave équation:

02ç> d2q> d2q> _  1 d2q> . . _  1 d2<p
dx2 ^  dy2 ëz2 -  c$ dt2 ’ ' cl ai2

or
nq> -  o

where c2 = velocity of longitudinal waves (see 33.2.2.)
A = Laplacian operator
□ = A - - -  ~  = d’Alembertian operator.

The vector potential A characterizes the transverse elastie 
waves and satisfies the differential équation

curl curl A = -  \  -d*£- ci dl2 or zlA = 02A
dt2

where cx is the velocity of transverse waves (see 33.2.2.). 
33.3.3. Acoustic waves in fluids* are characterized by the scalar 
potential (p of the velocities v' of vibrational motion of particles 
of the medium (see 19.1.1.). Thus v' = grad y.
It follows from the continuity équation (see 19.2.1.) and the 
motion équations (see 19.3.1.) that for acoustic waves propagated 
in a fixed homogeneous infinité idéal fluid (see 18.1.3.), not 
subject to the action of mass forces (see 18.2.1.), potential y 
complies with the wave équation

d2<p d2q> d2qp _  1 d2<p
d x2 +  ~dy2 +  ~dz2 ~  ê t2

or A(p c2 dt2

where c is the rate of propagation of the waves (see 33.2.1.). 
Each component of vector v' complies with such an équation. 
33.3.4. Tl o pressure p ' of the fluid, in excess of the equilibrium 
pressure, is related to q> by the équation

/ dqp
P = -e~0T

where g is the equilibrium density of the fluid. The pressure //  
satisfies the wave équation

Ap ' = J
c2

d2p'
~0T2~

* Here, as in Part Three and elsewhere, fluids are understood to include 
both liquids and gases (incompressible and compressible fluids).
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38.8.5. The déviation g' of the fluid density from the equilibrium 
value equals

_/   q_ J<p_
* c2 c2 dt

and the wave équation

is also valid for g'.
33.3.6. A longitudinal wave is said to be plane if the potential (p 
and other quantifies characterizing the wave motion of the medi
um dépend only on time and on one of the Cartesian space co- 
ordinates, for example, x.
The wave équation for a longitudinal plane wave is

d*ç _  J  d2j>
~dx* ~  c2 dt2

Its general solution is expressed as
<P = fi{c t-x) + f2(ct-\-x)

where f x and f2 are arbitrary functions, fi(c t-x )  is the potential 
of a plane wave propagated along the positive direction of axis 
Ox, and f2(ct + x) is the potential of such a wave propagated in 
the opposite direction. Both waves, in contrast to standing 
waves (see 33.7.1.), are called travelling, or running, waves.
33.3.7. In a longitudinal travelling plane wave in which (p = 
= f(ct — x), the displacement vector of particles of the medium 
S = £1, where i is the unit vector along axis Ox and S is the alge- 
braic value of the displacement which complies with the wave 
équation

_  JL d2S
dx2 ~ c2 dt2

In a fluid, the velocity vf of vibrational motion of particles of 
I lie medium is related to the excess pressure p ' and the change 
in density g' by the équations

p ' = gcv' and g' =

The product gc of the density of the medium by the rate of 
propagation of longitudinal waves in it is called the wave résist
ance (impédance) of the medium.
33.3.8. A longitudinal wave is said to be spherical if the potential 
<P and other quantities characterizing the wave motion of the 
medium dépend only on time and on the distance r from a certain
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point in space called the wave centre. Spherical waves are evoked 
in a homogeneous and isotropie medium by a point source, which 
is a vibrating body whose dimensions are small in comparison 
with the distance to the point being considered in the medium. 
The wave équation for a longitudinal spherical wave is

J  _ô_ ( r * - V \  =  -i Ü!*
r2 dr \ dr) c2 dt2 

Its general solution is of the form

9 = ~  fi(cl ~ r) + y- fï(d  + r)

where f x and f2 are arbitrary functions. Here - f i [ c t - r )  is the

potential for a divergent spherical wave and ^ f 2(ct+r) is the 
potential for one converging at the centre.
33.3.9. The principle of superposition of waves states that if a 
number of n different waves, described by the scalar potentials
7?!, . . . ,  (pH and vector potentials Alt ----- , An, are propagated
simultaneously in a medium, the potentials and A of the résult
ant waves are equal to the sums of the corresponding potentials 
of ail the waves in the System. Thus

n n
(p = £  <Pi and A = £  A,i <=i

In other words, each of the waves is propagated in the medium 
independently of the others, i.e. as if there were no others. The 
résultant velocity, displacement and accélération of each particle 
of the medium are equal to the vector sums of the respective 
quantities due to each of the waves taken separately.
The principle of superposition of elastic waves is valid only for 
so-called linear media which obey Hooke’s law, i.e. within the 
limits in which the rate of propagation of waves in the medium 
does not dépend upon their intensity (see 33.5.5.).

33.4. Longitudinal Sine Waves
33.4.1. A longitudinal wave équation is the dependence of the po
tential (p of the velocity of disturbed motion of the medium on 
the coordinates and time or any other quantity that uniquely 
characterizes this motion.
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33.4.2. A longitudinal wave is said to be sinusoïdal, or harmonie, 
if the vibrations of the particles of the medium are harmonie 
and hâve the same cyclic (circular) frequencies co (see 6.1.3.) 
so that

<p = a(x, 2/, z) sin \cot — a(x, 2/, 2 )]

with the functions a and a of the coordinates complying with 
the following differential équations:

Aai + k-ax = 0 and Aa2 -f k2a2 = 0

33.

where a1 = a cos a 
a2 = a sin a
k = — = wave number c
c = wave velocity 

co = cyclic frequency of the wave.
Function a(x, y , z) is called the amplitude of the wave, function 
0(x , 2/, s, 0 = o)t — a(xi y , z) is called ils phase, and a(xy y , z) 
its initial phase.
Helmholtz's équation

A(p + k“<p = 0
is valid for a sinusoïdal, or sine, wave.
33.4.3. The wave surface, or icace />o/U, is the locus of ail points 
in the medium at which the wave phase lias the same value 
at the instant of time being considered. Different values of the 
phase correspond to a family of wave surfaces. When a short- 
duration disturbance is propagated in a medium, the wave 
front is the boundary between the disturbed and undisturbed 
régions of the medium.
The équation of a family of wave surfaces is of the form 

cot — a — C

where C is a constant playing the part of a parameter.
Wave surfaces are continuously displaced in the medium and, 
generally speaking, are deformed in the process of propagation. 
For a homogeneous and isotropie medium, the velocity of each 
point of the wave surface is directed along a normal to the sur
face and is numerically equal to the wave velocity c (see 33.2.1.) 
which is called the phase velocity of the wave.
33.4.4. The wave surfaces of a plane wave (see 33.3.6.) constitute 
a System of parallel planes. In a homogeneous, isotropie medium, 
wave surfaces of a plane wave are perpcndicular to the direction
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of propagation of the wave (direction of energy transport), called 
the ray. In anisotropic media, the angle between the wave surface 
and the ray equals 90° only for certain definite directions of 
plane wave propagation.
The équation of a plane sine wave propagated along the positive 
direction of the Ox axis is of the form

cp = a sin (cot — kx + a0)
and for a wave propagated in the opposite direction it is

(p = a sin (cot + kx -f a0)
where a0 is the initial phase of vibration of the points of the me
dium that lie in coordinate plane yOz. If the wave is propagated 
in an idéal medium, not subject to internai friction or heat 
conduction, then the amplitude a of the wave is independent of x.
33.4.5. A characteristic of a sine wave is the wavelength A, equal 
to the distance between any two adjacent points in the medium 
at which the initial phases of the wave difïer by 2n. Thus

where T  = — = period of the wave
v = ~  frequency of the wave.

33.4.6. The équation of a plane sine wave in exponential form is: 
cp = Aei[^ r)- (ot] 

where A = aeia = complex amplitude

, 2  nk = y  n = wave vector
n = unit vector indicating the direction of wave propaga

tion
r = radius vector drawn to the point of the medium 

being considered
i =

The exponential form is convenient for differentiating in linear 
wave équations. Only the real part, however, of the exponential 
expression has a physical meaning. Thus

<p = Re
(the symbol Re denoting the real part of the complex expression). 
This is used in finding the physical quantifies.
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33.4.7. Any arbitrary wave can be reprcsented as a totality of 
plane sine waves with different wave vectors, frequencies, ampli
tudes and initial phases. Such a concept is based on the possibilité 
of expanding a periodical function into a Fourier sériés or on 
expressing a nonperiodical function by a Fourier intégral (see
40.2.3.), or on the principle of superposition of waves (see 33 3 9 ) 
The totality of sine waves that are superimposed to obtain the 
wave under considération is called the spectrum of the latter 
The totalities of amplitude and frequency values of these waves 
are called the amplitude and frequency spectray respectively.
33.4.8. The wave surfaces of a spherical wave (see 33.3 8 ) are a
System of concentric sphères. The équation of a divergent spher
ical sine wave is *

(p = sin (cot -  kr -f a0)

where a0 = initial phase of vibration of the wave source 
r = distance from the source

ao = amplitude of vibration of points of the medium 
located at the distance r0 = 1.

The exponential form of the spherical wave équation is
M kr-œ t)

<p = A - --------T r

where — = -  eia = complex amplitude 

i = Ÿ -  1.
Everywhere, except at the singular point r = 0, the function œ 
compiles with the wave équation A(p + k2(p = 0.
33.4.9. A wave is said to be cylindrical if its wave surfaces are 
circular cylindrical surfaces with a common axis of symmetry 
The équation of a divergent cylindrical wave at a distance from 
(lus axis is of the form

V =  ÿj=s'n (co t -kR+<ia)

where R = distance from the axis 
a0 and a0 = constants

A' = - y  = wave number.



V.W ave P h en o m en a

In expnnential form, the équation is
i(kR— ait)

<r = a ŸR
where — = eia = complox amplitude 

Y n  ÿ r
n

33.fi. Energy of Acoustic Waves
33.5.1. The volume energy density w of a medium is the limit of 
the ratio of the energy AW  of the medium, enclosed within the 
volume A V , to the magnitude of this volume as AV  approaches 
zéro. Thus

w lim
AV  -►

A W

0
33.5.2. The volume energy density of acoustic waves in a fluid is 
equal to the différence between the volume energy densities of 
the fluid in the disturbed and undisturbed States, lt  is expressed 
by the équation

wherc q = density of the undisturbed fluid 
c = wave velocity

v' = velocity of vibratory motion of particles of the 
fluid

q' = déviation of the fluid density from the equilibrium 
value.

The flrst term represents the volume kinetic energy density of 
the fluid particles, and the second the volume potential energy 
density of deformation of the fluid.
33.5.3. For a longitudinal plane wave (see 33.3.6.)

qv'2 = -c~  and w = qv'2

If the plane wave is sinusoidal, i.e. <p = a sin (œ t- kx + a0), then 
w = Qk2a2 cos2 (cot — kx + a0) = Qco2a? COS* (cot — kx + a0)

where a, = — is the amplitude of vibrations of particles of the 
medium.
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For an arbitrary longitudinal wave
C* — __ —

qv'* = — q'2 and w = pt/2
T

where v'2 = J i /2 cfr
o
T

<p  = t 5 dt0
T

w = f  w dt
O

= average values in an interval 
of time equal to the period T 
of the wave.

33.5.4. The propagation of waves in an infinité elastic medium 
involves the setting up of vibratory motion in régions of the 
medium farther and farther away from the wave source. This 
requires the expenditure of energy furnished by the wave source 
and transmitted from certain régions of the medium to more 
distant régions.
The law of conservation of energy is

du)
et 4- di v U = 0

where U = p'v' = energy flux vector of acoustic waves (Umov 
vector)

p' = pressure in the fluid in excess of the equilibri- 
um pressure.

For a plane wave, U = wc = é?i/ 2c, where c is the velocity vector 
of wave propagation.
33.5.5. Acoustic wave intensity I  (sound intensity) is the amount 
of energy transmitted by a wave per unit time through a unit 
area perpendicular to the direction of wave propagation. Thus

/  = |u |  = |j>v T 0
The intensity of a sine wave (see 33.4.2.) is proportional to the 
square of its amplitude. Thus

/  _ - r  q(d | grad a | a2 -- (jck | grad a | a2
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where k = — is the wave number. For plane and spherical sine 
waves, |grad a| = k,

I  = Qck^a2 = y ~  co2a? and I  =

wliere p tft = — j/"^ 2- = root-mean-square (effective) sound
pressure of the acoustic wave 

Pmax = amplitude of excess pressure of the medium due 
to its wave motion.

33.5.6. The wave energy flow through a certain surface S  is the 
amount of energy transmitted through this surface in unit time. 
Thus

0  = J I  dS cos P = J I  dSn
s s

where p = angle between the normal to area dS and the 
direction of wave propagation 

dSn = dS cos p = area of the projection of area dS on 
a plane perpendicular to the direction of wave
propagation (diS,n < 0 when — < P < -£ ).

33.6. Reflection and Refraction of Longitudinal 
Acoustic Waves (in the Absence of Diffraction 
Phenomena)

33.6.1. If an acoustic wave, propagated in a certain medium 1» 
reaches the boundary of this medium with another medium 2, 
reflection and refraction of the wave will occur. A reflected wave 

is one propagated from the boundary, or in
terface, in the same medium 1 as the primary 
(incident) wave. A refracted wave is one pro
pagated in the second medium.
The angle of incidence is the angle i (Fig. 33.1) 
between the direction of propagation of the 
incident wave (incident ray SO) and the nor
mal ON to the boundary between two media 
at the point of incidence O being considered. 
The angle of reflection is the angle i' between 
lhe direction of propagation of the reflected
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wave (reflectcd ray OS') and the normal ON. The angle of refrac
tion is the angle r between the direction of propagation of the 
refracted wave (refracted ray OS") and the normal OM.
33.6.2. The laws of reflection are :
(a) The reflected ray lies in a plane passing through the incident 
ray and a normal to the interface between the media at the 
point of incidence.
(b) The angle of reflection equals the angle of incidence: V = i.
33.6.3. The laws of refraction are:
(a) The refracted ray lies in a plane passing through the incident 
ray and a normal to the interface between the media at the 
point of incidence.
(b) The ratio of the sine of the angle of incidence to the sine 
of the angle of refraction equals the ratio of the wave velocities 
in the first and second media.
Thus

s in  i  _  Ci _  
s in  r ~  c2 ~  ^21

where n2l is the refractive index of the second medium with 
respect to the first (relative refractive index).
33.6.4. The relations between the amplitudes and phases of the 
incident, reflected and refracted waves are determined by the 
boundary conditions: the excess pressures in both media should 
be the same at the interface between two fluid media, as should 
the normal components of the velocities of vibratory motion of 
the particles.
The following relations are valid for plane waves and a plane 
boundary (in the absence of absorption):

a t ^  + 'in  = !?2-42 and ~cosi- ( / ( ,- , ! ; )  = -c“sr- A 2C i Co

where A lt A \ and A 2 = complex amplitudes of the velocity 
potentials of the incident, reflected 
and refracted waves 

i and r = angles of incidence and refraction 
i>i and £>2 = densities of the media 
Ci and c2 = wave velocities in these media.

T lien
| /  __ (?2c2 c o s  i -  giCi e o s  r |
1 — c o s  i+ q1c1 c o s  r ‘ 1

A , = ---- _^Lc2cosA _ _
“ (.>2^2 e o s  H - uiCi e o s  r  1
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or

0 i__cot r

e' coy r a ,
Q t  [ cot r 1 
Pi cot X

and A 2 o2 j cot r 
Cl cot i

If ui = &2, then . If Qyc\ = (equal elasticities
o fth e  media), then £  =
33.6.5. The reflected plane wave is completely absent under the 
condition

cot2 i (cl-d )g?
(eîC2)2-(eiCi)*

This is feasible when cL > c2 and p2c2 > or, inversely, < c2 
and q2c2 < QiCx. For normal incidence (i — r = 0), A[ = 0 if 
Q2C2 = Qicv
33.6.6. The refracted plane wave is completely absent if c2 > cx 
and i > ilimi where ilim is the limiting (critical) angle of incidence. 
It is determined from the relation

sin i„„ = — = « 2 1  1/2
This phenomenon is known as total internai reflection.
33.6.7. Let us consider phase relations for the case of normal 
incidence of a plane wave on the plane boundary between two 
media. If q2c2 > then the phase différence at the boundary 
of the media between the reflected and incident waves equals 
zéro for the velocity potentials (their amplitudes A[ and A l 
hâve the same sign) and the excess pressures. This différence 
equals n for the velocities of vibratory motion of the particles of 
the first medium.
If q2c2 < then the phase différence at the boundary of the 
media between the reflected and incident waves equals n for 
the velocity potentials (their amplitudes A[ and A x are opposite 
in sign) and the excess pressures. This différence equals zéro for 
the velocities of vibratory motion of the particles of the first 
medium.
The phase différence of any like quantifies in the refracted and 
incident waves equals zéro at the boundary of the media, regard- 
less of the properties of the media and the magnitude of the anglc£ 
of incidence.
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33.6.8. The réfaction coefficient R  is the ratio of the intensities 
of the reflected and incident waves. For plane waves

__ | Ai |2 _  I ea tan r—ei tan i  ̂ e2c2 cos i -  gi /cf-c% sin* t
| Ax |2 \  q2 tan r+ G! tan i I \  c2c2 cos i+ g, }/c\\-cl sin2 i /

For normal incidence
j i  _  / C 2 c 2 -  e i C i \ 2 

\  Gac2+ Oici /
If q2c2 »  OjCj or pic, »  é>2c2, thenT îssl.
The transmission coefficient D is the ratio of tho intensities of the 
refracted and incident waves. For plant' waves
i} _ _c2Cj | A212 ĜiGaCiCg

(G2Co I- GiC, cos r y 
cos i )

h_Q\C\
« w jl+--**- , ]/"(C,-)2-sin2 i]2L Gs cos i r \ c2 / J

ït follows from the law of conservation of energy lliat, in the 
absence of absorption,

D + R = 1COS l

Tor normal incidence D + R  = 1.
The reflection coefficient R  remains unchanged in magnitude 
upon the reversai of the direction of propagation of the wave, 
i.e. it is the same for cases of the incidence of a plane wave at 
the angle i from the first medium on the boundary with the sec
ond as for cases of incidence of a plane wave at the angle r 
from the second medium on the boundary with the first.
33.6.6. The pressure p exerted by a plane wave on the boundary 
between two media equals:
(a) for oblique incidence (i A 0)

p = [(1 +i?) cot i — (1 — R) cot r] sin 2i-cCi
(b) for normal incidence (i = 0)

=  2 T l  ( g lC l ) 2 +(C?2C2)2-2 G lg 2 C j  
p  ci (eiCi+G2c2)2

where I I = wlcl = intensity of the incident wave 
cx — velocity of the incident wave 
Wi = average volume cnergy density of the incident wave.
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Reflected wave

33.tt.10. Upon reflection of a spherical wave from a plane bound- 
ary between two media, the reflected wave is also spherical and 
bas its centre at point O' which is symmetrical, with respect to 
the bonndary M N, to the centre O of the incident wave (Fig.

33.2). The amplitude of the re
flected wave is inversely propor- 
tional to its distance from point 
O'. If c2 > cl9 then, in addition 
to the reflected spherical wave, 
a latéral, or side, wave is propa- 
gated in the first medium. The 
wave surface of such a latéral 
wave is the frustum of a cône 
whose axis coincides with the 
perpendicular 00 ', and whose 
generatrix A B  is tangent to the 
corresponding wave surface of the 
reflected wave and makes an 
angle y with plane M N, comply-

Incidenl
wave

Latéral 
wave 

A

FIG. 33.2

ing with the condition sin y = —. The amplitude of the latéralCi
wave at an arbitrary point C dépends upon OO'C and is in
versely proportional to the square of the distance r / = OC.

33.7. Standing Waves
33.7.1. A standing, or stationary, wave is one resulting from the 
superposition of two waves propagated in opposite directions and 
complying with the following conditions: the waves hâve the 
same frequency and their amplitudes are the same functions of 
the coordinates. In the case of transverse waves, it is also neces- 
sary for both waves to hâve the same polarization (see 33.2.3.). 
The occurrence of standing waves is a spécial case of wave inter
férence (see 36.1.4.).
33.7.2. A plane longitudinal standing wave results, for example, 
upon the superposition of incident and reflected plane waves 
if the angle of incidence equals zéro and the reflection coefficient 
R  = 1, i.e. if the wave is reflected from a medium with a very 
large or very small wave résistance (impédance) (see 33.6.8.). 
The équation of a plane longitudinal standing sine wave, occur- 
ring upon the superposition of a direct wave (p̂  = a sin (tôt. -  kx-\ 
+ aj) and a backward wave tp2 = a sin (ot + kx-i a2)
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is of the form
(p = 2acos ( - - ° 2 - k )  sin (û>J + - ~ a2j

33.7.3. The amplitude ait of a plane standing wave is a periodic 
fonction of coordinate x and is independent of time. Thus

a„ = 2 a J cos ( a‘~°2 -  kxj |

The points in space at which att = 0 are called the tiodes of the 
standing wave, and the points where ast reaches its maximum
value (at,)max = 2a are called antinodes. For the nodes -  kx =

= (2m + l)f-,  and for the antinodes <̂1— - k x  = 2m ~ , where 
ni = 0, ±1, ±/2, . . . .
33.7.4. The length A„ of a standing wave is the distance between 
two adjacent nodes or antinodes:

2   n   A
~ T  ~ T

where A is the wavelength of the running waves. The distance
between a node and the adjacent antinode equals --- = -  .
The nodes of the velocity and displacement of the particles of 
the fluid coincide with the antinodes of the velocity potential 
and pressure.
33.7.5. In a standing wave ail the particles of the medium between 
two adjacent nodes vibrate in the same phase, but with different 
amplitudes. In passing through a node the phase of vibration
varies discontinuously by n since the sign of cos (“-y-5 — fcr) is
reversed.
33.7. B. As opposed to running waves, there is no energy trans
mission in a standing wave. This, in particular, is manifested 
in the fact that the position of the nodes and antinodes in space 
rcmains constant in time (for which reason these waves hâve 
heen named standing waves). Energy transmission is absent in a 
standing wave because the direct and backward waves forming 
the standing wave transmit energy in equal amounts but in 
opposite directions.
33.7.7. A spherical standing wave occurs upon the superposition 
of divergent and convergent spherical sine (harmonie) waves:

(pi — “  sin (o)t — kr \ cii) and <p2 — -®°- sin (o)t+ kr + u2)
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The équation of this standing wave is of the form 

9> = —■ cos -  hrj sin (o>t + ai|-*  )

The conditions for nodes and antinodes are:

«2 — kr
(2m-f-1) ^  nodes 

2m antinodes
(m -  0, ±1, ±2, .

33.7.8. If the fluid fills only a restricted portion of the available 
space, then the frequencies of its free vibrations (see 6.1.9.) 
assume an infinité sériés of definite discrète values called the 
natural frequencies. In sucli cases a complicated System of stand
ing waves is set up in the fluid and dépends essentially on the 
shape and size of the vessel.
The natural frequencies of vibration for certain particular cases 
are given in the following.
(a) Consider a cylindrical column of gas in a pipe of length Z. 
If both ends of the pipe are either closed or open, then v — ;
if one end is closed and the other open, then v = (2m-1 ) — (m =
= 1, 2, 3, . . . ,  c = phase velocity of the waves in the gas). The 
nodes of velocity (as well as of displacement) of the gas particles 
and the antinodes of pressure are at the closed ends of the pipe; 
the pressure nodes and velocity antinodes are at the open ends. 
The conditions written above for pipes open at one or both ends 
are only approximate, since they were derived under the assump- 
tion that there is no energy flow through the open ends of the 
pipe. These conditions are complied with when the pipe radius 
R «A  (A being the wavelength). In the general case, for pipes 
open at both ends

_  me 
V “  2(i+2bR)

and for pipes open at one end
_  (2m-1)c 

” ~  4(/ + i)R)

(m = 1, 2, . . .) 

(m = 1,2, . . . )

where b = 0.63 when there are no flanges at the open ends of 
the pipe, and b — 0.80 when there are.
(b) If the fluid is in a vessel lmving the shape of a right parallelepi-
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ped with thc sides a, b, and d> then

where m, n and p are arbitrary integers.
(c) The natural frequency of a resonator having a long narrow 
pipe, or tube, is

„ = j l i œ
271 f IV

where V = volume of the resonator cavity 
S = cross-sectjonal area of the pipe 
l = length of the pipe (ly>att where a, is the amplitude 

of vibration of gas in the pipe).
Hollow spherical resonators of this type are known as Helmholtz 
resonators.
33.7.9. The natural frequencies of transverse vibrations of a 
stretched string of length l (see 33.2.2.) are

” = "f (" = ! • ' . • • • )
The displacement nodes and the deformation and stress anti- 
nodes are at the ends of the string.
33.7.10. The natural frequencies of longitudinal vibrations of a 
thin rod of length l are:
(a) For a rod fixed at the middle:

v = (» = 0, 1 ,2 , . . . )
where g — density of the rod material

E = Young’s modulus of the rod material.
The nodes of deformation and antinodes of displacement are at 
the ends.
(b) For a rod fixed at one end:

2n + 1 i f  E , n ^» = ~ 4ï -  y —  (« = o, i , 2 , . . .)
At the fixed end there is the displacement node (and deformation 
antinode); and at the free end the deformation node (and the 
displacement antinode).
(c) For a rod fixed at both ends or suspended freely from non-
elastic cords : _

v = ï t Ÿ t  ( " - i . V . . )
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In the first case the displacement nodes (and deformation anti- 
nodes) are at the ends of the rod; in the second the deformation 
nodes (and displacement antinodes).

33.8. The Doppler Effect
33.8.1. The Doppler effect refers to the dependence of the fre- 
quency of waves perceived by an observer on the velocities of 
the wave source and receiver with respect to the medium in 
which the waves are propagated. If the wave source, vibrating 
at a frequency v0, travels at a velocity Uj relative to the medium, 
and the observer at a velocity u2, then the frequency v perceived 
by the observer equals

. U,1 +-—  cos 02 cv = v0--------------
1 + -— cos 0, c

where c = velocity of the waves in a fixed medium
01 and 02 = angles made by the vectors uL and u2 with 

vector R connecting the receiver with the 
wave source.

33.8.2. The following approximate formula is valid when ^  «  1
and — «  1 :c

v = — cos 0)

where u = relative velocity of the source and receiver (u = 
= U i-u 2)

6 = angle between vectors u and R.
If the source and observer are approaching each other, angle 0 is 
obtuse, cos 0 < 0 and v > ?’0; if the source and observer are reced- 
ing from each other, then angle 6 is acute, cosfl > 0 and v < v0. 
The Doppler effect in optics is dealt with in Sec. 32.9.

33.9. Absorption and Scattering of Sound Waves
33.9.1. The propagation of sound waves in a homogeneous me
dium is accompanied by dissipation of energy (see 3.6.3.) due 
to viscosity (internai friction) and heat conduction of the 
medium. This phenomenon is called the absorption of sound 
waves.
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The amplitude a and intensity 1 of a plane wave, propagated 
along the positive direction of the Ox axis, dépend on x acoording 
to an exponential law

a (x) = a{)e~vx and I(x) = I {)c~2vx
where ait and 7W = amplitude and intensity at the point x = 0 

y — sound absorption coefficient.
For longitudinal waves in gases and liquids

(n2 r  4 r Cp — C y l

V = 12qcA LT V +  ^ + K Cpr v J

where co and c — cyclie frequency and velocity of the
waves

p, r;, Ç and K  — density, dynamic viscosity (sce 19.3.2.), 
second viscosity (see 19.3.3.), and ther
mal conductivity, respectively 

cp and cy — spécifie beats of the medium in isobaric 
and isochoric processes.

Thèse relations are valid under the condition that yc «  1, i.e.(O
for a low relative réduction of the amplitude of the wave at a 
distance equal to the wavelength.
33.0.2. High absorption occurs when a sound wave is reflected 
from a hard wall. The reason for this is that the température 
gradients near the wall and the component of the velocity of 
the liquid or gas particles, tangent to the wall (upon oblique 
incidence of the sound waves), are considérable in value.
The fraction of the energy absorbed in the reflection of a sound 
wave from a hard wall equals

a w
~w~

2Ÿ2 c
\ [ f v  sin2 £+(— - 1

where co and c = cyclic frequency and velocity of the incident 
sound wave 

i = angle of incidence 
cv and cv = spécifie heats of the liquid or gas in isobaric 

and isochoric processes 
v and a = kinematic viscosity (see 19.3.2.) and thermo

métrie conductivity (see 15.3.1.) of the 
liquid or gas.

This formula is valid if i «  -  , the wave résistance (impédance)
of the wall is mucli greater than that of the liquid (or gas), and 
the wall température is constant.
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33.8.3. The atténuation of sound in closed rooms after the action 
of the Sound source lias ceased is characterized by the réverbéra
tion lime. This is equal to the time required for the volume energyl
density of the sound waves to be reduced to 1()6 of its initial 
value.
33.8.4. The scattering of sound is the process of converting a 
sound wave into a gréai number of waves propagated in ail 
possible directions. Sound is seattered as a resuit of the interac
tion of the sound wave wit.h mimerons obstacles it encounters in 
its travel.
The ratio a of the power of the seattered waves to the intensity 
of the initial wave (falling on the obstacle) is called the total 
effective sound scattering cross-section. If the size of the obstacle 
is small in comparison with the wavelength of the sound, then 
u  oc o)*, where oj is the cyclic frequency of the incident wavt(.

33.10. Eléments of Physiological Acouslics
83.10.1. Sound waves of a frequency within the range from 16 to
20,000 hertz (eps) are called audible sounds, or sounds in the 
audible frequency range, because they are capable of producing 
the sensation of sound when they act on man’s organs of hearing 
(see also 33.10.3.). Sound waves with frequencies r<16 hertz are 
called infrasonic; those with frequencies r > 2 x l 0 4 hertz are 
called ultrasonic.
33.10.2. The nature of sound perception by the human car 
dépends upon the spectrum of frequencies of the sound (see
33.4.7.). Noise has a continuous spectrum, i.e. the frequencies of 
its simple sine waves form a continuous sériés of values that com- 
pletely fill a certain interval. Musical sounds (tones) hâve a 
line spectrum of frequencies : the frequencies i\ of the sine waves 
that compose these sounds form a sériés of separate discrète 
values. Musical sounds correspond to periodic or almost periodic 
vibrations.
Each sine sound wave is called a tone (simple, or pure, tonç). 
The pitch of the tone dépends on frequency: the higlier the fre
quency, the higher the pitch. The fundamental tone of a complex 
musical sound is the one corresponding to the minimum frequency 
of its spectrum. Tones corresponding to the other frequencies of 
the spectrum are called overtones. If the frequencies of the over- 
tones are multiples of the frequency v0 of the fundamental tone, 
the overtones are called harmonies. The fundamental tone with 
the frequency v0 is called the first harmonie, the overtone with
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the next higher frequency 2r0 is called the second harmonie, etc. 
Musical sounds having the samc fondamental tonc may difïer 
in timbre, or tone colour. Timbre is determined by the composition 
of the overtones, i.c. by their frequencies and amplitudes, as 
vvell as by the nature of the growth in amplitudes when the sound 
begins and the drop when it ends.
33.10.3. A measure of the intensity of the auditory sensation is 
tho loudness of sound. The loudness of a sound dépends upon 
its effective acoustic pressure p cff (see 33.5.5.) and frequency. 
The threshold of audibility is the minimum value p{) of the effective 
pressure at which the sound is perceived by the liuman ear. 
The threshold of audibility dépends upon the frequency of the 
sound, reaching its minimum value, of the order of 2x l 0~5 N 
per m2 at frequencies v = 700 to 6 000 hertz (cps). The standard 
threshold of audibility p% is taken equal to 2 x l 0 “5 N per m2 at 
v = 1 000 hertz.
The threshold of feeling (pain threshold) is the maximum effective 
acoustic pressure at which sound is perceived without the sen
sation of pain. If the acoustic pressure exceeds this value normal 
auditory perception becomes impossible. The threshold of feeling 
also dépends upon the frequency of the sound.
33.10.4. The acoustic pressure level of a sine sound wave is the 
quantity L  which is proportional to the common (Briggs) loga- 
rithm of the ratio of the effective acoustic pressure p,ff of this 
wave to the audibility threshold p{) at the given wave frequency. 
Thus

L = 2k log Peff
Pi)

where k is a proportionality factor depending upon the choic-c 
of the units of measurement for L.
The sélection of the logarithmic dependencc of L  on p rjf is 
based on the Weber-Fechner law which states that the increase 
in the intensity of a sensation is proportional to the ratio of the 
intensifies of two stimuli being compared that evoke the sen
sation.
33.10.5. The Weber-Fechner law is a physiological relationship 
and only approximate. In the région of energies of stimulation 
near to the threshold values it appreciably disagrees with the 
experimental data. In application to physiological acoustics, 
this law does not, with sufficient accuracy, allow for the influence 
of the frequency of a sound on its loudness. Hence, to compare 
the loudness of acoustic waves of ail possible frequencies use is 
made of a quantity which is called the sound loundness level
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and is expressed as follows:

V.

L* -  2* log M -
Po

where />J standard Ihreshold of audibility
p*/f = effective pressure of a sound of standard fre- 

quency, v = 1000 hertz, whicli is of the saine 
loudness as the sound being investigated.

For sound waves with a frequency of 1000 hertz, the loudness 
level coincidcs with the acoustic pressure level.

33.11. Ultrasonics

83.11.1. Ultrasonics deals with elastic waves of frequcncies 
from 2X104 to 1013 hertz. Ultrasonic waves with frequencies of 
the order of 109 hertz and higher are sometimes called hyper- 
sonic. The upper limit of ultrasonic frequencies (1012 to 1013 
hertz in crystals and liquids, and 109 hertz in gases at standard 
conditions) corresponds to frequencies at which the ultrasonic 
wavelength becomes commensurable with the intermolecular 
distances (with the mean free path of the molécules in gases). 
Ultrasounds are generated by mechanical or electromechanical 
oscillators. An example of a mechanical oscillator for low-fre- 
quency ultrasounds (v = 20 to 200 kilohertz) of high intensity is 
the siren. The “sounding” of a siren is the resuit of periodic 
interruption of powerful jets of compressed air or steam as they 
pass through holes drilled in two coaxial disks, one of which 
(stator) is fixed and the other (rotor) rotâtes at high speed.
The frequency of the sound produced by a siren is v = ,
where œ is the angular velocity of the rotor and N  is the number 
of holes spaced equally around a circumference in the stator 
and rotor.
Electromagnetic ultrasonic oscillators are classified into two 
main types: magnetostrictive and piezoelectric oscillators. 
Magnetostrictive oscillators are used to generate low-frequency 
ultrasounds (up to 200 kilohertz). Their operation is based on 
the phenomenon of magnétostriction (see 28.6.15.) in a variable 
magnetic field. The simplest oscillator of this kind is a fcrromag- 
netic rod which is the core of a solcnoid through which a high- 
frequency alternating current is passed.
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Piezoelectric oscillators are used for generating ultrasounds of 
frequencies up to 50 mégahertz. The basic element of a piezo
electric oscillator is a plate of piezoelectric material which accom- 
plishes forced mechanical vibrations in an alternating electric 
field due to the inverse piezoelectric efïect (see 20.8.5.).
33.11.2. Ultrasounds are detected and analysed by means of 
piezoelectric and magnetostrictive transducers, or pickups. 
The former use the direct piezoelectric efïect (see 20.8.5.) devel
oped in a plate of piezoelectric material subjected to forced 
vibrations by the action of the ultrasonic waves being detected. 
Magnetostrictive transducers are based on the phenomenon of 
the change in the induction of the magnetic field of a ferromag- 
netic body when it is subjected to deformation. The alternating 
compressional and tensile stresses developed in a ferromagnetic 
rod upon the action of an ultrasonic wave on its end face set 
up an alternating emf of electromagnetic induction in the wind- 
ing of a coil put on the rod.
33.11.3. Owing to their small wavelength, ultrasounds can be 
emitted in the form of narrow well-defined beams similar to a 
pencil of light rays. The reflection and refraction of ultrasonic 
beams at the boundary of two media take place according to the 
laws of geometrical optics (see Chap. 38).
The direction of ultrasonic rays is changed and they are focused 
by mirrors of various shapes, acoustic lenses, radiators of spécial 
shapes, etc. The mirrors should reflect the ultrasonic waves as 
completely as possible and they should therefore be made of 
substances whose acoustic résistance is many times greater than 
that of the surrounding medium. Acoustic lenses, on the contrary, 
are made of substances whose acoustic résistance is near to that 
of the medium. The converging (or diverging) properties of 
acoustic mirrors and lenses comply with the same laws as the 
corresponding optical de vices.
33.11.4. The amplitudes of the velocity and accélération of the 
vibrational motion of particles of the medium, as well as the 
amplitude of acoustic pressure in ultrasonic waves are many 
limes greater than the corresponding values for audible sounds. 
Owing to the large amplitude of acoustic pressure developed by 
powerful ultrasonic oscillators, the phenomenon of cavitation 
occurs in liquids located in an ultrasonic field. This means that 
in the liquid internai discontinuities are continually being form- 
ed and then disappear. The disappearance of thcse disconti- 
nuitics, which are in the form of minute bubbles, is accompanied 
by instantaneous increases in pressure up to hundreds and even 
Ihousands of atmosphères. Consequenliy, ultrasounds hâve a
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crushing action—they can break up solid bodies, living organisms, 
large molécules, etc. in the liquid.
33.11.5. Ultrasounds are very intensively absorbed by gases and 
many times less intensively by liquids. For instance, the absorp
tion coefficient of ultrasoimd in air is 1000 times gréa ter than 
that in water. One of the reasons for this is that the kinemalie 
viscosity of water is substantially less than that of air.
33.11.6. Ultrasonics finds application in engineering for measur- 
ing and détection (sonar, flaw détection, measuring the thickness 
of tubing walls, layers of scale in tubing and boilers, etc.), as 
well as for realizing and accelerating various production proc
esses.
33.11.7. The principle of sonar (derived from SOund Navigation 
And Ranging) is similar to that of radar (see 34.3.7.) and consisté 
in determining the distance to a body deep under the water by 
measuring the time interval between the génération of a short 
ultrasonic puise and the réception of the echo-signal due to the 
scattering of the ultrasound by the body being located. The 
change in frequency of the echo-signal, due to the Doppler 
effect (see 33.8.1.), enables the radial velocity of the body to be 
determined, i.e. the projection of the velocity of the body, with 
respect to the observer, on the straight line joining the body 
and observer.
33.11.8. Ultrasonic flaw détection consists in the détection and 
location of hidden (internai) defects (cracks, blowholes, structu
ral inhomogeneities, etc.) in solids by means of ultrasonic tech
niques. It is based on the scattering of ultrasonic waves by the 
surfaces of defective régions in the body.
33.11.9. The crushing action of ultrasonic waves is used in various 
processes : for producing émulsions and suspensions, for removing 
oxide films from and degreasing the surfaces of machine parts, 
for sterilizing liquids, pulverizing photoemulsions, etc. The 
destructive action of ultrasonic waves in a liquid at the surface 
of a solid is appreciably increased if a slurry of finely divided 
abrasive particles is introduced into the liquid. This phenomenon 
is made use of in ultrasonic grinding and polishing, as well as 
for “drilling” holes of various shape in glass, ceramics, superhard 
alloys and crystals.
33.11.10. Ultrasonic techniques accelerate the processes of diffu
sion, dissolution and Chemical reaction. The influence of ultra
sonic waves on the progress of Chemical reactions is chiefly duc 
to the formation of free ions. Ultrasonic waves are used for gas 
purification sinee tliey coagulait* minute solid particles and 
droplets of liquid contained in the gas.
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38.11.11. Ult.rasonic waves are widely employerl in molecular 
acoustics for investigating the structure and proporties of sub- 
stances by acoustic methods.

SS. 12. Shock Waves in Gases
33.12.1. A shock wave is a wave surface propagatcd in a gaseous, 
liquid or solid medium, at wliicli there is a discontinuons increase 
in pressure (jump) accompanied by changes in the density, tem
pérature and velocity of the medium. This surface is called the 
discontinuily surface, or pressure shock. Shock waves are produced, 
for example, by détonations, explosions, travel of bodies in air 
at ultrasonic velocities, etc. The rate of propagation of a shock 
wave with respect to the undisturbed medium is greater than 
the velocity of sound in this medium.
33.12.2. The following relations are valid at the discontinuity 
surface in gases:

where q and p = density and pressure of the gas
vn and vT - projections of the velocity of the gas (in a

coordinate System rigidly fixed to the élé
ment of the discontinuity surface being 
considered) on the normal to the element of 
discontinuity surface and on the plane tan
gent to this element

h = enthalpy (see 9.1.6.) of unit mass of the gas. 
The subscripts 1 and 2 refer to the states of the gas on different 
sides of the discontinuity surface, i.e. in front of and behind the 
pressure shock.
33.12.3. A pressure shock is said to be normal if its surface is 
normal to the velocity of the oncoming gas flow. Then = 0, 
vln = üi and v2n = v2. Otherwise, it is said to be oblique.
33.12.4. Certain relations for a pressure shock are

(?1 <?2

The équation of a shock adiabatic (Hugoniot adiabatic) curve is

Q lv \ n — Ü2V2n \ +  ^1 — H" ^2

/> l +  (?l” ï»  =  7>2-l-(?2” i»  a n d  Vl r  =  ^2r
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or
«i -»* + t (Pi + /»ï) = 0

where u is the internai onergy (sec 9.1.1.) per unit mass of the gas. 
For an idéal gas with constant spécifie beats cp and cv (see 9.4.5.)

Pi
Pi

_____ Cl______ or 0 2 
Ci

(x+1) -^  + (x-1)_____P±______

where k — -v- is the adiabatic exponent.
C y  1

Upon an unlimited increase in the pressure jump -► o o j, the 
ratio of the gas densities before and after tbe jump approaches

x +  1a fini te limit, equal to . This results from the irreversibility
of the proccss of adiabatic compression of the gas by tbe shock 
wave, such a process being accompanicd by the dissipation of 
energy and an increase in entropy. If the gas flow preceding the 
shock wave is potential, then behind the wave it becomes rota- 
tional, or vortex flow (see 19.1.3.).
The entropy jump in a low-intensity shock wave is proportional 
to the cube of the pressure jump. Thus

where T x = absolute température of the gas preceding the shock 
wave

s and q = spécifie entropy and density of the gas

33.12.5. Consider a normal pressure shock. The velocity of gas 
flow following the normal shock becomes subsonic. The gas 
velocitics preceding (i )̂ and following (v2) the pressure shock 
comply with the équations

v1v2 = c%\ vx > cx and v2 < c2
where c1 and c2 = velocities of sound preceding and following 

the pressure shock 
c* = critical velocity (see 19.7.8.).
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For an idéal gas

"> = c« f  + (*-!)]
(*-1) P î+(*+!>

»>, -  c i l’1- -------- ,

c* = /-s-* r  r‘ + x+! '’ï = ^ '2 , [(■* - 1 > p, + (* + 1 )];
Tho relations between the stato variables are of tin» form

p2 _ 2x AJ“  * 1 Q2 -  (x + 1>Mi
Î>I x  +  1 * x - f l  ’ t»i ( x - l ) M j  +  2

T2 _  [2xM*;-(x-l)][(x-l)Ml+2]
T j  “  ( x - f - 1 ) 2 M 2

wbere Af2 = — c2 K
(x — l ) M 2-f 2 

2x M2 —(x — 1 )

M, Ci
The changes in the state variables of an idéal gas and in tlie veloc- 
ity are

r . ~ P i  =  x2*, i h ( M l - i )  =  =  ^ ( " ï * - 1 )

T, - T ,

M ] - l
f t - t ' i  = (h— ,--------- = ei(-M**-i)

-2“  M‘+i
_ 2 
x + 1

1 + Jx — 1 

x + 1)■] {MU-\)Ti

^2-^1
1 -M U  

* Mlm
where Af1+ = —L is the velocity coefficient (see 19.7.8.) of the c*
llow in front of the shock, related to M x by the équation

M lt î /  («+qm ;
J (x ‘- 1 ) M Î + 2
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33.12.6. Consider an oblique pressure shock (Fig. 33.3) in an 
idéal gas. The angle a between the vector vx of the gas velocity 
in front of the shock and the shock-wave surface may hâve any
value in the range from a0 to n -  a0, where sin a0 = —. As a resuit

of their passing through the shock-wave 
surface (discontinuity surface), thestream 
Unes (see 19.1.4.) are “refracted”
Thus

. R _  2 ( * - l )  M{ sin2 a+4  
P (x+1) M\ sin 2a

tan (a -f}) Ml sin2a - l  
l + M2(*-±^-sin2«)

cot, a

If a = y  (normal shock) or a = arcsin - ,  then ($ = a.
The relations between the velocity components normal to the 
discontinuity surface are

x — ivlnv2n = c i -  vl cos a ; vln > cx ; and v2n < c2

Depending upon the magnitude of the tangent component vr = 
= v1 cos a, the velocity v2 behind an oblique shock may be either 
subsonic or supersonic. Thus

1/T 2 + (x— 1 ) M\
2 f 1xM\ sin2 a—(x — - + 2Mf COS2 a

1) ' 2 + («—l)Mf sin2 a

The ratio of the gas pressures is
Pz
Pi

- ~  M\ sin2 a -
X +  1

X-l
«+1

33.12.7. A s/iocA: po/ar carne is one representing the relationship 
between the projection v2y of the velocity v2, behind the compress
ion shock, on the axis Oy, perpendicular to the velocity in 
front of the shock, and the projection v2x of velocity v2 on the 
axis Ox parallel to vv The équation of a shock polar curve is of 
the form

7)2V2V K - % ) 2 VlV2x-C*
2 

x  +  i v?-PiP2x+c2
*

A shock polar curve is shown in Fig. 33.4. It intersects the Ox 
axis at points Q(v2x = and P(v2x = Pi)- The former corre-
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33. Acoustics
sponds to a normal pressure shock and the latter, to a shock 
wave of zéro intensity: v2 = vv Arbitrary point A  of the shock 
polar curve corresponds to an oblique pressure shock. The method 
of determining angles a and fi for tliis shock is clear from Fig.
33.4. The distance OA = v2.

33.12.8. If a body Ira vols in a gas al a subsonic velocity (u<c), 
Llien weak (acoustic) waves are propagated in the gas in ail 
directions. This includes waves which outstrip the travelling 
body and reach portions of the gas located in front of the body.
If a body travels at supersonic velocity (u>c), the acoustic waves 
reach only the portion of the gas located behind the travelling 
body and bounded by a certain surface called the characteristic 
surface or small-discontinuity surface. With the supersonic rectilin- 
ear motion of a body of vanishingly small size, the character
istic surface will be a circular cône (Fig. 33.5) whose vertex 
coïncides with the travelling body O. The angle a between the 
gencratrix of the cône and the patli of the body complies with
the condition: sin a = This angle is called the angle of small
disturbances, or the Mach angle. The small-discontinuity surface 
is a limiting case of an oblique pressure shock. On the shock 
polar curve it corresponds to a point where v2x = = v.



CHAPTER 34

Electromagnetic Waves

34.1. General Charaeterislics
34.1.1. The propagation of ail alternating electromagnetic field 
in space constitutes a phenomenon called electromagnetic waves. 
Electromagnetic waves are transverse sincc the electric and mag- 
netic intensity vcctors E and H of the wave fields are mutually 
perpendicular and lie in a plane pcrpendicular to the velocity 
vector v of wave propagation. Vectors v, E and H form a right- 
lianded System: from the head of vector v the smallest angle of 
rotation from vector E to H is counterclockwisc. Thus

A ray is a line wliosc tangent at eacli point coincides with the 
direction of wave propagation at that point, i.c. with the direction 
of energy transfer.
34.1.2. The relations between E and H in an electromagnetic 
wave propagated in a nonconducting medium are determined 
by MaxwelPs équations (see 30.4.2.) in which q and j are assumed 
equal to zéro. Thus

v[EH]
E H

curlE = ; divD = 0dt

curl H = ; div B — 0

curl E = ; div D = 0c et

curl H -  ~e~~ ; div B 0 c ot

(in SI units)

(in Gaussian units)
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34. Electromagnetic Waves
where 6*^3xlO locm per sec is the electrodynamic constant 
(conversion coefficient) (see 25.1.2.). For a homogeneous, isotropie, 
nonconducting medium, which has neither fcrromagnetic (see
28.6.2.) nor ferroelectric (see 20.8.1.) properties

1) -  A>„E ; B = KmttM

curl E = -  Kmt,u ; div E — 0 ► (in SI units)

curl 11= K fy  - fr -, div 11 = 0

C II £ Km
111I 11 Km 011 curl h = g- jï ; div E = 0 (in Gaussian units)

curl 11 = Ke T  !c dt 7 div II — 0

where e0 and/«„ — permiltivity of free space and tlie mag- 
nctic constant 

Kc and Km = relative permittivity and permeability 
of the medium.

The vectors E and H of the field of the electromagnetic wave 
ean be expressed in tenus of the scalar y  and vector A potcntials 
(sec 30.5.1.). Thus

E = — — grad <p; H = curl A (in SI units)

E -  -  - - - - g r a d  <p; H = -J— curl A (in Gaussian units)
C e t h-m

and in botli Systems of units
Kt Km 02<p . A \  = KeKm 02A

C2 0(2 ’ C2 et2
K.Km 02E . 

C2 0t2 » Ail = KeKm
c2

02II 
0/2

where A = Laplacian operator (see 19.3.2.)

c = —L_ = 3X108 m per sec (in »SI units). 
y fo/'o

Tlms qj and eacli of the projections of the vectors A, E and 11 on
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Wave Phenomena v.
the axes of a Cartesian coordinate System comply witli the wave 
équation

(i = 1, . . 10)

where v = —--------- = phase velocity of the electromagnetic wavey KeKm
S1 “  — • • •> = h 2.

In a vacuum (Ke = Km = 1), v = c. For ail media except
ferromagnetic ones (see 28.6.1.), Km ^  1 and u =

/ k, *
34.1.3. An electromagnetic wave is said to be plane if vectors Jÿ 
and H dépend only on time and on one Cartesian coordinate, 
for instance, a;. In a plane wave, ail rays are parallel to one an- 
other.
The following relations are valid for a plane wave propagated 
along the positive direction of axis Ox of a right-handed coordi
nate System:

oIIte"»

SE, „ d\\z
dx — Ktnfh "qÏ~

'\gl

dlly jr eut— Kee0— - ; eiiz
dx~ 0 et ’ dx ~

H, = Hu =r KmP 0 *' v

euÿ
0 dt
€Ey
dt

Ktn/{ O

E - ^ lHn) “ TKis:IC',rlA“1
E. = H.  = 0

SE, _ K»> dllz dEz Km dily
dx C dl ’ dx c. ~dt~

dHy K, dEz dllz Kr. C)Ey
dx ~  c dt ’ dx c dt

u z = / J Ér I(m• h>y\ h ,  = - l

E = Æ
r K,

[H«] _  i
Vk j ï ,

--  [curl An]
n

(in SI units)

(iu Caussian units)
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34. Electromagnetic W aves

where n is a unit, vector in tho direction of wave propagation. 
Consequcntly, the plane wave can be complctely described b.v 
means of tlie vector potential A only. In a vacuum

//,  = -  ÿ -—  E* ; Hz = ï ih f l  = Ÿ ^E  (in SI units)
IIy = —Ez\ H. = Ey\ II = E  (in Gaussian

units)
84.1.4. An electromagnetic wave is said to be monochromatic 
if the components of the vectors E and H of the wave’s electro- 
magnetic field oscillate with sinusoidal motion (see 6.1.3.) of the 
same frequency, which is called the frequency of the wave. 
A monochromatic wave is unlimited in space and time.
An arbitrary nonmonochromatic wave can be represented as a 
totality of monochromatic waves (see 33.4.7.).
34.1.5. The vector potential of a plane monochromatic wave is

A = A0e“ iI‘",-(kr)1
where A0 = certain constant complex-valued vector 

a) = cyclic frequencyr = radius vector drawn to the point of the field being 
considered 

k = wave vector (see 33.4.6.).
In turn

k = — n = -2f- n = constv X

where n = unit vector in the direction of wave propagation 
v = phase velocity of the wave 
A = vT = wavelength 

T  = period of oscillation.
34.1.6. The intensities of the electric and magnetic fields of a 
plane monochromatic wave are

E = Re{E0e_i[“‘- (kr)1}
H = Re {H0e -i[“,(- (kr)1} 

where E0 and H0 are constant complex-valued vectors. Thus

E0 = ico A0 =

Ko =  -  iA 0c

IRC a

7 T ^ A °;
ik .

Kfn/Jo
i

[kA0]

K(- [kAJ

'l'he meaning of the Symbol Re is given in 33.4.6.

(in SI units)

(in Gaussian 
units)
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34.1.7. The vector E„ can nlso he writt.cn as
E0 == aA<f fal + aaéTfa*

where a, and a2 = two mutualiy perpendicular real vectors 
lying in a plane perpendicular to wave 
vector k 

aj and «2 — real scalars.
If the Oy axis passes along vector aj and Lite Ox axis in the direc
tion of wave propagation, then

Ey =  a  y cos ( (»t  — k x - \  a x) and Ez — ± a 2 cos ( o l  — I t x  ]- a 2)

where the plus (minus) sign is for the case wlicn the vector a2» 
is along the positive (négative) direction of axis Oz.
34.1.8. At each point of the field of a plane monochrornatic wave, 
the head of vector E describes an ellipse lying in plane y()z. The 
équation of this ellipse is of the form

9 M COS («2 — (1 1 ) sin2 (a2 — a1)

Such a plane wave is said to be olliptically polarized. If aY =
and al - a 2= (2m +1 ) ^ , where m = 0, ± 1, the plane wave
is said to be circularly polarized. If, separately, either ax = 0 or
a2 = 0 or aY — a2 = mn, where m = 0, ±1, then the plane
wave is said to be lincarly, or plane-, polarized. In a linearly polar

ized wave, the vectors E at
Direction o f propagation

F I G . 34.1

ail points of the field vary 
along parallel straigbt 
lines. A plane passed 
through vector E and the 
ray (see 34.1.1.) is called 
the plane of vibration of the 
linearly polarized wave. 
The plane of polarization* 
is the one passed through 
the vector H and the ray. 
The planes of vibration and 
polarization are mutually 
perpendicular (Fig. 34.1).

* In the rccent literaturc, the plane of polarization is ofton referred to ns the 
one passed through lhe vector K and the ray.
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34. Electrom agnetic W aves

An arbitrary plane wave can Le represented as the combination 
of two plane waves linearly polarized in rmitually perpendieular 
planes.
34.1.9. The amplitude a of a linearly polarized monochromatic 
electromagnetic wave is the maximum value of the magnitude 
of vector E. Thus a = | E 1^.

The intensity I  of an electromagnetic wave is a quantity numeric- 
ally equal to the energy transported by the wave per unit time 
through a surface of unit area perpendieular to the direction of 
propagation. The intensity I  is related to the Poynting vector 
S (see 30.6.2.) by the équation

/  = |s T 0
where T  is the period of the wave.
For a linearly polarized plane monochromatic wave, I  oc a2, where 
a is the amplitude of the wave. For an arbitrary plane wave 
in a homogeneous nonabsorbing medium, I  = const.
34.1.10. An electromagnetic wave is said to bc spherical if ils 
intensity dépends only on the distance r from a certain point 
called the wave centre. It follows from the law of conservation 
of energy that for a spherical wave in a homogeneous nonabsorb
ing medium, I  = — -  .
34.1.11. The dependencc of the phase velocity of an electromag
netic wave in a medium on the frequency of the wave is called 
dispersion. Media in which this phenomenon is observed are 
said to be dispersive. Only in a vacuum is there no dispersion 
of electromagnetic waves.
34.1.12. Keal electromagnetic waves are not monochromatic, 
if for no other reason than that they always are of limited extent 
in space and of limited duration in time. Such waves can be 
represented as a totality of monochromatic waves which are 
called a wave train, or packet. As it is propagated in a dispersive 
medium, the shape of a wave train is distorted because of the 
different phase velocities of the monochromatic components of 
the train. The conception of the phase velocity is therefore 
insufficient to characterize the propagation of a wave train and 
its rate of energy transport, i.e. the rate of propagation of a 
signal.
34.1.13. As a first approximation, a linearly polarized plane 
wave train, produced by a source wil.li sinusoïdal amplitude 
modulation and propagated along the positive direction uf the
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W ave Phenomena v,
Ox axis, can bo roprcsontod in a forni complying willi the ampli- 
tude-modulated oscillations of ilie fiold ai cacli point in spucc 
Thus

K = a[ 1 + m cos (Ql — Kx)] cos (col — kx)

wherc m = — «  1 ; Q «  co a ’
a' and ü  — amplitude and cyclic frequency of modulation 
a and co = amplitude and frequency of the modulated (“carrier”) 

waveI
K  = y  (A*i — A:2), k , k1 and k2 = wave numbers correspond-

ing to monochromatic waves of frequencies co 
co1 = co + Q and co2 — co — Q.

The linear dimension of a wave train along the Ox axis is
a

^  ~  T
The rate of energy transport by a wave train is called the grouf 
velocity u. Thus

£) m i —
u ~  T  = 1ï^ k T

For small values of £2
do>
d k

1 dv __ 
' A dT ~ ta dv 

v dot
wherc v = phase velocity of the modulated wave 

A = -2— = its wavelength.

If there is no dispersion, then — = — = 0 and u = v. 
Normal dispersion (see 40.1.1.) corresponds to

0 and u < vdv A dv
’ TTdai

Anomalous dispersion (see 40.1.1.) corresponds to
dv r\ dv A i> 0 , < 0 and u > vdai

34.1.14. The results given in 34.1.13 are sufficiently accuratt 
only in the région

4 71 A u
X  «  ,-------- 7 or X  « .  A X

ü9 d*k
dai9

I *u\
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Wave, Phenomeria v.
whero x -- distance 1,o tho wave source 

Ax ~ length of the wavo train
Au = différence in group velocitios al, llio froquencios co 

and co±Q.
Near the frequencies at which clectromagnetic waves are absorb- 
ed by the medium, | —  | is very large and the concept of a group 
velocity becomes meaningless.
,‘{4.1.15. Depending on their frequency v = —  (or wavelength in
a vacuum A = —) electromagnetic waves are divided into scveral
types. A scale of electromagnetic waves is given in Fig. 34.2. The 
divisions between the different kinds of waves are purely formai.

34.2. Radiation of Electromagnetic Waves
4.2.1. According to classical electrodynamics, electromagnetic 

waves are originated by accelerated electric charges. Electro
magnetic waves can also be produced in substances by charges 
with zéro accélération, but whose velocity exceeds the phase 
velocity of light in the given substance (Vavilov-Cherenkov 
radiation, see 32.8.1.). The process of emitting electromagnetic 
waves by an electric System is called radiation, and the System 
is called a radiating System. The electromagnetic field of the waves 
radiated by the System is called the radiation field. The following 
treats of certain data on the radiation field in a vacuum.
34.2.2. A wave zone is a région of space located at a distance from 
the radiating System that considerably exceeds the size of the 
System and the length of waves it radiâtes. Within small portions 
of the zone, electromagnetic waves can be dealt with as plane 
waves. The electromagnetic radiation field of a system can be 
determined in the wave zone by means of the retarded vector 
potential A (see 30.5.3.).
If the origin of coordinates is chosen within the limits of a radiat
ing system whose size is small compared to the length of waves 
it radiâtes, then in the wave zone the vector potential of the 
field of the system is of the form

A(R, i) = T^ -  J + dV' (in SI units)

A(R, O -  A  / V + n r - K '

588
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M. Electrom agnetic W aves

where R = radius vector of the point of tlio field being consid- 
ered 

R  = | R |
n = 7T
r' = radius voctor of an element of volume dV' of the 

System

C
Sinco (r'n) « R , it usually provessufficient to limit tho expression 
for A to one (first approximation) or two (second approximation) 
terms of the expansion of the integrand into a sériés of the powers
of (r'") . Thus

C

A<R> 0 -  Û r  I  KO d V ' +  î £ k  W f  KO (*'»> àV> (in SI units)
V'  V'

A(R, 0 -  C R  J  KO d v '+ -è ïï ~w  J  K*') (*'») à V  (in Gaussian 
V> y  units)

hor a System of point charges qlt q2, . . ., qn

f J dV' = £  W i f i(r'ii) dV' = Y  î(V,(r,n)
, i - 1  . i =  1

where r< and v, are the radius vector and velocity of charge qy 
:t4.2.3. As a first approximation, the radiation of an electric 
svslem is due to the change with time of its electric, or dipole,
moment where qu . . . ,  qn are charges making up the

t““i
System and r< is the radius vector of charge qh Su ch radiation is 
called dipole radiation or electric dipole radiation. In the wave 
/.one, the field of dipole radiation of a System of charges whose 
velocities are low in comparison with the velocity of light in a 
vacuum (z\ «6*)* is of tfee form

a <r -*>- 4: « p . ( * - c )

>':(R> o = æ [[̂ 0-o )R]R]
!> ]

(in SI units)

* Tliis is équivalent to the condition that the size of the System is small in 
comparison with the lenglh of the waves it radiales.
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A(R,

E(R> o = -à» [[p.('-f )R]R]
H ( R ,* )= ^ r [p .( « - f )R ]

(in Ganssian units)

where B = radius vector drawn from the radiating systom to 
the point being considered in the field 

R = |R |

/(„ = magnotic constant.
In parücular, for tho radiation of a point charge g, 

p„ -  qt, p, = ça and

R(R. 0 = [[aR]R] |
(in SI units)

K(R, t) -  c4 ,  [[aRJR]

H(R,<) = -& ■  [«R]
Y*

where a is the accélération of charge q at the instant of lime t -  7 .
84.2.4. In the wave zone the Poynting vector for dipole radiation is

S(R, ') -  ï #'£ c j Ïk{i-  f  )j*sin*0 (in SI onits)

S(R, t) = -/ ^ ;1 | P*(* ~ ^ ) |” sin‘-fy (in Ganssian units)

where 0 is the angle between vectors ih(*--~) and R.
The instantaneous power of dipole radiation in an element dü  
of solid angle, and in the direction determined by angle 0, is

dN  = -j — *- | Pe(̂  —~") |“ sin- 0 dü  (in SI units) 

dN  = | i»e(« -  ^-) |- sin2 0 dü  (in Ganssian units)

(in Ganssian units)
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34. Electromagnetic W aves

The iustantuneous power of dipole radiation in ail directions is 

N  -  ^  |pj* (inSlunits)

N  = |p j 2 (in Gaussian units)

Exaiuple 1. The instantaneous power of radiation of charge qt 
travelling with accélération a, is

N  = (in SI units)

N  = (in Gaussian units)

For harmonie oscillations of a charge with the cyclic frequency co 
and amplitude a, the instantaneous (iV) and average (N) powers 
of radiation are

N  = -0 02̂ ~ C° 4 sin2 cot and N  = (in SI units)

N  = sin2 cot and N  = — ~  (in Gaussian
dc units)

The relaxation time r, i.e. the interval of time required for the
amplitude of free oscillations of the charge to be reduced to -- of
its initial value due to the loss of energy on radiation, and the 
number n of full oscillations during the time r are

12 nern and 6 cm (in SI units)/'o«>2<22
ÏI - A

f*o<*>Q*
3 c3m 
œiq2 and _  3 c3m 

11 2nwq2 (in Gaussian units)

where m is the mass of the charged particle.
In the classical theory of the radiation of light by an atom, 
q = e and the quantity r characterizes the length of time required 
for the atom to émit one wave train. It is called the mean life- 
time of the radiating atom. For the frequencies of visible light 
(co ~ 4 x l0 15 sec”-1), r ~  10“8 sec and n ~  107.
Example 2. The Hertzian oscillator (dipole) is a short wire (in 
comparison with the length A of waves it radiâtes) having equal 
lumped capacitances at its ends and a spark gap in the middle. 
An alternating voltage is applied to the oscillator. Since the length 
of the oscillator l« .  A, the current /  = / 0 sinct^ in the oscillator
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can be assumed to be quasi-steady, i.e. the same along the Wliolc 
circuit, p t *= l —~ and the average radiation power is

(in SI units)
l20)ZN  = I l  (in Gaussian units)

It is coni mon practice to characterize the cnergy expended on
2iVradiation by means of the quantity R rad = — , which is called
H

the radiation résistance. Thus

R,«d = = 80^(4)2 (in SI units)

Rrai = 2fcr  = -*£- (4)" (*n Uaussian units)

34.2.5. As a second approximation, the vector potential of the 
field in the wave zone of a System of point charges qly q2y . . qny 
travelling at velocities vt «  c, can be written in the form

A(R,0 = 4:5i-P.(0-i- tâ r [ » . ( 0 " ] +  ï& h W )
(in SI units)

A(R, /) = ■4-p.(*') + clt [p,..('>]+ 6c'2/t i>(0
(in Gaussian units)

where /' = t -  L

Ve(f/) = Y  — electric (dipole) moment of the System
i = 1

pm(r) = magnetic moment of the System 
D(r) = product of the unit vector n = -5- by the tensor of 

the quadrupole electric moment of the System.
From the foregoing, the magnetic moment is

= 4  Ê  ▼*(*')] <in s i unit§)* <=i

P„,(<') = £  g<[r,(«') V,-(«')] (in Gaussian units)
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and the other tarins ara

D(t') = Y ,  ï(L3ri(m'<) - ' “«J<-l

P,
apc
dt i>, ap„

et and ii - 02i>
dt2

Accordingly, the intensifies E (R, t) and H(R, t) of the electromag- 
netic radiation field arc of tho form:

K (R, = 4^{ftP«(0n]"]+7[«L(0] +
+-6V [[»(«')»]«]}

-  ~-H {[p,(i')n] + -‘ [Lp,„(<')n]n] +
■- ĉ [»(*')-]}

N(R> t) -  cll{ {tLpe('')"Kl l [i»P„,(*') l I
+ b?c [[»(«')"]•»]}

H(R, f) -  ^  {[p.(t')n] + [[p.(i')n]n] l

+  «T [ » ( * > ] }

(in SI unils)

(in Gaussian 
units)

The second and tliird terms of the équations for A(R, /), E(R, t) 
and H(R, t) characterize the magnetic dipole and electric quadru- 
pole radiation, respectively, of the System of charges. The average
power of tliese types of radiation is approximately only ~  of that
of the dipole radiation of the System. Hence magnetic dipole 
and electric quadrupole radiation are of significance only when 
lhe electric (dipole) moment of the System equals zéro or is 
constant, so that electric dipole radiation is completely absent. 
34.2.6. In the wave zone, the Poynting vector for magnetic dipole 
radiation is

S(R, 0 = Tôfe- IÏUO !2 sin2 0 JÏT (in SI units)

S(R, t) == ^ |Pm (^ ')12 sin2tf ** (in Gaussian units!
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wliorc 0 is the angle between tho veetor jiMi(//) and il le /radius 
voctor li  drawn from the radiating System to the poini being 
considered in the field.
The instantaneous power of inagnetic dipole radiation into an 
element dQ of solid angle, and in the direction determined by 
angle 0 is

dN  = |p,„(<') I2 Sin2 0 dQ (in SI units)

dN  = -— J )),„((') ■2 sin- 0 dQ (in Gaussian units)

The instantaneous power of inagnetic dipole radiation in ail di
rections is

N  = -j~,- |p»(«')r (in SI units)

N  = -jp - |p».(<')|2 (in Gaussian units)

Example 3. A frame (loop) antenna is a closed a-c circuit. Here, 
div j = 0 (where j is the current density veetor), and it follows
from the law of conservation of charges (see 30.6.1.) that — = 0,
i.e. charge distribution and the electric dipole and quadrupole 
moments of the System are invariable in time. The radiation is 
due, therefore, to the variability of the magnetic dipole moment 
of the System, being magnetic dipole radiation.
For a sinusoidal current I  = IQ sin cot, the averge power of mag
netic dipole radiation of a frame antenna is

N  = (in SI nnite)

N  = —  JJ (in Gaussian units)

where S = area bounded by the circuit 
A = = length of radiated wave (A » /^ ) .

The radiation résistance is

* - =  (in SI units)

Rrad = -yy- (yp)4 (in Gaussian units)
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For a closed System of oharged particles with the samo 
charge-to-mass ratios (where is the mass of a partiale),
P« = i>m = 0, i.e. such a System produces neither electric dipole 
nor magnetic dipole radiation. Magnetic dipole radiation is also 
absent in an isolated System consisting of only two particles 
having arbitrary charges and masses.
34.2.7. Consider the radiation of a charge q travelling at a high 
velocity (commensurate with c).
At a distance from the charge q, travelling at a velocity v and 
accélération a, its field of radiation is of the form

where il = — is a unit vector drawn in the direction of radiation. 
Ail the values in the right-hand side of these équations are taken

The instantaneous power of radiation in the solid angle dû  is

(in SI units)

H -

(in Oaussian units)

al the instant of timc v = r - ~c

(in ST units)

(in Oaussian units) 
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When t.lio yelocity v .nul the accolerai ion a ara parallel t0 eaeli 
other

dN  - MoQ2_
i6n*c

dN  -  - a 2 . .
4 ne3

a2sin20 ,r 
(1 —/3 cos 0)6 UL 
a2sin20 J n  

0  - p  cos0)«

(in SI units)

(in Gaussian units)

where 0 angle betwoen the direction of radiation n and v

The charge emits no radiation in tlic directions 0 = 0, n. 
When v is perpendicular to a

dN

dN

Vog2a2 r 1 
16tt2c L (1-/5 cos 0p

q2a* r 1 
4*c» L (!-/» cos 6)*

(1-/52) sjn2 Q 
(l-/5cos 0)6 cos2<p] dû

(in SI units)
(1 - / 9 2 ) sin2 e 
(1- /3 cos 0)« cos2<p] d.Q

(in Gaussian units)
vvhere <p is the angle between a plane passing through vectors n 
and y, and a plane passing through the vectors v and a. The 
charge emits no radiation in the directions 0 = arccos /0, lying 
in the plane of vectors v and a (<p — 0).
In the ultrarelativistic case (1 - / ? «  1), the charged particle emits 
radiation mainly in the direction of its motion (within the limits 
of angle 0 ~ /1 -  /S2).
34.2.8. Consider the radiation of a charge travelling uniformly at 
arbitrary velocity in a circle in a uniform constant magnetic 
field H (where H _L v). The averaged power of radiation during 
one révolution in the solid angle dü  and in the direction n, which 
makes the angle a with the normal to the plane of the orbit, is

(IN _ g*//2u2( l - /?2) r 2 + /32 sin2 a (l-/92)(4 + /52 sin2 a) sin2a -[ ^
S.-w ï2*?5 [(1 -/)-s in 2<0  ̂ 4( I - s i n2 a)* J

(in Gaussian units)
where m0 is the rest mass (see 32.6.2.) of the charged particle. 
The total power of radiation is

N ^ ir -v 2 _
3mgcs(1 p )

5 9 6

(in Gaussian units)



M. Ëlcftrom agnetic W aves

At. I - j> «  1, radial,ion is concentra ted mainly noar lhe piano of 
the orbit, witliin the range of angles a — - ± An, where Aa ~

The main pari of lhe radiation is in the région of 
cyelic freqnencies

co ~ «v (in Gaussian units)m0c 1 -fi- ' '

and the radiation spcctrum consists of a grcat many closely 
spaced lines. Such radiation is observed in the motion of charged 
particles in cyclic accolera tors (see 26.3.1.) and is referred to as 
betatron or synchrotron radiation.
34.2.9. Radiation produced wlien an électron passes through 
the field of an atom or nucléus is called bremsstrahlung, or braking 
radiation. Bremsstrahlung lias a continuous spectrum limited
by the maximum frequency v0 which, for ~ « 1 ,  equals

mv2
V° ~ “s/T

where v — initial velocity of the électron 
m = mass of the électron 
h = Planck’s constant.

34.3. Radio Communications, Télévision, Radar, 
and Radio Astronomy

34.3.1. Radio communications cover the transmission of any kind 
of information by means of radio waves, i.e. electromagnetic 
waves of a frequency less than 3X105 MHz. Radio broadcasting 
is the transmission of speech, music and télégraphie signais by 
means of radio; images are transmitted by télévision (TV). 
Radio communications are accomplished by the émission of 
modulated electromagnetic waves by the radio transmitter and 
lheir démodulation in a radio receiver.
34.3.2. The modulation of an electromagnetic wave means the altera
tion of its parameters by frequencies considerably lower than 
that of the electromagnetic wave itself. The wave being modu
lated is called the carrier wave and its frequency co—the carrier 
frequency. According to the kind of parameter of the carrier wave 
that is altered in modulation, distinction is made between:
(a) amplitude modulation (a.m.), in which only the amplitude of 
lhe wave is changed: a = a0(H-m cos üt)\
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(b) frequency modulation (f.m.), in which only the frequency of 
tluï wave is changée! : co = co0(l + mf cos Qt)\
(c) phase modulation (p.m.), in which the initial phase of the 
wave is changed: a = a0(l + ma cos üt) .
whcre o)0 and Q = cyclic frequencies of the carrier wave and of 

the modulation (Q «  co0) 
m = modulation factor, or depth of modulation 

A o) = mfco0 = amplitude of frequency variation 
in f.m.

Aa = a0ma = amplitude of initial phase variation 
in p.m.

34.3.3. In radio broadeasting, the modulation frequency is low 
since it is within the range of frequencies of audible sounds (16 
to 20,000 Hz). Therefore, there are no rigid restrictions as to the 
choice of a carrier frequency. Such a choice is made on the basis 
of the distinctive features of propagating radio waves of various 
length in the atmosphère and the feasibility of ensuring reliable 
local and long-distance radio communication with a transmitter 
of the minimum power. Radio broadeasting is accomplished on 
long (A = 103 to 104 m and v = 30 to 300 kHz), medium (A = 102 
to 103 m and v = 0.3 to 3 MHz) and short (A = 10 to 100 m and 
v = 3 to 30 MHz) radio waves.
34.3.4. Any radio transmitter consists of the following principal 
parts: a generator of sustained electromagnetic oscillations of 
the carrier frequency, a modulator, and a transmitting antenna, 
which emits radio waves in the required direction.
A receiving set consists of a receiving antenna and a radio receiver. 
The receiving antenna converts the energy of radio waves into 
the energy of high-frequency electromagnetic oscillations. Of 
these oscillations, the radio receiver singles out those excited by 
the required transmitter, and then amplifies and démodulâtes 
them ; i.e. séparâtes the modulating oscillations of low frequency 
from the high-frequency (carrier) oscillations. After amplification, 
the modulating oscillations are fed to the reproducer (téléphoné, 
loudspeaker, TV kinescope, etc.).
34.3.5. The sending of images by TV is accomplished by modulat
ing a carrier electromagnetic wave in accordance with the bright- 
ness of the various small portions (spots) of the picture being trans- 
mitted. For this purpose, use is made of the phenomenon of the 
extrinsic or intrinsic photoeffect (see 42.1.2). The image (frame) 
is transmitted consecutively, line after line, and element after 
element in each line by scanning the image with the exploring 
spot. The System of TV used in the USSR provides for dividing
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the framo into 625 lin(3S willi 833 pic tu re éléments per line. 
During each second, 25 frames (distinct and separate pictures) 
are transmitted. Gonsequently, the modulation frequency (frequen- 
cy of video signais) is approximately 6.5 MHz. To avoid distor- 
tion of the video signais, the carrier frequency should be about 
ten times greater. Therefore, ultrashort waves of the métré band 
(A = 1 to 10 m and v > 30 MHz) are used.
A cathode-ray tube, called a kinescope, is used to reproduce the 
picture in the télévision receiver. The kinescope is based on the 
phenomenon of cathodoluminescence (see 43.1.3.). A spécial 
device scans the kinescope screen horizontally and vertically in 
synchronism with the transmission of the corresponding picture 
éléments by the TV broadcast station. The different intensities 
(brightness) at the various points of the viewing screen are ob- 
tained by modulating the intensity of the électron beam in 
accordance with the modulation of the electromagnetic waves 
received.
34.3.6. Of essential influence on the propagation of radio waves 
in the atmosphère are the phenomena of diffraction of radio 
waves (37.6.1.) at the earth’s surface, absorption in the atmosphère 
and by the surface of the earth, reflection from the latter, and 
absorption, refraction and reflection by the ionosphère—the 
upper atmosphère which is strongly charged by the ultraviolet, 
X-ray and corpuscular radiation of the sun. The ionosphère 
comprises a number of layers located at various altitudes. The 
intensities of ionization and the altitudes of these layers dépend 
upon the geographical latitude, the time of the day or night and 
season of the year, and the level of solar activity.
The most stable long-distance radio communication is accomplish- 
ed by means of long radio waves which travel around the earth 
as a resuit of diffraction and refraction in the troposphère, pene- 
trate the ionosphère only to a small extent and are absorbed by 
the latter also only to a small degree.
The range of radio réception in the medium-frequency band is 
sharply different in the daytime and nighttime. This is due to the 
intensive absorption of these waves by the (lower) D-layer of 
the ionosphère and their reflection from the more distant E-layer 
(Kennelly-Heaviside layer). At night the D-layer disappears due 
lo the absence of solar radiation, and the range of réception 
substantially increases.
Short radio waves are absorbed by the D-layer and reflected 
from the F-layer which is more distant than the P]-layer. This 
makes long-distance réception possible in the short-wave band. 
Under ordinary conditions, ultrashort radio waves (A < 5 m) are
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not reflected by the ionosphère. Direct waves, propagated near 
the earth’s surface, are intensively absorbed by the earth. Conse- 
quently, reliable réception of these waves, for instance in TV 
broadeasting, is possible only within the range of direct visibility, 
i.e. a distance commensurate with that within sight of the trans- 
mitting antenna. Long-distance TV broadeasting requires a 
consecutive chain of relay stations, called a T V  station link, 
which receive, amplify and retransmit signais along the chain- 
work.
34.3.7. Radar (derived from RAdio Détection And Ranging) in
volves the use of radio waves to détermine the presence, distance, 
direction and velocity of distant objects. It is based on reflection 
or scattering of radio waves by various bodies.
A complété radar station consists of an ultrashort-wave radio 
transmitter and a receiver having a common transmitting and 
receiving antenna which produces a pencil beam (radio beam). 
Transmission is accomplished in the form of short puises of a 
duration of about 10~6 sec. In the interval between consecutive 
puises, the antenna is automatically switched over to réception 
of the echo-signal reflected from the target or obstacle. The 
distance to the target is determined from the time interval 
between each transmitted puise and the réception of the echo- 
signal. Radar uses ultrashort waves in the decimetre, centimètre, 
and millimétré bands, since most efficient operation requires 
that the size of the object being detected be many times as large 
as the wavelength A.
Radar techniques are made use of in radar astronomy to détermine 
the motion of the planets of the solar System and their satellites 
with higher précision, as well as to study the orbits and velocities 
of meteors. A radar investigation of Venus (USSR, 1962) refined 
the magnitude of the astronomie unit, i.e. the mean distance 
from the earth to the sun: 1 a.u. = 149,598,100 + 750 km.
34.3.8. Radio astronomy is the branch of radiophysics and astro
nomy that deals with the investigation of cosmic objects by their 
own radio-frequency radiation (radio émission), mainly in deci
metre and centimètre wavelength bands, which are only slightly 
absorbed by the ionosphère and gases in the earth’s atmosphère. 
Devices used for the réception and investigation of such radia
tion are called radio télescopes. Owing to the large effective area 
of their aerials, the sensitivity of radio télescopes considerably 
exceeds that of the largest present-day optical télescopes. For 
cxample, the effective area of the cross-shaped radio télescope 
of the Institute of Physics of the USSR Academy of Sciences 
(in Serpukhov) is of the order of 104 ni2 and its resolving power
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is of the ordor of 3 minutos of arc. Techniques of radio astronomy 
enable thc température and physical propcrties of tlicî surface 
layer to be determined for the planets of the solar System. System- 
atic observation of the sun’s radio-frequency radiation enables 
periods of high solar activity to be forecast. Su ch activity leads 
to the initiation of magnetic storms on the earth whieh make 
short-wave radio communications impossible.
Radio astronomy techniques are the only means for exploring 
the nucléus of the galaxy, and also the radio-galaxies—parts of 
the mctagalaxy located extremely distant from the earth and 
liaving comparatively high radio luminosity, but absolutely 
unobscrvable in the inost powerful up-to-date optical télescopés. 
Only recently, by means of radio-astronomical observations, 
entirely new extragalactic objects of the universe were discovered. 
They were named supermassive stars (quasi-stellar radio sources 
or quasars). Supermassive stars are of comparatively small 
angular size and hâve variable brightness. Apparently, like stars, 
they are self-luminous bodics. Their masses, however, are ex
tremely great (of the order of 108 to 1Ü9 solar masses) and their 
luminosity is several orders of magnitude greater than that of 
mir wholo galaxy.



GHAPTER 35

Light Travelling Through the Boundary 
Between Two Media

35.1. Interaction Between Electromagnetic 
Waves and Matter

35.1.1. According to the classical électron theory (see 30.7.1.) 
matter can be regarded as a System of charged particles. The 
variable electromagnetic field of a wave excites forced oscilla
tions of these particles. In the case of high-frequency waves, 
corresponding to visible and ultraviolet light, only the électrons 
can execute forced oscillations of any appréciable amplitude. 
The considerably more massive charged particles (atomic nuclei 
or ions) execute forced oscillations when they are excited by 
infrared radiation which is of lower frequency.
35.1.2. In an isotropie medium, the force exerted on a charge q 
by the electromagnetic field of the wave is

F = dE + [nE]]

where Vj = velocity of the charge q
v = phase velocity of the wave
n = unit vector in the direction of propagation of the 

wave.

Since vt «  u, the second term, representing the Lorcntz force 
(see 26.1.1.), is small compared to the first. The force exerted 
on charged particles of matter is determined mainly by the 
electric field, i.e. vector E of the wave’s electromagnetic field. 
For this reason, E is sometimes called the electric vector of the 
electromagnetic wave.

602



35. R efle c tio n  a n d  R e fra c tio n  o f  L ig h t

If the molécules of matter are electrically isotropie, forced 
oscillations of the électrons in the molécules are executed in the 
direction of the oscillation of vector E of the wave’s field. If 
the molécules are anisotropic, these directions may, in the general 
case, be different.
The électrons are most strongly influenced by light waves of a 
frequency near to the natural frequencies of oscillation of the 
électrons in the atoms or molécules.
35.1.3. In the process of forced oscillations of charged particles 
of matter, the electric (dipole) moments of molécules vary peri- 
odically (with the frequency v of the incident light), and the molé
cules radiate secondary electromagnetic waves of the same frequen
cy v. The average distance between molécules is only a small 
fraction of the extent of one wave train. Hence, in an optically 
homogeneous medium (see 40.4.2.), secondary waves, emitted by 
an cxtremely great number of neighbouring molécules, are coller
ont (see 36.1.1.) both with one another and with tjie primary 
wave, notwithstanding the chaotic thermal agitation of these 
molécules. Upon being superimposed, interférence (see 36.1.4.) of 
these waves is observed.
35.1.4. As a resuit of the interférence of primary and secondary 
waves, a transmitted wave is formed in an optically homogeneous 
and isotropie medium. Its phase velocity dépends upon frequency. 
If an electromagnetic wave falls on the boundary between two 
different, optically homogeneous and isotropie media, as a resuit 
of the interférence of the primary and secondary waves, a refleclcd 
wave is formed, propagated in the same medium from which 
the primary wave came, as well as a refracted wave, propagated 
in the second medium.
35.1.5. In Maxwell’s macroscopie theory, the problem of the 
interaction of an electromagnetic wave with matter is reduced to 
the solution of MaxwelPs équations (see 30.4.1.) for defini le 
conditions at the boundary between the media in which the 
wave is propagated. The electrical and magnetic properties of a 
substance, determining its behaviour when acted on by a light 
wave, are characterized by the relative dielectric permittivity 
Kn electric conductivity y, and the relative magnetic perme- 
ability Km. For ail substances in the range of optical frequencies 
of electromagnetic waves, it can be assumed tliat Km = 1 and 
tliat the phase velocity of these waves is
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35.2. Re/lcction and Réfraction of Light 
by Dielectrics

35.2.1. When light falls ou the piano boundary between Lvvo 
dielectrics having dilïeront relative dielectrio permittivities Ke, 
the wave is parlly reflecicd and partly refracled.
35.2.2. The ratio of the velocity of light a in a vacuum Lo the 
phase velocity v of light in a medium is

n = -  = f k ~ k m ~ K.

This ratio is called the absolutc index of refraction of the giveq 
medium. For any medium, cxcept a vacuum, the value n dépends 
upon the frequency of the light (sec 40.1.1.) and the state of 
the medium (its température, density, etc.). For dilutc media 
(for instance, gases under standard conditions), n ^  1. In aniso- 
tropic media, the absolutc index of refraction also dépends upon 
the direction of propagation of the light and how it is polarized 
(sec 39.1.1.). Absorbing media are characterized by the comptez 
refractive index (see 35.4.3.).
The relative index of refraction n2l of the second medium with 
respect to the first is the ratio of the phase velocities vY and o2 
of light in the two media, respectively. Thus

wliere n t and n2 are the absolute indices of réfraction of the 
lirst and second media. If n2l > 1, then the second medium is 
said to be optically denser than the first.
35.2.3. The formulas given below are valid only for monochromat- 
ic waves with a wavelength A many times greater than the inter- 
molecular distances in the medium. For waves in the optical 
range this condition is complied with even in the case of not 
very dilute gases. It is assumed, moreover, that the medium is 
homogeneous, isotropie and does not absorb light. Finally, it is 
assumed that the media in which the reflected and refracted 
waves are propagated are semi-infinite, i.e. that only threc 
waves meet at the boundary : the incident, reflected and refracted 
waves (multiple reflection is neglected).
35.2.4. When a light wave falls on the idéal plane boundary 
(interface) between two dielectrics whose size substantially 
exceeds the wavelength, the angle V between the direction of 
propagation of the reflected wave and a normal to the boundary
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(angle of reflection) is equal in magnitude to the corrosponding 
angle i for the incident wave (law of reflection). This is called 
mirror reflection. The angle r between the direction of propagation 
of the refracted wave and a normal to the boundary (angle of 
refraction) is relatcd to the angle of incidence i by SncWs law 
(law of refraction):

where n2l is the relative index of refraction of the medium in 
which the refracted light is propagated with respect to the medium 
in which the incident light is propagated.
85.2.5. If a light wave from an optically dcnscr medium 1 falls 
on the boundary with a less dense medium 2 (n2l < I), thon al 
angles of incidence i ilim, where sin ilim =  n2U there will be 
no refracted wave and light will bc totally rcflectcd by the op
tically less dense medium. This is called total internai reflection. 
The angle iïim is called the liniiting (critical) angle of total inter
nai reflection. In the case of total internai reflection, the electro- 
niagnetic field of the light wave partly enters the second medium. 
The amplitudes of the vectors E and H of the field are, however, 
rapidly attenuated in the second medium (according to an expo- 
nential law) at points farther away from the boundary. The 
depth of pénétration of any appréciable field into the second 
medium is a magnitude of the order of the wavelength of light. 
The energy flux from the first medium to the second cquals 
zéro on an average and hence the energy of the incident clectro- 
magnetic wave is completely returned to the first medium.
85.2.6. The quantity R  equal to the ratio of the intensities of the 
reflectcd and incident waves, is called the reflection coefficient. 
The quantity T, equal to the ratio of the intensities of the refract- 
ed and incident waves, is called the transmission coefficient. 
For the reflection and refraction of light at the boundary between 
two transparent media (ones that do not absorb light), R + T  = 1. 
For total internai reflection, R  = 1 and T = 0.
85.2.7. For the incidence of a plane unpolarized light wave 
(natural light, see 39.1.1.) on the plane boundary between two 
media at angle i*t the reflection coefficient is

where r is the angle of refraction. If i =  r — 0 (normal incidence

sin i n2 
sin r ~~ nl

sin2 ( i - r ) ,_taa2 
sin2 (i+r) +  tan2 (i+r)
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of light), then

V.

where n2l is the relative index of refraction.
35.2.8. Upon the incidence on a plane boundary of a linearly 
polarized wave (sec 34.1.8.) whose vector E oscillâtes in the plane 
of incidence (p-wave), the amplitudes of the vectors E in the 
reflected (arp) and refracted (ad) waves are related to the ampli
tude of the vector E in the incident wave (a®) by the following 
équations (Fresnel formulas for p-waves)*:

ar = ao Jan <*-!?_ 
a p  p  tan (i+ r )

and a) ___2 cos i sin r
"p  sin (i+r) cos ( i-r )

lu thèse formulas, a], is an algebraic quantily, in contrast to aJ 
and adp whicli are always positive. If arp -< 0, then rellection occurs 
without a change in phase of oscillations of vector E (the phase 
of vector H is, however, changed by ri) ; if arp >  0, then the phase 
of vector E is changcd by n upon reflection (the phase of vector 
H remaining unchanged).
Tlie rellection coefficient for yv-waves is

v t tan2 (i-r )  
p ~  tan2Ti+r)

35.2.3. IJpon the incidence on a boundary of a linearly polarized 
plane wave in which vector E oscillâtes in a plane perpendicular 
to the plane of incidence (s-wave),  the amplitudes al, ad, and a? 
are related by the following équations (Fresnel formulas for 
s-waves)* :

a 0 sin ( i - r ) 
* sin ( i + r )

and ad 0 2 cos i sin r 
sin (i+r)

lu tlicse formulas, ars is an algebraic quantity, in contrast to a® 
and ad which are always positive. If al < 0, then the phase of 
oscillations of vector E is changed by n upon reflection (there 
being no change in the phase of vector H) ; if al > 0, then the 
phase of vector E is not changed upon reflection (the phase of 
vector H being changed by n).
The reflection coefficient for s-waves is

sin2 ( i-r )
sin2 (i+r)

* If n 21 < i, it is assumed tliat i < ium (scc 35.2.5.). 
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35. Reflection and Réfraction of Light
Gurvcs showing the dependence of Rpi 
R t and R  = -- (i^ + Zi,) on i for w2l = 
= 1.52 (air-to-glass) are given in Fig. 
35.1.
35.2.10. For normal incidence (i = r = 0) 
of p- and s-waves on the boundary 
l)etween two media

'4

0 W2I - 1  .
p ~nn  + 1 ’

« ^/ju----- — •a* n21+1 ’
» _

* l n 21 + l

dg = — a" n21~~ 1 
7121 + 1

,0
,t n21+l
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I T T g .J /T  I

20° W  600 80°i
35.2.11. The refracted light wave is al- i-ig .35.1
ways in phase with the incident wave:
at the boundary, vectors E° and Ed oscillate in phase. The phase 
of the reflected wave may differ by n from that of the incident 
wave. This is called reflection with loss of a half wave. The follo- 
wing table lists the différences in phase between the reflected and 
incident waves for p- and s-waves.

71i+ r  > —
n

,+ r  ■* T

i >  r 
(n81 ^ 1)

i < r 
(n2l < 1)

i > r 
(n21 >  1)

J» ^
V 

V

p - wave 0 71 71 0

s-wave 71 0 71 0

When i + r passes through the value — (i.e. the angle of incidence
i passes through the value i0 for which t0 +  r0 =  y  ; angle i0being
called the Brewster angle, see 35.3.2.) the phase of the reflected 
p-wave is abruptly changed by n.
IJsually i < i0, i.e. i + r < — . In these cases, as is évident from the 
table, reflection from an optically less dense medium in21 1)
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takes place willioul. an y change in the phase of tlie wave regard- 
less of lhe kind of poiarization of the incident light; reflection 
from an optically denser medium (n2l > 1) leads t© a phase change 
b y n (witli the loss of a half wave).
35.2.12. Wiih total internai refleotion (n21 < 1 and i ^ i u m), the 
reflectcd p - and .s-waves lag in phase behind the incident p- 
and s-waves by A<pp and Aq>si rcspectivcly, so that

tan A(pp — l/sin2 i~nn 
2 n*, cos i

tan
2 cos i

and

n\x tan a<pv
2

The différence A<pg—Aq>p equals zéro only in two limiting cases: 
(a) when i = ilim (Aq>t = A(pp = 0) and (b) when i = — (Acpt = 
= Acpp = 7t).
«35.2.13. To reduce the reflection coefficient in optical Systems 
where multiple reflection of light substantially lowers the inten- 
sity of transmitted light and the illumination of the image, use 
is made of the interférence of the rays reflected from the front 
and rear boundaries of a spécial film of a transparent substance 
applied on the lenses of the optical System. The thickness h and 
absolute refractive index n of this film are selected so that the 
two reflected rays hâve an optical path différence (see 36.2/i.)
of * (phase différence of n) and cancel each other. Thus 

2h f n 2 sin^ i = -

For equal intensifies of the two reflected rays, the value n is 
found from the équation (at normal incidence from air)

n = |fn0
where n0 is the absolute index of refraction of the lens materiâl. 
Such lenses are said to be coated.
35.2.14. Scattered (diffuse) reflection of light refers to the reflec
tion of light in ail possible directions. It is observed, for instance, 
in the reflection of light from a rough interface between two media. 
A surface is said to be perfectly malt if it reflects light uniformly 
in ail directions.
35.2.15. When light rays are propagated in a nonliomogeneous 
medium, tliey follow a curved path due to refraction with a
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continuously varying index from point to point in the medium. 
An example of this phenomenon is astronomical refraction. The 
density of the atmosphère decreases gradually, under normal 
conditions, with an increase in the altitude. The relative dielec- 
tric permittivity and absolute index of refraction decrease corres- 
pondingly. Hence a ray of light from a star or other celestial 
object follows a slightly curved path in the atmosphère. Owing 
to this astronomical refraction, the apparent direction toward 
any star makes a somewhat smaller angle with the normal to 
the earth’s surface at the point of observation than does the 
true direction toward the star. The curving of light rays coming 
from distant terrestrial sources as they pass through the layer 
of atmosphère adjacent the earth’s surface is called terrestrial 
refraction. This accounts for mirages and looming—false images 
of distant objects—that are observed under certain atmospheric 
conditions.

35.3. Polarization of Light upon Reflection 
and Refraction

35.B.1. At an arbitrary angle of incidence i (except i = 0 or
the reflection coefficients at the boundary (interface) between 
two isotropie dielectrics are different for s- and p-waves : R 9 > JL 
(see 35.2.9.). Therefore, if the incident wave is not polarized 
(natural light, see 39.1.1.), the reflected and refracted waves are 
partially linearly polarized. The oscillations of vector E that are 
in the plane perpendicular to the plane of incidence (s-polariza- 
tion) predominate in the reflected wave, and those in the plane 
of incidence (p-polarization) predominate in the refracted wave. 
In the absence of absorption, the degrees of polarization of the 
two waves are equal, respectively, to

i : - r v R ,-Rp 1*-1* Rg—Rp
2 -> ,+ * ,)iî+ i; R.+Rp

of
ii+ ii 

the reflected and refractedwhere I rt and I i  = intensities 
s-waves

I rp and / i  = the same for the p-waves.
35.3.2. If the angle of incidence complies with the condition 

tan i0 — 7&21
then Rp = 0 and the reflected light is completely polarized in the
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plane of incidence (Brewster's law). Angle i0 is called the Brewster 
angle. At the Brewster angle, i0 + r0 = - ,  i.e. the reflected and 
refracted rays are perpendicular to each other. In this case

*. = sinMÜ-r0) = ( - ^ ) ‘

and the degree of polarization of the refracted light reaches its 
maximum value

=  (w|i+ l)* -4 n f ,

35.3.3. The degree of polarization A of transmitted light can be 
considerably raised by multiple reflection and refraction in a 
pile of plane-parallel plates arranged so that the angle of incidence 
of the light is i0. In the absence of absorption, the degree of polar

ization for a püe of N  plates is

A

where Bt = ) .\ njj+l /
For example, for a pile of N  = 15 glass plates (n21 = 1.5), 
A = 0.985.
35.3.4. When a polarized p-wave (see 35.2.8.) falls at the Brewster 
angle on the interface between two dielectrics, it is not reflected 
at ail and only a refracted wave is obtained.
35.3.5. Upon total internai reflection of plane-polarized light 
(n21 < 1 and i iUm) a phase différence A<p is observed between 
the s and p  components of the reflected wave. It is due to the 
différence between the phase différences, Ay, and Aq>p of the corre- 
sponding components of the reflected and incident waves. Thus

A<p , Aq>s cos i /s in 2 i - n i itan —  ■= tan —-------= --------------------
2 2 sm2 %

As a resuit the reflected wave becomes elliptically polarized. 
Upon total internai reflection corresponding to angle i»m, 
sin i = n21 and A(pp = A<p9, i.e. the plane-polarized light remains
unchanged. At A(pp-  Aq>t = -  anc  ̂ a* = a5» reflected light is
circularly polarized and the interface between the dielectrics 
acts as a quarter-wave plate (see 39.5.6.).

i + ( i  - R * ) 2lf
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35. Reflection and Refraction of Light

35.4. Fundamentals of Métal Optics
35.4.1. When an electromagnetic wave falls on the surface of a 
métal it is partly reflected and partly transmitted into the métal. 
The reflection coefficient dépends on the wave frequency, the 
electric conductivity and the condition of the surface.
I f the waves are not of excessively high frequency (radio waves, 
infrared rays, and visible light), the sources of secondary waves 
(see 35.1.3.) in metals are mainly the conduction électrons (see 
21.2.1). With such waves the reflection coefficient of the fmished 
surface of metals having good conductivity (sodium, silver, etc.) 
is very close to unity. The intensity of the wave transmitted 
into the métal is not high and drops rapidly to zéro within the 
limits of a thin surface layer due to the energy losses on Lenz- 
Joule heat. These losses equal zéro in an idéal conductor and the 
reflection coefficient is equal to unity.
At higher frequencies, corresponding to ultraviolet radiation, 
the forced vibrations of the bound électrons in the ions of the 
crystal lattice become of essential importance. These lead to a 
drastic réduction in the reflection coefficient of metals (as low 
as 0.04 in silver at v = 1016 sec-1) and to considérable trans- 
parency of thin metallic films.
35.4.2. In classical macroscopie electrodynamics, the problem 
of reflection and refraction of light at the surface of a métal is 
reduced to finding a solution to Maxwell’s équations which satis- 
fies the boundary conditions at the conducting surface (see
30.4.3. ). For homogeneous, isotropie and nonmagnetic metals 
(Km = 1), this problem can be formally reduced to an analogous 
problem for the boundary between two transparent dielectrics 
by introducing the complex relative dielectric permittivity of the 
métal. Thus

K  = JT. - - — i (in SI units)

K', = K, -  2J - 1  (in Gaussian units)

where y = electric conductivity of the métal (see 21.2.7.)
Ke = real relative dielectric permittivity of the métal 
e0 = permittivity of free space 
v = frequency of the light
t =
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85.4.3. The optical properties of a métal are characterized by the 
complex absolute refractive index

n' = ITR*, = n( 1 — ix)

where n2( 1 -  x2) = Ke 
and

= I TSÿ- <in SI units>
j — (in Gaussian units)

The real values of n and x are optical characteristics of the métal. 
They dépend upon the nature of the métal and the frequency of 
the incident light. The imaginary part of the complex refractive 
index characterizes the absorption of light in a métal which takes 
place according to the Bouguer-Lambert law (see 40.3.2.). The 
index is related to the linear absorption coefficient p  (see 40.3.2.) 
by the équation

c Aqnx = p
k n v  4n  ^

where c and A0 are the velocity and wavelength of light in a vacu
um. This relationship, as well as the concept of a complex dielec- 
tric permittivity and complex refractive index are equally appli
cable, not only to metals, but to any other conducting or non- 
eonducting media which strongly absorb light (for example, to a 
plasma, to dielectrics near the absorption bands, etc.). In typical 
metals, nx^> n; hence the absorption of any medium is said to be 
“metallic” if x »  1 for this medium.
35.4.4. The complex amplitudes of the reflected and refracted s- 
and p-waves can be calculated by the Fresnel formulas (see 35.2.8. 
and 35.2.9.) where angle r is complex (with the exception of the 
case when i = 0) and is related to the angle of incidence i by the 
dependence

The true angle of refraction rlr of light in a métal is
. / s i n i \  r„ = arcsm(— )

where
n tr = Ÿ n 2 ( 1 -  x 2 ) -J-sin2 i + ] / [ n 2 ( l  — x 2 ) — sin2 i]2 +4n4«2

r  A

The refractive index ntr dépends upon the angle of incidence, i.e,
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:i5. Reflection and Refraction of Light
the phase velocity of light in an absorbing medium dépends 
upon the direction of its propagation.
35.4.5. For an arbitrary angle of incidence, the reflection coeffici
ents of a métal surface for s- and p -waves are

R _ la*l2 _ (g-cos i)2+b2 
* ~~ (a®)2 ~~ (a+cos i)2+f>2

r  _  lail* _ (a-sin i tan i)2+52^
9 (aj)2 (a+sin i tan i)2+b2 *

vvhere a = Ÿnfr — sin2 i
b = Ÿnfr — n2(l — x2)

\ar,\ and \arp\ = magnitudes of the complex amplitudes of the 
reflected s- and p-waves.

I n ail cases, except when i = 0 or y , R t > Rp. For metals, in
c.ontrast to transparent dielectrics, Rp is not equal to zéro for 
;my possible angle of incidence. Consequently, when natural 
light falls on a métal, the reflected light cannot be completely 
linearly polarized.
t’or normal incidence, R, = Rp, a = ntr = nt b = nx, and the 
reflection coefficient is

n _  (n— l ) 2+ n 2x2 
n  ~  (n + l ) 2+ n 2x2

35.4.6. Upon reflection from a métal, a phase shift occurs between 
I lie reflected and incident waves. This shift difTers for s- and p- 
waves. Thus

tan Aqf, = 2 b cos i 
cos2 i-(a2+62)

tan A<pp = 2b cos i(a24-b2-sin2 i) 
a2+62—n4(l + x2)2 cos2 i

wliere a and b hâve the same meaning as in 35.4.5.
When a plane-polarized wave falls on the métal, a phase shift 
\(f r = Aqf» -  Acpp occurs between the s and p  components of the 

reflected wave, and
tan Acpr = 2b sin i tan i 

a2+62-sin2 i tan2 i
llonce, at i 0, the reflected light is elliptically polarized. In 
the case of normal incidence (i = 0)

tan A(prt = tan Atprp = 2 nx  
i - n 2(1 + x2) and A(pr = Q



CHAPTER 3 6

Interférence of Light

36.1. Cohérent Waves
36.1.1. Two waves are said to be cohérent if their phase différence 
is independent of time. This condition is met by monochromatic 
waves (see 34.1.4.) of the saine frequency.
Two waves are said to be incohérent if their phase différence 
varies with time. Monochromatic waves of various frequencies, 
as well as waves made up of a sériés of wave trains which begin 
and break off independently of one another, and hâve random 
phase values at the instant each train begins and breaks off, are 
incohérent.
36.1.2. Upon the superposition of two waves which are linearly 
polarized in a single plane, the amplitude A  of the résultant wave 
is related to the amplitudes au and a2 and the phases and <P2 
of the superimposed waves at the point being considered in the 
wave field as follows

A 2 = a\ + a\ + 2axa2 cos (# i~  0 2)
If incohérent waves with different frequencies vx and v2 are 
superimposed, the amplitude A  is a periodic function of time with 

il ilthe period T  = | — -  —|. If, as is usually the case in optical experi-
ments, the minimum possible observation time r  »  then only 
the mean-square value of the amplitude of the résultant wave 
can be recorded in the experiment: Â 2 = a\ + a\. Gonsequently, 
in superimposing incohérent waves their intensities are added 
together: I  = I x + I t .
36.1.3. When cohérent waves, linearly polarized in a single plane,
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.16. Interférence ofLight
are superimposed, &X — <P2 = <px-(p2, where <px and tp2 are the 
initial phases of the superimposed waves at the point being consid- 
ered in the field. The amplitude A  of the résultant wave is 
independent of time and varies from point to point in the field 
according to the value A(p = (px-(p2- Thus

-Amin ^  ^  A max
and
Amax — ai + a 2 when Açp = 2mn 
A min = \al ~ a 2\ when Aq> = (2m + 1)ti

The maximum and minimum intensities of the résultant wave 
are

Amax ~ («i + a2)2 and I min ~ (ax- a 2y  
If % = a2, then I min = 0 and I max = 4 I x = 4/2, i.e.

I^x  is twice the sum of the intensities of the superimposed 
cohérent waves.

As a resuit of the superposition of cohérent waves that 
are linearly polarized in a single plane, the intensity of light is 
either weakened or strengthened depending upon the relations of 
the phases of the light waves being added. This phenomenon is 
ealled the interférence of light. The resuit obtained when cohérent 
waves are superimposed and observed on a screen, photographie 
plate, etc. is ealled the interférence pattern. In superimposing in
cohérent waves, the intensity of light is only increased; i.e. no 
interférence is observed.
:ih.l.&. Each atom or molécule of a light source emits a wave 
train in a time interval of the order of 10“8 sec (see 34.2.4. Ex. 1). 
The extent of the train is of the order of 107 wavelengths so, as 
a first approximation, each such train can be regarded as quasi- 
monochromatic. In spontaneous radiation (see 44.5.14), however, 
iiccomplished in ordinary light sources, the electromagnetic 
waves are emitted by atoms (or molécules) of matter, independ- 
• ntly of one another and with random values of the initial 
phases. Hence, during the time r  of observation in optical experi- 
ments (t»  10”8 sec), the waves emitted by the atoms (or molé
cules) of any light source are incohérent and display no inter
férence upon being superimposed.
liesides spontaneous radiation, another type of radiation may 
i»ccur. It is ealled induced, or stimulated, radiation and is due 
In the action of a varying external electromagnetic field (see 
ÏV5.14.). Induced radiation is cohérent with the monochromatic

|  (m = 0, ± 1, ±2, ...)
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radiation that excites it. Ithasthesam e frequency, direction of 
propagation, and polarization. These features of induced radia
tion are made use of in quantum light generators—masers and 
lasers (see 44.5.14.).
36.1.6. To obtain cohérent light waves and to observe their 
interférence by means of ordinary sources of spontaneous radi
ation, use is made of the method of splitting the waves radiated 
by a single light source into two or more Systems of waves which, 
after travelling along different paths, are superimposed. Each 
set of two such wave Systems contains pairwise cohérent and 
likewise polarized wave trains corresponding to the same events 
of émission by the atoms of the source. The resuit of interférence 
of such Systems of waves dépends upon the phase différence 
acquired by the cohérent wave trains as they travel different 
distances from the source to the point being observed on the 
interférence pattern.

36.1.7. Illustrated in Fig. 36.1 is a schematic diagram of inter
férence apparatus in which light from the source S  with a linear 
dimension 2b which is small compared to the wavelength (2b «  A), 
is split into two Systems of cohérent waves by means of mirrors, 
prisms, etc. Here and S2 are the sources of cohérent waves 
(they are real or Virtual images of source S  in the optical System 
of the apparatus), 2\p is the interférence aperture, i.e. the angle 
at point S  between the outmost rays which, after passing through 
the optical System, converge at point M y the centre of the 
interférence pattern on screen EE, and 2co is the angle of conver
gence of the rays at point M.
36.1.8. As a rule, S has the form of a slit parallel to the plane of 
symmetry of the optical System. With EE  [| S xS2y the interférence 
pattern comprises a sériés of bands, called fringes, parallel to the slit. 
Employing the notation : S XS2 = 2lt OM = D (in which D »  21) 
and M N  = hy the intensity distribution in the interférence
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3 6 . Interférence of Light
pattern for monochromatic light (see 34.1.4.) of wavelength A 
(•an be written as

i T o j/ -  I0 cos2- ^ - h

and has maxima at
,  XDh  =

and minima at
h = (2m+l) —

where m = whole number, called the order of interférence 
J0 = intensity at point M  (at h = 0).

36.1.9. The distance between adjacent maxima or minima (Am = 
1) is

The quantity B is called the interférence fringe width. The smaller 
:Il (or co) is the larger the interférence pattern will be. The angu-

B Xlar width of the interférence fringes is ^ ~ .
36.1.10. If the size of the source 26 «  A, a distinct interférence 
pattern is observed. Practically 2b »  A, and the interférence 
pattern is determined by the superposition of split cohérent 
waves (see 36.1.7.) from different points of the source. The inter
férence pattern remains clear-cut if the following approximate 
condition is complied with

2b sin yj «ss —

where 2y> = interférence aperture 
A = wavelength.

36.1.11. The degree of contrast of the interférence pattern is 
determined by the équation

7) =  Emaz-Efnjn __ B  I • b I 

Emar + E m{n 2 nb | B  |

where Emax and Emin = illumination of the screen at the maxima 
and minima of the pattern, i.e. at the 
centres of the bright and dark fringes

B = ^  = width of the interférence fringes (see
36.1.9.). 

tb = size of the source.
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The quantity v is called the visibility ofthe fringes. The dependence
« = m  is represented by the curve in Fig. 36.2.
36.1.12. In nonmonochromatic light whose wavelengths range 
from A to A + zlA, the interférence pattern is entirely blurred when 
the interférence maxima of the ra-th order for radiation at the 
wavelength A+zü coincide with the maxima of the (/w+l)-th

order for radiation at the wa
velength A. Thus

(m + l)A = m(A-fzlA)
To observe interférence of the 
w-th order, the following con
dition should be complied 
with

The higher the order m of interférence to be observed, the more 
monochromatic the light should be. Even for light with a lino 
spectrum, zlA cannot be less than the intrinsic line-breadth 
AXint (see 40.2.6.). As a rule, owing to Doppler and collisional 
broadening (see 40.2.7. and 40.2.8.) ZlA» zlA/n,.

36.2. Optical Path
36.2.1. The optical path is the product of the geometrical path d 
of the light wave in a given medium by the absolu te index of 
refraction n of the medium (see 35.2.2.). Thus

s = nd
36.2.2. The phase différence Ay of two cohérent waves from a 
single source, one travelling a path dl in a medium with an 
absolute index of refraction nx and the other a path d2 in a 
medium with a refractive index n2, is

A<p= —  (s2- s , )
where s2 = n2d2

Sj = nxdi
A = wavelength of the light in a vacuum.

36.2.3. If the optical paths of two rays are equal («x = s2)» the 
paths are said to be tautochronous (not introducing a phase différ
ence). In optical Systems which produce a stigmatic image (see
38.1.5.) of the light source, the condition of tautochronism is
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36. Interférence of Light
complied witli by the paths of ail the rays that are emitted by 
the same point of the source and converge at the corresponding 
point of the image.
36.2.4. The quantity As = st - s 2 is called the optical path differ- 
<mce of two rays. The path différence As is relat.ed to the phase 
différence A<p by the équation

Arp — As

36.2.5. At As = y ,  the phase différence A<p = n. The lengthening
(or shortening) of the optical path of one of the waves by y  with
respect to the other corresponds to a lag (or lead) of the first 
wave by n. Upon superimposing two such waves their amplitudes 
are subtracted, one from the other. If their amplitudes are equal, 
the amplitude of the résultant wave equals zéro.
36.2.6. Interférence may be observed only when the path différ
ence As is not excessively great. If As s» tc (where r is the mean 
duration of one event of émission of light by an atom of the 
source, c is the velocity of light in a vacuum, and tc is the average 
oxtent of a wave train in a vacuum), the waves being superim- 
posed are necessarily incohérent and no interférence occurs.
The condition for observing interférence at an optical path 
différence As (where As «  tc) is

This means thatstrongly monochromat- 
ized light is required to obtain inter
férence at large values of As.

36.3. Interférence in Thin Films
36.3.1. In observing the interférence of 
monochromatic light reflected in a va- 
euum from a plane-parallel plate (Fig.
36.3), the optical path différence of the

Is = n(AD + D C )-(B C )+ Y  = 2/i/n2-sin 11+ -  = '2 k co sr + -

where h = thickness of the plate
n = absolute index of refraction (see 35.2.2.) of the plate 
i = angle of incidence of the rays on the plate 
r = angle of refraction of the rays in the plate.
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The additional path différence y  is due to the reflection of light.
from the front surface of the plate (an optically denser medium), 
i.e. to the change of the phase of the wave by n upon reflection 
(see 35.2.11).
38.3.2. The conditions for maxima and minima in the interférence 
pattern produced by cohérent waves reflected from the two sur
faces of a plate are

2A/nr -sïn'r i = —

where k = 2m (m being a whole number) for minima and k = 
= 2m +1 for maxima. If the reflection from the two surfaces of
the plate takes place with losses of y  for each surface (or without
losses at either surface), the interférence pattern is shifted by a 
half fringe (see 36.1.8.), i.e. the value k = 2m corresponds to the 
interférence maxima and k = 2w + l to the minima.
38.3.3. If a plane-parallel plate is illuminated by a pencil of rays 
of white light, the plate becomes coloured in reflected light. 
According to the condition in 36.2.6., interférence can be observ- 
ed in white light only in very thin plates (films) whose thickness 
does not exceed 0.01 mm. In monochromatic light, interférence 
can be observed in much thicker plates.
36.3.4. If a parallel or almost parallel (i as idem) pencil of rays
of monochromatic light falls on a film whose thickness h varies 
at different places, then dark and bright interférence fringes are 
seen in the reflected light at the top surface of the film. These are 
called fringes of equal thickness, or isopachic fringes, because each 
one passes through the points with the same values of h. Equal- 
thickness fringes, localized on the surface of the film, can be 
observed on a screen as well, if the top surface of the film is 
projected on the screen by means of a converging lens. In white 
light, a System of differently coloured equal-thickness fringes is 
observed. \
36.3.5. Upon observing interférence in a transparent wedge, 
the equal-thickness fringes are parallel to the edge of the wedge. 
The width of the interférence fringes (see 36.1.9.) for normal 
incidence (i = 0) is

where a = wedge angle ( a « l  rad)
n = absolu te refractive index of the wedge material.
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3 6 . Interférence of Light
If the light cornes from an extended source, the interférence 
pattern can be seen only at the portion of the wedge near the 
edge, for which 2hiy> «  A, where i is the angle of incidence and 
rp is the angle at which the extended source is seen from the point 
of the wedge corresponding to the thickness h.
36.3.8. When the interférence of light occurs in the air gap between 
a plane glass plate and a plano-convex 
lens of great focal length held firmly 
against the mirror (Fig. 36.4; the light 
falls normal to the plane surface of the 
lens which is parallel to the plane of 
the glass 'plate), a System of equal- 
thickness fringes of the air gap is 
seen. These fringes are concentric rings 
(Newton*s rings) with the common 
centre at the point of contact between 
the lens and the plate. In reflected 
monochromatic light the radii of the bright and dark rings equa

Qbrtght = (  (2m + 1 ) ü |  and odart = l/mRX

where R  = radius of curvature of the lower surface of the lens 
A = wavelength of the light in a vacuum (air) 

m = 0, 1, 2, . . .
There is a dark spot at the centre of the interférence pattern.
In white light, the various wavelengths A correspond to different 
radii q and a System of differently coloured rings is obtained with 
considérable superposition of the colours. For large values of m, 
the interférence pattern is indistinguishable to the eye (see 36.1.12).
36.3.7. If a plane-parallel plate is illuminated by a monochromatic 
converging or diverging bundle of light rays, each angle of inci
dence i corresponds to its optical path différence As. The inter
férence pattern is seen in the focal plane of a converging lens set 
up in the path of light reflected from the plate. For monochrom
atic light, the interférence pattern is made up of alternating dark 
and bright fringes. Each fringe corresponds to a definite angle of 
incidence L For this reason they are called fringes of equal incli
nation, or isoclinic fringes. Equal-inclination fringes are localized 
at infmity. If the plane-parallel plate is illuminated with white 
light, the equal-inclination fringes are differently positioned, 
according to A, and are differently coloured. As the order of inter
férence m increases the pattern becomes blurred (see 36.1.12.).
36.3.8. Upon the interférence of N  cohérent waves having the
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same amplitude A 0 and the same phase différence AyL between 
the i- th and ( i -  l)-th waves (A<p0\s independent of i), the ampli
tude A and intensity I  of the résultant wave equal

N  A<p0 N  âq>0

A = A n Atpo and / = / 0
sin2 2 '

where I0 is the intensity of each of the interfering waves.
The values Aq>0= ±2mji (where m = 0,1,2, . . . )  correspond to the 
principal maxima (m in this case being the order of the principal 
maximum) : A  = N A 0. The intensity of the principal maximum is 
proportional to the square of the quantity of interfering waves. 
Thus /  = iV2/ 0.
The values A(p0 = ± ~  2n, where p  may be any positive whole
number, except 0, N, 2N, etc., correspond to the interférence 
minima: A  = I  = 0. Between each pair of adjacent minima there 
is one maximum (either the principal maximum or a considerably 
weaker secondary maximum) .



CHAPTER 37

Diffraction of Light

37.1. The Huygens-Fresnel Principle
37.1.1. The diffraction of light is the name given to the totality 
of phenomena which are due to the wave nature of light and are 
observed in its propagation in media with sharply defined inhomo- 
geneities (for example, in passing through holes in opaque screens, 
near the boundariesof opaque bodies, etc.). In its narrower sense, 
diffraction refers to the bending of light around small opaque 
obstacles, i.e. its déviation from the laws of geometrical optics 
(see 38.1.1.).
A strict mathematical solution of diffraction problems, based on 
the wave équation (see 34.1.2.) and having boundary conditions 
depending on the nature of the obstacle, proves to be exceptionally 
difficult. Hence approximate methods are resorted to.
37.1.2. Huygens’ principle states that the position of the front of 
a propagated wave (see 33.4.3.) can be represented at any in
stant of time as the envelope of ail the secondary (elementary) 
waves. The sources of the secondary waves are points reached 
by the front of the primary wave in the preceding instant of time. 
It is assumed that secondary waves are propagated only “for- 
ward”, i.e. in directions making acute angles with the outward 
normal to the primary wave front.
The Huygens principle enables the laws of the refïection and 
refraction of light to be explained. It cannot, however, explain 
diffraction phenomena.
37.1.3. Assume that S  is a source of light and a is an arbitrary 
closed surface surrounding S.
The Huygens-Fresnel principle states that at any point located
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outside of surface a, the light wave excited by the source S  can 
be represented as the resuit of the superposition of/cohérent 
secondary waves which are “emitted” by elementafy Virtual 
sources distributed continuously along the auxiliary surface a. 
In other words, outside the surface o, the actually/ propagated 
(primary) wave can be replaced by a System of cohérent Virtual 
secondary waves which interfère upon superposition.
The amplitude, initial phase and directivity pattern of radiation 
of the secondary waves, “excited” by an element do of the auxili
ary surface, dépend upon the characteristics of the primary wave 
(its amplitude, phase and directivity pattern) at points of do. The 
auxiliary surface o is usually made to coincide with one of the 
wave surfaces of the primary wave so that the initial phases of ail 
the secondary waves are the same. Then the amplitude of an ele- 
mentary secondary wave, “excited” by the element do of wave
surface area, is proportional to the expression <p — do, where A  is
the amplitude of the primary wave at the points of element do, 
r is the distance from do to the point M  considered in the field 
(M being outside the surface o), and y  is an unknown function 
of the angle a made by the direction of the outward normal to 
element do of wave surface with the direction of radius vector r 
drawn from do to point M. According to Fresnel’s hypothesis, 
the function (p is a maximum when a = 0, slowly decreases with
an increase in a, and becomes zéro at a ^
To obtain the correct value of the wave phase at point M  it is 
necessary to assume that at the points of surface o the secondary
waves lead the primary wave in phase by ■—.
37.1.4. If an opaque screen with apertures is placed between the 
source of light waves and the point of their observation, then, 
at the surface of the screen, the amplitudes of the secondary 
waves (see 37.1.3.) are taken equal to zéro, and in the apertures— 
such as if the screen were absent. Thereby it is assumed that the 
material of the screen is insignificant. This simplification is per- 
missible if the size of the apertures is large compared to the wave- 
length A. The amplitude of the waves passing through the scréen 
is determined by calculating the interférence at the point of 
observation of secondary waves from the secondary sources 
located in the apertures in the screen. *

* Actually, as shown by Kirchhoff, the function <p ~  (1 + cos a)  and conse- 
quently becomes zéro only at a = n. In diffraction problems, liowever, the 
angle a is usually small and this refinement is insignificant.



37. Diffraction of Light
37.1.6. In many diffraction problems possessing axial symmetry, 
calculations of the interférence of secondary waves can be sub- 
stantially àimplified by means of a graphie geometrical method in 
which the wave front is subdivided into 
annular portions called Fresnel zones. S
This division into zones is done so that 
the optical path différence from the 
like boundaries (internai or external) 
of each pair of adjacent zones to the
point T  being considered equals —, for
which reason they are also called half- 
period zones. The secondary waves from 
the like points of two adjacent zones 3^ 
reach point T  in opposite phases and 
mutually weaken each other when be
ing superimposed.
Figure 37.1 illustrâtes the construc
tion of Fresnel zones for a spherical 
wave excited by source S. Section 101 
of the wave surface is called the first 
(central) Fresnel zone, the annular sec
tion 21 is called the second zone, etc.
Since R  and L  »  A, the areas of the 
lirst i Fresnel zones are practically 
equal for values of i which are not too great. Thus

nRLAa, -  er, -  . . . -

In the case of a plane wave front
O |  —■ (7 2 = : . . . rr= (Jf —— TîZy ?.

37.2. Graphical Addition of the Amplitudes 
of Secondary Waves

37.2.1. The amplitude of a wave at the point of observation can 
be calculated on the basis of a graphical method involving the 
use of vector diagrams for adding cohérent vibrations having the 
saine direction (see 6.1.5.) and which were excited at this point 
by ail the elementary sources of secondary waves. Within the 
limits of each Fresnel zone, the angle a between the outward 
normal to the wave front and the direction toward the point of 
observation, as well as the distance r to the point of observation,

i o — 15009 625
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vary by only an extremely small amount. Hence the Victor dia- 
gram corresponding to one zone closely resembles a half-circle. 
The résultant amplitude of the secondary waves from ail the 
elementary portions of the zone is equal to the diameter of this 
half-circle.
37.2.2. The résultant amplitude A t of ail the secondary waves 
from the î-th zone is proportional to the area of this zone. For 
zones of equal area (Fig. 37.1) the amplitude A { decreases as the 

number i of the zone increases, due to the in- 
K, crease in angle a and the distance r. Thus

> A 2 > A z > . . .  In this case, the vector 
amplitude diagram for the System of zones 

( / is a tightly wound spiral with a slowly de- 
l l l  'Ko J JJ J creasing radius of curvature (Fig. 37.2). 
vyVj JJ) 37.2.3. If a spherical or planç wave is pro- 

pagated in a homogeneous medium, i.e. in
___ __________  the absence of obstacles, so that the wave

0 front is entirely unobstructed, then its ampli-
fig.37.2 tude at point T  (Fig. 37.1) is determined by

the intercept OK0 in Fig. 37.2. This intercept 
equals one half of the amplitude OKl corresponding to the action 
of only the central Fresnel zone. The radius of the central zone 
is small compared to the distance ST  = R + L. Hence it may 
be assumed that in a homogeneous medium, light from the source 
S  is propagated to point T  along ray S T , i.e. in a straight line.
37.2.4. The amplitude and intensity of light at point T  can be 
considerably increased by covering ail the even Fresnel zones with 
a spécial device, called a zone plate, and leaving the odd zones 
uncovered (or vice versa). If the total number of Fresnel zones 
that fit on the plate equals 2k, then the amplitude A  of the light 
wave at the point of observation T  equals A = A x + A z + . . . + A 2k- V 
If k is not too great, then A  ^  k A lf i.e. 2k times greater than 
with unobstructed propagation of light from the source to point T.
37.2.5. The Fresnel zone method is inconvénient for calculating 
the diffraction of light at the straight edge of a fiat screen or at a 
straight slit, since the zones are partly covered by the screen. 
For such cases, the front of the incident plane wave is subdivided 
into rectilinear strips of equal width which are parallel to the 
straight edge or slit. Diffraction calculations may be graphical, 
making use of Cornu?s spiral (Fig. 37.3) whose équation in para
métré form is

V V

u = J cos - dÇ and w = J sin - -  dÇ
o n

6 2 6



3 7 . Diffraction of Ligkt

vvhere the parameter v = ( x - x 0). Here A is the wavelength,
L is the distance from the plane surface of the screen to point 
T (it is assumed that the wave is normally incident to the plane 
of the screen), x0 is the coordinate of 
the point of observation T, x is the 
moving coordinate of points on the 
wave front, and the Ox axis is drawn in 
the plane of the screen, perpendicular 
to its edge.
The Cornu spiral comprises two bran
ches, symmetrical with respect to the 
origin of coordinates (v = 0) and, as 
n-*-±oo, winding asymptotically on 
the points F+ (0.5, 0.5) and F_ (-0 .5 ,
-0.5), respectively.
The amplitude A  of the vibrations at 
point T, excited by the section of the 
wave front limited by the straight lines

= x x and x = .r2, equals A 0 BiB2
fTf +'

where A 0 is the amplitude
of vibrations, at point 71, of an entirely unobstructed wave front, 
and B XB 2 is the length of the line joining two points of the Cornu
spiral corresponding to the values vx = (xx -  x0) and v2 =
■= (# 2  — *̂o)• At the limit as ^ - > - 0 0  and x2 ->oo (entirely
unobstructed wave front), B XB 2 = F _F + = Y2.
For Fixed values of x x and x2, the values and u2 dépend on x0, 
i.e. on the position of point T  on the plane of observation of the 
diffraction pattern. For this reason, intercepts B xB 2l correspond
ing to different x0 values, characterize the values of the relative
amplitude T  at various points of the diffraction pattern.

•Ao

37.3. Fresnel Diffraction
37.3.1. Fresnel diffraction refers to diffraction problems in which 
the curvature of the wave surfaces of the incident and diffracted 
waves (or only of the diffracted wave) cannot be neglected. 
Fresnel diffraction phenomena are obtained when the source of 
light and the screen for observing the diffraction pattern (or only 
the screen) are at a finite distance from the diffracting aperture 
or obstacle. In Fresnel diffraction, a diffraction image of the obstacle
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is obtained on the screen. An analytical solution to these problems 
is usually quite difficult. In the simpler cases dealt with below, 
the appearance of the diffraction pattern can be established either 
by applying the method of annular Fresnel zones, or with the 
aid of the Cornu spiral.
37.3.2. In diffraction by a circular aperture in an opaque screen 
(Fig. 37.4), the diffraction pattern on plane PQ, parallel to the 
diffracting screen, is composed of concentric, alternating dark 
and bright diffraction rings. The centres of the rings lie in point 
O which is the intersection of a straight line, drawn from the source 
S through the centre of the aperture, with plane PQ. If, for point 
O, the number of Fresnel zones thàt fit into the aperture is odd 
(2& + 1), the amplitude at point O is greater than if there were no 
diffracting screen. Thus

- 4 = 2 "  M l  +  ^2Jfc+l )

where A 1 and A 2k+1 are the amplitudes corresponding to the 
contributions of the lst and (2& + l)-th Fresnel 
zones. If the number of zones is even (2k), 
then the amplitude at point O is less than if 
there were no diffracting screen. Thus

A a  1 ( ^ - 4 * )

The appearance of the diffraction pattern on 
plane PQ for these two limiting cases is shown 
in Fig. 37.5.

O
f i g .37.4 f i g .37.5

37.3.3. In diffraction by a small circular opaque screen (Fig. 3 7 .6 0 ), 
the intensity of light at point O, lying opposite the centre of the 
screen, is one fourth of the intensity of the wave from the first 
unobstructed zone. If the screen is small (d ~ /2LÂ), the inten-, 
sity of light at point O is practically the same as if there were
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3 7 . Diffraction of Light

s

(0
ki 0.37.66

no screen. The diffraction pattern on plane PQ is illustrated in 
Fig. 37.66.
37.3.4. In diffraction by the straight edge of a plane opaque screen 
(Fig. 37.7a), the pattern can be calculated by applying Cornu’s 
spiral (see 37.2.5.). The amplitude at point T0, lying opposite 
the edge of the [screen (B XB% = 0 F + = 0.5F_F+), is one half 
as much as if there were no screen. The intensity of light is corre- 
spondingly one fourth of that for an unobstructed wave. The 
intensity distribution on a plane of observation parallel to the 
plane of the diffracting screen is shown in Fig. 37.7b.
37.3.5. In diffraction by a straight slit (Fig. 37.8a), the appearance 
.»f the diffraction pattern dépends upon the value of the wave

6 2 9



Wave Phenomena v.

parameter p = , where a is the sût width, L  is the distance
from the plane of the slit to the parallel plane of observation, 
and X is the wavelength.
If p <sc 1 (“wide” slit), then the amplitude of the wave at the 
point of observation lying opposite the middle of the slit is deter- 
mined by the distance F_ F+ between the asymptotic points 
of the Cornu spiral. Thus A  = A 0, i.e. the amplitude is the same 
as if there were no diffracting screen. The intensity distribution 
on the observation plane is shown in Fig. 37.8b. At points T x and 
T2, lying opposite the edges of the slit, the intensity distribution 
is similar to that at point T0 for diffraction by the edge of a 
semi-infmite screen (Fig. 37.7b).
At p ~ 1, the variation in intensity covers the whole région 
T Y T 2 corresponding to the slit image in geometrical optics, and 
is also observed in the région of géométrie shadow (in contrast 
to the monotone drop in intensity near the edges of the shadow 
at p  «  1). Depending upon the value of p , there may be either 
a maximum or minimum of intensity at the middle of the diffrac
tion pattern.
At p  »  1, the diffraction pattern is the same as for Fraunhofer 
diffraction by the same slit (Fig. 37.10). The principal maximum 
of intensity is opposite the middle of the slit. The narrower the 
slit, the more this maximum is blurred (Fig. 37.11).
37.3.6. In diffraction by a long rectangular screen (Fig. 37.9a), the
relative amplitude —  (see 37.2.5) at an arbitrary point T  on the

F I G .37.9
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37. Diffraction of Light
observation plane, parallel lo the refracting screen, can be cal eu - 
lated by means of the Cornu spiral. Thus

A = |a!-a2|
A0 F_F+

where ax and a2 are vectors drawn to the asymptotic points 
F+ and from points on the spiral corresponding to values 

and v2 of parameter v (see 37.2.5.) for the edges of the screen. 
VâlIf the wave parameter p = —- «  1 (where a is the width of the

screen), then near the boundaries of the géométrie shadow from 
the screen, either a t ^  0 or a2 ^  0. For this reason, a région of 
shadow is observed behind the screen, and diffraction fringes 
(Fig. 37.96), similar to the ones from the edge of a semi-infinite 
screen (see 37.3.4.), are observed at the boundaries of the shadow 
région.
If p  »  1, then a System of alternating dark and bright fringes is 
observed behind the screen, a bright fringe being always opposite 
the middle of the screen.
37.3.7. If the edges of the diffracting screens and the apertures in 
lhem deviate from the idéal géométrie shape, the diffraction 
laws given in 37.3.2. through 37.3.6. are not complied with. 
The degree of déviation from these laws is determined by the
quantity — : , where A is the length of the base and the altitude
of the triangular projections (roughness ridges) on the edge of 
the screen (or aperture), L  is the distance from the screen to the 
point of observation, and A is the wavelength.
Thus, at
(a) —r « l ,  the diffraction pattern is practically not impaired;

(b) j—: ~ 1, the diffraction pattern is spread out and may
disappear;
(c) ~  »  1, the diffraction fringes or rings copy the actual con-KLA
liguration of the projections and indentations (ridges and valleys) 
of the edges of the screens and the apertures in them.

37A. Fraunhofer Diffraction
37.4.1. Fraunhofer diffraction, or diffraction with parallel rays, 
ivfers to the diffraction of plane waves, i.e. to diffraction problems
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in which the light source and observation point are at infinité 
distances from the obstacle causing the diffraction. In practice, 
this type of diffraction can be observed by rendering the light 
from a source parallel by means of a converging lens, and focusing 
it on a screen by means of a second converging lens placed behind 
the obstacle. The pattern obtained is a “diffraction image” of the 
light source. This type of diffraction is usually calculated analyt- 
ically.
37.4.2. Two obstacles (diffracting screens) are said to be comple- 
mentary screens if the apertures in one of them exactly coincide 
in shape, size and position with the opaque areas in the other, 
and vice versa.
Babinet’s principle states that in Fraunhofer diffraction by any 
kind of screen, the intensity of the diffracted light in any direction, 
not coinciding with that of the propagation of the primary plane 
wave falling on the screen, is the same as in diffraction by the 
complementary screen.
37.4.3. In diffraction by a long narrow slit, monochromatic light 
falls on the slit normal to its plane. The amplitude of the wave at 
the point of observation, an auxiliary focal point of the converging 
lens, equals

A(q>) = A„
. I h X  

S m ( — sin?

kX sln ?

sin sin
— A q -

( TlX
T

n X sin?

where (p = diffraction angle, measured from the outward nor
mal to the front of the incident wave, i.e. from the 
normal to the plane of the slit

/c = — = wave number 
X  = width of the slit

A0 = amplitude at the middle of the diffraction pattern 
(at q> = 0).

If angle q> is small, then

A(<p) = A 0
nX  Sin —j — q>

^X

The condition for minima is

A(<p) = 0 at sin <p = [n = 1 ,2,3, . . . )



3 7 . Diffraction of Light
The conditions for maxima are
<p = 0 and A = A 0 for the zero-order maximum
sin <p = ±  A for the other maxima

where km = roots of the équation tan kmn = km 
m — 1, 2, 3, . . .  = order of the maximum.

Thus kx = 1.43, k2 = 2.46, k3 = 3.47, /c4 = 4.48, . . .
The approximate condition for ail maxima, except the zero-order 
one, is

sin <p =  ± (2m-f-1) (m =  1 , 2 , 3 , . . . )

37.4.4. The intensity distribution (/oc 4̂2) is
/ 71 JCsin21 - r -  sin q>

w  , » x l Ÿ

I his distribution is shown in Fig. 37.10.

The relative intensity of maxima of the order m 2» 1 satisfies the 
following approximate formula

= 4
I0 7i2(2m+l)*

37.4.5. The distance from the middle of the diffraction pattern 
to the first minimum increases with a réduction in X.  Here the 
central intensity maximum spreads out and is reduced in height 
(Fig. 37.11). At X  = A, the first minimum is displaced to infinity.
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The intensity drops gradually from the centre, in the plane of 
observation, to the edges of the pattern. As X  is increased, the 
diffraction pattern becomes narrower and the principal maximum 
becomes more sharply prominent. At X  »  Â a sharply defined 
image of the light source is obtained on the screen in accordance 
with the laws of geometrical optics.

37.4.6. In diffraction by a rectangular aperlure of width X  and 
length y, the direction of propagation of the diffracted light can 
be specified by two angles a and fi. These angles are made, 
respectively, by this direction and the axes Ox and Oy which 
are parallel to the X  and Y sides of the apcrture. For normal 
incidence of light on the plane of the aperture, the directions 
corresponding to the intensity minima of the diffracted light 
comply with the conditions

I

l ’IG 37.11

ni and n = any whole nonnegative numbers. 
The intensity distribution is
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37. Diffraction of Ligkt
The intensity in the directions for which sin (p ^  <p and sin y = v is

% v )  = A>
nX

- <p  sin2 nY

I n X  \ 2 I n Y  \ 2
h ~ * )  b r v )

where / 0 is the intensity of the light travelling along the direction 
determined by the angles (p = 0 and yj = 0.
37.4.7. In diffraction by a circular aperture, the diffraction pattern 
comprises a sériés of alternating bright and dark rings if the 
light is from a point source and normally incident to the plane 
of the aperture. The intensity distribution is shown in Fig. 37.12. 
The positions of the maxima and minima comply with the con
dition

sin œ = ~  mhti

where <p = arctan (—r) = diffraction angle
F = focal length of the lens 
o = distance from the centre of the 

diffraction pattern to the point 
being considered on it (ring 
radius)

m = 1 ,2,  3, . . .  = order of the 
maximum or minimum 

R = radius of the aperture 
A = wavelength.

The values of kmini kmax and the relative intensities I rel of the 
maxima for m = 1, 2, 3 and 4 are listed in the following table.

m k-maz kmin !
1 0

1 '
I 0.61 1

2 0.41 0.56 0.0175
3 0.44 ! 0.54 0.0042
4 0.46

1
0.53 0.0016

A réduction of the diameter of the aperture leads to spreading 
of the diffraction pattern. If R  is increased, the pattern is corn 
tracted to a point,
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37.4.8. If, in diffraction by two identical parallel slits (Fig. 37.13), 
the light falls normal to the plane of the slits, the “principal” 
minima of intensity comply with the same conditions as for a 
single slit (see 37.4.3.). Additional minima correspond to directions 
in which the interférence of light coming from the two slits leads

The positions of the principal 
X  sin (p = ± nX

to îts suppression.

Z sin (p = ±(21 + 1) y

(1= 0 , 1 ,2 , . . . )
where Z = X  + Y

X  = width of the slit 
Y = distance between 

the slits.
inima are 

(n = 1 , 2 ,3 , . . . )

The positions of the principal maxima are 
Z sin (p = ±m%

where m = 0, 1, 2, 3, . . . is the order of the principal maximum.
The intensity distribution is shown in Fig. 37.14. The diffraction 
maxima are narrower and 
brighter than for diffraction 
by a single slit of the same 
width X  (see 37.4.4.). One 
additional minimum is situa- 
ted between two adjacent 
principal maxima. If X  «  Z, 
a considérable number of new 
maxima and minima are situ- 
ated between two principal • zmmima. If — is a rational
number, i.e. Z = — X , where
ki and k2 are whole numbers 
having no common factors, 
then there are no principal maxima of the orders kl9 2klt etc.
37.4.9. In diffraction by a single-dimensional grating, i.e. by a 
System of N  equally spaced, identical parallel slits in a plane 
opaque screen, the quantity Z = X  \ ) , where X  is the slit width
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and Y is the width of the opaque intervals between adjacent 
slits, is called the constant (spacing) of the diffraction grating.
If light falls on the grating normal to its plane, maxima and 
minima occur under the following conditions :
Zsin <p = ±nX (n = 1, 2, 3, . . .) for the principal minima;
Z sin (p = (m = 0, 1, 2, 3, . . .) for the principal maxima; 
and

for the additional minima.
Between two adjacent principal maxima, there are N  —1 addi
tional minima, separated by secondary maxima. With an increase 
in the number of slits, the intensity of the principal maxima in- 
creases proportionally to N 2 and the energy of the transmitted light 
increases proportionally to N. As a resuit, sharp narrow maxima 
appear, separated by practically dark intervals. The maximum 
intensity of the secondary maxima does not exceed 5 per cent 
of that of the principal maximum.
The angular width Aq> of the principal maximum is determined 
by the différence in the diffraction angles <p corresponding to the 
two additional minima which limit this maximum. At Z »  A and 
large values of N , the angular width of principal maxima of not 
especially high orders is

37.4.10. The intensity distribution on the plane of observation is

where / 0 is the intensity along the direction <p = 0 for a single 
slit. At the principal maxima, the intensity is N 2 times greater 
than that obtained at the corresponding places with a single slit. 
The intensity distribution of the principal maxima (m being the 
number of the maximum) is

2
If -ÿ is an irrational number, then I m decreases monotonically 
with an increase in the order m of the maximum. If, on the
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other hand, -§■ is a rational number, so that — = , where A-,
and k2 are whole numbers having no common factors, then 
I m = 0 at m = klt 2 kl9 ...» i.e. the principal maxima of orders 
which are multiples of ki are absent.
The following table lists the relative intensities of the principal 
maxima for various orders of diffraction (various m values) and
two values of the ratio .

j o l i
x  \ |  i

2
1 !

3 1 4
1

2 1 

3 ! 1

0. 4
0.675

0.
0.17

i

0.045 0 
0 1 0.042 

1 1

Toward a “-m" Toward a “O”

87.4.11. If a plane wave falls on a diffraction grating at an angle 
6 (Fig. 37.15), then the condition for the principal maxima is of 
the form

Z(sin <pm-sin  0) = ±m k

(m = 0, 1, 2, . . .)
2Z  cos sin = ± m k

If Z »  A, then <pm difîers only slightly from 0 and 
Z(çpm — 6) cos 0 = ± mk

The diffraction pattern çoincides with that observod upon normal
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incidence of a wave on a grating that seems to hâve a reduced
constant: Z' = Z cos 0. At a grazing incidence of light (0 «s
diffraction phenomena can be observed even on very crude 
gratings (Z »  A).
#7.4.12. In diffraction by a large number of identical and identically 
oriented obstacles, the intensity /  of light at an arbitrary point of 
lhe diffraction pattern is equal to the product of two functions: 
[ = F 'f. Function F  equals the intensity of light at the same 
point of the diffraction pattern upon diffraction by only a single 
obstacle. Function f  dépends only on the mutual arrangement 
and number N  of the obstacles. Thus, for a single-dimensional 
diffraction grating (see 37.4.10.)

F  = j  sin2 (aA) 
io  ( a l ) 2 and sin2 (NaZ) 

sin2 (aZ)

vvhere a = y  sin (p.
If the number of obstacles is very great and they are arranged 
cntirely at random with respect to one another, then f  % N  and 
the diffraction pattern will be the same as upon diffraction by a 
single obstacle, but its intensity will be N  times greater: I  = N  F.

37.5. Diffraction by Multidimensional Structures
87.5.1. An optically inhomogeneous body, whose transmission 
or reflection (see 35.2.6.) dépends on two coordinates on its surface, 
is called a two-dimensional optical structure. The simplest case of 
a periodic two-dimensional structure is a plane orthogonal two- 
dimensional diffraction grating. This may comprise two single- 
dimensional diffraction gratings (see 37.4.9.), with the constants

and Z2, crossed at a right angle along the x and y axes.
37.5.2. For normal incidence of light along the z axis on a plane 
orthogonal two-dimensional grating, the positions of the principal 
maxima simultaneously satisfy the two conditions

Zj cos a = m?. (m = 0, ±1, ±2, .. .)
Z2 cos 18  — nk (n = 0, ±  1, ± 2, . . .  )

where a and are the angles between the axes x and y of the grat
ings and the direction toward the principal maximum of the 
order (m, n). The angle y between this direction and the z axis 
is determined from the condition

cos2 a + cos2 fï + cos2 y = 1
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cos y =

In the general case of incidence of a plane wave on a plane ortho
gonal two-dimensional grating along an arbitrary direction making 
the angles a0 and po with the Ox and Oy axes of the grating, the 
positions of the principal maxima simultaneously satisfy the 
conditions

Z^cos a —cos a0) = mX 
Z2(cos p -c o s  po) = nX 

where m and n are whole numbers.
37.6.3. A body whose optical properties dépend on ail three 
spatial coordinates constitutes a three-dimensional optical struc
ture. The simplest example of such a structure, the three-dimen
sional diffraction grating, can be conceived as a System of identical 
two-dimensional plane gratings, arranged parallel to one another 
and equally spaced along an axis perpendicular to their planes. 
An important case of a three-dimensional diffraction grating is 
the crystalline structure of solids (see 15.1.2.). In general, the 
diffraction pattern of a three-dimensional periodic structure 
(spatial crystal lattice) détermines the type of symmetry of the 
lattice.
The directions toward the principal maxima of diffraction comply 
with the Laue équations :

Z1(cos a — cos a0) = m X  

Z2(cos p -  cos P0) = nX 
Z8(cos y — cos y0) = IX

where m, n and l = whole numbers
Zlf Z2 and Z3 = lattice constants along the three axes of 

the lattice
a0, Pqj y0 and a, p, y = angles between the axes of the lattice 

and the incident and diffracted rays, re- 
spectively.

In addition, the values of cos a, cos P and cos y should comply 
with one more (géométrie) relationship based on the mutual 
arrangement of the axes of the lattice. For instance, in the case 
of an orthogonal lattice cos2 a + cos2 P + cos2 y = 1. Hence, for a 
given direction of incident rays, i.e. for fixed values of a0, po and 
y0, diffraction maxima of the order (m, n, /) can be observed only
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for definite values of the wavelength. Thus, for an orthogonal 
lattice

37.5.4. Another, simpler method of calculating the diffraction by 
a crystal lattice is based on the représentation of the crystal as a 
System of parallel planes. Each such plane passes through a 
great number of lattice points and is called a lattice plane. It is 
assumed that lattice planes provide mirror images of waves 
falling on them. For diffraction maxima to appear it is necessary 
that waves, reflected by ail the parallel lattice planes, should 
intensify one another by interférence. This condition is complied 
with only for such relationships between the wavelength A of the 
diffracting wave and its angle of incidence i on the lattice plane 
that satisfy the Wulff-Bragg formula:

where 0 = — — i = grazing angle
d = distance between two adjacent lattice planes 
k = 1, 2, . . .  = order of reflection.

The angle between the direction toward the diffraction maximum 
and the incident ray equals 20. The Wulff-Bragg formula is 
consistent with the Laue équations and can be derived directly 
from them.
37.5.5. According to the Wulff-Bragg formula, only waves of a 
length A < 2d can be diffracted by a space lattice. Gonsequently,
the inequality d <  y  is the condition for optical homogeneity of the
crystal with respect to electromagnetic waves of a wavelength 
A. In crystals d ^  (10“7 to 10“8) cm. Hence crystals are optically 
homogeneous with respect to visible and ultraviolet radiation.* 
Thus, crystal lattices diffract X- and gamma rays, as well as 
électrons, neutrons and other microparticles with a sufficiently 
short de Broglie wavelength (see 44.1.2.).

* This is true only for an idéal crystal having strictly equal distances be- 
i ween the lattice points. Owing to thermal motion, real crystals cannot be 
i cgarded as entirely optically homogeneous even with respect to visible 
light. Their optical nonhomogeneity is manifested, for example, by the 
phenomenon of molecular scattering of light in crystals.

m n n . I-ÿ-  cos a 0 + —  COS /30 + - = — COS y0

2d sin 0 = kk

U -15009 641



Wave Phenomena v.
37.5.6. If the lattice constant is known, the length of the dilîract- 
ing waves can be determined from the position of the diffraction 
maxima, i.e. a spectral analysis of these waves (for instance, X-rays) 
can be made. On the contrary, if the length of the waves diffracted 
by the specimen being examined is known, as well as the type 
of diffraction pattern observed, the structure of the specimen can 
be revealed. Methods of investigating the structure of matter, 
based on the diffraction of X-rays, électrons and neutrons are called 
X-ray diffraction analysis, électron and neutron diffraction studies, 
respectively. Electron diffraction analysis is extensively applied, 
for instance, for investigating the surface layer of substances. Its 
application is restricted, however, to such layers or to thin 
specimens because the depth of pénétration of the électrons into 
the specimen is very small (of the order of 10“6 to 10“7 cm) 
due to the intense interaction between électrons and the substance. 
The interaction between X-radiation and the substance is of an 
electromagnetic nature. The amplitude of the scattering (see
44.4.18.) of X-rays by the électron shells of atoms increases with 
the atomic number Z of the element. The scattering of neutrons 
by a substance is mainly due to their interaction with the atomic 
nuclei (nuclear interaction). The scattering amplitude of slow 
neutrons (see 48.3.1.) varies nonmonotonically with Z and is not 
the same for various isotopes of the same element. Its order of 
magnitude, however, is always the same. For this reason, neutron 
diffraction analysis has essential advantages over X-ray structure 
analysis whenever the substance consists of éléments having 
very close atomic numbers Z or ones that differ very greatly 
(as for instance, in hydrogenous substances). The scattering of 
neutrons by the substance can also be due to electromagnetic 
interaction between the magnetic moments of the neutrons and 
the atoms of the substance. Hence, neutron diffraction analysis 
is also applied for investigating magnetic materials.

37.6. Diffraction of Radio Waves
37.6.1. The diffraction of radio waves is investigated by solving 
Maxwell’s équations for the given conditions of radio wave 
radiation and for the given boundary conditions (see 30.4.3.) 
at the earth-atmosphere interface.
As a first approximation in radio wave diffraction problems, the 
atmosphère is assumed to be homogeneous and to hâve a relative 
dielectric permittivity and relative magnetic permeability K e = 
= Km = 1. The refraction of radio waves (see 35.2.15.) is not 
taken into account.
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37.6.2. Usually dealt with in respect to radio waves are diffraction 
by the earth's surface, in which the earth is assumed to be ideally 
spherical and homogeneous in its electrical and magnetic proper- 
ties, and diffraction by the relief of the earth’s surface (mountains, 
valleys, etc.).
Diffraction by the earth’s surface refers to the réception of radio 
waves in the région of géométrie shadow beyond the horizon; 
diffraction by the relief of the earth’s surface refers to the bending 
of radio waves around obstacles whose size is comparable to, 
or is less than, the length of the radio waves.
The diffraction of radio waves by the earth’s surface is the basis 
for long-wave long-rangé radio réception by means of a ground 
ray, rounding the earth’s surface.



Geometrical Optics

38.1. Fundamentals
38.1.1. Geometrical, or ray, optics is the limiting case of wave, or 
physical, optics when A -► 0 (A being the wavelength). In geomet
rical optics, the wave nature of light and the associated diffraction 
phenomena are not taken into account. This is possible if the 
diffractive effects are negligibly small (for instance, when light 
passes through a lens having a mount of a diameter d »  A).
38.1.2. Geometrical optics deals with the propagation of light 
in transparent media on the basis of the concept that light is the 
totality of light rays, i.e. lines along which the luminous energy is 
propagated. In an optically isotropie medium, the light rays are 
orthogonal to the wave surfaces and directed toward the outward 
normals to these surfaces. The rays are rectilinear in an optically 
homogeneous medium. At the boundary (interface) between two 
media, the rays obey the laws of reflection and refraction (35.2.4.). 
Beams of light rays can intersect without interférence and be 
propagated after intersection independently of each other.
38.1.3. Fermais principle states that the actual path of the propa
gation of light from point A  to point B  is such that the time T  
required to traverse this path is extremal with respect to that 
required for any other conceivable path between these points. 
Thus

B B

<57* =  <5 J  -^  =  0 or <5 J  =  0
A A

where <5 = variation Symbol (see 5.1.3.)



38. Geometrical O ptics

dl = element of length of the path from A  to B  
v = v(x, y , z) = velocity of light in the medium 

ds = n dl = element of the optical path length 
n = n(x, y t z) = absolute index of refraction of the 

medium.
U8.1.4. Fermat’s principle follows from Huygens’ principle (see 
'MA.2.) under the condition that the wavelength of the light is 
infmitely small. It is the most general principle of geometrical 
optics, one from which ail the fundamental laws of geometrical 
«»ptics can be derived. For instance, in the case of an optically 
liomogeneous medium

Il once, the law of rectilinear propagation of light in an optically 
homogeneous medium follows from Fermat’s principle. The laws 
of the reflection and refraction of light can be derived in a similar 
way.
Also a conséquence of Fermat’s principle is the principle of optical 
rmersibility which states that if a ray from the first medium falls 
ou the boundary with the second medium at the angle £, and is 
ivfracted and enters the second medium at the angle r, then a 
ray from the second medium falling on the boundary with the 
llrst medium at the angle r will enter the first medium after 
iv fraction at the angle i. This leads to the following relationship 
for the relative indices of refraction of the two media:

wliure nx and n2 are the absolute refractive indices of the media. 
UN. 1.5. In geometrical optics, each point «S1 of a light source is 
ivgarded as the centre of a divergent beam of rays which are 
« iilled homocentric rays. If, after being reflected and refracted in 
llie optical System, the rays remain homocentric, their centre S' 
is oalled the stigmatic image of point S in an optical System. Image 
.s” is said to be real if the rays themselves intersect at point S \  and 
Virtual if only extensions of the rays intersect at point S '. Similar 
points of the source and its image, as well as the corresponding 
ruys and beams of rays of lightT are said to be conjugale.

n B

A A
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38.2. Plane Mirrors. Plane-Parallel Plates.
Prisms

38.2.1. A homocentric beam of rays from source S  will remain 
homocentric after being reflected by a plane mirror (Fig. 38.1). 
Point S* is the virtual image of the source S  since it is formed, 
not by. the reflected rays themselves, but by their extensions. 
The line SS* is perpendicular to the plane of the mirror and 
A = A \  where A  and A ' are the distances to the point and its 
image, respectively, from the mirror. The géométrie size of an 
extended light source and its virtual image are the same.

38.2.2. In a plane-parallel plate (Fig. 38.2) the angle of incidence 
and the angle of emergence of the light rays from the plate are 
equal. The plate displaces the light ray laterally parallel to its 
original direction by the distance

where d = thickness of the plate
i = angle of incidence of the rays 
n = relative index of refraction of the plate material. 

The source seems to be nearer to the surface of the plate by the

S

F I G .  3 8 . 1 f i g . 3 8 .2

amount

I l_1
Upon normal incidence (i = 0), A = 0 and A  = d —-
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88.2.3. In a prism with a base AB  and refracting edge C (Fig.
38.3), the angle a between faces AC and BC is called the prism 
angle. After falling on the prism in a plane perpendicular to its 
three edges A , B  and C, a ray of light is refracted and deviates 
loward the base AB  of the prism by a total angle (p = ix + r2- a t

where ix is the angle of incidence 
of the ray on face AC and r2 is the 
angle of refraction at face BC. If 
r2= ilt the angle of déviation reaches 
its minimum value (tp = <pmin).

Such an arrangement of the prism 
with respect to the light source is 
called setting the prism to the angle 
of minimum déviation. Here

<Pmtn + a = n sin —

where n is the refractive index of the prism material with respect 
to the surrounding medium.

38.3. Refraction and Reflection 
at a Spherical Surface

38.3.1. If two media hâve an interface of spherical shape (Fig.
38.4), then, after refraction at this surface, a beam of rays remains 
liomocentric only if its angle of divergence is small or, more 
oxactly, when SA  % SO, S 'A  ^  S'Ol and points Ox and O practi- 
rally coincide.

A straight line passing through the light source S  and the centre 
of curvature C of the spherical surface is the optical axis of the 
spherical surface.
38.3.2. A narrow cône of light rays with an axis normal to the 
spherical interface is called a beam of paraxial rays. Nonparaxial
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rays cannot produce a stigmatic image and, after refraction, are 
no longer homocentric (see 38.1.5.).
38.3.3. If a spherical surface has a radius of curvature R  and the 
media on both sides hâve the absolute refractive indices nx and
n2i then for paraxial rays the quantity Q = remains
constant. It is called Abbé* s zéro invariant. Thus

where ax and a2 are the distances to the light source and to its 
image, measured from the interface O. These distances are positive 
in the direction of light propagation and négative in the opposite 
direction (in Fig. 38.4, a2 > 0 and ax <  0). For a convex interface 
(with respect to the light source), R  > 0, for a concave one R  < 0. 
38.3.4. The relationship for paraxial rays of 38.3.3., when written 
in the form

J } i _ _  n 2 ^  r i i - r i t  Q r  =  ^
a x a 2 R  a x a 2

is called the formula for a refracting spherical surface. Here

f  = niR
,l nx~nt and u  =

n 2R  
n 2—ni

are the front (first) and back (second) focal lengths of a refracting 
spherical surface. Point F l9 for which ax = f lt and point F 2t for 
which a2 — are the first and second focal points of the spherical 
surface. If the light source S  is located at focal point F^ax = f x)9 
its image is obtained at infinity (a2 = o o ) ,  i.e. a convergent beam 
of paraxial rays with its apex at point Fx is converted after 
refraction into a System of parallel rays. If the source S  is at 
infinity (ax =  — o o ) ,  its image is obtained at the focal point F2. 
Focal points F x and F2 are real if f x <= 0 and f2 > 0, i.e. if either 
R  > 0 and n2 > nx or R  < 0 and n2 < nx. In this case the image
S' of the source S  is real (a2 >  0) if —■ > 1.
The positions of the source S  and its image S ' can also be charac- 
terized by the distances x x and x2 from F x to S  and from F 2 to S \  
respectively. Thus x x = aY — fx and x2 = a2 — f2. The distances 
xx and x2 satisfy Newton*s formula for conjugate points:

xxx2 — fifz — ~
7iin2R2 

(n2-r ij)2
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38.3.5. The formula for a spherical mirror is

where R  = radius of curvature of the mirror 
a, and a2 = distances from the mirror to the light source and to 

its image (the rules for the signs of alt a2 and R  are 
the same as in 38.3.3.).

The focal length of a spherical mirror is f = — . The image in a
spherical mirror is either real, if it is on the same side of the mirror 
as the source (a2 < 0), or Virtual, in the opposite case (a2 > 0). 
The image in a convex mirror (R > 0) is always Virtual; in a
eoncave mirror (R < 0) it is real if — > 1 , and Virtual if — < 1 .
38.3.6. If the luminous object is a short line of length hob(hob «  
«  | |), perpendicular to the optical axis of the spherical surface
(Fig. 38.5), then its image obtained by means of paraxial rays 
will also be a short line perpendicular to that axis.

The ratio of the transverse linear dimensions of the image (him) 
to those of the object is called the linear, or latéral, magnification. 
Thus

The plus sign, i.e. Y >  0, corresponds to an erect image, and the 
minus sign, i.e. Y  < 0, to an inverted image (the latter is depicted 
in Fig. 38.5).
For refraction at a spherical surface under the above conditions

Y _Qg
Tlj ttj

Fur reflection by a spherical mirror under the same conditions

Y -  - Û2
aj
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Wave Phenomena v.
In both cases, the image is inverted if it is real and erect if it is 
Virtual.
If 2y>i and 2y>2 are the maximum apex angles of paraxial ray s 
of light at the source and its image, respectively (Fig. 38.5), then 
in refraction at a spherical surface the Lagrange-Helmholtz theorem 
(condition) is valid:

38.3.7. The plane of the object and that of its image are said to 
be conjugate with respect to the spherical surface. Gonjugate 
planes for which Y = 1 are principal ones. For a spherical surface, 
both principal planes coincide with the plane tangent to the 
spherical surface at the point of its intersection with the optical 
axis.

38.4. Thin Lenses
38.4.1. A lens is a transparent body bounded by two curvilinear 
surfaces, or one plane and one curvilinear surface. In most cases, 
lenses having spherical surfaces are employed.
38.4.2. A lens is said to be thin if its thickness d is small compared 
to the radii of curvature R x and R 2 of its bounding surfaces. In the 
opposite case, the lens is said to be thick.
38.4.3. The principal optical cutis of a lens is a straight line

do not coincide with its principal axis are called auxiliary axes 
of the lens.
Rays passing along the optical axes of a lens (both the principal 
and auxiliary axes) undergo no refraction.

hohn iv>i = himn2y>2

f i g .3 8 .6

passing through the centres of 
curvature of its surfaces. Itm ay 
be assumed that in a thin lens, 
the points of intersection of the 
principal axis with the two surfa
ces of the lens merge into a single 
point O (Fig. 38.6) which is called 
the centre of the lens. A thin lens 
has a single principal plane (see 
38.3.7.) common to both surfaces 
of the lens and passing through 
its centre, perpendicular to the 
principal axis.
Âll straight lines that pass 
through the centre of the lens and
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38. Geometrical Optics
38.4.4. The thin lens formula (lens makers9 formula) is

(^ — y
where n2t = —ni
n2 and ny = absolute refractive indices of the lens inaterial and 

the surrounding medium 
/f, and i?2 = radii of curvature of the front and rear surfaces of 

the lens (with respect to the object) 
nx and a.2 = distances to the object and its image measured 

from the centre of the lens along its principal op- 
tical axis.

The rules for the signs of R y, R 2l ax and a2 are the same as for 
refraction at a single spherical surface (see 38.3.3.). The thin lens 
formula given above is valid only for paraxial rays (see 38.3.2.).
38.4.5. The quant.ity

is called the focal length of the lens. Points lying on the principal 
optical axis of the lens at the same distances, equal to /*, at both 
sides of the centre of the lens, are called the principal focal points 
of the lens. For the front focal point Flf ax = -/*, for the back 
focal point F 2, a2 = f. If the source of monochromatic light is at 
point F u then its image is obtained at infinity (a2 = 0 0 ). On the 
rontrary, if the source of monochromatic light is at infinity 
(«i = - 0 0 ), its image will be obtained at point F 2.
Planes passing through the principal focal points F x and F2 
and perpendicular to the principal optical axis are called focal 
planes of the lens. The points of intersection of the auxiliary axes 
with the focal planes of a lens are called auxiliary focal points of 
the lens.
38.4.6* A lens is converging (positive) if its focal length f  > 0. 
A lens is diverging (négative) if its focal length f  < 0.
For n2 >  nx converging lenses may be double convex, plano- 
ronvex or converging meniscus (positive meniscus) which are thicker 
at the centre than at the edges. Diverging lenses may be double 
concave, piano-concave or diverging meniscus (négative meniscus) 
which are thinner at the centre. For n2 < nlt the lens classification 
is opposite to that for n2 >  nx.
38.4.7. If a pencil of parallel monochromatic rays falls on a con- 
verging lens, then after refraction in the lens ail the rays will
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intersect at the auxiliary focal point corresponding to the auxili- 
ary optical axis which is parallel to the falling rays. If such a 
pencil of rays falls on a diverging lens, then after refraction in the 
lens it becomes a divergent beam of rays whose extensions inter
sect at the corresponding auxiliary focal point of the lens. Conse- 
quently, the focal points of converging lenses are real and t.hose 
of diverging lenses are Virtual.
38.4.8. The following formula is valid for lenses :

—+-L = ± —î—s ^ d  x |f| or -S-+4-
\
r

where s = \ax\ 
d — CL 2
f  = f2 = focal length of the lens.

The plus sign corresponds to a converging lens, the minus sign 
to a diverging lens.
The quantity

is called the dioptrie power ofthe lens. For a converging lens 0  > 0 ; 
for a diverging lens 0  < 0. The power is expressed in diopters 
if the focal length is in métrés. Thus the dimension of the diopter 
is m"1.
38.4.9. A thin lens provides an undistorted image of an object if 
the light is monochromatic and the object is small (or sufficiently 
distant from the lens) so that the rays from it pass along in the 
immédiate vicinity of the principal optical axis of the lens (i.e. 
they are paraxial).
38.4.10. The image of an object formed by a lens is constructed 
by means of two rays from each point of the object. The image of 
the point is at the intersection of these rays after passing through 
the lens (in the case of a Virtual image — at the point of intersection 
of the extensions of the rays passing through the lens). As a rule, 
any two of the following three rays are used for this purpose: 
a ray passing without refraction through the centre of the lens, 
a ray falling on the lens parallel to its principal optical axis 
(after refraction in the lens, this ray or its extension passes through 
the back principal focal point of the lens) and, finally, a ray (or its 
extension) that passes through the front principal focal point and, 
after refraction in the lens, travels parallel to its principal optical 
axis.
38.4.11. The latéral magnification of a thin lens is y  = -  . For 
real images Y •< 0, i.e. they are inverted, for virtual images
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38. Geometrical Optics
Y > 0, i.e. they are erect. At a2 — - a u the lens provides a real 
inverted full-scale image of the object. This is possible only when 
the object and image are both located at a double focal length 
from the centre of the lens.
38.4.12. The images of objects formed by means of lenses hâve 
numerous distortions (see 38.7.1.) called aberrations. These dis- 
tortions can be reduced by using compound lenses, i.e. Systems 
of lenses placed one after another to make up what is sometimes 
called an optical System.

38.5. Centered Optical Systems
38.5.1. An o p tic a l S y stem  is centered if  th e  c en tre s  o f cu rv a tu re  
o f ail i t s  r e fra ctin g  su rfa c es  lie  on  a s in g le  s tr a ig h t  lin e  ca lled  th e  
principal optical axis of the System.
38.5.2. An optical System in which the homocentricity of the 
beams of rays is conserved and the image is geometrically similar 
to the object is called an idéal optical System. Centered optical 
Systems in which the image is obtained by means of monochrom- 
atic and paraxial rays of light can be considered idéal with some 
approximation.
38.5.3. Any idéal optical System has two principal and two focal 
planes. The principal planes are perpendicular to the principal 
optical axis of the System and, in the general case, do not coïncide 
with each other. They are conjugate planes corresponding to a

F o c a l , ^ P r in c ip a l . 
w ln tr 2  o p u c a l a x i s

fig.38.7

latéral magnification Y = +1. The focal planes are also perpendic
ular to the principal axis of the System and intersect this axis 
at the focal points. The points H 1 and H 2t where the principal 
planes intersect the principal optical axis (Fig. 38.7), are called
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the principal points of the system. The distances fpom these points 
to the focal points are called the focal lengths of the system.
38.5.4. If f\ and f2 are the focal lengths of the optical system, the 
positions of the conjugate points (see 38.1.5.) are determined by 
their distances aj and a2 from the corresponding principal planes 
(taking into account the sign convention, see 38.3.3.), and x , 
and x2 are the distances from the object to the first focal point 
and from the image to the second focal point, respectively 
(.ri = a i-A  and x2 = a*-/^), then the following formulas are 
valid for the optical system :

A
Oi X xX 2 A

h
"J
tu and Y = -  —- A.

•Vl
where nv and n2 are the absolute refractive indices of the media in 
which the object and image are located, respectively.
Jf these media are the same (nl = w2), then

1___ 1 i
(■12 Cil / - r  and f2 = - n  = f

38.5.5. An optical system is characterized by its angular mag- 
nifieaUon Z :

Z — tan 
~  tan v,

where 2tp1 = apex angle of the beam of rays at a point of the 
object (see 38.3.6.)

2y>2 = apex angle at the conjugate point of the image.
1 n the case of an inverted image, and y>2 are assumed to be of 
different sign and Z < 0 ; for an erect image Z > 0. The latéral 
(see 38.3.6.) and angular magnifications are related by the équation

ZY  = — n2

If the object and its image are in the same medium (/ij = n2), 
then

ZY  = 1
38.5.6. Conjugate points for which Z = 1 are called nodal points 
of the optical system. Conjugate rays, passing through the nodal 
points, are parallel to each other. The nodal points are at the 
distances x x = f2 and x2 = f x from the focal points F x and F 2, 
respectively. The two planes passing through the nodal points 
and perpendicular to the principal optical axis are called the 
nodal planes.
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38.5.7. An optical System is also charaeterized by the longitudinal 
magnification X  = - = — —  . Thus

X  = h  Y2 and XZ — Y

38.5.8. The two principal, two focal and two nodal planes, logether 
with the corresponding points, constitute the six cardinal planes 
and points of the System. At nx = n2 and f x = ~ f2, the nodal 
points and planes merge with principal ones so that only four 
cardinal points and planes remain. The transition from an optical 
System to a thin lens leads to the merging of the two principal 
planes and points into one. A thin lens is charaeterized by three 
cardinal points—the two focal points and the centre of the lens— 
and the corresponding cardinal planes.
38.5.9. For a thick spherical lens in air (nt = n» = 1), the focal 
length is

f
(rj-i > ( i

1
1_ n - J  __d_

.Rj 71 R|f?2

where n ^  absolute refractive index of the lens material 
d = thickness of the lens along the principal axis 

/f, and R 2 = radii of curvature of the surfaces of the lens (sign 
convention, see 38.3.3.).

The first (tf J  and second (772) principal points of a thick lens are 
at the distances

i __ R xd  i i    R 2d
ni ~  ~ n iR z-R J+ in -W  a n Q  2 "  ~üÏR z-R J + in - W

which are measured in the direction of light propagation from the 
points Ox and 0 2, respectively. These latter two points are the 
intersections of the principal optical axis of the lens with its front 
and back surfaces. For instance, in a double convex (Rx > 0 and 
7?a < 0) or a double concave (Rx < 0 and R 2 > 0) lens, hx > 0 
and h2 < 0. This means that principal point H x is to the right of 
point Ox and principal point H 2 is to the left of point 0 2.
If ( n - l ) d  «  n |i?2—.RJ, then the following approximate formulas 
can be used

. R xd  j  j R 2d
hl  =  n (R ,-R 2) and h * =  n (R ,-R t)

38.5.10. The dioptrie power 0  and focal length f  of a centered sys- 
h*m of two thin lenses, having the dioptrie powers &x and &2 and
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arranged at the distance d from each other, equâl 

0  = 0 1 + 0 2- 0 10 2d

and 1 J_ J____ d

f fi U fih

where ft = —- and — are the focal lengths of the two lenses. 
The positions of the principal points (see 38.5.9.) are

h -  d * 2  _  fd -  M
^ ~ d  <p ~  U ~  h + h - d

*  fi fi+ft-d
hd

where hx and h2 are measured from the centres of the first and 
second lenses, respectively. In particular, for two thin lenses 
placed in contact with each other (d =  0)

0  = <P, + <2>2; f = and ht =  h. = 0

38.6. The Basic Optical Instruments
38.6.1. The purpose of optical instruments is to obtain distinct 
images on a screen or in some light sensitive device (the eye, 
photographie film, etc.) of large distant objects, small nearby 
objects, fine details of large nearby objects, normal objects in an 
eye with anomalous optical properties, objects projected on a 
large screen, etc. Accordingly, optical instruments are classified 
as télescopes (including the astronomical types), magnifying glasses 
and microscopes, eyeglasses and projection apparatus.
38.6.2. Optical instruments increase the angle of view for the 
image in comparison with the viewing angle corresponding to the 
object being examined. The angle of view is the angle at which 
ray s from the extreme points of the object or its image converge 
at the optical centre of the eye. The magnification of an optical 
instrument is

j y _t a n  <Pitn
t a n  <poh

where <pob and (pim are the angles of view for the object and its 
image.
38.6.3. Optical instruments usually provide a two-dimensional 
(plane) image of three-dimensional (spatial) objects. To obtain a
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sufficiently distinct image, the angle of the beam of rays (see
38.3.6.) coming from the object is restricted by means of an 
aperture stop. The aperture stop may be a round hole in an opaque 
screen or the mount of one of the lenses of the System.
38.6.4. The entrance and exil pupils of an optical instrument are 
its holes (or their images) that most effectively limit the angles 
of the beams of rays entering the instrument and leaving it 
(Fig. 38.8). If the aperture stop is inside the instrument, then its 
image in the front part of the instrument (with respect to the 
object) serves as the entrance pupil and the image in the back part 
of the instrument is the exit pupil.

38.6.5. The angle at which the diameter of the entrance pupil is 
seen from the point of intersection of the principal optical axis 
of the instrument with the plane of the object is called the angular 
aperture. The angle at which the diameter of the exit pupil is seen 
from the point of intersection of the principal optical axis with 
I lie plane of the image is called the projection angle.
Mesides the aperture stop, a field-of-vision stop is resorted to to limit 
t he field of view in the plane of the image. The mount of one of 
I lie lenses of the System may be such a stop. The actual contour 
of the field-of-vision stop or its image in the part of the System 
hetween the stop and the object is called the port (entrance port). 
The field of view can be most sharply limited when the planes of 
Mie port and object coïncide.
38.6.6. The ratio of the area of the entrance pupil to the square 
of the focal length of the front lens (with respect to the object) 
of the objective of an optical instrument is called the speed I  of the 
objective. For the image of a distant object the illumination (see
38.9.5.) E  -  1.
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The ratio of the diameter of the entrance pupil to the focal length 
of the objective is called the relative aperture (aperture ratio) 
ü  of the objective. The illumination of the image of a distant 
object E  oc Q2.
88.6.7. A magnifying glass is a System of one or several lenses with 
a short focal length (f = 10 to 100 mm). The object is usually 
placed near the first (front) focal point of the magnifying glass so 
that its erect Virtual magnified image is obtained at infinity, i.e. 
it is viewed without the necessity of accommodation to the eve.
The magnification iV = — , where D is the near point, or as it
is sometimes called, the distance of most distinct vision (for normal 
eyesight D = 250 mm).
38.6.8. A microscope is a combination of two optical Systems 
(composed of one or several lenses each)—the objective and the 
ocular, or eyepiece—separated by a considérable distance when 
compared to f x and f2. The small object is located near the front 
focal point of the objective which forms an enlarged real inverted 
image viewed through the eyepiece. The latter further magnifies 
the image.
The magnification of a microscope is

where f x and f2 = focal lengths of the objective and eyepiece 
A = distance between the back focal point of the 

objective and the front focal point of the eye
piece 

D = near point.
For small values of f x and f2l the magnification A may be of the 
order of 103. Its value is limited by diffraction phenomena (see
38.8.1.) The object in a microscope is illuminated with wide beams 
of light rays (to increase the resolving power, see 38.8.3.) by a 
condensing lens whose focal point is in the plane of the object. 
The objective should be aplanatic (see 38.7.6) with respect to 
points near its focal points, and should also be achromatized (see
38.7.12.). The angle of the beam of light rays, coming from the 
object to the objective of the microscope, is limited by the phenom- 
enon of total internai reflection from the upper surface of the 
cover glass. Immersion objectives (see 38.8.3) are used to increase 
this angle and the resolving power of the microscope.
38.6.9. A telescope is a combination of two optical Systems (compos
ed of one or several lenses each)—an objective and an eyepiece. 
The real inverted reduced image of the distant object, formed by
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the objective, is viewed through the eyepiece as with a magnifying 
glass. For this purpose, the front focal plane of the eyepiece is 
made to coincide with the back focal plane of the objective 
(telescopic System).
The magnifieation of a telescopic svstem. is

where f x and f2 are the focal lengths of the objective and eyepiece. 
An additional optical System is introduced into terrestrial téle
scopes, intended for viewing distant objects on the earth. This Sys
tem transforms the inverted image of the object into an erect 
one.
The diameter of the exit pupil in terrestrial and astronomical 
télescopes should not exceed the diameter d0 of the pupil in the 
eye (d0 ^  6 to 8 mm in nighttime observations and d0 ^  2 to 3 mm 
in daytime observations), as otherwise a part of the light passing 
through the optical System will not get into the observer’s eye. 
The optimal ratio between the diameters d, and d2 of the objective 
and eyepiece in a telescope is

dy _ a t
"d* ~ h '

where d2 «s d0. In this case, the diameters of the entrance and exit 
pupils equal dx and d2, respectively. The upper limit of magnifica- 
tion N  of a telescope with a given diameter of objective is restrict- 
ed by the diffraction of light by the exit pupil which should there- 
l>y be at least 1 mm in diameter.
88.6.10. Spectroscopic instruments are optical instruments which 
serve to obtain and study the spectral décomposition of electro- 
niagnetic radiation of the optical range (infrared, visible and 
ultraviolet) into separate frequencies (or wavelengths).
The optical System of spectroscopic instruments with three- 
dimensional décomposition consists of a source of light—a narrow 
entrance slit on which the radiation being studied falls—the 
Iront objective (collimator), dispersive element and the rear 
objective (caméra objective). Used as dispersive éléments are prisms, 
diffraction gratings, a Fabry-Perot étalon, Michelson échelon 
grating, etc. Accordingly, the spectroscopic instruments are said 
to be of the prism , grating (diffraction) or interférence type. 
In the prism spectroscopic instruments, the prisms are usually 
arranged at the angle of minimum déviation (see 38.2.3.). The 
collimator transforms the diverging beam of rays from the entrance 
slit into a parallel pencil falling on the dispersive element. A spec-
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trum is formed at the second (back) focal plane of the caméra objec
tive. The spectrum is a System of images of the entrance slit in 
monochromatic light of different frequencies. In a spectroscope, 
the spectra are observed visually, in a spectrograph, they are 
photographed. Spectrometers are used to measure the intensity 
of radiation coming from a narrow slit located in the focal plane 
of the caméra objective.
38.6.11. The angular dispersion of a spectroscopic instrument is the 
quantity

where d<p is the angular séparation, i.e. the différence in the angles 
at which light rays of free-space wavelengths of A and A + dA 
corne from the prism (or diffraction grating). The angular disper
sion of a diffraction grating for a spectrum of the m-th order 
(see 37.4.9) is

where Z is the constant of the grating.
The linear dispersion of a spectroscopic instrument is the quan
tity

where dl is the distance between lines of the spectrum correspond- 
ing to light with wavelengths of A and A + dA. The linear disper
sion of a spectroscopic instrument dépends upon its angular 
dispersion and on the focal length f2 of the caméra objective. 
Thus D* = Df2.

38.7. Errors of Optical Systems

38.7.1. Distortions of the image in optical Systems, due to the 
use of wide high-transmission beams of rays, as well as non- 
monochromatic light, are called aberrations.
Geometrical aberrations are the errors in images produced by an 
optical System that are due to the use of wide or oblique beams 
of monochromatic light. Chromatic aberrations are distortions 
of the image due to the dispersion of light (see 40.1.1) in the lenses 
of an optical System when white light is used.
38.7.2. The use of wide beams in optical Systems leads to spherical 
aberrations and coma of the image obtaincd.
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As a resuit of spherical aberration, point S  of the object (Fig. 
38.9), lying on the principal optical axis of the System, will 
appear as a circle of confusion (or a circle of diffusion). The radius
of this circle is called the latéral spherical aberration The distance

(i between] the images S ' and S"  of point S  formed, respect- 
ively, by paraxial rays (see 38.3.2.) and the extreme rays of the 
beam accommodated by the entrance pupil of the System (see 
38.6.4.), is called the longitudinal spherical aberration.
The envelope of ail the rays of the refracted beam is called the 
caustic surface (caustic) and its intersection with a plane passing 
through the beam is called the caustic curve. In the case of spher
ical aberration, the caustic surface has an axis of symmetry.
88.7.3. The spherical aberrations of a lens for an image formed 
at its principal focal point (i.e. for the image of a distant object 
obtained by means of a wide beam of rays parallel to the principal 
optical axis of the lens) are called the principal spherical aberra
tions of the lens.
For a double convex lens with radii of curvature R x and if, 
(R1 > 0 and R 2 < 0), the principal spherical aberrations equal

(j = K Rl and a = - f 2KRl
vvhere

n2
2

2(n2 — 1)1 ■ 1
n3 J RxRt

R0 = radius of the lens 
n = relative index of refraction of the lens 
f2 = principal focal length.

For a given shape of the lens, the magnitude of a decreases with an 
increase in n. The aberration is also reduced if the lens is arranged 
with the surface having the greater curvature (Ri < |i?2|) facing
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the source of light. If R x = - R 2 = R, then

K = ± ( 2 n > - 2 n + ± - ± )

For a plano-convex lens with its convex side facing the object 
(i?, = )? and R 2 = oo)

K — n2 h _ 2(n2~t) 1
2H2 L1 ~ ‘n* J

The aberration is minimal when
Ri _  _  4 + n —2n2 

2n2+n

38.7.4. For a converging lens a  < 0, for a diverging lens a  >  0. 
Therefore, spherical aberration can be substantially reduced by 
replacing a simple lens with a System of properly selected con
verging and diverging lenses.
38.7.5. Coma is the geometrical aberration that occurs when wide 
beams of light, passing through the optical System, corne from 
a point of the object lying at some distance from the principal 
optical axis of the System. The image of this point will be an 
elongated and nonuniformly illuminated spot that resembles a 
cornet. Coma corresponds to a caustic (see 38.7.2.) having only 
one plane of symmetry which passes through the ofl-axis point 
being observed and the optical axis of the System.
38.7.6. If spherical aberration has been eliminated for a point 
S  lying on the principal optical axis of the System, then coma 
can also be eliminated for a small object lying near to S  in a 
plane perpendicular to the principal axis. For this it is necessary 
^hat the System satisfy Abbé's sine condition:

y xnx sin xpY = y2n2 sin y)2
where nY and n2 =  absolute refractive indices of the object and 

image spaces (i.e. of the media in which 
they are located) 

yx and y2 — distance of the point being observed on the 
object and its image from the principal 
optical axis of the System 

V>j and y>2 = maximum angles between the principal axis 
and the conjugate ray s (Fig. 38.5), called 
the slope angles in the object and image 
spaces.

The sine condition follows from the requirement of tautochronism 
(see 36.2.3.) of the paths of ail the rays by means of which the 
image of each point of the object is formed. For paraxial rays,
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angles and are small, so that sin ip = y> and the sine con
dition becomes the Lagrange-Helmholtz theorem (see 38.3.6.). 
The sine condition can be complied with only for a single pair 
of conjugate planes of the System which are said to be aplanatic 
surfaces. Consequently, an aberration-free image of a small object 
may be obtained by means of a wide beam of light only for a 
quite definite (design) distance from the object to the optical 
System. For this reason, aplanatic lenses (aplanats) are extensively 
applied as the objectives of microscopes in which the small object 
being examined is always located near the front (first) principal 
focal point of the objective.
38.7.7. The use of oblique beams (including narrow beams) 
coming from points of an object at some distance from the optical 
axis of the System leads to astigmatism of oblique beams, curva- 
ture of the field and distortion of the image.
38.7.8. Astigmatism of oblique beams lies in the fact that they do 
not form stigmatic images (38.1.5.). If the axis of the beam lies 
in a meridian plane, i.e. in a plane passing through the optical 
axis of the System, then an image of a point of the object will be 
an aberration ellipse whose eccentricity dépends upon the distance 
from the plane of the image to the principal focal point of the 
system. At certain positions of the image plane, the ellipse dégénér
âtes into a straight line located in a meridian plane, or a straight 
line located in a sagittal plane, perpendicular to the meridian 
plane, or into a circle of confusion.
38.7.9. Curvature of the field of a plane image refers to the fact that 
the image of off-axis points of a plane object is not a plane figure, 
but has a certain curvature. The farther the points are from the 
optical axis of the system, the greater the curvature. This error 
is usually corrected together with astigmatism by using spécial 
lens Systems called anastigmats.
38.7.10. Variable magnification Y along the field of the image 
leads to distortion of the image. When Y decreases toward the 
edge of the field, barrel distortion occurs (Fig. 38.10&). If the 
opposite is true, pincushion distortion results (Fig. 38.10c). Both 
kinds of distortion are eliminated by using spécial lens Systems.
38.7.11. Chromatic aberration (see 38.7.1.) is inhérent in uncor- 
rected optical Systems composed of éléments that refract light 
(lenses and prisms). Distinction is made between longitudinal 
(positional) chromatic aberration and latéral (magnificational) 
chromatic aberration. Longitudinal aberration is due to the dépend
ance of the position of the principal focal point of an optical 
system on the wavelength of the light. As a resuit, the image of 
an axial point source of white light, obtained even by means of a
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paraxial beam, is seen as concentric coloured rings. The sequence 
of colours of the rings dépends upon the position of the screen 
on which the image is obtained. The chromatic différence in 
magnification is manifested in the fact that the image of a small 
object, perpendicular to the principal optical axis, is seen in 
white light as surrounded by a coloured border.
Chromatic différence of magnification (latéral chromatic aberra
tion) is linked with longitudinal chromatic aberration and can be 
eliminated simultaneously with the latter only in a thin lens in 
which the position of the principal plane does not dépend upon 
the wavelength of the light. If the principal focal points are made 
to coincide for wavelengths Àl and A2 *n a thick lens, only longi
tudinal chromatic aberration is eliminated for these waves. In this 
case, however, residual longitudinal chromatic aberration (second- 
ary spectrum) remains for other wavelengths.
38.7.12. An objective in which'longitudinal chromatic aberration, 
as well as spherical aberration, has been eliminated for two wave
lengths Ax and A2, is called an achromatic lens (achromat). A System 
of two thin lenses cemented together is achromatized if, for light 
of a wavelength A1? the dioptrie powers <X>1 and 0 2 of the first and 
second lenses are related to the dioptrie power <X> of the System 
by the équations

* .=
____ g>
j n 2- 1 j à n i

rij—1 An2

and <P2 ____ 0
 ̂ n 1 — l An2 

n 2— 1 Ani

where nl and n2 — absolute refractive indices of
the lens materials with respect 
to light of wavelength 

nY-f  Anx and n2-\- An2 = absolute refractive indices with 
respect to light of wavelength A2 
(it is assumed that the System 
is in air).
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Apochromatic objectives (apochromats) are more advanced lenses. 
In them longitudinal chromatic aberration has been eliminated 
for three different wavelengths A. Apochromatic objectives hâve 
only a small fraction of the residual chromatic aberration that 
achromatic objectives hâve.

38.8. Resolving Power of Optical Instruments
38.8.1. In any optical System, the image of an object is obtained 
by means of a beam of rays which is restricted by the entrance 
pupil (see 38.6.4.), i.e. it is a resuit of the diffraction of light in 
the System. Hence, the image cannot be absolutely stigmatic 
even in a System that is free of ail possible kinds of aberration. 
Owing to diffraction, any point of a luminous object is seen as a 
central bright spot surrounded by alternating dark and bright 
interférence rings (see 37.4.7.). This phenomenon limits the 
possibility of detecting fine details on the image of an object.
38.8.2. Rayleigh?s criterion for resolution States that the images of 
two nearby self-luminous (incohérent) points can still be regarded 
as separate if the centre of the diffraction pattern corresponding 
to one point coincides with the first diffraction minimum for the 
other point.
According to Rayleigh’s criterion, the minimum angular sépara
tion ô(p between two distant point sources, whose images in the 
objective of an astronomical or terrestrial telescope can just be 
resolved, equals

ùp = 1.22-J

where A = wavelength of the light
d = diameter of the entrance pupil. 

The quantity

is called the resolving power of the objective. The resolving power 
Roin of the whole instrument dépends as well on the resolving 
power R r of the receiver (the eye, photographie émulsion, etc.). 
It may be assumed, with some approximation, that

The resolving power of the eye is limited by the granular structure 
of the retina as by the diffraction of light by the pupil. When the
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illumination is good the diameter of the pupil d â  2 mm and the 
limiting angle of resolution, owing to diffraction of light by the 
pupil, ôq> = 1'. This coïncides with the resolving power of the 
retina. The resolving power of a layer of photographie émulsion 
is limited by the size of the grains and by the scattering of light 
associated with the sharp différence between the indices of re
fraction of the gelatin and of the crystals of silver halide.
The magnification of the eyepiece of a telescope is selected so that 
ail details of the object resolved by the objective are also resolved 
by the receiver (eye, etc.).
38.8.3. The resolving power of a microscope is characterized by the 
quantity ôl which is the shortest distance between two points on 
the object which will produce images that are just resolved. In a 
self-luminous object, these points can be regarded as independent 
(incohérent) sources of light and

_  0.61 Aq
— n sin v

where n = absolute index of refraction of the medium bet
ween the object and the objective 

Â0 = wavelength of light in a vacuum 
2y> = angular aperture 

n sin y) = numerical aperture of the objective.
Actually, the objects examined in microscopes are not self-lumin
ous, but are illuminated. Hence, depending upon the conditions 
of illumination, the light scattered by various points of the object 
is cohérent to a greater or lesser extent. In this case, however, 
under optimal conditions of illumination, the shortest distance 
between two resolvable points on the object is

_ 0.5 Ao
n sinv

The resolving power of a microscope can be increased by: (a) 
reducing A0 (applying ultraviolet microscopy) and (b) increasing 
the numerical aperture of the objective by filling the space be
tween the cover glass and objective with a liquid having a high 
absolute index of refraction (immersion objective). Usually for 
immersion liquids n = 1.4 to 1.6.
38.8.4. The resolving powers of optical instruments given above 
are the theoretical limiting values. Practically they are always 
somewhat less due to the influence of aberrations that occur in 
the optical Systems of the instruments, as well as the lack of idéal 
contrast between the object and its surrounding background.
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Moreover, the resolving power of the eye is reduced upon insuffi- 
cient illumination of the object.
38.8.5. Optical instruments can be employed beyond the limits 
of their resolving power, not so much, in this case, to establish 
the précisé shape or details of the observed objects, as to detect 
these objects and observe their 
motion.
38.8.6. Very fine colloid partic- 
les (of the order of 10”6 cm) in 
which the size d « ^ ,  are observ
ed in an ultramicroscope by the 
dark-field method. In this method, 
the direction of observation is 
perpendicular to the direction 
along which the object is illumi- 
nated and not direct rays, but 
ones scattered by the micropar- 
ticles, are observed (Tyndall ef- 
fect, see 40.4.4.). The principle of the ultramicroscope is shown 
in Fig. 38.11.
38.8.7. According to Rayleigh’s criterion, two nearby spectral 
fines, obtained in a spectroscopic instrument, can be just resolved 
if the distance between the intensity maxima for these fines is 
not less than the breadth of the fines themselves (see 40.2.6.). 
The resolving power of a spectroscopic instrument is

38. Geometrical Optics

where A and A+<5A are the wavelengths of fines that can just be 
resolved by this instrument. The value R  is determined by the 
properties of the dispersive element and the receiver (photographie 
film, eye, etc.), diffraction phenomena and aberrations of the 
optical System.
38.8.8. The resolving power of the prism in a prism spectroscopic 
instrument, in which the prism is also the aperture stop, equals

where (p = angle of deflection of light of wavelength A by the 
prism

d2 = width of the light beam emerging from the prism 
(measured in a plane perpendicular to the refracting 
edge of the prism).

Objective 0̂

Scattered
Light ^

Objective Ot Specimen
F I G . 3 8 .1  1
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If, in addition, the prism is set at the angle of minimum déviation, 
then

where

7? r, dn 
R  = a d ï

a = length of the base of the prism 
n = absolute refractive index of the prism material.

38.9. Fundamentals of Photometry
38.9.1. Photometry is the branch of optics that deals with the 
measurement of energy transmitted by electromagnetic waves of 
the optical range (of wavelengths from 10~8 to 3.4X10-3 m).
In the narrower sense, treated of below, photometry refers to the 
branch of optics devoted to the measurement of the effect of 
visible light on the human eye (photometric measurements). This 
effect is characterized by the following photometric quantities: 
luminous flux, luminous intensity, illumination, luminous émit
tance, and luminance.
38.9.2. The effect of visible light on the eye dépends not only on 
the physical characteristics of the light (energy flux density, 
frequency or spectral composition), but also on the spectral sensi- 
tivity of the eye (luminous efficiency) Vx, which equals the ratio of 
the luminous flux of the given monochromatic radiation to the 
energy flux (radiant flux) of this radiation. The quantity Kx =

v ,
= Tÿ-,— is called the relative spectral sensitivity of the eye

\ v X lmax
(relative luminous efficiency). For a normal eye, Kx = 1 at

À = 5.55X10-’ m = 5,550 Â. 
The dependence of Kx on A 
(luminous efficiency curve) is 
shown in Fig. 38.12.
38.9.3. The luminous flux 0  is the 
power of visible radiation evalu- 
ated according to its effect on 
the eye. The luminous flux is 
measured in lumens (see Appen- 
dix 1.5.2.). For monochromatic 

400 500 600 700 radiation corresponding to maxi-
FIG 3 8  1 2  mum luminous efficiency of radi

ation (A = 5,550 Â), the lumi
nous flux equals 683 lumens if the radiant power is equal to 1 
watt.
The luminous flux &t0l across an arbitrary closed surface enveloping

0 .7 5  -

0 .5

0 .2 5 X,Mp.
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the source of light, is equal to the power of visible radiation of the 
source and is called the total luminous flux of the light source. 
The quantity &toti characterizing the source of light, cannot be 
increased by any optical System whatsoever. The action of such 
Systems consists only in the redistribution of the luminous flux 
along certain selected directions at the expense of others.
The spectral density of visible radiation of a source of nonmonochro-
matic radiation is the quantity , where d<P is the total luminous
[lux for the wavelength range from A to A + dA.
38.9.4. A point source of light is one which emits spherical waves 
(see 34.1.10.). The luminous intensity of a point source is the quan
tity / ,  numerically equal to the luminous flux emitted by the 
source within a unit solid angle. If the point source radiâtes uni- 
formly in ail directions then its luminous intensity is

T = ~°- kn
With an afbitrary source of light, the luminous intensity /  of a 
srnall element A S of its surface in the given direction is

!  _  d<ï>
1 ~  ~dh~

where d&ïs the luminous flux emitted by the element AS of the 
surface in the given direction within the solid angle dû.
T lie mean spherical intensity of an arbitrary light source is the 
quantity

T *101
4tt

where 0 tot is the total luminous flux of the source. If the source 
«•iiiits light uniformly in ail directions (isotropically), then 1 = 1 .  
Luminous intensity is measured in candelas (see Appendix 1.5.1.).
38.9.5. The illumination E  of a surface is the ratio of the luminous 
llux d& incident on an element of the surface to its area dS. Thus

*7 _  d<P 
^  d S

l' nr a point source of light
F j  (nIL _ L c9&jp 

R 3 "  R*

where B = radius vector drawn from the source to the element 
dS of illuminated surface 

n = unit vector normal to the element dS 
f  = angle between B and n (angle of incidence),

669



V.W ave Phenomena

If a plane light wave falls on the surface 
E = E 0 cos <p

where E0 = illumination of a surface normal to the direction of 
propagation of the wave 

<p = angle between the normal surface and that being 
considered.

Illumination is measured in luxes and phots (see Appendix
1.5.2. ).
38.9.6. Tue quantity of illumination (exposure) H  is the product 
of the illumination E  of a surface by the duration t of its illumina
tion (in photography it is called the exposure tinte). Thus

H = Et

38.9.7. The luminance B g, is the surface density of the luminous 
intensity in a given direction. It equals the ratio of the luminous 
intensity to the projected area of the luminous surface on a plane 
perpendicular to the given direction. Thus

B  _  ____d J  =  d 20
V -  dS cos ç> ~ dS do  cos <p

where d l = luminous intensity of element dS of the luminous 
surface in, the direction making the angle q> with 
the normal to the element dS 

d20  = luminous flux emitted by element dS within solid 
angle dQ ki the same direction.

The luminance is measdred in nits and stilbs (see Appendix
1.5.2. ).
A light source for which does not dépend on q> is said to obey 
Lambert's law. Strictly speaking, this condition is complied with 
only by a black body (see 41.1.4.) and surfaces or media which 
uniformly diffuse light in ail directions (uniformly diffusing).
38.9.8. The luminous emittance B  is the surface density of the 
luminous flux of radiation emitted by a surface. It equals the 
ratio of the luminous flux dO to the area dS of luminous surface. 
Thus

R  = | |Cto

The luminous emittance is measured in luxes and phots (see 
Appendix 1.5.2.).
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The relationship between luminous emittance and luminance is
n
Y

R  = 271 J B<p cos <p sin (p d(p

For sources obeying Lambërt’s law

R = n B



CHAPTER 3 9

Polarization of Light

39.1. Methods'of Polarizing Light.
39.1.1. Unpolarized, or natural, light is light in which electro- 
magnetic waves with ail possible directions of oscillation of vec- 
torsE and H (complying with the conditions of mutual perpendic- 
ularity and perpendicularity to the direction of wave propagation) 
are represented in an equal degree.
Each wave train (see 34.1.12.) emitted by an atom in one event 
of émission is plane polarized. The combined spontaneous radia
tion of a multitude of atoms constitutes natural light.
39.1.2. In ail methods of polarizing natural light, components 
with quite definite orientation of the plane of polarization are 
completely or partly separated from the natural light. In the 
first case, a plane-polarized wave (see 34.1.8.) is obtained; and 
in the second a partially polarized wave having preferred orien
tation of the plane of polarization.
Devices for converting natural or partially polarized light into 
plane-polarized light are called polarizers. Their action is based 
either on the phenomenon of polarization by reflection and refrac
tion at the boundary between two isotropie transparent dielectrics 
(see 35.3.1.) or on the plienomena of optical anisotropy and the 
associated double refraction (see 39.3.1.) or else on the phenomena 
of dichroism (see 39.3.8.).
39.1.3. A medium is said to be optically anisotropic if its optical 
properties (in particular, the phase velocity of light and the abso- 
lute index of refraction) dépend on the direction of propagation 
of the light wave and how it is polarized. In the final analysis, 
the law of light propagation in a medium is determined by the
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interférence of the prîmary wave and lhe secondary waves emitted 
by the molécules, atoms or ions of the medium as a resuit of their 
electronic polarization by the field of the light wave. Hence, 
the optical properties of the medium are fully dépendent on the 
electrical properties of these elementary emitters, their relative 
positions and interaction. Depending upon their structure, atoms 
and molécules may be either electrically isotropie (polarization 
is independent of the direction) or anisotropic.
39.1.4. Gases, liquids and amorphous solids are optically isotropie 
under ordinary conditions. Even though the molécules of many 
of these substances are electrically anisotropic, their orientation 
is entirely chaotic. Any ordered orientation of the anisotropic 
molécules in these media leads to the onset of optical anisotropy 
(artificial optical anisotropy, see Sec. 39.4.).
Optical anisotropy of crystals may be due to electrical anisotropy 
of their component particles or to anisotropy of the field of forces 
of particle interaction. The character of this field is related to the 
symmetry of the crystal lattice. Ail crystals, except those of the 
cubic System, are optically anisotropic irrespective of the electrical 
properties of the particles composing them. 
in the range of optical frequencies, most crystals are nonmagnetic, 
i.e. their relative magnetic permeability K m % 1.
The optical anisotropy of nonmagnetic, optically inactive (see
39.7.1. ) and transparent (i.e. those not absorbing light) crystals 
is due to the anisotropy of dielectric susceptibility xe and of 
relative permittivity Ke = l+ x e (in SI units).

39.2. Eléments of Crystal Optics
39.2.1. For an optically inactive, nonmagnetic, transparent, 
optically homogeneous, anisotropic crystal, the dependence of the 
relative permittivity on the direction can be represented graph- 
ically. If radius vectors r, whose magnitude is r = where Ke 
is the relative permittivity of the crystal in the direction of r, 
are drawn in ail possible directions from an arbitrary point O in the 
crystal, then the heads of the vectors r will lie on the surface of 
an ellipsoid, which may be called the optical indicatrix (Fig. 39.1). 
The axes of symmetry of this ellipsoid define the three mutually 
perpendicular principal directions in the crystal. In a Gartesian 
coordinate System with the axes Ox, Oy and Oz along the principal 
directions, the équation of the optical indicatrix is

_*L . j £ ,  _*!_ = i
Kex ^  Key ^  Kez

4.1 — 1 5 0 0 9 673
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t i g .3 9 .1

where KeXi K ^  and Kez are the values of Ke along the principal 
directions. They are called the principal relative permittivities of 
the crystal (or principal dielectric constants). At ail points of a 
homogeneous crystal which complies with the above requirements 
the optical indicatrices are identical, i.e. the orientation and dimen
sions of their semi-axes are the same.
39.2.2. For an optically isotropie crystal, Ke is independent of the 
direction (Ktx = K ^  = Kez = Ke) and the optical indicatrix 
degenerates into a sphere of radius r = YKe = n, where n is the 
absolute index of refraction of the isotropie crystal.
The optic axis (or binormal) of an anisotropic crystal at the point 
O is a line passing through point O and perpendicular to the plane 
of a circular cross section of the optical indicatrix. In the general 
case, the optical indicatrix is a triaxial ellipsoid (Kt.x ^  K ^  ^  
7* K ez) so that two different circular cross sections (planes 1 and 2 
in Fig. 39.1) and two corresponding optic axes and 0 20'2 
can be passed through point O. Such a crystal is said to be biaxial. 
If Kex > K 6. > Key (as in Fig. 39.1), the optic axes lie in plane 
xOy and are symmetrical with respect to axis Oy. Like optic 
axes at various points of a crystal are pairwise parallel to each 
other, i.e. they characterize two selected directions in a biaxial 
crystal.
39.2.3. If the optical indicatrix is an ellipsoid of révolution, the 
crystal has only one optic axis, coinciding with the axis of révolu
tion of the ellipsoid, and is said to be uniaxial. A uniaxial crystal
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is said to be optically positive if its optic axis coincides with the 
major axis of the optical indicatrix (the ellipsoid is elongated 
along the axis of révolution). It is said to be optically négative if 
the optic axis coincides with a minor axis of the ellipsoid (the 
ellipsoid is flattened along the axis of révolution).
39.2.4. In an optically inactive, nonmagnetic transparent crystal, 
the relations between the projections of the electric displacement 
vector D (sec 20.3.1.) and the electric field intensity vector E 
(see 20.2.3.) on its principal directions arc
Dx = e{)KcxE„ Dy = e0KcyEy, Dz = e0KezE t (in SI units)
Dx = KCXEX, Dy = KcyEy, Dz = K ezEz (in Gaussian units)

Vector 1> coincides in direction with vector E only when vector 
E is parallel to one of the principal 
directions.
39.2.5. Owing to tiie lack of coinci
dence of the directions of vectors D 
and E, a linearly polarized, plane 
monoehromatic wave in an anisot- 
ropic crystal is characterized by 
two triads of mutually perpendi- 
cular vectors: D, H, v and E, H, v'
(Fig. 39.2). Velocity v' coincides in 
direction with the Poynting vector 
(see 30.G.2.) and equals the velocity 
of energy transfer of the wave, lt  is 
called the ray velocity of the wave.
The velocity v is called the normal 
velocity of the wave. It is equal to the velocity of propagation of 
the phase of the wave and its front in the direction normal to 
the front. The following relationship exists between v and v'

, _ __ V
~  COS a

wliere a is the angle between vectors D and E. If N is the unit 
vector of tlie normal to the wave front and S is the unit vector 
of the ray (i.e. coinciding in direction with the Poynting vector), 
thon in the Gaussian System of units

D

D -  w*{E-N(EN)}
and

E = - , 1 » {D-S(DS)}U2 COS2 a 1 v n
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where n = — is the absolute index of refraction in the direction
V

of N (n2 should be replaced by eQn2 in SI units).
If i, j and k are unit vectors of the principal directions in the 
crystal, then N = N  JL + Ny] 4- iV2k, and the normal velocity v of 
the wave in the direction of vector N satisfies FresneVs équation of 
normals:

Ni N_l
v2-b'i v2- b 2y = 0

Accordingly, for the refractive index n in direction N
Ni 

1 1 +
N~ N2J J y  i l \ z  _

i i r  i
n“ n2 n2 n2 n2 n2

wliere bx - L , by — c and bz — - = principal phase oelocitiesV-x lly Tlz
of the waves, equal to the normal velocities of waves 
whose D vectors are parallel to the corresponding 
principal directions 

c = velocity of light in a vacuum 
nx -- ŸKeX) ny = y K ey and nz = Y K ez — principal indices of 

refraction of the crystal.
For the ray velocity v' in the direction determined by the unit 
vector S = Ay iV2k,

bis2 bpi blsj
v‘2-b*x v 2- b 2y r v 2-b \

Correspondingly, the index of refraction of the crystal for the 
ray n' = can be determined by the équation

It follows from Fresnel’s équation of normals that, in the 
general case, there are two values, vv and u2, in an arbitrary 
direction N for the normal velocity of the wave. If the axes of the 
coordinates are selected so that Kex < Key < Kez, i.e. bx > by > 
> &2, then the direction N, along which only a single value of the 
normal velocity vis possible = u2), complies with the conditions

N 2 b*-bl
b2- b \  ’ N y 0 and m  ~

K -bi

ü/G
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Tliere are four sueh directions N in ail, corresponding to the two 
binormals, or the optic axes, of the biaxial crystal (see 39.2.2.). 
In a uniaxial crystal, there are two such directions N; they cor
respond to its single optic axis.
If in ail possible directions N, vectors y of the corresponding nor
mal velocities are drawn from point O, theheads of these vectors 
will lie on a surface called the normal-velocity surface. In a Carte- 
sian coordinate System with the origin at point O and axes con- 
structed along the principal directions in the crystal, the équation 
of this surface is of the form

(b\ -  r2) (b2 -  r2)x2 + (b2 -  r2) (ib2 -  r2)y2 + (6* -  r2) (b2 -  r2)z2 = 0
where r2 = x 2 + y2 + z2 = v2. This is the équation of atwo-sheeted 
surface and is of the sixth degree with respect to the coordinates. 
The two sheets correspond to the two values of the normal velocity 
l'or a given direction N. The two sheets intersect at four points 
which lie on the two binormals of the biaxial crystal.
Kor a uniaxial crystal with the optic axis Ox (where by — bz = 

v0 and bx = ye0), one of the sheets of the normal-velocity sur
face is the sphere r2 = and the second is the ovaloid ( v l - r 2)x2-\- 
I (e?0- r 2) (y2 + z2) = 0. This ovaloid is tangent to the sphere at 

l lie two points of its intersection with the optic axis.
311.2.7. The locus of ail points at a distance of r = v' from O, 
where v' is the ray velocity in the given direction, is called the 
my surfacej or wave surface. It is a surface of equal phase, i.e. 
Ihe wave surface of waves propagated in an anisotropic crystal 
from a point source located at point O. The ray surface is described 
l»y an équation of the fourth degree with respect to the coordinates. 
Tlms

b%x2 bly2 b\z2- —— |--- v— u *— = 0
r*_&*^r2-ï>J r2-6*

or
r*(b2x2 + b2y2 + b2z2) -  b2(b2 + b2)x2 -  b2(b2 + b2)y2

- b 2M  + b2)z2 + b2b2b2 0
This surface is also two-sheeted since each direction of the unit 
voctor S of the ray corresponds, in the general case, to two differ
ent values of the ray velocity v'. The sheets of the ray surface 
mlersect at four points, lying pairwise on two straight lines which 
intersect at point O. These straight lines are called biradials or 
niy axes.
\ uniaxial crystal lias a single biradial which coincides with its 

optic, axis Ox. In this case, one sheet of the ray surface is the sphere
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r2 = vl = b\ = -jp—, and the other is an ellipsoid of révolution 
about the optic axis Ox:

t/2+z2
+ - = 1

wliere .. The sphere and ellipsoid arc
tangent to each other at their two points of intersection with 
the optic axis. If v0 > ve0 (optically positive crystal) then the 
sphere circumscribes the ellipsoid, if v0 < ve0 (optically négative 
crystal) then the sphere is inscribed in the ellipsoid.
30.2.8. Only two plane waves, linearly polarized in mutually 
perpendicular planes, can be propagated in an anisotropic crystal 
along normal N of an arbitrary direction. The directions of vectors 
D, and D2 of these waves should coincide with the axes of the 
ellipse obtained when the optical indicatrix is intersected by a

plane passed through point 
O and perpendicular to vec- 
tor N. The normal velocities 
of these waves, vY and z;2, 
are related to the semi-axes 
£y and e2 of the elliptical sec
tion by the équations :

zh = - and
Y*i

v2 Ÿet
The vcctors and E2 of 
these waves also lie in per
pendicular planes (Fig. 3(J.3) 
and correspond to ray vcc
tors and S2 of different 
direction and two different 
values of the ray velocity:

Vi
COS Œj

- and y2_
COS a 2

i-i g . 3 9 .4

Analogously, for a given di
rection of the ray (vector 
S), only two mutually per
pendicular directions of os

cillation are possible for vector K (Vn and E2) which correspond 
to the two values v[ and v of the ray velocity in direction S 
(Fig. 3U.4).
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39.3. Double Refraction

30.3.1. The dependence of the ray velocity of a plane wave in an 
anisotropic crystal on the direction of propagation and on the 
way the wave is polarized leads to the bifurcation of the light 
rays when they refract at the surface of the crystal. This plienom- 
enon is called double refraction, or biréfringence. The anisotropic 
crystals are said to be biréfringent.
30.3.2. In a biaxial crystal neither of the two refracted rays 
obey the ordinary laws of light refraction at the boundary between 
two isotropie media (see 35.2.4.). In a uniaxial crystal, the laws 
hold for one ray but not for the other. The ray for which the law 
liolds is called the ordinary or O ray, and the other is called the 
extraordinary or E ray. In the general case, the extraordinary ray 
does not lie in the plane of incidence and Snell’s law (see 35.2.4.) 
is inapplicable to it.
30.3.3. The plane passing through the ray and intersecting the 
nptic axis of a uniaxial crystal is called the principal plane 
(principal section) of the crystal for this ray. The ordinary ray 
is polarized in the principal plane, i.e. vector E of the ordinary 
ray is perpendicular to the principal plane. The extraordinary 
ray is polarized in a plane perpendicular to the principal plane. 
Ilence vector E oscillâtes in the principal plane. In the general 
case, the planes of polarization of the ordinary and extraordinary 
rays are not exactly perpendicular to each other, since the principal 
planes of the crystal may not coincide for these rays. Usually, 
nowever, the angle between the principal planes for the ordinary 
and extraordinary rays, corresponding to the same incident ray, 
is small. It is exactly equal to zéro if the optic axis of the crystal 
lies in the plane of incidence.
33.3.4. Vector E of the ordinary ray is always perpendicular to 
Ihe optic axis, i.e. it coincides with the principal direction in a 
uniaxial crystal. Therefore, the index of refraction of the crystal 
fur an ordinary ray is independent of the direction of the ray 
in Mie crystal and is equal to n0.
Vector E of the extraordinary ray may make any angle from 0 to

with the optic axis. Hence the index of refraction rie for the
extraordinary ray dépends upon the direction of this ray with 
respect to the optic axis.
A long the optic axis, the velocities of the ordinary and extra- 
uni inary rays are the same (n'0 = nQ). In a direction perpendicular 
lu the optic axis, ne = neQi i.e. it differs from n0 to the maximum
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degree. For nn optieally positive rryst.nl n'e ;>• n0, for an opiicnlly 
négative cryst.nl ne n0.
39.3.5. If nn unpolari/.ed nionochroinatie plane light wave faits 
on the piano surface of a uniaxial crystal, thon two linoarly 
polarized plane waves, an ordinary and an extraordinary one, are 
propagated in tlie crystal. Their wave surfaces can be found by 
applying IIu}'gens’ principle (see 37.1.2.), i.e. as the envelopes of 
the wave surfaces of the corresponding secondary waves. The

wave surfaces of the secondary 
waves are deterrnined from their 
ray velocities. For ordinary waves 
these surfaces are spherical in 
shape; for extraordinary waves 
they are ellipsoids of révolu
tion about straight lines passing 
through the point sources of the 
secondary waves in the direction 
of the optic axis of the crystal. 
The graphical method, based on 
the Huygens principle, of con- 
structing the fronts of the ordi
nary and extraordinary refracted 
waves in an optically négative 
uniaxial crystal, as well as the 
corresponding ordinary and ex
traordinary rays, is illustrated 

in Fig. 39.5. In this diagram, A B  is the front of the plane wave 
that falls on the plane surface AC of the crystal; M N  is the direc
tion of the optic axis (which lies in the plane of incidence) ; Co 
is the front of the ordinary wave; Ce is the front of the extra
ordinary wave; A S0 is the ordinary ray; and A S e is the extra
ordinary ray. The directions of oscillation of vectors E in the 
ordinary and extraordinary rays are indicated by dots and trans
verse dashes, respectively, drawn on the rays.
For an ordinary wave, the direction of the ray and the normal to 
the wave front always coincide. They are, generally speaking, 
different for an extraordinary wave. The normal to the front of 
an extraordinary wave, in contrast to an extraordinary ray, 
always lies in the plane of incidence.
39.3.6. The laws of light propagation in a crystal plate, eut out 
of a uniaxial crystal, dépend upon the orientation of the optic 
axis with respect to the surface of the plate and the incident ray. 
(a) The plate is eut with its surface perpendicular to the optic axis. 
If the light ray is directed along the optic axis, no double refraction
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is observed and the light romains unpolarized. If the light ray 
is directed at an angle i to the optic axis, double refraction occurs.
The ratio , where r0 is the angle of refraction of an ordinary
ray, is a constant. The ratio — , where re is the angle of réfrac
tion of an extraordinary ray, varies with the angle of incidence i. 
(b) The plate is eut with its surface parallel to the optic axis. 
If the plane of incidence of the light is parallel to the optic axis 
of the crystal, then the ordinary and extraordinary rays lie in 
the same plane. The normal to the front of an extraordinary 
wave is refracted less (more) than the normal to the front of an 
ordinary wave in a négative (positive) crystal. The laws may 
differ for the corresponding rays. If the plane of incidence makes
the angle a with the optic axis (o < a < --), the ordinary ray ro
mains in the plane of incidence and the extraordinary ray emerges 
from this plane. If the plane of incidence is perpendicular to the 
optic axis, both ordinary and extraordinary rays remain in this 
plane. In this case, the index of refraction of the extraordinary 
ray is independent of its direction and equal to ne0.
89.3.7. If natural light falls on a uniaxial crystal, the intensities 
/„ and I B of the ordinary and extraordinary waves as they enter 
the crystal are the same. Thus

/ .  = / .  = ! /

where I  is the intensity of the incident light.
39.8.8. In anisotropic absorbing crystals, the absorption of light 
is, generally speaking, also anisotropic, i.e. it differs according to 
the orientation of the electric vector of the wave with respect to 
the crystallographic axes. This phenomenon is called dichroism 
(or pleochroism). For example, a uniaxial tourmaline crystal 
absorbs an ordinary ray several times more strongly than it 
absorbs an extraordinary ray. Absorption also dépends upon the 
frequency of the light. Hence, in exposing a dichroic crystal to 
white light, the crystal is difïerently coloured depending upon the 
direction it is observed in.

39.4. Artificial Biréfringence
39.4.1. If an optically isotropie body is deformed it becomes optie- 
ally anisotropic. In the case of linear (uniaxial) compression 
or tension, the optical properties of the body are similar to
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thosc of a uniaxial crystal in wliicli thc direction of the optic axis 
coïncides with the direction of deformation. The maximum différ
ence in the indices of refraction for the ordinary and extraordi- 
nary rays corresponds to the direction of the rays that is perpen- 
dicular to the optic axis, and dépends upon thc degree of deforma
tion. Thus

n0 = ne o = ko

where o = normal stress (see 15.7.3.)
k = proportionality factor depending upon the properties 

of the body.
The détection of artificial anisotropy is a very sensitive method of 
evaluating the stresses in solids (photoelastic stress analysis).
39.4.2. An optically isotropie dielectric (solid, liquid or gaseous) 
may become optically anisotropic when subjected to an external 
uniform electric field. This phenomenon is called the Kerr electro- 
optic effect. Owing to the action of the field, the dielectric behaves 
optically like a uniaxial crystal with its opticjaxis parallel to the 
field direction.
For monochromatic light propagated in a substance in the direc
tion perpendicular to the intensity vector of the external uni
form electric field, the différence between the indices of refraction 
for the ordinary and extraordinary rays is

n, 0-n„ = kE%
b

The quantity B = —, where A is the wavelength of the light in
vacuum, is called the Kerr constant. The value of B  dépends on the 
nature of the substance, wavelength A and température. As a rule, 
it decreases rapidly with an increase in température.
At room température and A = 589 nm (nanometres), the magni
tude of the Kerr constant for liquids is of the order of (10~14 to
10-12) ~ (10“7 to 10~5) cgse, and for gases of the order of
(10“19 to 10“16) ^  ~ (10“12 to 10~9) cgse. For most substances,
B  > 0, i.e. when subjected to a uniform electric field these sub
stances behave optically like optically positive uniaxial crystals.
Frequently used is another Kerr constant K  = where n is
the absolute refractive index of the substance in the absence of 
an electric field. The quantity K is numerically equal to the rela
tive différence in the indices of refraction for the ordinary and
extraordinary rays in an external electric field of unit
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intonsity. The Kerr effect is practically inertialess, the lag in the 
change of n ^ - n 0 compared to the change of Eex is lcss than 
10~9 sec.
39.4.3. In gases having nonpolar, electrically anisotropic molécules, 
the Kerr effect is due to the polarization of these molécules in the 
external electric field and to the impairment of complété random- 
ness in the arrangement of these molécules. As a resuit of the 
combined influence of the orienting action of the electric field 
on the induced dipole moments of the molécules and of collisions 
of the molécules in the process of their thermal agitation in the 
gas, preferred orientation of the molécules is set up. Here, the 
relative dielectric permittivity Ke of the gas is maximum in the 
direction of vector Eex) so that ne0 > n0 and B > 0.
In gases having polar, electrically anisotropic molécules, preferred 
orientation of the permanent dipole moments of the molécules 
is set up in the direction of vector Eex when the gas is subjected 
to an external electric field. The direction of maximum polariza- 
bility of the molécules may, however, make a certain angle a 
vvith the direction of the molecule’s permanent dipole moment.
ïf a = 0, then ne0 > n0 and B  > 0; if a = —, then neQ < n0 and
B < 0.
For liquids, the classical Langevin-Born dipole-orientation theory 
describes the Kerr effect only qualitatively because it does not 
l.ake into account the forces of molecular interaction which are 
of vital importance in liquids.
39.4.4. The occurrence of artificial optical anisotropy in isotropie 
substances (liquids, glass and colloids) when they are placed in 
a strong uniform external magnetic field is called the Cotion- 
Mouton magneto-optic effect. Here the optic axis is in the direction 
of the magnetic field. The différence between the indices of réfrac
tion for the ordinary and extraordinary rays, in a direction perpen- 
dicular to the optic axis, dépends upon the intensity TJex of the 
magnetic field. Tluis

ne0- n o = /,•'//?*

The quantity C = ^  >̂s called the Càton-Mouton constant.
It dépends upon the nature of the substance, wavelength A and 
température.
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39./). Analysis of Polarized Light. Elliplic 
and Circular Polarization of Light

89.5.1. Devices called analyzers are used to investigate the charac- 
ier and degree of polarization of light. The sanie devices that are 
used to produce linearly polarized light (polarizers) are applied 
as analyzers as well.
89.5.2. If the light wave entering an analyzer is linearly polarized 
then the Malus law is valid for the intensity of the wave emerging 
from the analyzer. Thus

I  = kaI 0 cos2 y

where 70 = intensity of the incident light
/>•„ — coefficient of transmission of the analyzer 
y = angle between the planes of polarization of the inci

dent light and the light emerging from the analyzer.
89.5.8. If a plane, monochromatic, linearly polarized light wave 
is incident at the direction perpendicular to the surface of a 
biréfringent crystal plate, eut parallel to the optic axis, then two 
rays (ordinary and extraordinary) are propagated through the 
plate at different velocities in the same direction. The electrical 
oscillations in these rays are in two mutually perpendicular planes 
(see 3 9 . 3 . 3 . ) .  The phase différence Aep that appears between these 
rays after passing through a plate of thickness d equals

A(p = (n0- n e0)d

where X = wavelength of the light in a vacuum 
ne and ne0 = indices of refraction for the ordinary and extra

ordinary rays.
89.5.4. The amplitudes of oscillation of the electric vcctors E, 
and E0 of the extraordinary and ordinary rays under the conditions 
of 39.5.3. are respectively equal to

a = A  cos a and b = A  sin a

where A = amplitude of the incident wave
a = angle between the direction of oscillation of vector 

E in the incident polarized light and the direction 
of the optic axis in the crystal (see 39.2.2.).
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Tho résultant, wave enierging froin the plate is descri hed by the 
équation of an ellipse:

f r + f r - ^ 008 (4>) = ^ n 2 (à9 )

where Ex = intensity of the electric field of the extraordinary ray 
Ev = intensity of the electric field of the ordinary ray 

a and b = respective amplitudes of the two rays
A(p = phase différence between the two rays (the direc

tions of oscillations in the two rays, linearly polar- 
ized in mutually perpendicular directions x and y, 
are perpendicular to the direction z of wave propaga
tion, see 34.1.1.).

At n0 > ne0, the ordinary wave lags in phase behind the extra
ordinary wave, at n0 < ne0 it leads in phase. Thus, in the general 
case, a plane-polarized wave becomes elliptically polarized after 
passing through the plate (see 34.1.8.).
39.5.6. If angle a = 0°, only the extraordinary ray will be propa- 
gated in the plate. If angle a = 90°, only the ordinary ray will 
be propagated in the plate. In either case, the wave will emerge 
from the plate without a change in polarization.
39.5.6. If the plate thickness d is such that the optieal path différ
ence (see 36.2.4.) between the ordinary and extraordinary rays
As — (2m-f-l) -- (quarter-wave plate) and the phase différence
between these two rays Aq> =  - (2 / /? .+  1) * , where w -  0, +  1, 
±2, . . . ,  then for the résultant, wave (at 0° < « < 90°)

in which the axes of the ellipse of polarization coincide with the 
principal directions in the plate. In the particular case when 
a = 45°t the amplitudes of the ordinary and extraordinary rays 
are equal and

El + E* = a2

i.e. the wave is circularly polarized (see 34.1.8.). At Aq> = — ~
circular polarization is said to be left-handed\ at Aq> — Ç- it is said 
to be right-handed.
39.5.7. If the plate thickness d is such that the optieal path 
différence between the two rays As = (2m |  1) * (half-wave plate),
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then Acp = - ( 2 m +  1)71 and, at 0° <  a <  00°,

i.e. the light remains plane-polarized. Its plane of polarization, 
however, rotâtes through an angle 180° -  2a.
89.5.8. If the plate thickness d is such that the optical path différ
ence between the two rays As = mX (full-wave plate), then 
A(p = -  27im and, at 0° < a < 90°,

i.e. the light remains plane-polarized without any change in the 
direction of polarization.
89.5.9. If the light wave entering the analyzer is elliptically polar- 
ized, the intensity of light emerging from the analyzer dépends 
upon the orientation of the principal plane of the analyzer (i.e. 
the plane of polarization of the transmitted light) with respect 
to the ellipse that characterizes the elliptically polarized light. 
Upon rotation of the principal plane of the analyzer about 
the direction of the incident rays of elliptically polarized light, 
the intensity of the light passing through the analyzer varies. 
A similar phenomenon is observed if the incident light is not 
elliptically, but partially polarized, i.e. if it lias preferred orien
tation of the oscillations of vectors E and U . If the wave entering 
the analyzer is circularly polarized, then rotation of the principal 
plane of the analyzer has no millièm e on the intensity of the light 
passing through it.

39.6. Interférence of Polarized Rays
A. I nterférence with P aral le l  Rays

89.9.1. Natural light consists of a grcat number of elementary 
incohérent trains of waves corresponding to different events of 
the spontaneous radiation of the atoms or molécules of the source 
of light. These trains are linearly polarized in ail possible planes. 
The ordinary wave, propagated in a uniaxial crystal upon the 
incidence of natural light, is formed mainly owing to the wave
trains whose plane of polarization is inclined at angles a < ~-
to the principal plane of the crystal. Gorrespondingly, the extra- 
ordinary wave is formed mainly owing to the waves for which
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a 71 . For ihis reason, the ordinary and oxtraordinary waves,
propagated ia a uniaxial cryslal upon lhe incidence of natural 
light, arc incohérent.
Whcn, on the other hand, linearly polarized light falls on a uni
axial crystal, the ordinary and oxtraordinary waves propagated 
in the crystal are cohérent because they contain pairwise cohérent 
components corresponding to each of the trains of waves passing 
through the polarizer.
39.6.2. Upon the normal incidence of a plane, monochromatic, 
linearly polarized wave on a plane-parallel plate eut from a uni
axial crystal, parallel to its optic axis, the following phase différ
ence (see 39.5.3.) is observed between the ordinary and extra- 
ordinary waves as they emerge from the plate:

(n0- n en)d

Though these waves are cohérent and are propagated in the same 
direction, they cannot interfère because they are polarized in 
mutually perpendicular planes. As a resuit of their superposition, 
elliptically polarized light is obtained.
Interférence reinforcement or weakening of the two waves is 
obtained by using an analyzer (see 39.5.1.) to separate out of 
them the components that are polarized in a single plane and are 
thereby capable of interférence (Fig. 39.6).

n  mm Screen

N —

__
Polarizer/y  U1W1 A nalyzer

P la ie
FIG.3 9 . 6

The interférence pattern produced by the analyzer dépends upon 
lhe phase différence A<pt the wavelength of the incident light, 
lhe angle a between its plane of polarization and the optic axis 
of the plate, and also on the mutual orientation in the directions 
of the planes I and II of polarization of the light transmitted by 
lhe polarizer and analyzer.
The analyzer and polarizer are said to be crossed if the angle p 
between planes I and II equals , and parallel if 0 = 0.
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39.6.8. The effects of interférence with monochromatic light are listed 
in the following table :

Aq>

1

P a
Effect oT 

interférence 
observed on 

screen

0 71
T Darkness

(2m +l)n 0 « n 
° * T Light

m = 0, ± 1, ±2, . . .
n

'Y
71
4 Light

71
T «•V Darkness

0 71
T Light

2m/T o Light

m -  0, ± 1, ±2, . . .
71
2

71
T Darkness

71
Y « • f Darkness

39.6.4. In interférence with white light, the phase différence A(p 
turns out to be different for light of various wavelengths. There- 
fore, it follows from the relationships of 39.6.3. that for the 
monochromatic components of white light the screen is illumin- 
ated for any values of A(p, p and a, with the exception of the cases
in which p = -- and a = 0 or -  , when no light passes through
the analyzer. If p = 0 and a = 0 or y , the screen is illuminated
with white light. In ail other cases it is illuminated with coloured
light, and at a = — a change in angle p from 0 to y  changes the
colour of the screen to the complementary colour.
39.6.5. If the plate is of variable thickness d, then the phase 
différence A<p will vary for different points of the plate. Upon 
illuminating the plate wilh monochromatic light, a System of dark
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and bright interférence fringes is obscrved on the screen. Eacli 
fringe corresponds to points of equal thickness of the plate (fringes 
of equal thickness, see 36.3.4.). If white light is used, diiïerently 
coloured equal-thickness fringes arc obscrvcd.

B. INTERFERENCE WIT1I CONVERGENT RAYS

39.6.6. (Jpon the incidence of a convergent beam of rays of inono- 
chromatic light on a plane-parallel plate eut from a uniaxial 
crystal parallel to its optic axis, after passing through the polar-

P la lc
FIG.3 9 . 7

izer and a converging liais (Fig. 39.7), the différence in phase 
hetween the ordinary and extraordinary rays emerging from the 
plate (having travelled in it along the same direction) is

A 2  71 d  , f >Aœ = — - -------- ln — n)
T A c o s  v» '  '

wliere X = wavelength of the light in 
vacuum 

d — thickness of the plate nor
mal to its surface 

//„ and ns — refractive indices for the 
ordinary and extraordi
nary rays in the direction 
making the angle y> with 
the normal to the plate 
surface.

If the axis of the cône of convergent 
rays is normal to the surface of the 
plate, then the interférence pattern produced by the analyzer 
wlien put into the crossed position with respect to the polar-
'/er , see 39.6.3.) is of the type illustrated in Fig. 39.8.
Tin' interférence maxima forin a System of dark and bright con-

f i g . 3 9 .8
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centric rings. If whitc liglit is used, a System of concenlric isocliro- 
mcilic rings of ail possible colours is observed. The rings interseof 
a briglit or dark right-angled cross whose position corresponds 
to the intersection of the plane of the screen with the planes 
of polarization and oscillation of the liglit transmitted by the
polarizer. At a = 0 or — and /? = 0, the cross is bright ; at a = 0
or ~  and p = —, the cross is dark.
If the convergent beam of white liglit passes through a planc- 
parallel plate eut from a uniaxial crystal parallel to ils optic 
axis, the isochromatic curves closely approximate hyperbolas (Fig. 
39.9).

FIG.3 9 .9  FIG.3 9 . 1 0

39.6.7. For a biaxial crystal, the isochromatic curves resemble 
hyperbolas, if the plate is eut parallel to the optic axes, and 
lemniscates through whose foci two hyperbolas pass (instead of 
the cross for plates from uniaxial crystals), if the plate is eut 
perpendicular to the bisector of the angle between the axes 
(Fig. 39.10.)

39.7. Rotation of the Plane of Polarization
39.7.1. Rotation of the plane of polarization consists in the progres
sive turning of the plane of polarization of a light wave as it 
travels through certain substances that are said to be optically 
active.
Optical activity is exhibited by certain crystals, including some 
that display no double refraction (see 39.3.1.), and certain pure 
liquids, solutions and gases. Ail substances that are optically 
active in the liquid state (including solutions) retain this property 
to a greater or lesser degrce in the crystalline state, The reverse 
is not always true.
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39.7.2. Pure rotation of the plane of poîarization is observccl in 
anisotropic crystals for light propagated along the optic axis. 
For other directions of propagation, this phenomenon is compli- 
cated by double refraction.
Two modifications hâve been discovered in the majority of optic- 
ally active substances. Those of the first modification rotate the 
plane of poîarization clockwise and those of the second counter- 
elockwise (with respect to an observer looking toward the oncom- 
ing beam). Substances of the first type are called dextrorotatory 
or right-handedy and of the second are called levorotalory or left- 
handed.
; VJ. 7.3. In solids the angle (p of rotation of the plane of poîarization 
is proportional to the length d of the path of a light beam in the 
body. Thus

(p = ad

vvhere a is the rotatory power (spécifie rotation) and dépends upon 
the kind of substance, température and wavelength. This formula 
is valid for a biréfringent crystal if light is propagated in it along 
the optic axis (see 39.2.2.). The spécifie rotation a may difïer 
for the two optic axes of a biaxial crystal. The spécifie rotation is 
equal in value for the dextrorotatory and levorotatory substances.
39.7.4. For solutions, the angle of rotation of the plane of polar- 
i/.ation equals

(p = [a]cd = [a]oA'rf
where \a] — spécifie rotation

c — volume-weight concentration of the optically active 
substance in the solution (ratio of the mass of the 
substance to the volume of the solution) 

q — density of the solution
A’' — ^  — weight concentration (ratio of the mass of the

optically active substance to the mass of the whole 
solution).

The quantity [a] dépends on the nature of the optically active 
substance and of the solvent, the température and the wavelength. 
An extremely sensitive method of determining the concentration 
* or K is based on the preceding relationship. It is called polari- 
metry (saccharimetry).
39.7.5. According to Frcsnel’s theory, linearly polarized light, 
Ih*fore entering an optically active substance, is regarded as the 
combination of two circularly polarized waves having the same 
lïoquency and amplitude. The rotation of it.s plane of poîarization
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is explained by the existence of two phase velocities of light in the 
optically active substance which correspond to its right- and left- 
liand circular polarization. If for a substance, the phase velocities 
of waves polarized as indicated are vrh (index of refraction nth) 
and vlh (index of refraction nlh), respectively, then the angle of 

rotation of the plane of polarization (Fig. 
j\ \ j B 39.11), after travelling a distance d in the 

substance, equals

FIG.3 9 . M

<P
where X is the wavelength of light in a va
cuum. Substances in which nlh > nrh are 
dextrorotatory; those in which nlh < nrh are 
levorotatory.
39.7.8. If optically inactive substances are 
subjected to a magnetic field, they acquire 
the ability to rotate the plane of polarization 
of light propagated along the direction of the 
applied field. This is called the Faraday 

effect. The angle of rotation of the plane of polarization equals
q > =  V d B

where B = induction of the uniform magnetic field (see 25.1.2.) 
d — path length of the light in the substance 
V Verdet constant (rotation per unit path per unit 

field strength) , depending upon the nature of the 
substance, température and wavelength of the 
light.

The direction of rotation of the plane of polarization dépends only 
on the nature of the substance and the direction of the magnetic 
field. The sense of rotation is defined for an observer looking along 
the magnetic field. Most substances produce right-handed positive 
rotation; ail diamagnetic (see 28.2.3.) and certain paramagnetic 
(see 28.2.4.) substances produce right-handed rotation. Left- 
handed négative rotation is obtained with certain paramagnetic 
substances.
39.7.7. Natural optical activity of a substance in the noncrystalline 
state is due to the asymmetry of the molécules. In crystalline 
substances, optical activity may also be due to features of the 
arrangement of the particles in the lattice.
Magnetic rotation of the plane of polarization is due to the asym
metry of optical properties resulting from the action of the mag
netic field.
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89.7.8. The dépendance of the rotation of lhe plane of polarization 
on Lhe wavelength of Un; lighl is ealled roiary dispersion. As a 
firsl approximation in lhe région of sufficiently long waves, far 
from the absorption band for the given substance (see 40.3.4.), 
the angle of rotation of the plane of polarization is inversely 
proportional to the square of the wavelength (Biot's inverse- 
square laiv). Thus

(p oc A"2



CHAPTER 40

Molecular Optics

40.1. Dispersion of Light
40.1.1. The dependence of the absolute index of refraction n of a 
substance on the frequency v of light (or on its wavelength X — y
in a vacuum) is called the dispersion of light. Thus

n = f(X) = <p(a>)

where (o = 2nv is the cyclic frequency of the light wave. The dis
persion of light is said to be normal if the index of refraction in- 
creases monotonically with the frequency (or decreases with an 
increase in the wavelength) ; otherwise it is said to be anomalous 
(Fig. 40.1). Normal dispersion of light is observed far from the 
bands or lines of light absorption by the substance (see 40.3.4.); 
anomalous dispersion is observed within the limits of the absorp

tion lines or bands.
Absorption

l j Ur<9

\  n-t
d is p e r s io n

40.1.2. According to classical 
electronic theory, the disper
sion of light is due to the in
teraction of light with charged 
particles that are part of the 
substance and execute forced 
oscillations in the variable 
electromagnetic field of the 
wave. The frequency is so 
large for visible light (v ~ 1015 
IIz) that only the forced oscil-
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lations of the ouler-shcll (more weakly bondcd) électrons of atoms, 
molécules or ions are of any significance. These électrons are also 
called peripheral, or valence, électrons. In the process of forccd 
oscillations of the outer-shell électrons in the field of a monochro- 
matic wave of frequency v, the dipole electric moments of the 
molécules vary periodically and the latter émit secondary electro- 
magnetic waves of the same frequency v.
The mean distances between the molécules are very much smaller 
than the length of a single wave train. Hence, the secondary waves 
emitted by a very great number of neighbouring molécules in an 
optically homogeneous medium (see 40.4.2.) are cohérent with 
one another as well as with the primary wave. Upon superposition, 
they display interférence whose effects dépend upon the relations 
of their amplitudes and initial phases. The transmitted wave that 
is thereby formed in an optically homogeneous and isotropie me
dium has a phase velocity depending on the frequency, and a dire
ction of propagation coinciding with that of the primary wave.
40.1.3. For an isotropie medium

n'2 = K'e = 1 + x'e (in SI units)
n'2 = K't = 1 + 4tt^' (in Gaussian units)

where n' = n ( l - ix )  = complex refractive index of the medium 
(see 35.4.3.)

K'e = complex relative dielectric permittivity 
of the medium 

x' = complex dielectric susceptibility of the 
medium.

The complexity of x'e and K'e is due to the fact that the polariza- 
tion vector Pe (see 20.7.10.) and the electric field intensity vector 
K oscillate in an absorbing medium with a certain phase différence. 
In a nonabsorbing medium this phase différence equals zéro. For 
Miis reason, such a medium is characterized by the real values 

Ke and n (where x = 0).
I f iV0 is the number of molécules per unit volume, then

n >2 = i + (in SI units)
€q Ei

n'2 = 1 + 4jiN 0~  (in Gaussian units)

where f0 = permittivity of free space
pe = induced dipole moment of the molécule in the 

wave’s field of intensity K.
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40.1.4. In classical electronic llieory each molécule is regarded 
as a combination of linear oscillators (see 6.1.10.) wliich represent 
the charged particles witli charges qk and masses mk. The natural 
cyclic frequencies œok of the oscillators correspond to the set of 
liglit absorption frequencies of the substance being considered. 
The differential équation for the forced oscillations of an oscillator 
is

Sk +2 + = —~Eeff

where sk = displacement of charge qk from the equilibrium 
position

ôk = damping factor for the free oscillations of the charge 
Eeff = intensity of the effective electric field (see 20.7.11).

In gases under ordinary conditions, Eeff practically coincides 
with the field intensity E  of the light wave. For monochromatic 
light E  = E0e{a)t, and in gases

_ _  y    y - »  QjçE ____ ______  _ e2E y _____ f_k_____
P* ~ T  qkSk ~  k mk ®g*-»2+2idJfco ~~ m Y  •§*-®2 + 2idJfc®

where m = mass of the électron
e = magnitude of the charge of the électron
fk — (— )2 —  = force of the /c-th oscillator. 
,K  \  e )  m k

11 follows that for gases

n2( 1 — x2) = 1 + (®gfc-®2)/*
(®oa-® 2)2+4ôa®2

nzx N 0e2t> y  àkfk
«O™ ft (®2;fc_ û)2)2+4ô2®2

(in SI units)

n * ( l-x 2) = 1 + 4«JV0e!rejvoe y»
m Y  {

n2x — 4wiV0e2® y, àkfk
m Y  (®2*-®2)2+4«1®2

(in Gaussian unils)

40.1.5. The effect of absorption is significant only at frequencies 
near toû>0t, beyond these régions ôico2 «  (œ *-co2)2 and for gases 
(where n2 +1 ^  2n)

+ ?  (inSI units)

n 2 * 1 + V ^  (in Gaussian units)
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Tn the classical t.hoory of dispersion, the values of f\. and (»ok are 
eonsidered l.o he known from experimenls. Tliey can la» l.heoretic- 
ally calculated only by lhe methods of quantum Lheory.
40.1.0. In an isotropie medium whose polarization in the liigh- 
frequency field of a light wave is of a purely electronieal nature, 
tlie effective field intensity is

F'e f f
I<é + 2 __ n' 2 + 2 j-,

3 ' ' ' 3 ia

where E  is the intensity of the wave field. The Lorenz-Lorentz 
équation is applicable in this case:

n ' 2- 1 N 0e2
n ' 2 +  2 “

-----  CLe
3 m  6

n ' 2 — 1 _ f in N 0e2
n ' 2 +  2 ~ 3 m «e

(in SI units)

(in Gaussian units)

where ae is the elcctronic polarizability of the molécule (see
20.7.3.).
In the absence of absorption, this équation can bc written as

n 2 — 1 _ JV*_ X
n 2 +  2 — 3 m  f 0 ^

n 2— t _ b n N 0e2
~n* + 2 ~ 3 m

* 0,ÔÆ °J“
y __h
k wS*-f

(in SI units)

(in Gaussian units)

40.1.7. The quantity
n 2— 1 1

r  n 2 + 2 q

where q is the density, is called the spécifie refraction of a substance. 
For a given substance r is independent of o. The quantities A tr{ 
and Q = fir, where is the atomic weight and r{ is the spécifie 
refraction of atoms of the i-th species in a molécule with a molec
ular weight fi, are called the atomic and molar (molecular) refrac
tions (see 20.7.16), respectively. The molar refraction is often ob- 
tained by simply adding the atomic refractions. Thus

r = -  Ç h,A,r{

where k{ is the number of atoms of the i-th species in the 
molécule.
40.1.8. In the classical theory of light dispersion in metals, both 
the free électrons and those bound ;n the ions of the métal are 
taken into account. For free électrons the frequency cook = 0.
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Ilence
n '2 -1  = e  \ —g f  iV0 Y  —2---- rrônr~\ (in SI units)m eQ [  2 i  Ôew — Lu- n ^  o>gA— eu2 +  2 i  ôjfctoJ ' '

n'2 — 1 = — 2 + ̂ o E “ 2-----flo- » - 1 (in Gaussian units)m [2i (5eü)-aj2 ^  wg*-cu2 + 2i <5AfüJ ' •
where N e = number of free électrons per unit volume

ôe = factor taking into account the energy loss in tlio 
forced oscillations of the free électrons.

In the région of low frequencies (co «  ôe)

n '2 — 1 ^  ---- - (in SI units)me0 2l ôetu ' ’
and

^  T e- ^ — (in SI units)4 mc0
The last équation coïncides with that given in 35.4.3. if

where y — conductivity of the métal
t  =  mean free time for électrons in the métal.

40.2. Spectral Analysis
40.2.1. An arbitrary physical process which is periodic in time 
and whose time dependence can be described by a periodic func- 
tion <p(t) of the frequency a>, where this function complies with 
the Dirichlet conditions, can be represented as the superposition 
of an infinité number of harmonie oscillatory processes whose 
frequencies form a discrète sequence. This sum is known as a 
Fourier sériés:

o o

(p(t) = J] (Ah cos ncot+Bn sin ncot)
n = 0

where A n and Bn are Fourier coefficients. Their values are
t0 + T

A 0 = -jT J* 9̂ (0 dt\ Bq = 0 
*0t0 + T t0 + T

A n = ~y  J* 9̂ (0 cos ncot àt\ Bn = ^  J  (p(t) sin ncot dt
<0 ‘o

where T  = —  and the initial instant of time t0 is arbitrary.
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The Fourier sériés can also be written in the form

<p(t) = C0+ Ÿ, CH cos (nmt-y>n)
n — 1

The totality of values Cn forms the amplitude spectrum of the 
function <p(t)\ the totality of the initial phase spectrum. The 
intensity spectrum is defined as the totality of C\.
40.2.2. An arbitrary physical process which is nonperiodical in 
time can be represented as a Fourier sériés in the interval of time 
(during which the process complies with the Dirichlet conditions) 
t0 t =s= t0 + T, where the quantities t0 and T  >• 0 are arbitra
ry. Beyond the indicated interval of time, however, the Fourier 
sériés will not equal the function it represents. The représentation 
of a process that is periodic in time by a Fourier sériés is valid at 
any instant of time.
40.2.3. An arbitrary process which is nonperiodic in time and 
whose time dcpendence can be described by the function f(t) that 
complies with the Dirichlet conditions for any finite interval of

o o

Lime, and whose intégral J* \f(t)\ dt is convergent, can be repre-

scnlcd as an infinité sum of oseillatory processes which are peri
odic in time and whose cyclic frequencies constitute a continuous 
sequence. This sum is known as the Fourier intégral:

o o  o o

f ( t )  =  $  C (o j)e ‘"“ dœ =   ̂ R e  J C (oj)c" ’" dm
— o o  0

or
o o

m  = i- J  [yl(cü) cos cot-h B(co) sin wt\ dm
o

where C(m) — J f(Ç)e~i(0* d% = A(m) -  iB(m) and Symbol lte

dénotes the real part of the subséquentcomplex expression. The 
quantity

C — ~-C(m) dm

dénotés the infinitésimal complex amplitudes of sine oscillations 
with cyclic frequencies from m tu w + dw, of which f(t) is composed.
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Accordingly, the quantity C(co) is called the spectral density of the 
amplitude. The quantity

g2M  = C(co) C*(co) = |C(cu)|2
where C*(w) = A(aj) + iB(co),

oscillâtes with the cyclio fr<

a function which is a complex 
conjugate of C(cu), is known as the 
spectral density of the intensity. 
It characterizes the energy dis
tribution in the spectrum.
40.2.4. An example of an oscilla- 
tory process that is limited in 
time is the event of ernitting a 
train of waves. The function f(t), 
corresponding to the simplest 
train of waves of flic form of a 
broken-off sine curvc (Fig. 40.2) 
emitted by the source which 

mcy co*, is of the form

m  -

0 at t < -

a sin co*t af -  * ===s *-

0 at t > --

where r — duration of radiation of a train 
a — amplitude.

The représentation of f(t) by a Fourier intégral is of the form

where

f(t) = J B(œ) sin cot dœ
P

B ( w ) sin oj*£ sin d£ —

- f*)) T
O

— W

In the case when co*r »  2/r, i.c. the duration of radiation is many
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times larger tlian the period of oscillation of the source of waves, 
the function g2(œ) = [^ ^ -]2, characterizing the intensity distri
bution in the spectrum f(t)9 is expressed by the following approxi- 
mate formula:

The curve of this function is illustrated in Fig. 40.3. The central 
maximum corresponds to co = co* and equals . The distance 
Aco between two zéro values of g2(w), limiting the central maxi
mum, equals . Hencc

AtoXt — 4 n
and

Au> X Ax — kne

wliere Ax — r-c* is the spatial 
extent of the wave train in 
ii vacuum. The shorter the 
train, the wider its spectrum, 
i.e. the greater the différence 
between it and a monochro- 
mjitic wave.
10.2.5. The spectrum of a 
wave is said to be continuous 
if the spectral density of its 
intensity g2(co) is a continuous 
function of co, and is nonvanishing within a wide interval of fre- 
<|iiencies. A continuous spectrum is observed, for instance, for 
light radiated by incandescent solids and liquids. Light with a 
• ontinuous spectrum can be regarded as the totality of monochro- 
imitic waves whose frequencies form a continuous sequence.
The spectrum of a wave is said to be of the line type if g2(co) is 
nonvanishing only in narrow discrète intervals of frequencies
<•>, h l Aœi (where Aco{ œt) each of which corresponds to its
H/H'etral line. Light with a line spectrum is emitted, for instance, 
bv the atoms of incandescent dilute gases. As a first approxima- 
lion, such light can be regarded as a totality of monochromatic 
n a vos with the frequencies
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The spectrum of a wave is of the band type if the corresponding 
spectral lines form discrète groups—bands—which comprise a 
?reat number of closely spaced lines.
10.2.6. The width (half-width) of a spectral line (also called the 
line-breadth) is the frequency interval Aco (or wavelength inter-
val AA) between points of its envelope for which g2 = 2 glox
(Fig. 40.3.). The intrinsic line-breadth in a spectrum is related to 
the finite duration of each event of émission of an atom (r ~ 10~8 
sec) due to the loss of radiant energy (radiation damping). Thus

40.2.7. The linc-breadths of spectra observcd in experiincnls are 
usually much wider than the intrinsic ones. This is due, firstly, 
to the fact that the radiating atoms, participating in the chaotic 
thermal agitation, travel at velocities, with respect to the meas- 
uring instrument, that dilïer in magnitude and direction, llencc, 
as a resuit of the Doppler eiïect (see 32.9.1.), the spectral lines 
are broadened. The more intensive the thermal agitation, i.e. 
the higher the température of the gas, the more the lines are 
broadened. This is called Doppler broadening of spectral Unes. 
The amount of Doppler broadening is

where n i =  mass of the atom
k — Boltzmann’s constant
T  = absolutc température
c = velocity of liglit in a vacuum
a) = cyclic frequency of the spectral line.

Doppler broadening is greatest for liglit atoms and under condi
tions of gas discharges. For visible liglit, at j / — ~ 103 to 104 in 
per sec, the broadening is

Acoj)op ~  (1010 to 1011) sec-1 and AADov ~  (0.01 to 0.1) A

40.2.8. The second reason for the broadening of the spectral lines 
is related to the shortening of the duration r of radiation of 
excited atoms owing to tlieir interaction with other atoms. This 
effcct is called collisional broadening of spectral lines. It dépends 
upon the type of interaction of the particles, tlieir concentration, 
and other factors. In a gas discliarge, collisional broadening is of 
the same order as the Doppler kind, and may even exceed the

Acoint ~ 2nX 108 sec-1 and AAinl ~ 10“4 À
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lattcr. Collisional broadening is accompaniod by lhe occurrence 
of a certain asymmelry in tbe distribution of energy witliin ilie 
Jimit.s of the spectral line; the maximum intensity of the line is 
shifted, as a rule, toward the higher frequencies.
40.2.9. The spectrum of electromagnetic waves radiated by a sub
stance is called the émission spectrum of the substance. The spec
trum of electromagnetic waves absorbed by a substance is called 
the absorption spectrum.

40.3. Absorption of Light
40.9.1. The absorption of light refers to the réduction in the energy 
of the light wave as it is propagated in a substance. It results from 
the conversion of the energy of the wave into internai energy of 
the substance or into energy of secondary radiation having a 
different spectral composition and other directions of propagation 
(j)hotoluminescence, see 43.1.3.). The following may occur due to 
light absorption: heating of the substance, ionization of atoms or 
molécules, photochemical reactions, photoluminescence, etc. 
The absorption of light (“true absorption”) should not be con- 
fused with the réduction in energy of a transmitted wave in an 
optically inhomogeneous medium due to the scattering of light 
(see 40.4.1.).
10.3.2. The absorption of light in a substance is described by the 
Houguer-Lambert law:

I  = he-»*
where- / 0 and I  = intensities of a plane monochromatic light 

wave at the entrance to and exit from a layer 
of absorbing substance of thickness d 

p = linear absorption coefficient of the substance.
The absorption coefficient is numerically equal to the inverse 
Ihickness of a substance which reduces the intensity of light
passing through by the ratio of 1 to -  (where e = 2.718...).
T lie value of p dépends upon the frequency (wavelength) of the 
light, and the Chemical nature and state of the substance. The 
ivlutionship between p and the complex index of refraction of the 
nbsorbing substance (see 40.1.3.) is of the form

k n
p  =  —  UK

where Â is the wavelength in a vacuum.
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AL sufficiently high intensities of light, déviations from the 
’Bouguer-Lambert law are observed for certain substances: the 
absorption coefficient fi decreases with an increase in / 0. This 
phenomenon can be explained by the quantum theory of light 
absorption. It is associated with the fact that at high intensifies 
of light in a substance in which the lifetime of the molécules in 
the excited state is comparatively long (see 44.5.9.), the fraction 
of excited molécules may be substantial, and of an amount 
increasing with 70.
40.3.3. Beer’s law  is valid for dilute solutions of an absorbing 
substance in a nonabsorbing solvent:

fi = Ac

and the Bouguer-Lambert-Beer law  is of the form 

I  -  I 0e - Acd

where c = concentration of the dissolved substance (soluté) 
A = constant depending on the properties of the soluté 

and on the frequency of the light.

Beer’s law does not liold for high concentrations since the quantity 
A  begins to dépend upon the concentration of the solution due to 
the interaction between the closely spaced molécules of the 
absorbing substance.
40.3.4. The appearance of the light absorption spectrum of a 
substance is determined by the nature of the dependence of fi 
on frequency. A dilute gas, consisting of atoms spaced at consid
érable mean distances from one another, has the simplest 
type—a line absorption spectrum. The frequencies of the absorp
tion lines coincide with those of the lines in the émission spectrum 
of the same gas. A dilute molecular gas has a band absorption 
spectrum. The structure of the absorption bands is determined 
by the structure of the energy levels in the molécule (see Sec.
46.6.). Liquid and solid dielectrics hâve continuous absorption 
spectra consisting of comparatively wide frequency bands for 
which the absorption coefficient fx ^  0. Beyond the limits of 
these frequencies, the dielectrics are transparent (fi — 0). The 
colouring of many minerais and solutions of pigments is due to 
sélective (differential) absorption.
The absorption of light by metals is dealt with in Sec. 35.4.

7 0 4



M olecular O ptics/.o.

40.4. Scattering o] Lighl
40.4.1. The scattering of lighl is a process of transforming light by 
a substance which involves a change in the direction of light 
propagation. It is manifested as an extrinsic glow of the substance. 
This glow is due to the forced oscillations of the électrons in the 
atoms, molécules or ions of the scattering medium that are set up 
by the action of the incident light. Light is scattered upon being 
propagated in an optically inhomogeneous medium.
40.4.2. An optically homogeneous medium is one in which the index 
of refraction is independent of the coordinates and is constant 
throughout the medium. Owing to the action of the incident 
light, the outer-shell électrons of the molécules in the medium 
execute forced oscillations and émit secondary waves. Small 
portions of the volume of the medium (in comparison with the 
wavelength A), containing, however, a sufficiently large number 
ôf molécules, can be regarded as sources of secondary cohérent 
waves (scattering centres). As a resuit of the uniform distribution 
of molécules of an optically homogeneous medium throughout its 
volume, there is no scattering of light in such media. For ail 
directions other than that of the primary beam of light, the 
secondary waves cancel one another due to their interférence.
40.4.3. An optically inhomogeneous medium is one in which the 
index of refraction is not constant but varies irregularly from 
point to point of the medium (for example, due to fluctuations in 
density, the presence of small foreign particles in the medium, 
etc.). In this case, the secondary waves hâve incohérent compo- 
nents, owing to which the scattering of light is observed. The 
émergence of incohérent secondary waves is associated with the 
lact that light is scattered by “incohérent”, i.e. unrelated, inhomo
geneities which, moreover, move about randomly in the medium 
(lue to thermal agitation. This, in turn, leads to chaotic variation 
in the path différences for the secondary waves emitted by the 
various inhomogeneities. Examples of optically inhomogeneous 
media are turbid media—aérosols (smoke, fog, etc.), émulsions, 
colloïdal solutions, etc.—containing fine particles whose index of 
réfraction differs from that of the surrounding medium.
40.4.4. The scattering of light in turbid media in which the size 
of the inhomogeneities does not exceed (0.1 to 0.2) A, where A is 
the wavelength of the light, is known as Rayleigh scattering, or 
I lie Tyndall effect. If the particles of a turbid medium are elec- 
I rically isotropie and do not absorb light, then in the Rayleigh 
scattering of light (sec 39.1.1.), the inlensity of the light scattered
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by unit volume of thc medium at an angle 0 to the direction of 
propagation of the incident light equals

h  = a ^ s £ - / o(l + cos2 0)

wliere V = volume of one particle
iV0 = number of particles per unit volume of the medium 
R = distance from the scattering volume to the point 

of observation 
Â = wavelength of the light 

I0 = intensity of the incident light 
a = factor depending upon the degree of inhomogeneity 

of the turbid medium, i.e. on the refractive indices 
n and n0 of the particles and the medium containing 
them (at n = n0, a = 0).

It is évident from this formula that, ail other things being equal, 
the intensity of the scattered light is inversely proportional to 
A4 (Rayleigh's law of scattering) . Conséquent! y, short-wave radiation 
prédominâtes in the scattered light when nonmonochromatic 
light passes through a finely divided turbid medium, and long- 
wave radiation prédominâtes in the transmitted light.
The dependence of the intensity of the scattered light on the 
scattering angle 0 for Rayleigh scattering of natural light by 
electrically isotropie particles is of the form

h  = I n (1 + cos2 0)
2

where I n is the intensity of light scattered at the angle 0 = |  .

The dependence of I 0 on 0} represented in spherical coordinates,
is called the scattering indicat- 

Direction rix. The indicatrix of Rayleigh

f i g .  40.4

scattering is illustrated in Fig.
40.4. It has the shape of a surface 
of révolution and is symmetrical 
with respect to both the direction 
of the incident beam of light (0 =
= 0) and the plane 6 = ~  passing
through the origin of the coordi
nates which is also the centre of 
thc indicatrix. Light scattered at
the angle 0 = is completely
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polarized in a plane passing through the incident and scattered 
beams.
40.4.5. When the linear dimensions of the inhomogeneities are 
comparable to, or are greater than the wavelength, the dependence 
of the intensity I  of the scattered light on the wavelength A 
becomes weaker. Thus I  oc A- *, where p < 4 and decreases with 
an increase in the size of the inhomogeneities. Owing to the inter
férence of the light scattered by various portions of each inhomo- 
geneity, the dependence of Ig on angle 0 becomes more compli- 
eated than in Rayleigh scattering. The corresponding scattering 
indicatrix has only one axis of symmetry which coincides with 
the direction of the incident light. With an increase in the size of 
the particles, forward scattering (i.e. in the région of acute angles 
0) more and more strongly prédominâtes over backward scatter
ing (i.e. in the région of obtuse angles 0).
This is called the Mie scattering. Light scattered at an angle
0 = — is only partly polarized; the degree of its polarization 
dépends upon the shape and size of the scattering particles.
40.4.6. Scattering is also observed in optically pure media, i.e. 
in media which contain no foreign particles whatsoever (for 
example, pure liquids and gases, true solutions, see 14.5.1.). 
'Plus phenomenon is known as the molecular scattering of light. 
Il results frorn fluctuations in density (see 12.11.4.) that occur 
in the process of thermal agitation of the molécules. Further 
causes of optical inhomogeneities in pure media with electrically 
anisotropic molécules are the fluctuations in the orientation of 
the molécules (fluctuations in anisotropy) and, additionally in
1 rue solutions, fluctuations in concentration.
fluctuations in the density of a gas are especially large at the 
rritical point (see 13.4.4.). The great molecular scattering observed 
licre is called critical opalescence.
40.4.7. According to the statistical theory of fluctuations (see 
Sec. 12.11), the size of portions of the medium which correspond 
lo anywhere near appréciable fluctuations in density (and, conse- 
quently, in the rcfractive index) is considerably less, under ordi- 
nary conditions, than the wavelength of visible light. Hence, 
the dependence of the intensity of scattered light on the wavelength 
A and the scattering angle 0 is the same for molecular scattering 
as it is for Rayleigh scattering by finely divided turbid media, 
fur molecular scattering of natural light, the intensity I g  of lhe 
light, scattered at the angle 0 by unit volume of a medium
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whose molécules are electrically isotropie, is

h
2ti2 k T P(qh—-)s (l + cos20)/„

vvliere k
T
p

e
n

R

Boltzmann’s constant 
absolute température
isothermal compressibility of tlie medium (see 
10.7.3.)
density of the medium
refractive index of the medium for wavelength A 
distance from the volume being considered to the 
point of observation of the scattered light.

In particular, for the molecular scattering of natural light by an 
idéal gas

Io = R*N0W (1+COS2 0)IQ

vvhere n — index of refraction of the gas
iV0 = number of molécules of the gas in unit volume.

The blue colour of the sky, as well as the bluish tint of light 
scattered by a gas which is illuminated by white light, are due to 
the greater scattering of short wavelengths.
40.4.8. In molecular scattering, natural light (see 39.1.1.) is
partially polarized. At a scattering angle 0 = and with elec
trically isotropie nonpolar molécules (see 20.7.2.), the scattered 
light is complctcly polarized in a plane passing through the inci
dent and scattered rays. With electrically anisotropic molécules 
and the same scattering angle, the scattered light is only partially 
polarized. A measurc of the incompleteness of polarization of the 
scattered light is the quantity

vvhere /,, and I±  arc the intensities of the components of scattered 
waves corrcsponding to polarization in the plane mentioned 
above and in one perpendicular to it.
40.4.0. Owing to the scattering of light in an optically inhomo- 
geneous medium, the intensity of a plane light wave is gradually 
reduced as the wave is propagated in the medium. The corre
spond ing dependence is analogous to the Bouguer-Lambert law 
(see 40.3.2.):
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where d = thickness of the layer of scattering medium 
h = extinction coefficient.

If, in addition, the scattering medium absorbs light, then

where fi is the linear absorption coefficient (see 40.3.2.). 
The scattering coefficient of light is the quantity

where V = scattering volume
R  = distance from this volume to the point of observa

tion at which the intensity of light, scattered at 
the angle 0, is equal to I q 

IQ = intensity of the incident light.
For molecular scattering by the fluctuations of density in a medi
um having electrically isotropie molécules (notation as in 40.4.7.)

where K n is the coefficient of scattering for light scattered at

I  =

Ke = ~  (en -—)2 ,‘lkT( 1 + cos2 0) = K „ (1 + cos2 0)

ln particular, for an idéal ^as

Kg = —^ ^ - ( l  + cos2 (9) = tf„ ( l+ co s20)

2
(lie angle 0 = - -  .
The extinction coefficient is

( ’.Minbination scat ring is dealt with in 46.8.1.



CH APTER

Thermal Radiation

41.1. Thermal Radiation
41.1.1. Heated bodies émit eleclromagnetic waves. This radiation 
is accomplished as a resuit of the transformation of the energy 
of the thermal agitation of the particles of the body into radiant 
energy. Electromagnetic radiation of a body which is in a state 
of thermodynamic equilibrium is called thermal radiation.* 
Such equilibrium radiation occurs, for instance, if the radiant 
body is located within a closed hollow cavity having opaque 
walls whose température is equal to that of the body.
In a heat-insulated System of bodies, ail of which are at the same 
température, heat exchange between the bodies by the émission 
and absorption of thermal radiation cannot lead to violation of 
the thermodynamic equilibrium of the System since this would 
contradict the second law of thermodynamics. Hence the thermal 
radiation of bodies must comply with Prevost’s law of exchanges: 
if two bodies at the same température absorb different amounts 
of energy then their thermal radiation at this température should 
also be different.
41.1.2. The emissive power, or spectral density of radiant emittance, 
of a body is the quantity EVtT which is numerically equal to the 
surface density of the power of thermal radiation of the body in 
a frequency interval of unit width. Thus

JT -  dW
^  T ~  dv

* Sometimes thermal radiation is defined, not ouly as the equilibrium, but also as the nonequilibrium radiation of bodies due to their being heated,
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where dW  is the encrgy of thermal radiation emitted from unit, 
area of the surface of the body during unit time within thc frc- 
quency interval from v to v + dv.
The emissive power EVt T is the spectral characteristic of thermal 
radiation of a body. It dépends upon the frequency v, the absolute 
température T  of the body, as well as on its material and the 
shape and condition of its surface. In SI units, EVtT is measured 
in joules per m2.
41.1.3. The absorptive power, or monochromatic absorptance of a 
body is the quantity A VtT which represents the fraction of the 
energy dWinei delivered in unit time to unit area of the body 
surface by incident electromagnetic waves with frequencies 
from v to v + dv, that, is absorbed by the body. Thus

The quantity A Vt T is dimensionless. It dépends, in addition to 
the frequency of radiation and température of the body, on the 
material, shape and surface condition of the body.
41.1.4. A body is said to be perfectly black if it completely absorbs 
ail electromagnetic waves fallingon its surface at any température. 
Thus A bbT — 1. It is usually called a black body.
Real bodies are never perfectly black, some, however, approxi- 
mate black bodies with respect to their optical properties (carbon 
black, platinum black and black velvet hâve a value of A VtT in 
the visible light range that is almost equal to unity). An idéal 
model of a perfectly black surface is obtained if a small hole is 
made in the opaque walls of a closed hollow cavity. Electromagnet
ic radiation, passing into the cavity through the hole, is practi- 
cally completely absorbed by the internai surface after multiple 
reflection from this surface, irrespective of the material of which 
the walls of the cavity are made.
A body is said to be grey if its absorptive power is the same for 
ail frequencies v and dépends only on température, material and 
surface condition (AftT = A T).
41.1.5. A relationship exists between the emissive power EVtT
and the absorptance of an opaque body. This is called
Kirchhoff's radiation law in the differential forni:

EVt j> ^

hor an arbitrary frequency and température, the ratio of the 
••missive power to the absorptance is the same for ail bodies and 
••quais the emissive power eVtT of a black body, which is a func-
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lion of only the frequency and température ( Kirchhoff's funetion). 
It follows from Kirchhoff’s law that if a body at a given tempéra
ture T  absorbs no radiation in the frequency interval from v to 
v + dv (i.e. at A VtT = 0), then, at the température T, it cannot 
radiate in equilibrium in this frequency interval. Thus EVt T =
— A .p t T^V T — 0 .
41.1.6. The total radiant emittance of a body is

It represents the surface density of the power of thermal radiation 
of a body, i.e. the energy of the radiation at ail possible frequencies 
emitted by unit area of the body surface in unit time.
The total radiant emittance eT of a black body is

The relation between the total radiant emittance of a grey body 
and its absorptance A T is

This is Kirchhoff's radiation law in the intégral form (for grey 
bodies) and can be stated as follows: the ratio of the total radiant 
emittance of a grey body to its absorptance is equal to the total 
radiant emittance of a black body at the same température. 
41.1.7. The total radiant emittance of any body is

oo

0

Erp - J £pt rp dV

0

E% — A p Et

o

where a is the degree of blackness of the body

o oa —

o
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The quantily a dépends upon tlio température, material and 
surface condition of the body.
rrhc absorptance A Vt T of a body inay vary in the range from 
() to 1. Therefore, 0 ^  a ^  1. For a black body a = 1. Opaque 
Imdies with a degree of blackness a = 0 neither émit nor absorb 
electromagnetic waves (EVt T = A VfT = 0). They completely 
reflect ail incident radiation. If this reflection cornplies with the 
laws of geoinetrical optics, they are called specular bodies.

41.2. Laws of Black-Body Radiation
•I 1.2.1. The laws of black-body radiation establish the dependence 
of eT and eVt T on frequency and température.
The Stefan-Boltzmann lato states that

rr i iu s  the total radiant émittance eT of a black body is proportional 
to the fourth power of its absolu te température.
The quantity o is the universal Stefan-Boltzmann constant and

11.2.2. The energy distribution in the radiation spectrum of a 
black body, i.e. the dependence of eVt T on frequency at various 
températures, is of the form of the curves in Fig. 41.1. At low 
frequencies, eVi T is proportional to the product v2T  and at high 
frequencies

eT — a T1

is equal to 5.67X10-8 watt 
m* 0K« '

where a is a certain constant. 
The area S under the eVt T vs. 
r curve is proportional to eT. 
frhus

eVtT oc v3e T
av

O v
0 FIG.4 1 .1

According to the Stefan-Boltzmann law, this area is proportional 
to the fourth power of the absolute température.
41.2.3. The Wien law is expressed by the équation
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where c = velocity of light in a vacuum

f ^ f )  ~  universal fonction of the ratio of the frequency of
radiation of a black body to its température.

The radiation frequency vmax1 corresponding to the maximum 
emissive power eVtT of a black body is equal, according to Wien’s 
law, to

r max =  b  i T

where bL is a constant depending on the form of the fonction

fia-
Wien’s displacement law states that the frequency corresponding 
to the maximum emissive power eVt T of a black body is propor- 
tional to its absolute température.
41.2.4. The relationship between the emissive power eVfT referred 
to the frequency interval dv, and the emissive power ex, T> 
referred to the wavelength interval dk, can be written as

c
T — X'* Bv< T

Another form of Wicns law is

The wavelength kmax, corresponding to the maximum emissive 
power ex T, is

k -  b-/lmax j*

This is another form of WierCs displacement law and states that 
the wavelength, corresponding to the maximum emissive power 
ex, r of a black body, is inversely proportional to the absolute 
température of the body. The quantity b is called Wien's constant 
and is equal to 0.002898 m-deg.
The displacement law explains why long-wave radiation prédomi
nâtes more and more in the spectrum of heated bodies as their 
température is lowercd.
The quantifies kmax and vmax are not rclated by the équation 
k = —. because the maxima of eVt T and ex, T are located at 
different parts of the spectrum.
41.2.5. Equilibrium radiation in a closed hollow cavity with heat- 
insulated walls is called black-body radiation since, regardless of 
the material of the cavity walls, it is identical to the thermal
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radiation of a black body ai the samo température. Tliis radiation 
is isotropie, i.e. it can be regarded as the totality of unpolarized 
and incohérent plane waves with frequencies from 0 to oo that 
are propagated in ail possible directions with equal feasibility. 
The volume density of the energy to of the black-body radiation 
field is the same at ail points and dépends only on température. 
Thus

w = - T- = — T4 c c

where eT = total radiant emittance of a black body 
c = velocity of light in a vacuum 
a = Stefan-Boltzmann constant.

The spectral density of the volumétrie energy density of the 
black-body radiation field is

where duo = volumétrie energy density of the radiation field 
in the frequency interval from v to r + dv 

eVt T = emissive power of a black body.
The pressure exerted by black-body radiation on the walls of the 
eavity is

41.2.6. From the energy point of view, black-body radiation is 
équivalent to the radiation of an infinitely large number of 
noninteracting harmonie oscillators, the so-called radiation 
oscillators. If ë(v) is the mean energy of a radiation oscillator 
with a natural frequency v, then

S n v 2 - , v  i 2m>2 »U)v = - c-3-  t'(v) and eVt T -  - - j -  £(v)

According to the classical principle of the equipartition of energy 
(see 12.4.1.), ê(v) = kT , where k is Boltzmann’s constant, and

Tliis is called the Rayleigh-Jeans équation.
In the région of high frequencies, this équation leads to substantial 
disagreement with the experimental data. This disagreement has 
been called the “ultraviolet catastrophe”. According to the 
équation, eVt T increases monotonically with frequency and has
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no maximum, while the emissive power of a black body becomes 
infinité.
41.2.7. The reason for the above-mentioned difficulties associated 
with the search for the proper form of the Kirchhofï function 
eVt T is based on one of the fundamental principles of classical 
physics: the energy of any System can vary in a continuous 
manner, i.e. it can take any arbitrarily close consecutive values. 
According to Planck’s quantum theory, the energy of a radiation 
oscillator with a natural frequency v  can hâve only defmite 
discrète (quantized) values dilïering from one another by a 
whole number of elementary portions, called energy quanta, Thus

e0 = hv

where h = 6.625xl0“:*4 joule-sec and is called Planck’s constant 
(quantum of action). Accordingly, the émission and absorption of 
energy by the particles of a radiating body (atoms, molécules or 
ions) interchanging energy with the radiation oscilla tors, should 
occur discretely—in separate portions (quanta)—and not. in a 
continuous sequence.
41.2.8. The mean energy of a radiation oscillator is

' M -  A,

e*T- \
Planck’s formula for the emissive power of a black body is

2 m -2 hv 
F ' ' ' t  v * " ~ h v

e*T - \

Another form of Planck’s formula is
2 TTC2

* = “ â r
h

hc
1^-1

Planck’s formula agréés wcll with the results of experiments 
conducted to measure the energy distribution in the spectrum 
of a black body at various températures. The Rayleigh-Jeans 
law can be derived as a particular case from Planck’s formula 
(when hv «  kT). In the région of high frequencies (hv »  kT ), the 
Planck formula becomes

e.
hv

2 nhv* ~~kT
T — * ^1 C2
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Wien’s displncement lnw and tho Stefan-Boltzmann law follow 
froni Planck’s formula. rTho Stefan-Boltzmann constant cnn ho 
oxpressed in tenus of Planck’s constant. T luis

_ 2 n*k*_
(T ~ 15/l:,C2

Tho numerical value of Planck’s constant is found froni the 
known values of />, a and c. Il; oan also ho oxprossod in torins of 
VVien’s constant b.

41.3. Optical Pyrometry
41.8.1. Optical pyrometry is tho name given to the misccllancous 
mothods for measuring higli températures that are hascd on tho 
use of tho relationship botweon the température and the emissivo 
power (either total or spectral) of the hody being investigated. 
The instruments used for this purpose are called radiation pyro- 
meters. Total-radiation pyrometers record the integrated radiation 
of the heated body being investigated ; optical pyrometers record 
ils radiation in one or two narrow portions of the spectrum. 
The application of radiation pyrometers is feasible for the meas- 
urement of the température of solid, liquid and gaseous bodies 
only if it can be assumed, with a sufficiently high degree of accu- 
racy, that the bodies are in a State of thermodynamical equilibrium 
(or in states that are sufficiently close to an equilibrium one).
41.3.2. The radiation température Tr of a given body is the tempér
ature of a black body whose total radiation coincides with the 
radiation of the body being investigated. The true température 
of the body is

S~âT

where aT = — is the degree of blackness of the body (sec
41.1.7.) at température T. Since aT =s= 1, T Tr.

41.3.3. The colour température Teol a nonblackbody is the tempér
ature of a black body which lias an energy distribution in its 
spectrum that is closest to the energy distribution of the investi
gated body at the given température. Its measurement consists 
in determining the emissive power (Ex, t ) and absorptance 
(.l^>r) of the investigated body for two different wavelengths 

and A2. Then, aecording to Planck’s simplified formula which
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is valid when /.T «  . , k ’

and

hc
27iC2h kXT 

A5 *

1 1
T ~ Te

h

hc U 1
h )

ln A Xx, T 

A h .  T

For grey bodies A x„t = A x.,,t and Te = T. Tho colour tempéra
ture is meaningless for bodies that greatly difïer frorn grey ones 
(for example, those having sélective absorption and émission). 
41.3.4. The brightness température Tb of a body is the température 
of a black body whose spectral density of energy brightness for 
the wavelength A0 (usually A0 = 660 nanometres) is equal to the 
spectral density of energy brightness of the investigated body for 
the saine wavelength and in a direction normal to its surface.
The spectral density of energy brightness of a radiating body at, 
the température T  is

W . T ) = 4nr
where dBe is the energy radiated from unit area of the body’s 
surface, in unit time, in the wavelength interval from A to A-f àA, 
within a unit solid angle and in the given direction. For a radiating 
body which obeys Lambert’s law (see 38.9.7.)

b(X, T) =

where E^ T is the emissive power of the body. In particular, for 
a black body

U K  T) = ^ H . t

If A(IT «  — (see 41.3.3.), the true température of a body is relat- 
ed to its brightness température (at A = A0) by the équation

J ____ 1 -  feA° ln  b(*°» t )
T Tb hc 60(A0, t)

If, in particular, the investigated body obeys Lambert’s law, then
1 1 I A
~T Tb ~ Te 11 A x*>t

where Axv t is the absorptance of the body. For ail except the 
black body T > Tb.
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Light Quanta

42.1. The Photoelectric Effcct
42.1.1. Characteristic of light is ils wave-corpuscle (wave-particle) 
dualism. On the one hand, it possesses wave properties, mani- 
fested in the phenomena of interférence, diffraction and polariz- 
ation; on the other hand, light is a stream of particles, called 
photons, which hâve zéro rest mass and travel at a velocity equal 
to that of light in a vacuum. The energy E  of the photon and its 
momentum p  for the corresponding electromagnetic wave of 
frequency v and of wavelength A in a vacuum are

E = hv = ^ -  and p = * v-  = \
X  r  c  X

where h is Planck’s constant (see 41.2.7.).
lîiach photon has an intrinsic angular momentum, or spin, h (see 
Table 1 on page 891). Photons comply with Bose-Einstein statis- 
lics (see 12.7.1.). The wave properties of light predominate at 
low frequencies; the corpuscular properties predominate at high 
frequencies.
Photons are produced (emitted) in the processes of transition of 
atoms, molécules, ions and atomic nuclei from the excited state 
(see 45.1.12.) to a state of less energy, as well as in the accélération 
and décélération of charged particles, and in the decay and anni
hilation (see 49.3.3.) of particles. In the processes of émission 
(or absorption) of a photon, an angular momentum equal to 
mfi (where m = 1, 2, 3, . . . )  is carried away from (or introduced 
into) the System.
42.1.2* The photoelectric effcct (photoeffect) is the proccss of inler-
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action of electromagnelic radiation with matter as a resuit of 
which the energy of the photons is transmitted to the électrons 
of the substance. In condensed Systems (of solids and liquids) 
a distinction is made between the extrinsic photoelectric effect, 
known as the photoemissive effect, in which the absorption of pho
tons is accompanied by the libération of électrons beyond the 
irradiated body, and the inlrinsic photoelectric effect, in which the 
électrons remain in the body, changing their energy state. In ga- 
ses, the photoelectric effect consists in the ionization of the atoms 
or molécules due to the action of the radiation (photoionization, 
see 46.11.1.).
A spécial kind of photoeffect involves the absorption of the 
photons ofhard gamma raysby atomicnuclei. This is accompanied 
by the escapc of the component nucléons from the nucléus 
(nuclcar photoeffect, see 48.2.8.).
42.1.3. The électrons that escape from the substance in the pholo- 
emissive effect are called photoelectrons. If an electric field with 
a potential différence cp is set up between the irradiated body and 
a certain conductor (anode) to accelerate the photoelectrons, an 
ordered motion of these électrons is established. This is called a 
photoelectric current (photocurrent). At a certain value (p > 0, 
the photocurrent I  reaches its saturation value (I  = I s) when ail 
the électrons escaping from the irradiated body (cathode) reach 
the anode. To stop the photocurrent it is necessary to set up a 
retarding field between the anode and cathode with a potential 
différence (pl equal to

„    E k mmx _  r\<px -  — —  -= o

where e = magnitude of the charge of the électron 
Ek max = maximum kinetic energy of the photoelectrons. For the 
photoelectric effect caused by visible light and ultraviolet rays, 
the maximum initial velocity of the photoelectrons vmax «  c and

17   rnv̂ nax
k max 2

where m is the rest mass of the électron.
42.1.4. Ei?istein*s photoelectric émission équation l’ollows from the 
law of conservation of energy. Thus

hv = A + E krnax
where A  = eq>0 = work function in emitting an électron from 

the irradiated substance (see 24.1.1.)
— omission potential 

hv — energy of the pho ton.
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The quanti lies A  and <p0 dépend upon the initial energy state of 
the pliotoelectron.
According to the conservation laws for energy and momentuin, 
the absorption of a photon by free électrons is impossible, and 
the photoelectric eiïect is possible only by means of électrons 
bound in atoms, molécules and ions, as well as the électrons of 
crystalline solids.
42.1.5. The laws of the photoemissive effcct (extrinsic photoefTect) 
arc the following:
(a) The maximum initial velocity of photoelectrons dépends upon 
the frcquency of the light and does not depénd upon its intensity.
(b) The number of photoelectrons emitted in unit time by the 
cathode is proportional to the light intensity. The saturation 
photocurrent (see 42.1.3.) is proportional to the energy irradiation 
of the cathode. The number of photoelectrons leaving the cathode 
per second is proportional to the number of photons absorbed 
l>y the substance in the same time. The latter, when the spectral 
composition of the radiation is constant, is proportional to the 
energy irradiation of the cathode.
(c) Each substance has its photoelectric threshold, a minimum 
frequency v0 = ^  for which photoelectric émission is still détect
able. This frequency (v0) dépends upon the Chemical nature and 
condition of the surface. The wavelength A0 = ^ ,  corresponding
to the frequency v0) is in the ultraviolet part of the spectrum for 
most metals.
The photoelectric efîect is practically inertialess.
42.1.6. The number of photoelectrons emitted per incident photon 
is called the quantum yield I  of the photoelectric effect. The 
quantum yield dépends upon the properties of the substance and 
I lie wavelength of the radiation. The dependence of the quantum 
yield of the extrinsic photoeffect in metals on the energy of the 
pilotons, expressed in eV (électron volts), is called the spectral 
characteristic of the photoeffect. Near the photoelectric threshold 
r0 (see 42.1.5.), the yield I  for metals is of the order of magnitude 
of 10“4 and increases proportionally to ( v - v 0)2. At photon éner
gies of the order of 10 eV, I  begins to grow sharply and reaches 
a maximum of the order of 0.1 to 0.15 at hv ~ 18 eV. The maxi
mum quantum yield corresponds to the range of frequencies in 
which a minimum coefficient of reflection of light from a métal 
surface is observed.
12.1.7. The phenomenon of an appréciable increase in the quantum 
yield (and lhe saturation pholocurrenl) in dciinile ranges of
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frequency of the incident radiation is called the sélective photoeffect. 
Here the quantum yield strongly dépends on the angle of incidence 
of the radiation and on its polarization. There is no sélective 
photoeffect when the radiation is polarized in its plane of incidence. 
If the radiation is polarized in the plane perpendicular to its 
plane of incidence, the sélective photoeffect is a maximum and 
dépends on the angle of incidence i, increasing as i increases from
0 to ^  • These features indicate that the wave properties of light
hâve an influence on the extrinsic photoeffect.
42.1.8. If composite cathodes are employed (compositions of alkali 
metals with antimony or bismuth, or cathodes with semiconduc- 
tor layers) the extrinsic photoeffect (photoemissive effect) is due 
to the absorption of photons by électrons which are either in the 
filled band or at the impurity levels (see 23.2.2.). Owing to the 
low work function, the quantum yield of composite cathodes in 
the région of the visible part of the spectrum considerably excceds 
that of métal cathodes.
42.1.9. The extrinsic photoeffect causcd by the photons of X- or 
gamma radiation consists in the absorption of the energy of the 
photon by an atom and the émission of an électron from some 
inner shell of the atom. The atom is thereby in an excited state 
and the photoeffect is accompanied by the émission of a photon 
of secondary X-radiation or an additional photoelectron in the 
case when the excitation energy of the atom is transmitted to onc 
of its électrons (Auger effect, see 45.7.7.).
42.1.10. In addition to the extrinsic photoeffect, an intrinsic 
photoeffect (photoconduction) is observed in crystalline semicon- 
ductors and dielectrics. It consists in an increase in the electrical 
conductivity of these substances due to an increase of free current 
carriers in them (conduction électrons and holes). At a photon 
energy hv0 Wa, where Wa is the activation energy of conduction 
in pure substances (différence between the energies at the lower 
level of the conduction band and at the upper level of the valence 
band), an électron may be transferred from the filled valence band 
to the conduction band (see 23.1.2.). The frequency v0 is called 
the photoconductive threshold, or photoconductive threshold frequency. 
Pairs of oppositely charged carriers (électrons in the conduction 
band and holes in the valence band) are capable of initiating 
ordered motion when subjected to an external electric field, 
thereby producing an electric current. The electrical conductivity 
of the substance is proportional to the intensity of monochromatic 
light.
The introduction of impurities into a semiconductor (doping)

722



42. Light Quanta

reduccs tho thrcshold frcquency vu bocause it leads to tlio transfer 
of électrons to tlie conduction band from the donor impurity 
levels, or from the valence band to the acceptor impurity levels 
(see 23.2.4.). The photoconduction of an électron (/i-typc) scmi- 
conductor (see 23.2.3.) is of a purely électron nature. The photo- 
conduction of a hole (p-type) semiconductor (see 23.2.4.) is 
purely of the hole type. Strong absorption of light may reduce 
the conductivity of a semiconductor because the photons intensify 
liole-electron recombination and thereby reduce the concentration 
of free charges in the neighbouring parts of the semiconductor.
42.1.11. The photovoltaic effect (barrier-layer photoeffect) consists 
in the origination of an electromotive force due to the intrinsic 
photoeffect near the contact surface between a métal and a semi
conductor or between an rc-type and a p-type semiconductor. 
►Sucli a contact lias unidirectional conductivity due to the déplé
tion of the layers of the semiconductors, adjacent to the contact 
surface of current carriers (conduction électrons and holes, see
23.1.4.). The intrinsic photoeffect in semiconductors leads to a 
violation of the equilibrium distribution of current carriers in the 
contact régions (see 24.1.8.) and alters the contact-potential 
différence in comparison witli the equilibrium value. Hence it 
leads to the origination of a photoelectromotive force. The value of 
I lus photo-emf produced by monochromatic light is proporlional 
lo the light intensity. The photovoltaic threshold is determined 
by the value of Wa (see 42.1.10). The photovoltaic effect in a 
p-n junction constitutes the direct transformation of the energy 
<»t‘ electromagnetic radiation into the energy of an electric current. 
This phenomenon is applied in photoelectrie current sources (sili- 
con, germanium and other photocells).

42.2. The Compton Effect
12.2.1. The Compton effect is the change in the frequency or wave- 
length of photons when they are scattered by électrons and nu
cléons. The Compton effect differs from the photoelectric effect 
in that the photons do not completely transfer their energy to the 
particles of the substance. Spécial cases of the Compton effect are 
l.he scattering of X-rays by the électron shells of atoms and the 
scattering of gamma rays by atomic nuclei. The simplest case of 
the Compton effect is the scattering of monochromatic X-rays 
by light substances (graphite, paraffin, etc.). In this case the 
électron is assumed to be free.
42.2.2. The scattering of a photon by a free électron can be regard
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ed as the procoss of their olast.ie collision. Investigation is nsnally 
conducfed on the basis of the laboratory frame of référence 
(see 44.4.17.) in which tlie électron is assumed to be at rest at the 
beginning and travelling at the velocity v after the collision. This 
velocity is not small in comparison with the velocity c of the in
cident photon. Thon, according to the law of conservation of 
energy,

hc  , « hc , „—  + m0c~ = ~ r  + mc“

where A and A' = wavelengths corresponding to the primary 
and secondary (scattered) photons 

m0 — rest mass of the électron
m — -~rrr- = relativistic mass of the électron 

y i_Hî (see 32.6.3.).

According to the law of conservation of moniontnrn (see 5.6.3.)

where 0 is the angle between the directions of the primary and 
scattered photons (Fig. 42.1). This équation leads to the relation- 
ship for the change in wavelength (Compton shift) zlÂ — A' - A in 

Conipton scattering. Tluis

fig.42.1 is called the Compton wavelength for the
électron.

Compton’s équation for the frequency of the photon after scat
tering is

1 + E (\-c o s  0)

where E  = = energy of the primary photon in units equal
to the rest energy of the électron 

m0c2 = 511 keV.
42.2.3. The change (shift) in wavelength in the Compton efTect 
dépends on the scattering angle 0 of the photons and reaches 
its maximum for backward scattering (0 = 180°).
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ITnder tho condition that. hv »  muc2 (A«: AJ, the wavelongt.h A' 
or radiation scatlered backvvard is twice lhe Compton wavelength 
(A' = 2AJ regardless of the wavelength of the incident radiation. 
The angular distribution of unpolarized radiation which undergoes 
scattering by a free électron at rest is given by the Klein-Nishina- 
Tamm formula (see also 47.9.11)

d<j(0) = V l+ co s2
[1 + E (l-c o s6— [tse)]* \ 1 + £ 2 ( 1  -  COS 0)2

(l+cos2 6) [1 + E(1—cos 0)1. dQ

where da(0) = differential effective cross section for scattering 
the photon at an angle 0 within the element of 
solid angle dQ

re = - = classical électron radius (see Appendix II).
Tho intensity I  of scattered radiation at a distance R  from the 
scattering centre is related to the intensity 70 of the primary beam 
by the équation

J  h  (lo(6)
1 “  K2 v diJ

in which the ratio 1 is determined from Compton’s équation
(see 42.4.2.). At hv »  m0c‘\  the differential scattering cross-section 
d(r(0) decreases rapidly with an increase in 0 and the scattered 
radiation is directed practically only along the primary ray of 
light. At hv «  m0c2, the Klein-Nishina-Tamm formula is trans- 
lormed into the classical formula of J. J. Thomson for scattering 
by the électron (see also 47.9.11.):

do(0) = - îl (l+cos*0)dQ

The Klein-Nishina-Tamm formula is applicable for calculating 
the scattering of light by any charged particles with a spin of
\ h and magnetic moment of (where M  is the mass of the
particle).
42.2.4. The scattering électron that acquires a velocity upon 
collision with a photon in the Compton effect is called a reçoit 
clectron.
The angular distribution of the scattered recoil électrons is

d(Je((p) = 4 r2f ( l+ E )2 cos y 
(1+2E + E2 sin2 ç>)2

x l n

X
2E2 cos4 <p

(1+2E + E2 sin*<p) [l+E (E  + 2) sin2 <p]
2(1 + E )2 sin2 <p cos2
[1 + E(E + 2) sin2 ç>]2 }
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where d.(jf(cp) — differential effective cross section for scattering 
lhe électrons at the angle y within the element, 
of solid angle dQ<p 

r = classical électron radins

The kinet.ic energy of the recoil électron is
rp } } 2 E_______
1 tlV 1 + 2 K + ( 1 + E)2 tan2 q> 

and — ^  y ^  ” for ail angles 0. From the laws of the conser
vation of energy and inomentuin in the Compton offert, it fol
io ws that

(1 f  E) tan <p = -  cot 2

The maximum value of the kinetic energy T max is reached at 
ü -  180° (q> -  0°) :

T  -  J , 2E  ' mux ~ l Ë

42.3. Light Pressure
42.3.1. Light pressure is the mechanical action produced by electro- 
magnetic waves falling on some surface.
42.3.2. According to the electromagnetic theory, the pressure of 
light is due to the development of mechanical forces acting on the 
électrons which are on the surface of the illuminated body and 
exerted by the electric and magnetic components of the field set 
up by the light wave. The electric field of the light wave causes 
oscillation of the charges in the surface layer of the body. The 
magnetic field acts on these charges with the Lorentz force (see
26.1.1.) whose direction coincides with that of the Poynting vector 
(see 30.6.2.) of the light wave. The light pressure exerted on a 
certain surface by a normally incident parallel beam of light is 
determined by the magnitude of the Poynting vector.
42.3.3. The light pressure p on a surface is

p = --- (1+R) = M»(1 +-R)
where P = energy of electromagnetic radiation normally inci

dent to a surface of unit area per sec 
c = velocity of light in a vacuum 

R = reflection coefficient (see 35.2.6.) 
w = volumétrie energy density of electromagnetic radi

ation.
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The light pressure

[ P for a perfectly absorbing body (black body) (R = 0)
P k 2 p

| - -  for a perfectly reflecting body (R = 1)

The pressure of isotropie equilibrium radiation (see 41.2.5.) filling 
a certain volume is

1
P = T  10

42.3.4. According to the quantum theory of light, the light pressure 
results from the transferring of the momentum of the photons to 
the atoms or molécules on the surface of the body. The luminous 
flux of frequency v that transmits energy P  to 1 cm2 of the body
surface in 1 sec consists of N  = ~  photons, each having the mo
mentum ^  (see 42.1.1.). Upon being absorbed, the photon gives 
up the momentum ~  ; upon rcflection (elastic scattering), the
momentum given up is since the momentum of the photon
changes from to — The total momentum given up by the 
photons at the reflection coefficient R  is

(1 + R)X*e. = £ ( i + R )

Thus, the results obtained coincide when light pressure is calcu- 
lated by the electromagnetic and the quantum theory of light.
42.3.5. Light pressure, whose existence was first shown experi- 
mentally by P. Lebedev, is one of the reasons why cornets acquire 
(.ails when they corne close to the sun. Owing to the very small 
size of the particles of matter in cornets, their repulsion by the 
light pressure, proportional to the surface area of the particles, 
exceeds the attraction of the sun’s gravitational field which is 
proportional to the volume of the particles.

42.4. Chemical Effects of Light
42.4.1. The effect of light on the substance it is absorbed by may 
cause Chemical changes of the substance that are called photo- 
rhemical reactions. Distinction is made between the primary photo- 
cliemical event and secondary reactions. Such reactions include 
the dissociation of complex molécules, radicals or multiatomic 
ions into their components, the formation of complex molécules
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from simpler ones, and iho formation of complexes of idontical 
molécules (polymerization, see 17.1.1.).
42.4.2. The décomposition of complex molécules by the elTect 
of light into simpler ones or into their component atoms is called 
photochemical dissociation of the molécules (also photodissociation, 
photolysis or photodisintegration). The products of photodissocia- 
lion arc atoms, radicals, and ion-radicals. One of the particles 
in the process is in an excited state and assumes the différence 
between the energy of the absorbed light and the dissociation 
energy. Photodissociation becomcs possible at a light frequency 
v complying with the condition

D
V ^  V° ~ h

where r0 — boundary frequency of photodissociation
D — energy of photodissociation, which is usually less 

than the dissociation energy of the principal state 
of the System.

Examples of photochemical réactions are: flic décomposition of 
carbon dioxide by sunlight

2 C02 l 2hv -> 2 GO 4 0 2
the dissociation of chlorinc molécules by light

Cl2 + /*r-^Cl + Cl
and the décomposition of silver bromide in photographie mate- 
rials when they are illuminated

AgBr+^v -► Ag + Br
Photodissociation may take place according to the mechanism 
of predissociation (see 46.9.3.).
42.4.3. Photochemical reactions comply with the postulate of 
Einstein (law of photochemical équivalence) that only one quantum 
of absorbed light is required for each primary event of photo
chemical transformation. The number of molécules that react is 
related to the energy of the absorbed quanta. The number N  of 
molécules of the substance that undergo a photochemical trans
formation upon absorbing a unit of light energy is

N  oc -J- = -A-hv hc
The mass of the substance that reacts is

M  = Nm
where m is the mass of a molécule.
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The Bunsen-Jloscoc law (reciprocity law) siales Ihat the amount 
ni* a substance m ihat reacts in a photochemical reaction is propor- 
tional to the radiaiion power 0  and ihe exposure iirnc t. Thns

m = k0t

where h is a coefficient of proportionality depending upon the 
kind of reaction (it is assumed that the spectral composition 
of the light is constant and enables the reaction to be accom- 
plished).
According to the Bunsen-Roscoe law, m = const for the con
dition (0iti)e = conet = (02h)c = const, where c is the concentration of 
the product forrned in the photochemical reaction. The law is 
violated if the primary photochemical event is complicated by 
secondary nonphotochemical reactions. In silver halide photo
graphie layers, the Bunsen-Roscoe law is complied with at the 
exposure times of 10-5 to 10-1 sec.
42.4.4. If the frequency v of the light which irradiâtes a substance 
does not lie within the absorption band of this substance, then 
there is no absorption of light and, consequently, no photochem
ical reactions. Such a reaction can be effected, however, if another 
substance, a sensitizing agent, whose absorption band contains 
frequency v, is added to the first substance. The photon is absorb- 
ed by a molécule of the sensitizing agent, or sensitizer, and the 
energy obtained is transmitted to a molécule of the first sub
stance in intermolecular collisions. Such photochemical reactions 
are said to be sensitized. To accomplish them, frequent collisions 
are required between the molécules of the sensitizing agent and 
lhe first substance, i. e. a sufficiently high pressure.
An example of such a reaction is the formation of hydrogen 
peroxide H20 2 from H2 and 0 2 upon sensitizing them with atoms 
of mercury and illuminating the mixture with light of a wave- 
length of 2537 À which corresponds to the absorption line of the 
mercury atoms. The reaction progresses according to the following 
possible scheme:

Hg + hv Hg*
Hg* f  II2 -  HgH + H (Hg* + II2 -  Hg + 2 II)

2 II + 0 2-> II20 2

where Hg* dénotés the excited atom of mercury. The excitation 
of the mercury atom is removed when the excitation energy is 
Iransmilled to the hydrogen molécule.



CHAPTER 43

Luminescence

43.1. Classification and Features 
of Luminescence Processes

43.1.1. Luminescence is the radiation of light by bodies which is 
in excess of that attributable to thermal radiation (see 41.1.1.) at 
the given température, and persists considerably longer than the 
periods of radiation in the optical range of the spectrum. This 
radiation can bc caused by the bombardment of the substance 
with électrons or other charged particles, by passing an electric 
current through the substance (nonthermal effect), by illumi- 
nating the substance with visible light, X-rays or gamma rays, or 
by means of certain Chemical reactions occurring in the substance.
43.1.2. In contrast to equilibrium thermal radiation (see 41.1.1.), 
luminescent radiation is not of an equilibrium nature. It is initi- 
ated by a comparatively small number of atoms, molécules or 
ions. By the action of the source of luminescence, they go over 
to the excited state and their subséquent return to the normal 
or a less excited state is accompanicd by the émission of lumines
cent radiation. The length of time the luminescence continues 
is dépendent upon the length of time the excited state persists. 
Apart from the propertics of the luminescent substance, this time 
dépends upon the surrounding medium. If the excited state is 
metastable, particles may continue to be in it for as long as 10-4 sec. 
This correspondingly lengthens the persistence of luminescence.
43.1.3. Luminescence that ceases immediately after the cause of 
excitation is eut off is called fluorescence. Luminescence that per
sists for an appréciable time after the stimulating process has 
ceased is called phosphorescence.
Fluorescence is caused by the change of atoms, molécules or ions
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from the excited state to the normal one. Phosphorescence is 
due to the existence of metastable excited states of the atoms 
and molécules from which a change to the normal state is hindered 
for some reason or other (see 44.5.10.). The change from the meta
stable state to the normal one becomes possible only as a resuit 
of some additional excitation, for example, the application of 
heat. The démarcation between fluorescence and phosphorescence 
is quite arbitrary. Luminescence stimulated by light is callcd 
photoluminescence ; that due to the bombardment of électrons is 
called cathodoluminescence; that caused by the application ofan 
electric field to matter is called electroluminescence ; and that 
resulting from Chemical reactions is called chemiluminescence. 
Luminescent substances are called luminophors, or phosphors.
43.1.4. According to the nature of the elementary processes that 
stimulate luminescent radiation, distinction is made between 
spontaneous, induced and recombination luminescence processes, 
as well as résonance fluorescence. Résonance fluorescence is observed 
in a vapour of atoms and consists in the spontaneous de-excitation 
from the energy level reached by the radiating atom upon absorb- 
ing energy from the source of luminescence. The stimulation of 
résonance fluorescence by light leads to résonance radiation which 
goes over to résonance scattering when the density of the vapour is 
increased. In spontaneous luminescence, the atoms (molécules or 
ions) are first excited by the action of the source of luminescence 
and reach intermediate excited energy levels. Then, from these 
levels, radiative or, more frequently, nonradiative transitions 
occur to levels from which luminescent radiation begins. This 
type of luminescence is observed for complex molécules in vapours 
and solutions and for impurity centres in solids (see 23.2.1.). 
It is also observed in transitions from exciton states (see 44.4.39.). 
fnduced (metastable) luminescence in volves a change to a metasta
ble level, by the action of the source of luminescence, followed by a 
transition to the level of luminescent radiation. An example is the 
phosphorescence of organic substances. Recombination lumines
cence is a recombination radiation that occurs when particles, 
separated upon absorption of energy from the source of lumines
cence, are recombined (in gases this refers to radicals or ions; 
in crystals to électrons and holcs, see 23.1.3.).
Recombination luminescence may occur at defect or impurity 
(•entres (luminescence centres) when the holes are trapped at the 
principal level of the centre and the électrons at its excited level.
43.1.5. Upon the excitation of luminescence by électrons, the 
energy of the bombarding électrons is transmitted to the élec
trons of atoms (molécules or ions) and changes them to the excited
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state. The transmission of energy is possible only under the con
dition that the kinetic energy of the bombarding électron is

T = mvz
2 S* E . - E N

whcre EN and Ee represent the total energy of the atom (molé
cule or ion) in the normal and the nearest excited states, respect- 
ively. The atom (molécule or ion) returns from the excited to the 
normal state after emitting a quantum of light (photon) of fre- 
quency v. Thus

hv = E E — E N

If the energy of excitation is sufficiently high, the atom (molécule 
or ion) may return from the excited to the normal state in several 
stages, passing through less and less excited states. This involves 
the émission of several photons of different frequencies. Their 
total energy equals that of the initial excitation.
43.1.6. Photoluminescence is stimulated by light of the visible 
or ultraviolet régions of the spectrum. For complex luminescent 
substances (complex molécules, condensed media, etc.), the 
spectral composition of the photoluminescence does not dépend 
upon the wavelength of the light that caused the luminescence, 
and obeys Stokes’ law (see 43.2.1.).
Line, band and continuous spectra of photoluminescence are 
observed. The character of the spectrum dépends essentially 
on the state of aggregation of the substance. In many crystalline 
phosphore, the quantum yield (see 43.2.3.) increases with the 
frequency of the stimulating light, provided that hv > 2 AW,  
where AW is the width of the forbidden band (see 44.4.34.) 
(photon multiplication in photoluminescence).
43.1.7. Electroluminescence in gases is caused by an electric 
discharge in which the energy of excitation is transmitted to the 
molécules of the gas by a mechanism involving électron or ion 
collisions (see 46.11.1.). In electroluminescence, the excited state 
is always caused by the passage of some kind of current and is 
thus associated with the existence of an electric field. In solids, 
electroluminescence is observed, for instance, at the p-n junction 
in semiconductors (see 24.2.9.).
43.1.8. Chemiluminescence accompanies certain exothermic Chem
ical reactions. The Chemical transformations in the substance are 
associated with a réarrangeaient of the ou ter électron shells of the 
atoms. The émission of light leads to the formation of a Chemical 
eompound with a more stable électron configuration (see 45.3.6.) in 
the given surroundings and under the given conditions. Chemi-
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luminescence is frequently observed in oxidation processes in 
which more stable products of combustion are formed. 
Chemiluminescence is caused by the molécules (atoms or ions) 
of the products obtained in the reaction which are in the excited 
électron, vibrational and rotational states. Examples of chemi- 
luminescence are the luminescence of low- and high-temperaturc 
liâmes and luminescence in the recombination of peroxide radicals 
in the chain oxidation of liquid hydrocarbons.

43.2. Laivs of Luminescence
43.2.1. S t o k e s ’ l a w  o f  r a d i a t i o n  states tha t the wavelength of the 
omitted radiation in photoluminescence is greater, as a rule, tlian 
that of the stim ulating light. A more general statem ent is th a t the 
maximum of the luminescence spectrum is shifted toward the 
long-wave side of the maximum of the absorption spectrum. From 
a quantum  point of view, Stokes’ law means th a t the energy h v  
of a quantum  of the exciting light is partly  expended on nonoptical 
processes. Thus

hv =  h v lum +  E ,  i.e. v lum <  v or Xlum >  A

wherc E  is the energy expended on various processes witli the 
exception of photoluminescence.
43.2.2. In certain cases, photoluminescent radiation lias wave- 
lengths in its spectrum th a t are shorter than the wavelength of 
the stim ulating light ( a n t i - S t o k e s  r a d i a t i o n ) .  This plienomenon is 
due to the addition of the energy of thermal agitation of the 
;« Louis, molécules or ions in the phosphor to the energy of the 
exciting photon. Thus

h v lum — h vabt \- a k T

where a  =  factor depending upon the nature of the phosphor 
k  — Boltzm ann’s constant 

T  =  absolute tem pérature of the phosphor.
Anli-Stokes radiation is manifested more and more distinclly as 
l he tempera turc of the phosphor is raised.
13.2.3. The ratio of the energy radiated as luminescence Lo the 
energy absorbed by the phosphor under steady conditions from 
lhe source stim ulating luminescence is called the e n e r g y  c f f i c ie n c y  
o f  lu m in e s c e n c e .
The q u a n t u m  y i e l d  in  f j l io to lu m in cs c cn cc  is the ratio of the nuniber 
of photons of luminescent radiation to the nuniber of photons
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absorbed from the stim ulating liglit, upon a fixed energy of the 
latter. The energy efficiency of photoluminescence increases 
proportionally to the wavelength A of absorbed radiation. Then, 
after reaching its maximum value in a certain interval a t A ~  Amax, 
the efficiency drops rapidly to zéro upon a further increase in A 
( V a v i l o v ’s  l a w ) .  W ith an increase in the wavelength of the stim u
lating light, there is an increase in the number of photons of 
energy h v  contained in the given energy of primary radiation. 
Since each photon produces a quantum  of luminescence h v lum, 
an increase in the wavelength leads to an increase in the energy 
efficiency. The sharp drop in energy efficiency a t A >  Xmax is due 
to the fact th a t the energy of the absorbed photons becomes insuf- 
ficient to excite the particles of the phosphor.
According to Vavilov’s law, the quantum  yield in photolumines
cence is independent of the wavelength of the stim ulating light 
in the Stokes région (vexe >  v lum) (see 43.2.1.) and drops sharply 
in the anti-Stokes région (see 43.2.2.) (vexe <  v lum).
The values of the energy efficiency and quantum  yield dépend 
strongly on the nature of the phosphor and the external conditions. 
This is connected with the possibility of nonradiative transitions 
of the particles from the excited to the normal state ( q u e n c h i n g  
o f  l u m i n e s c e n c e ) .  The main part in quenching processes is played 
by collisions of the second kind, as a resuit of wliich the excitation 
energy is converted into internai energy of therm al agitation 
w ithout radiation. There is also a sharp réduction in the intensity 
of fluorescence upon an excessively high concentration of the 
molécules of the luminescent substance ( c o n c e n t r a t i o n  q u e n c h i n g ) .  
Here, due to the strong bonds between the particles, the formation 
of luminescence centres is impossible.
43.2.4. The intensity of spontaneous and metastable lumines
cence (see 43.1.4.) varies with time according to the cxponential 
law:

t

/« -  I 0e~  T

where I t — intensity of luminescence a t the instant of time t 
70 =  intensity of luminescence a t the instant the stim u

lating radiation is eut off 
t  = mean duration of the excited state for the atoms or 

molécules of the phosphor.
The value r  is usually of the order of 1 0 -9  or 10” 8 sec. In the 
absence of quenching processes, r  dépends only weakly un the 
conditions and is delermined mainly by intramoiecular processes.
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48.2.5. Tho intonsity of recombination luminescence (see 48.1.4.) 
varies willi lime according to the hyperbolie lavv:

T — ____
1 (1 + at)n

wbcre a  and n  are constants. The value of a  ranges from a fraction 
of a sec- 1 to many thousand sec- 1 , a  oc Ÿ ï u, where 70 is the intensity 
of recombination luminescence a t the instant it is initiated. 
The value of n  ranges from 1 to 2 .



PART SÎX

Atomic and Nuclear Physics

CHAPTER 44

Eléments of Nonrelativistic Quantum 
Mechanics

44.1. Wave Properties of Particles. The Wave 
Function

44.1.1. Q u a n t u m  ( w a v e )  m e c h a n ic s  is the departm ent of theoretical 
physics dealing with the laws of motion of particles in the inicro- 
cosm région (on a scale from 1 0 ~ 6 to 10~ 13 cm). For the motion 
of particles a t velocities v  «  c, where c is the velocity of light in 
a vacuum, nonrelativistic quantum  mechanics is applied; at 
v  ~  c, it is replaced by relativistic quantum  mechanics. The objects 
studied by wave mechanics are crystals, molécules, atoms, atomic 
nuclei, and elementary particles.
44.1.2. Quantum mechanics is based on the conceptions of Planck 
concerning energy quanta (see 41.2.7.), of Einstein concerning the 
photon, on data proving the existence of discrète values for certain 
physical quantities th a t characterize the state of particles in the 
microcosm (for instance, energy) (see 44.2.3.) and on de Broglie’s 
hypothesis concerning the wave-like behaviour of particles of 
m atter. The d e  B r o g l i e  f o r m u l a  is

A = " = h
m v  p

where m  == mass of the moving partielc 
v  =  velocity of the particle 
h  =  P lanck’s constant (see 41.2.7.) 
p  =  m v  =  momentum of the particle 
Â =  wavelength associated with a moving particle of 

m atter.
These waves are called d e  B r o g l i e  w a v e s .  Anothor form of the
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de Broglie relationship is:

where k  =  - j -  =  wave vector
n =  unit vector in tlie direction of wave propagation.

The de Broglie wavelength of an électron after being subjected 
to an accelerating voltage U  is

Wave properties are not manifested by macroscopie bodies because 
their de Broglie wavelengths are vanishingly small.
44.1.3. The de Broglie formula, which enables the concept of the 
dual—wave-corpuscle—nature of electromagnetic radiation (see
42.1.1.) to be applied as well to particles of m atter (called the 
w a v e - c o r p u s c l e  d u a l i s m  of particles of the microcosm), is confirmed 
by experiments in which électrons and other particles are reflected 
by and pass through crystals. The diffraction pattern  observed in 
these experiments is an indication of a wave process. This effect 
is observed when the électron wavelength is of the order of the 
interatomic distances in the crystal (see 37.5.3.). The method of 
investigating the structure of substances, based on the diffraction 
of électrons, is called é lec tron  d i f f r a c t io n  s t u d y  (see 37.5.6.).
44.1.4. According to the statistical interprétation, de Broglie 
waves hâve the spécial physical meaning of “p r o b a b i l i t y  w a v e s ”. 
Each free électron of a beam falling on a crystal is associated with 
a plane de Broglie wave. The interaction between the électrons 
and the points of the crystal lattice leads to scattering of the 
électrons which can be regarded as diffraction of a plane wave by 
a three-dimensional structure. The diffraction pattern, in this 
case, is a manifestation of a statistical law, according to which the 
électrons reach definite parts of the photographie plate (the dark 
rings) with a greater probability and other parts (the bright rings) 
with lesser probability. A plane incident wave corresponds to 
equal probability of the électron being located a t any point in 
space. If a beam of électrons is em itted by a point source, it is 
associated with a divergent spherical wave. The i n t e n s i t y  o f  the  
p r o b a b i l i t y  w a v e  is a measure of the probability th a t the électron 
will be found a t a given point in space.
44.1.5. The probability th a t a particle will be found a t a given 
place in space a t a given instan t of time is characterized by the 
function W { x y y, z , *), called the w a v e  f u n c l i o n  (or p s i - f u n c t i o n ) .

( U  is in volts)
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This function can be çither real or complex. The only quantity 
having a physical meaning is the square of its magnitude 
I  =  | W \ 2 =  W W * ,  where W *  is the complex conjugate of W.  The 
quantity  I  is the p r o b a b i l i t y  d e n s i t y .  The probability w ( x , y ,  z ,  t) of 
finding a particle in the volume d V  =  d x  d y  d z  is

w ( x ,  y ,  z , t )  — W (x ,  y ,  z ,  t) |2 d V

44.1.6. A concept introduced by quantum  mechanics is the a v e r 
age  d e n s i t y  o f  p h y s i c a l  q u a n t i t i e s .  For example, the average den- 
sitv of charge is

o - = e \ W ' f

and the average density of a current of particles with the charge 
e and mass m  is

J =  (ÿ ,grad y/* -  'p * ?rad 'p )

The law of conservation of electric charge (the continuity équa
tion, see 30.6.1.) is valid for q and j.
44.1.7. A free particle is associated with a plane wave. Thus

V ( t ,  t) =  o ^ rf -O n r ) ]

where v =  y  = frequency 
k = wave vector
r =  radius vector characterizing the location of the par

ticle in space 
a  =  amplitude.

The frequency v and the wave vector k are related to the energy 
and momentum of the particle bv the de Broglie formula (see
44.1.2.)

and by a similar équation th a t is valid for light quanta
E  =  hv

De Broglie waves, in constrast to electromagnetic waves, are 
subject to dispersion (see 34.1.11) even in the case of particles in 
a vacuum. The phase velocity of de Broglie waves

_  Ï J t E  _  1 / ^ 2  ■ 4 712m Sc4 
V ~ k ~ ~hk F + kW

exceeds the velocity of light in a vacuum and is a function of k 
(dispersion).
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The group velocity of de Broglie waves is
do) __ h k  
d k  ~  2 n  m

where v  is the velocity of the particle. As a resuit of dispersion, 
the de Broglie wave trains (or wave packets, see 34.1.12.) spread 
out in the course of time. This does not allow particles to be re- 
garded as de Broglie wave trains.

44.2. The Schrôdinger Wave Equation
44.2.1. The fundamental équation of quantum  mechanics, deter- 
mining the type of function W required for various cases of motion 
and interaction of microparticles, is called the S c h r ô d i n g e r  w a v e  
é q u a t io n .  For a single particle in the absence of a magnetic field 
it has the form

where A  =  Laplace operator
U ( x ,  y, z, t) =  potential energy (see 3.5.3.) w hichis related to the 

force function (see 3.4.1.) if the forces acting on the 
particle are conservative 

m  =  mass of the particle

The Schrôdinger équation may also be w ritten in the form,

where H  is the Hamiltonian operator, or Hamiltonian (see 5.3.1.).
44.2.2. In the case of free motion of the particle ( U  =  0 ), the 
Schrôdinger équation has the solution *F(x, y, z, t) =

271 i_ (E t - p xx - p vy - Plz)
-= a e  which describes a plane wave (see 34.1.3.).
44.2.3. The case | W \ 2 =  0 corresponds to a s t e a d y ,  i.e. invari
able in time, s ta t e  o f  m o t i o n  of particles. For this case, the Schro
dinger équation is of the form

i h  B V  
2 n  dt

ht
8 7i*m A V + Ü ^ ,  y, z, t ) V

i =  Ÿ - l .

[ E - U ( x , y ,  %)-]•¥ =  0
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where H  is the Hamiltonian coinciding with the to tal energy 
operator. The solutions to this équation, called e i g e n f u n c t i o n s , 
exist only for definite values of E , called e ig e n v a lu e s .  The whole 
set of eigenvalues of E  is called the e n e r g y  s p e c t r u m  of the par- 
ticle (or System of particles). If U  is a monotonie function and 
U  -► 0 a t infinity, then in the région E  <  0 , the eigenvalues 
form a discrète spectrum.
The most important aim of quantum mechanics is to détermine 
the eigenvalues and eigenfunctions of particles (or Systems of 
particles).
44.2.4. The eigenfunctions are normalized by the condition th a t 
the probability of finding a particle throughout ail available space 
equals unity, since a probability of unity  represents the certainty 
of an event (that the particle cannot be in more than one place 
in any instan t and th a t it m ust be somewhere). Thus

+  ooJ \'P\*d,V = \

44.3. The Heisenberg Indeterminacy Relation
44.3.1. The concepts of classical mechanics, for example, the con
cept of the coordinates of a particle and its momentum can be 
applied to microparticles possessing wave properties (see 44.1.2.) 
only to a lim ited degree. Since the conception of the “coordinates 
of a wave” is devoid of any physical meaning, the path of a par
ticle is likewise devoid of physical meaning in quantum  mechanics. 
In classical mechanics, each definite value of the coordinates of 
a particle corresponds to an exact value of its momentum. In 
quantum  mechanics, however, fundamental uncertainty exists 
in any simultaneous détermination of the position in space and 
the momentum of a particle. This is due to the nonclassical nature 
of microparticles.
44.3.2. The indeterminacy A x  in measuring the coordinate x  of 
a particle is related to the indeterminacy A p x in measuring the 
projection p x of its momentum by the H e i s e n b e r g  i n d e t e r m i n a c y  
r e l a t i o n :

A x  A p x s» - p -  
r  4  n

In the same way A y  A p y ^  and A z  A p t >  .
The more accurately the coordinates of the particle hâve been 
determined (i.e. the smaller A x , A y  and A z  are), the less accurately
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the projection of its momentum is determined (i.e. the larger 
A p x1 A p v and A p z are). E xact values of the coordinates of a par- 
ticle correspond to complété indeterminacy in the values of the 
projections of its momentum.
Under no circumstances can both the coordinates and momentum 
of a particle be measured simultaneously with absolute préci
sion.
44.3.3. Using the root-mean-square déviations (see 1 2 .1 1 .1 ) 
A x 2 and A p i  for evaluating the degree the measured values x  
and p x deviate in each case from their average values, the Heisen- 
berg relation can be w ritten in the form

A p i  A x 2 =» h*
16*2

14.3.4. Owing to the finiteness of the value of a quantum  of action 
h (see 41.2.7.), according to the Heisenberg relation, any attem pt
l.o measure a certain physical quantity  characterizing a micro- 
object leads to a change (that can be determined by this relation) 
in another quantity  characterizing a property of this object. The 
Heisenberg relation is valid for any pair of canonically conjugate 
'luantities (see 5.5.2.). The relation for the energy E  and time t is

A E  A l  a»
TT

The longer a particle is in a certain state, the more accurately 
ils energy in this sta te can be determined.
44.3.5. The Heisenberg indeterminacy relation is based on the 
complex interrelations between the corpuscular and wave prop- 
nrties of microparticles for whose description the concept of 
roordinates and m om entaof the particles, borrowed from classic- 
«I mechanics, proves inadéquate.
The corpuscular properties of particles could hâve been described 
by classical conceptions if there were no wave properties insep- 
mably superimposed on the corpuscular ones. The wave-cor- 
puscle dualism of particles of the microcosm is a manifestation 
nf the most general interrelation between the two principal forms 
of m atter studied by physics—substance and field (see 49.3.1.).
11.3.6. In comparison with classical physics, there is an essential 
«lilTerence in the way the measuring process and measuring in- 
Mtruments are understood in quantum  mechanics. The process 
of making measurements in the microcosm is inevitably connected 
with the substantial influence of the measuring instrum ent on 
tho course of the phepomenon being measured. For example,
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to détermine the position of an électron it is necessary to “illu- 
m inate” it with a quantum  of short wavelength, But the frequency 
and energy of the quantum  are increased with a réduction in its 
wavelength. As a resuit, the collision of the quantum  and the 
électron substantially changes the momentum of the latter, and
by an indeterminate am ount (of the order of
44.3.7. The Heisenberg principle is by no means a statem ent indi- 
cating fundamental lim itations to our knowledge of the micro- 
cosm. I t only reflects the limited applicability of the concepts of 
classical physics to the région of the microcosm.

44.4. Simplest Problems Dealt with by Quantum 
Mechanics

44.4.1. The wave function ^ (r , *), describing the arbitrary state 
of a microparticle, whose Hamiltonian does not involve time explic- 
itly, can be represented as the superposition of a full set of wave 
functions of steady states. Thus

V(t, ») = 2>.!P.(r,<)
or

2 niBn

nt,t) =

where cn =  constant factors
Wn (r) = wave functions of steady states which are solutions 

of Schrôdinger’s steady-state équation 
E n =  eigenvalues representing the energy spectrum of 

states of the particle or System.

Summation is carried out over ail steady states. The déterm ina
tion of the spectrum of eigenvalues E u  . . E n is one of the most 
im portant tasks of quantum mechanics.

A. Harmonic Oscillatok
44.4.2. A o n e - d i m e n s i o n a l  ( l i n e a r )  h a r m o n i c  o s c i l la to r  is a particle 
of mass m  oscillating with the natural cyclic frequency <o0 (see
6.2.4.) due to the action of an elastic force (see 6.2.5.) along a cer
tain direction.
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The potential energy of an oscillator, oscillating along the x  
axis, is

y  — ma>$ x 2

The Schrodinger équation for a linear harmonie oscillator is

d2j^ 8**7  ̂ ma,o 2\ u /  _  o
dxi ^  h* \ )

44.4.8. The totality  of energy levels is

En =  A vo ( n  +  4 ' )  ( n  =  ° > 11 2 > 3 > • • •)

where v0 =  — The levels E n are located a t various distances 
f’rom one another. The minimum energy

l? _ P ht’o
Amin  -  " 0  “  ~o

hâve is called the z é r o - p o in t

n = 2

n = l

n = 0

I liât the harmonie oscillator can 
e n e r g y .  l t  can be reduced only by 
changing the properties of the 
oscillator itself, i.e. by reducing 
<o0, bu t this is impossible to 
uccomplish by any external in
fluences. The value E 0 does not 
becorne zéro a t any tem pérature, 
including T  =  0°K. A diagram 
of the quantum  energy levels and f i g . 4 4 . i

I lie shape of the potential energy 
nirve of a harmonie oscillator are illustrated in Fig. 4
14.4.4. The eigenfunctions (wave functions) are:

¥».(*) =  - ^ e x p  ( - - £ - )  H n (S); f  =  - ï -
Vxo V 2 / -v(,

" h"re x » = f d b .
H n =  tt-th Chebyshev-Herinite polynomial. 

This polynomial is

H  (A) -  - i z ! ) L -  ^  
n(S) dsn

&2~2  
E f—’p'hvo
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For n  =  0 ,1 , 2:

*M*) =

f ' i  (*) =

1 2* e 2x5
*°

1

U x o f r  U ?

*2

The number of nodes of function W ni i.e. values equal to zéro, 
is equal to the quantum  number n  (see 44.4.13.).
44.4.5. A comparison is given in Fig. 44.2. of the probability den- 
sity of finding a particle, oscillating with the amplitude a  in ref-

erence to its equilibrium position 
according to a harmonie law, at 
points along its path  as calculated 
according to quantum  mechanics (at 
n =  1 ) and according to classical 
mechanics. The maxima of the wave 
function are near the points of 
maximum déviation, bu t still differ

as distinguished
_ _ _ _ _ _ _  2nw0m

from 1/  — —  in the classical case ). I 2n (o0m /
In quantum  mechanics, the probabi

lity of finding a particle a t points x  >  a, i.e. in a région where its 
potential energy exceeds its total energy, does not become zéro. 
This does not contradict the law of conservation of energy since, 
according to Heisenberg’s indeterminacy principle (see 44.3.2.), the 
kinetic and potential energies of a particle (including those of a 
harmonie oscillator) cannot be exactly measured simultaneously, 
because the kinetic energy dépends upon the velocity or momen- 
tum, and the potential energy on the coordinates of the particle.
44.4.6. W ith an increase in the quantum  number n, the quantum 
probability density of a linear harmonie oscillator approaches 
the classical value. This is an expression of the p r i n c i p l e  o f  co rr e- 
s p o n d e n c e , established by Bohr, which states th a t a t high quantum 
numbers the conclusions and results obtained in quantum  mechan
ics m ust go over into the classical results. A more general for
m ulation of this principle requires th a t between any theory devel- 
oped from a classical one and the initial classical theory there

744



4 4 . N onrela tiv istic  Q uantum  M échantes

inust be a regular relationship : in certain definite lim iting cases, 
the new theory m ust go over into the old one. Thus, under the 
condition th a t A -*■ 0 , where A is the wavelength (see 33.4.5.), wave 
optics goes over into geometrical optics. Likewise, the formulas 
of kinematics and dynamics in the theory of relativity  go over to 
the formulas of classical mechanics a t low velocities v  of motion,
such th a t (--) 0 , where c is the velocity of light in a vacuum.
44.4.7. For the state with E  =  E 0 (zéro-point oscillations), the 
classical probability of finding a particle a t x  =  0 is unity  (the 
oscillator rests in the equilibrium position). The quantum  prob
ability has a maximum a t x  =  0 and drops gradually on both 
sides to become zéro only a t infmity.

B. Rotator

44.4.8. A rigid r o ta to r  is a particle of mass m, rotating in space a t 
a constant distance from a fixed centre.
The wave function of a ro tator is represented as the product of 
the rad ia lR n\(r) and spherical Y lfn(6, cp) functions. Thus

'Fn ( r , 0 i <p) =  R nl( r ) Y lm (d,<p)

where r, 0 and (p are the usual coordinates of a spherical System. 
The Schrôdinger équation for the radîal function u(r)  =  r R ( r )  a t 
V =  0 is

d*u , h2l(l+\)- \ 0

The équations for the orbital and azimuthal functions are

__l_
sin e

d  -  8 («) *(»■)

=  0

d2<P
dç>2 +  m f & 0

where A is a constant value.
44.4.9. The energy spectrum of a ro tator is

F  __ h H ( l + 1 )  _  p l
1 871*// 2//

where / /  =  moment of inertia of the rotator
l =  orbital quantum  number, which coincides with the 

classical expression for the kinetic energy of rotary 
motion (see 3.5.2.).
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The angular momentum p t differs for different quantum  numbers /. 
The distance hetween the energy levels increases with L The 
energv levels of a rotator are shown in Fig. 44.3.

44.4.10. The orbital and azimuthal wave 
functions of a ro tator are

H \mt

=  4 i - . a  2 - 7 ^ 7 (**-» )'
dx

x  = cos 0
0  =  e im #

where c constant
m t =  whole number called the magne- 

tic quantum  number (see 45.4.7.).
Ilere - l  <  m t <  l so th a t each sta te with agiven l  corresponds 
to 2/ + 1  substates with rn =  ± 1 ,  ±  (/ — 1 ), ±  ( l -  2 ), . . ., ± 1 , 0 .

ii  g. 4 4.::

- / 
"O

C. M o t io n  o f  an E l e c t r o n  in  a N u c l e a r  
C o u l o m b  F i e l d  ( H y d r o g e n - L ik e S y s t e m s )

44.4.11. The potential energy of Coulomb interaction (see 20.4.4.) 
between a single électron - e  and a nucléus -»-Ze of a hydrogen- 
like System (see 47.1.2.) is

where r  =  distance between the électron and centre of the 
nucléus

Z =  atomic number of the nucléus (see 47.1.2.).
In SI units

V ( r ) = - . —  ‘7 \7iF.0r

where e0 is the perm ittivity of free space.
44.4.12. The Schrôdinger équation for the radial part u(r)
= r R ( r )  of the wave function ^ (r , 0, <p) (see 44.4.8.) is

'|r“ + - p 1 [E  -  - i ^ r -  +  - r  ] “ = " ('n Gaussian un its)

Only the form of V (r )  (see 44.4.11.) is changed in SI units.
At E  <  0, the Schrôdinger équation has a discrète spectrum of 
eigenvalues (energy levels), but its spectrum of energy levels is
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continuous a t E  0 . The case E  =  0 corresponds to ionization 
of the atom ; E  >  0 corresponds to a free électron.
44.4.13. A t E  <  0, continuous finite and single-valued solutions 
u(r) or J?(r) of the Schrôdinger équation exist only for the follow- 
ing eigenvalues E n :

„  2n2Z2e*m 1 RhZ2 r  „ . . . .
b n  = ------------------ =  - - -f  (in Gaussian umts)

Z2e*m J_ _  Z*fM 
8h*c§ n* ~  n2 (in SI units)

which form the energy spectrum of a hydrogen-like System. Here 
n = 1 , 2, 3, 4, . . . is called the p r i n c i p a l  q u a n t u m  n u m b e r  and R  
is called the R y d b e r g  c o n s t a n t  (see 45.1.3.). The energy of a hy
drogen-like System does not dépend upon the orbital quantum 
number which assumes the values l =  0 ,1 , 2 ,. . ., n  - 1  (see 45.1.9.), 
i.e. ail states with different values of l but with the same value 
nf n  are degenerate.
When the relativistic effects and spin of the électron (see 28.1.1.) 
are taken into account, m ultiplet structure of the energy levels 
is obtained for a hydrogen-like System. The additional energy 
associated with these effects gives the expression for the fine 
structure

« RhZ2 r .  Z V  / n _  3
nj " n2 |^  +  V  \ j + 4  4

wherc j  = Z±~- = inner quantum  number (see 45.3.1.)

a = 2— % yiy =  f in e - s t r u c tu r e  c o n s ta n t .

Relativistic effects and spin-orbit interaction (see 45.3.5.) 
remove the degeneracy of the energy levels.
44.4.14. The radial wave functions R nt are

R nl(S) =  N n,e 2 ï < L i ‘; ï ( S )

where £ = n nao
a 0 =  radius of the first Bohr orbit of the électron in a 

hydrogen atom  (see 44.4.15).

C +V(£) =  (e" ^ " +‘)] =  associated Laguerre poly-
nomials.
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The multiplier N nï is determined from the condition of normal- 
ization:

+ ooJ R t f  d r  =  1

Atornic and Nuclear Physics

14.4.15. The équations for the orbital and azimuthal wave func- 
fions are similar to the équations for these functions in the case 
of a ro tator (see 44.4.8.). The following are wave functions for 
a sériés of values of n  and l :
/# =  1 , / =  0 ( i s  subshell, see 45.6.5.)

\ n  \  do /
n = 2 , l = 0 (2s  subshell)

Zr
2oo

n -  2 , / -  

n — 2 , l —

1, ra, =  0 (2p  subshell)

xp —r  OIA --
y^n \a 0 }

i
kS'lTl \Oo i

1 , " h  =  + 1  (2p  subshell)

Zr
2a* COS 0

ï'si+i = -V-- (— )*re *«• sin0e+'*
8 y *  \ a 0 /

h%where a 0 =  — *- =  f ir s t  B o h r  r a d i u s  in Gaussian unitsu 47i*me2 1
ra, =  magnetic quantum  num ber (see 45.4.7.).

In SI units
_  e0h* 

a° ~  nme*

D . SCATTERING OF PARTICLES IN A CENTRAL FORCE FlELD

44.4.16. S c a t t e r i n g  in  a  fo rce  f ie ld  th a t possesses central symmetry 
is the déviation of particles from their initial direction of travel 
due to interaction w ith a s c a t t e r i n g  cen tre .  In particular, this 
centre may be an atom or ion.
The number of particles scattered per unit time a t the angle 
0 with respect to the direction z  of their initial motion within 
the solid angle d Q  equals

d N  =  cr(Q)n d Q

where n  is the number of particles passing through unit area of 
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the cross section per unit time in the initial beam of particles 
( b e a m  d e n s i t y ) .
The quantity  a , having the dimensionality of area, is called the 
d i f f e r e n t ia l  e f fec t ive  s c a t t e r i n g  c ro s s  s e c t io n  within the solid angle 
d û .  The quantity

4n n
<7 = J* o(d )  d û  = 2tz  J  (7(0) sin 0 dO 

o o
is called the to ta l  e f fec t ive  s c a t t e r i n g  cro s s  s e c t io n  of the particles. 
Sometimes the differential cross section is denoted by d o  and the 
total cross section by o .  The total effective cross section is defined 
as the to tal number of particles scattered per unit time from an 
incident beam of unit intensity.
If scattering occurs w ithout a loss of kinetic energy by the par
ticles, it is said to be e l a s t i c , otherwise it is said to be in e la s t i c .
44.4.17. If the scattering centre is not fixed, then a collision is 
dealt with in either of the two frames of reference : the la b o r a to r y  
s y s t e m  ( l a b  S y s t e m ) ,  with respect to which the motion of both the 
scattering and scattered particles is taken into considération, 
and the c e n t r e - o f - m a s s  s y s t e m  (or c e n t r e - o f - in e r t i a  frame) (see
2.3.3.) of the colliding particles (c . m . s y s t e m ) .
If a scattering centre of mass M  is a t rest before the collision with 
respect to a lab system and the incident particle is of mass m  and 
travels a t the velocity v Ql then the kinetic energy of both particles 
is

and the velocity of the centre of mass of the particles with re
spect to the lab system is

_  f h n E y  
v , ~  M  +  m

In the c.m. system, the kinetic energy of relative motion of the 
two particles is

E  =  E ° i f ï m  ’ E  =  1 E » when M  =  m
The energy of a particle in the lab system after being scattered 
is related to its energy before being scattered by the équation

E x  M2 + m2+2Mm cos 0  

E 0 ~  (M +m )2

E x E 0 a t  O =  180°, i.e. in a  central
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collision (see 3.7.2.) (where 0 is the scattering angle). The rela- 
tionships between the scattering angles for the particle m in the 
c.m. System (0e) and lab System (0*) are

tan 0 , =  M s m O c  an(j çog ^  
m +  M  cos 0e

m+ M cos 9C 
Ÿm*+ M2+2mJ\f cos 0C

44.4.18. If the potential U  of the scattering centre possesses 
spherical symm etry, then the flux of scattered partiales is rep- 
resented as a divergent spherical wave. Thus

where a (6 ) is called the s c a t te r in g  a m p l i tu d e  and |a(0)|2 = o (0 ) .
44.4.19. The Schrôdinger équation for the scattering of particles 
of mass m  in a central force field is given in 44.4.12. Solutions 
are considered for the case when E  >  0 which corresponds to 
free motion of the particles (see 44.4.12.). Here the potential 
of the forces is considered to decrease sufficientlv rapidly with
r  (at least as rapidly as
44.4.20. The scattering amplitude for elastic collisions is equal to

«(») = 4  Z  (2* + 1) (e2,’" - l ) i >,(cos0)
~ut 1 = 0

where a(0) is a complex function. The scattering intensity 1(0)  
is determined from the square of the modulus of a(0). Thus

1(0 )  =  A *  +  B *

where A  = Y  (21 + 1 ) (cos 2 rjt - 1  ) P , (cos 0)
1-0

B = 4  Ê  (2i+l) sin 2t),x P i (cos B)
4R 1-0

The total effective cross section is

ô  = 2 n  f | a (0 ) |2 sin OdB  =  —  Y  (21 + 1 ) sin2 77,
0 «-®

where k 2 = ^ = square of the wave number of the incident
particle

1 =  quantum  numbers determining the angular momen- 
tum of the particle (see 45.3.1.)
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P ,  (cos 9) — Legendre polynomial
y]1 — so-called scattering phases (phase shifts), depending 

upon the properties of the scattering field.
The various terms of the sériés are called the partial effective 
scattering cross sections at. The maximum partial cross section is

" i™  -  *£(2Z + 1)

At l — 0, scattering is spherically symmetrical, a l / =  1, it has 
the symm etry of a dipole ; a t / =  2, the sym m etry of a quadrupole, 
etc.
The effective cross-sections for inelastic scattering are of complex 
form, depending upon the structure of the particles manifested 
upon their collision, and also on their energies.
44.4.21. If V  can be regarded as a weak perturbation, only slightly
changing the initial motion of the particles (this case corresponds

Lo smallness of ail the scattering phases, «  — ), then, for a(0 )

in elastic collisions, use is made of B o r n ' s  f o r m u l a

oo 2
. 6 4 n 4w *  ! f T/ / \ » in  K r  , '■,U, =  , j V (r )  Kr r 1 d r  d l i

0

where K  — 2 k  sin  ̂ = magnitude of the vector connecting the
momenta of the particles being scattered 
with those incident to the centre 

d ü  =  solid angle.
Horn’s approximation in collision theory is valid for ail veloc- 
ities v  of particles scattered by the centre of force, under the con
dition th a t | V (a )  | «  , where a  are the linear dimensions of
the région in which the influence of the centre affects the particle. 
If this condition is not complied with, then Born’s formula is
valid only for fast particles which satisfy the condition th a t »

» |K ( a ) | .  For fast particles, travelling a t a velocity v »  ,

lhe total effective cross-section <j (see 44.4.16.) is inversely propor- 
tional to the energy of the incident particle.
14.4.22. The differential effective cross section for the elastic 
scattering of sufficiently fast particles of mass m, velocity v 
and charge *f by an atom of nuclear charge Ze and with a volume
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density g  of the electric charge of the swarm of électrons equals 

»(0) =  ^ [ Z - f ( f l f f eo see4!

J sin K v  • •- K r  r 2 d r  — so-called a t o m i c  s c a t t e r i n g  fa c to r
o

0 =  scattering angle in a c.m. System (see 44.4.17.).
If g decreases exponentially with an increase in the distance from 
the centre of the atom :

g =  g 0e a

where a  has the same meaning as in 44.4.21., i.e. is a “radius 
of the atom, then

and

m  = ______ Z______
(l+4fc2a2 sin2 y ) *

______1
l+4fc2a2 sin2

cosec4 e_
2

Valid for fast particles (k a  »  1) and not excessively small scatter
ing is R u t h e r f o r d 1 s  f o r m u l a :

o ( 0 )
7 2e \c 2

4 m 2v* cosec4 9_
"2

E . P é n é t r a t i o n  of P a r t ic l e s  t hr ou gii
A POTENTIAL B a RRIER

44.4.23. In the interaction of two particles, in which two kinds 
of forces participate -  long-range forces of repulsion and short- 
range forces of attraction -  the potential of the résultant forces 
of interaction is of the form shown in Fig. 44.4 (such a potential 
corresponds, for instance, to the interaction between alpha par
ticles and the atomic nucléus, see 47.6.5.).
44.4.24. A p o t e n t i a l  w e l l  is the name given to the région (r <  r max) 
in the vicinity of a centre of attraction, in which région the poten
tial energy of the particle V  <  V max (Fig. 44.4). For a particle 
in such a potential well, the total energy E  <  V ^  and its corre- 
sponding energy levels are discrète. The région under the poten
tial energy curve is called the p o t e n t i a l  b a r r ie r .  The height h
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and width a  of the barrier dépend upon the energy E  of the par- 
ticle in the potential well. In order for a particle to get out of a 
potential well or to enter it from outside, it will be necessary, 
according to classical mechanics, to im part energy to the particle 
of an am ount equal to or gre- 
ater than the différence bet- 
ween the height of the barrier 
and its (the particle’s) energy 
( \ V max- E \  =  h) .
44.4.25. The behaviour of a 
particle in a potential well is 
described by Schrôdinger’s 
steady-state équation for 
E  <  V max with the potential 
energy V (r )  depending upon 
the shape of the potential 
well. Besides rectilinear mo
tion, the particle in the well 
may hâve oscillatory motion (oscillator, see 44.4.2.), rotary motion 
(rotator, see 44.4.8.) or a combination of these motions. Ail these 
motions are not free, and take place in the field of the centre of 
attraction.
44.4.26. The wave function W (x)  of a particle in a one-dimensional 
potential well, when the well is bounded by a barrier of finite 
lieight and width, does not become zéro a t the walls of the poten
tial barrier or outside it. Gontrary to w hat would be expected on 
the basis of classical physics, there is the nonzero probability in 
quantum  mechanics of finding the particle outside the potential 
well even if the energy of the particle in the well is insufficient 
for it to overcome the barrier (see 44.4.5.). If the potential barrier 
séparâtes two potential wells, the probability of the particle sur- 
mounting the barrier is nonzero only under the condition tha t 
lliere is a level or sériés of levels with the same or less energy 
on the other side of the barrier. The surmounting of the barrier 
at the level of equal energy is called a r é s o n a n c e  t r a n s i t i o n .
44.4.27. In the simplest case of a one-dimensional rectangular 
barrier, the dependence of the potential on the coordinates (Fig.
44.5) is of the form:

— o o  <  X  <  0 V  =  0 (Région i)
0 <  x  <  a V  =  V 0 (Région ii)
a  <  x  <  +  o o V  =  0 (Région III)

The condition tha t V l — - a V , V u  — 0 and V UI =  ~ b V  (Fig. 
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44.6) corresponds to a barrier between two wells of different deplhs. 
Either a particle impinging against the barrier in its free motion 
is considered, or one impinging on the barrier from a potentii^l

well. The first case corres-
V

11 111

Vo - b V  - - -

U a 
f i g .4 4 . ! )

- a V

F I G . 4 4 . t i

ponds to the pénétration of 
the particle into the well ; the 
second case is its escape from 
the well.
44.4.28. Consistent w ith the 
three régions of V , the Schrô
dinger équation for the prob- 
lem of penetrating a barrier 
has three different solutions. 
For a flux of free particles 
incident to a barrier, the solu

tion indicates not only the existence of a reflected wave, taking 
into account the reflection from the barrier of particles with 
an energy less than its height, but the transm itted (“refracted”) 
wave as well. The la tter corresponds to particles th a t pene- 
trate through the barrier.
44.4.29. The quantity

D  =
'inc

is called the p o t e n t i a l  b a r r i e r  p e n e t r a b i l i l y . Here I ine and I tran 
are the intensities of the incident and transm itted waves (see 
4 4 . 1 . 4 . ) .
44.4.30. The penetrability of a rectangular barrier is

A l f r » .
D  =  D 0e h

width of the potential barrier 
height of the potential barrier 
energy of the particle (both E  and F0 are measured 
from the common zéro value corresponding to the 
bottom  of the potential well) 

ni =  mass of the particle 
D 0 =  coefficient near to unity.

If the barrier is not rectangular but has some more complex 
shape, then

where a
V 0
E
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where x x and x 2 are the coordinates of the points a t the begin- 
ning and end of the barrier for the given value of E .  The pénétra- 
bility of a rectangular barrier becomes appréciable when

^ - Ÿ î r n ( V - E ) a  &  1

44.4.31. The pénétration (“leaking”) of particles through a po- 
lential barrier is called the t u n n e l  effect . According to classical 
physics, a particle can only pass over the barrier, i.e. surm ount 
I he barrier when its energy E  >  V 0. In the région where V (x )  >  E ,
since E  =  T + V  =  ^ + V ,  it tum s out th a t —̂  <  0, i.e. the
momentum of the particle becomes an imaginary value. This 
ineans tha t a particle can never pass a potential barrier if V ( x ) >  
> E .  The quantity  D  becomes zéro as h  -► 0 (transition to classical 

physics), when V > E y i.e. the barrier becomes impénétrable to 
particles.
The tunnel efïect is a purely quantum  phenomenon which is 
Associated with the impossibility of exact simultaneous détermi
nation of the kinetic and potential energies of a particle (see 
î-'».4.5.). The indeterminacy A x 2 in determining the coordinates 
of a particle penetrating a barrier ( A x 2 a2, where a  is the width 
<>f the barrier) corresponds to such an uncertainty A p i  in the
inomentum of the particle, th a t ^  V  — E y i.e. the change
in the kinetic energy of the particle resulting from the indeter- 
ininacy of its coordinates exceeds the energy which the particle 
lacks to surm ount the barrier. Hence, the particle is able to péné
tra te the barrier in the “classical” manner.

F. M otion  of E l e c t r o n s  in P er io d ic  F i e l d s

14.4.32. The property of periodicity of a potential field V ( x t 
//, z ) t possessing three-dimensional periodicity, is expressed by 
I lie équations

V ( x  +  a , y , z )  =  V ( x , y , z )

V ( x , y  +  b , z ) =  V ( x , y , z )

V ( x f y ,  z  +  c) =  V ( x , y , z )

where the quantities a, b and c characterize the period of the field 
along the O x , O y  and O z  axes, respectively. Such a field exists 
in idéal crystals where the nuclei of the atoms and the mean charge
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are^distributed periodically. The potential of the electric field, 
in this case, is three-dimensionally periodic. An exact solution 
of the problem of such motion ( m a n y - é l e c t r o n  p r o b l e m )  is found 
to be impossible and it is replaced by the solution of the approxi- 
mate problem of the motion of a single électron in a certain exter- 
nal periodic field of the crystal lattice. The solution in this case 
possesses many essential features of the solution of the exact 
problem.
44.4.33. For the single-dimensional problem, the wave function of 
the électron is selected in the form of a plane wave in Fourier’s 
momentum représentation. Thus

+ oo
•Pfx) = ~  |  c [ k ) e l l x d k

where k  =  k z  =  — —

P  =  p x =  momentum of the électron along the O x  axis 
c(k) =  am plitude in the momentum représentation.

The potential energy V (x )  of the électron in the crystal is represent- 
ed as the Fourier sériés

2ninx

H * ) =  Y  V „ e ~
n<s — oo

where a is a param eter describing the periodicity of the potential 
of the field in the crystal along the O x  axis. The values to be de- 
termined are c (k)  and E n corresponding to the given type of func
tion V ( x ) .
44.4.34. The energy levels of an électron in a periodic field form 
the separate bands

E  =  E {(k) ( i  =  1, 2, 3 ,. . .)

in which the energy dépends upon the wave number (quasi-con- 
tinuous energy spectrum in the band). These are called a l lo w e d  
e n e r g y  b a n d s . The allowed bands are separated from one another 
by intervals of forbidden values of energy ( f o r b i d d e n  e n e r g y  
b a n d s ) .  W ith an increase in the number i  of the band, the for
bidden bands become narrower and narrower (overlapping of allow
ed bands may also occur), until an entirely continuous spec
trum  is reached (at i =  oo). The energy of the électron is subject 
to a discontinuity a t the boundaries of the bands. The general
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shape of the energy curve over 
a set of bands is illustrated in 
Fig. 44.7.
44.4.85. The formation of a band- 
type energy spectrum for the 
électrons in a crystal follows 
from the indeterminacy principle 
(see 44.3.4.). Owing to the fini- 
teness of the electron’s life r  in 
the excited state (r% 10“ 8 sec) 
in an isolated atom, the natural 
width A E  of an energy level is

A E  as -- as 10~7eV2 TTC

The valence électrons of the 
atoms in a crystal, being more 
weakly bound to the nuclei than
the inner-shell électrons, can pass from one atom to another by 
means of the tunnel effect by leaking through the potential bar- 
rier (see 44.4.31.) th a t séparâtes the atoms in the crystal. This 
leads to an essential réduction in t ,  and the energy levels of such 
électrons are widened and transformed in the allowed energy bands. 
The frequency v with which an électron pénétrâtes a rectangular 
harrier, is expressed by the équation

wliere v  =  velocity of the électron in the atom 
d  =  linear dimension of the atom 

D  =  potential barrier penetrability.
This équation gives a mean lifetime r  of the électron a t the given 
atom of t =  10~15 sec, from which, according to the indetermi
nacy relation, A E  2* 1 eV.
This means th a t instead of the natural w idth A E  ês 10“7eV 
of an electron’s energy level in an isolated atom, in a crystal there 
is a band of allowed energy values with a width of the order of 
several électron-volts.
The wave functions of an électron travelling in a periodic one- 
dimensional field are

» w * ) =  +f  * ,(*+ — )» - —«  \ a  /

+ oo
= «"■ En— — o < # ')

2n ni ----
e a

Ÿ2n
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where k '  =  k
Imi corresponds to plane waves modulated with

the periodicity of the potential (with the period a). The real pari 
of function ^ ( x )  is shown in Fig. 44.8 by the solid line. Near the 
values of .r corresponding to the positions of the ions in the lat-

tice, W (x) approxim ates the 
wave functions of the élect
rons in atoms.
44.4.38. The energy of an 
électron in a crystal is a perio- 
dic function of k  and can 
be represented by a Fourier 
sériés :

Kl 0 . 4  K

E Ak ) = £  E )m cos (rnak)w —0
in which the coefficients E*
dépend upon the kind of po

tential energy V (x ) .  If only tlie first two terms of tliese sériés 
(m  =  0 and m  = 1) are made use of, then

E j ( k )  — E j0 +  E jX cos (ka)

In the centre of the band, a t k  ^  0, E } (k) can be expanded in 
powers of k :

h
and represented in the form

E M )  = eonst + 8 ^ .
Froin a comparison with the energy of free motion of an électron

E k =  const + - -̂2̂ --h Sr^W

it. is évident th a t the différence between the motion of an élec
tron in a crystal and its free motion is taken into account by in- 
troducing the e f fec t ive  m a s s  m * of the électron in place of its ordi- 
nary mass m .  The effective masses of the électron in the middle 
and a t the top of the band are of opposite sign. Usually m *  >  0 
a t the middle of a band and 0 a t its top. The momentum 
of an électron in a crystal

D -  A  ”L  k
P 2* m*  11

differs from the momentum of a free électron bv the factor —= .*• m *
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As a resuit of the action of an electric field applied to the crystal, 
an électron having an energy corresponding to the boundary of 
the band begins to move as if it had an e ffe c tiv e  ch a rg e  e*

The sign of the effective charge is opposite to th a t of an ordinary 
one (because —J,- <  o).
44.4.37. The e n e r g y -b a n d  th e o ry  o f  s o l id s , based on the foregoing 
discussion, explains many features of metals and nonmetallic 
crystals (semiconductors and dielectrics). The modulation of the 
plane wave by the periodic potential of the field set up by the 
crystal lattice effects a change in the probability density (see
44.1.5.) I^ l2 of the électrons in the lattice as compared to the 
motion of free électrons. In case of a violation of strict periodic- 
ity of the lattice field potential, caused by therm al anharmonic 
oscillations of its atoms (see 15.2.4.) and defects in lattice struct
ure, s c a t te r in g  o f  é lec tro n  w a v e s  occurs. This, in turn, changes 
the value of l ^ l 2 in the given direction as well as the électron 
current density j (see 44.1.6.). The scattering of électron waves 
is responsible for the résistance to an electric current (see 21.2.11.). 
The degree of this scattering is proportional to the magnitude and 
number of violations in the periodicity of the potential. An in- 
crease in the am plitude of oscillation of the atoms (with an in- 
crease in température) and in the number of distortions of lattice 
structure (for instance, due to impurities) raises the electric résist
ance. Near absolute zéro tem pérature, électron wave scattering 
approaches zéro, bu t a part of the scattering, due to lattice de
fects, is not reduced a t zéro tem pérature and provides r e s id u a l  
r é s is ta n c e  which dépends upon the individual properties of the 
crystal. Résistance caused by thermal scattering of électron waves 
is independent of the properties of the crystal.
44.4.38. The energy bands in crystals are divided into:
(a) bands filled with électrons (v a le n c e  b a n d s )  and made up of the 
energy levels of the électrons from the inner shells of free atoms ;
(b) partially filled or em pty bands (c o n d u c tio n  b a n d s )  in which 
the energy levels correspond to the energies of the outer collec
tive électrons of isolated atoms (or ions). The transition of an 
électron from one band to another is accomplished when the 
électron absorbs or gives up sufficient energy to enable it to 
jump across the forbidden gap.
44.4.39. The energy levels in the conduction band are not com- 
pletely occupied (see 21.2.4.) in metals a t room tem pérature (T ~ 
-300°K ). This is the reason for the good electric conductivity of
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metals. In dielectrics the first em pty band is separated from the 
lower filled band by a wide forbidden gap. Hence a breakdown 
is possible in dielectrics only in a strong electric field.
Crystalline semiconductors belong to the class of solids in which, 
unlike dielectrics, the forbidden gap between the completely filled 
(valence) band and the first em pty band is not very wide so th a t 
jumping of the électrons, due to therm al agitation, is possible. 
Therefore, a t T > 0 , there may be a current in such semiconductors 
and the upper band turns out to be a conduction band.
An e x c i to n  is an elementary electrically neutral excitation which 
is a kind of q u a s i - p a r t i c l e  in semiconductors and dielectrics. An 
exciton originates upon the formation of an electron-hole com
bination in crystals when the électrons go over from the valence 
band to the conduction band (see 44.4.38.). If the excitation energy 
is less than the width of the forbidden gap, the électron and hole 
cannot move around independently in the crystal and are in 
the coupled sta te of an electrically neutral quasi-particle—the 
exciton. In moving through the crystal, the exciton transfers 
energy. Defmite quantum  numbers are assigned to the exciton, 
it has a band-type energy spectrum (see 44.4.34.). Excitons hâve 
intégral spin (in h units), i.e. they are bosons (see 12.7.1.).
44.4.40. In applying a uniform magnetic field to a métal or semi- 
conductor, the électrons in the conduction band of the substance 
begin to describe either circles, in a plane perpendicular to the 
direction of the magnetic field, or spirals (if the électrons hâve 
velocity components th a t are with the magnetic field). The ro ta
tion frequency in a circle (or along a spiral) equals

v l  =
eB

271171* (in SI units)

where e =  charge of the électron
m *  =  effective mass of the électron (see 44.4.36.)

B  =  induction of the magnetic field in the substance 
vL =  Larmor frequency of the électrons in the métal 

or semiconductor (see 28.1.7.).
If an alternating electric field is simultaneously applied to the 
substance, strong sélective absorption of energy of the field is 
observed a t the frequency vL . This is called c yc lo t r o n  r é s o n a n c e  
(because of the similarity of the paths of the électrons when a 
magnetic field is applied to the substance and their paths in a 
cyclotron, see 26.3.5.). Making use of cyclotron résonance it is 
possible to détermine the effective masses m *  of électrons in semi
conductors and metals, the mean free path of électrons (see
21.2.7.), and other quantities.

760



44. N onrelativistic Q uantum  M echanics

44.5. Quantum Transitions
44.5.1. A change in the state of a microparticle or System of mi- 
croparticles that takes place due to any internai or external causes 
is called a q u a n t u m  t r a n s i t i o n  of the particle or System from the 
initial state A  (at the instant of time t =  0) to the final state 
B  (at the instant of time t =  T). A quantum transition is usu- 
ally associated with a change in the energy of the particle (or 
System of particles).
44.5.2. The change in the state of a System is characterized by 
the quantity P BA called the p r o b a b i l i t y  o f  a  t r a n s i t i o n  from state 
A  to state B .  The probability can be calculated for a transition 
within a continuous energy level spectrum, within a discrète 
spectrum, as well as from a continuous spectrum to a discrète 
one and vice versa.
44.5.3. The probability of quantum transitions can be calculated 
if the cause leading to a change in the state of the System acts 
for a finite interval of time. A solution of the Schrôdinger équa
tion (see 44.2.1) that détermines *P(x, y , z, t) from the wave func- 
tion at the initial instant of time t =  0, x , y , z, 0), involves 
considérable difficultés, and can be carried through only in cases 
when the transition of the System is due to interactions that are 
weak in comparison with the forces acting in the System. In these 
cases, the weak influences on the System are regarded as s m a l l  
p e r t u r b a t i o n s .
44.5.4. In perturbation theory, the Hamiltonian of the System 
(see 5.3.1.) is represented in the form of the sum of the Hamilto
nian H °  of the unperturbed System and the perturbing term 
W ( t ,  t) , in which W « H ° .  The problem is solved by successive 
approximations: first a solution is found for the corresponding 
équation for H °  and then corrections W  are introduced that hâve 
an order of smallness satisfying the first approximation, etc.
44.5.5. The Schrôdinger équation, considered in the first approx
imation of the perturbation theory for motion along the x  axis, 
is

g -  ^  =  H*[x)V+W{x,t)V

By expanding iP ( x i t) according to the wave functions of the 
steady states (see 44.4.1.) of the unperturbed System:

2niEi t

n * , t )  -  Ç * » ( t )V t [x)e~~l r ~
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the first équation can be writtcn as

where W mk(t) =  J 'P*(x)  W ( x , t) W k(x) d x  = m a t r i x  e l e m e n t  o f  p é r 

i t  Sit t -  0  the System is in the state n, then the coefficients ck(t) 
should comply with the condition:

44.5.6. The probability of finding the System at the instant of 
time t in the state m  with the energy E m cquals !cm(*)!2. Conse- 
quently the quantitv

is called the probability of the transition from a state with the 
energy E n to a state with the energy E m by the instant of time 
t. In the first approximation of perturbation theory (when c S ) = 
= 0 a t t =  0 and is small), the probability of quantum tran 
sitions in a discrète spectrum is

A transition is possible if the spectrum of the perturbation con- 
tains the frequency vmn corresponding to the transition, since 
P mn is nonzero only when W mn (vmn) 5* 0. The formula for P mn 
pertains to a discrète energy spectrum ( E mt E n <  0) and can be 
generalized for the following cases: transitions to a continuous 
spectrum ( E  >  0), transitions from a continuous spectrum to a 
discrète one and vice versa, and transitions due to perturbations 
th a t are independent of time.
44.5.7. An example of quantum  transitions of a System due to 
the influence of weak perturbations is the interaction between 
atoms and an electromagnetic field. The absorption of photons 
by the atoms is accompanied by the transition of the électrons 
in atoms from a state with energy E n to another state with energy

tu r b a t io n  e n e r g y  ( t r a n s i t i o n  m a t r i x  e l e m e n t )

<'>mk = - - Emh E- k  ̂ — ï n v mk = Bohr frequency of the tran-2* (Em- E k)

sition E m -► E k for the given kind of perturba
tion.

P m n ( t )  =  i C - W ! *
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E m . If the electromagnetic wave falling on an atom has in its

jp _jp
spectrum the frequency vmn = (B ohr frequency condition) ,

then the transition occurs a t the frequency v =  vmn.
44.5.8. If the wavelength of the radiation falling on the atom is 
much larger than the size of the atom, then the intensity ë  of the 
«‘lectric field in the wave is almost constant within the limits of 
the atom. The perturbation energy is W  = - ë e r , where er = p r = 
— dipole moment of the électron in the atom.
The transition m atrix element is

W tnn(o)mn) ~  ë(cOmn)Pmn

where p mn = - e  J ¥*£ PVn d V is the m atrix element o f the dipole mo
ment.

The transition probability is

P„ ,n -  P'»n 2

The probability of the transition of an atom from state E n to 
state E m in unit time is equal to the probability of absorbing 
a quantum  of radiation with the frequency vmn in unit time. Thus

TJ 8 Tl3 I 9B ntn — " g i  Ptnn

in which suinmation is carried out for various combinations of 
E n and E m of the degenerate levels th a t give the same value 
of vmn in Bohr’s frequency condition (see 44.5.7.). The quantity  
B mn is called the E instein coefficient for the absorption o f light of 
frequency vmn.
44.5.9. The corresponding quantity for the reverse spontaneous 
transition E n -*► E m which accompanies the émission of a light 
quantum of the same frequency equals

j _ 8 4 71 tyfnn y  , 2
' nm 3/?c3 l mn

in which A nm is called the E instein coefficient of spontaneous 
émission of light of frequency vmn. Coefficients A nm and B tnn 
are related by the équation

a _ 8 Tihvmn Sm  n
nm ~  O3 ~  Y n
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where gm and gn are the statistical weights o f States m  and n (num- 
bers of different States with the energies E m and E n).
The quantity  A nm détermines the lifetim e rnm of the System in 
the state n  in reference to a spontaneous transition from this 
state to a different sta te m. Thus

1

Owing to the fmiteness of the value of rnm, the corresponding 
energy of state n is somewhat indeterm inate in accordance with 
Heisenberg’s principle (see 44.3.4.). Thus

A E n ~>
h

ZnTnm

The quantity  A E n =  r n is called the width o f level E n. The width 
r n détermines the intrinsicbreadth of the spectral lines (see 40.2.6.). 
Thus

Av.
Anm 11

1
%nrnm

Any factor th a t reduces rnm widens the level corresponding to 
this state, as well as the corresponding spectral lines (see 40.2.6.). 
For electromagnetic interaction between atoms, the value of r nm 
is of the order of 10“8 sec. In cases when A nm is small ( r n„  »  10“8 
sec), the corresponding state with the energy E n is said to be 
metastable (see 45.1.12.).
44.5.10. M etastable States of a System correspond to transitions 
th a t are forbidden to some degree. This forbidding is based on 
the fact th a t of ail the conceivable transitions from sta te E n to 
state E m and back again, only those are feasible for which the 
m atrix element W ^  icOmn) >  0. This condition leads to the so- 
called sélection rüles (see 45.1.10) which are specified in the form 
of relationships between the quantum  numbers characterizing 
the initial and final states of the System in a transition due to 
the given perturbation.
44.5.11. The existence of sélection rules is associated with the 
fact th a t the m atrix element of the dipole moment (or the moment 
of some other multipole order, see 44.5.8.) and the transition 
probability P mn reach their maximum values when the wave 
functions, *Fn and of the initial and final States of the System 
in the transition, substantially overlap in some région of space. 
Transitions between states for which the m atrix element is negli- 
gible are said to be forbidden for the given kind of m atrix ele
ment (given kind of perturbation). This forbidding, howeyer,
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is not an absolute one. It only implies that forbidden transitions 
hâve a matrix element and a probability that are extremely small 
in comparison with those of transitions that are allowed by the 
sélection rules.
44.5.12. The wave functions, for example, of a harmonie oscilla- 
tor (see 44.4.4.), corresponding to various values of the quantum 
number n, overlap in considerably large régions of space. This 
provides a substantial probability of the transition from a State 
with some n' to a state with n" which may differ significantly 
from n'. If, on the other hand, a certain additional perturbation 
is transmitted to the oscillator during the transition, essentially 
changing the transition may become very unlikely. The in- 
tensity of the lines allowed by the sélection rules will be the great- 
est when the external causes do not appreciably change the state 
of the System at the instant of transition (adiabatic approxi
mation). In application to électron transitions in molécules whose 
nuclei execute an oscillatory motion, the preceding proposition 
is called the Franck-Condon principle (see 46.6.4.).
44.5.13. The interaction between an electromagnetic field and 
atoms is the basis for the theory of the spectra of émission and 
absorption of light by atomic Systems. The type of spectrum ob- 
tained (the positions of the spectral lines) is determined by the 
arrangement of the energy levels in the quantum System. The 
wavelengths are related to the transition frequency by the équa
tion

44 . Nonrelativistic Quantum Mechanics

and the intensity of the spectral lines is related to the total num-' 
ber of atoms in the radiating System, their statistical distribution 
among the states, and to the probabilities of the corresponding 
transitions by the équation

ïmn ~  =
where aH and pm are certain factors which differ for the émission 
and absorption of radiation (see 44.5.8 and 44.5.9.), they also 
lake into account the statistical weights of the states (see 44.5.9.). 
The détermination of the values of En[of a quantum System (energy- 
leoel scheme) from the type of spectrum obtained by combining 
various observed values of vmn is called the Ritz combination 
principle.
44.5.14. In the absence of any external influences, a quantum 
system (for instance, an atom) is in the steady state with mini
mum energy Ew If the System is subjected to some kind of action
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(for example, electromagnetic radiation) it passes over to a high* 
er level with the energy Eni absorbing quanta of radiation with 
a probability determined by the Einstein coefficient Bmn (see 
44.5.8.).
From this higher level the System can return to the initial level 
either spontaneously, with a probability determined by coeffi
cient A nmt or by being induced, with a probability depending 
upon the coefficient of induced émission or négative absorption 
Bnm = Bmn. In a state of equilibrium, the numbers of events 
of absorption and émission of quanta hvnm per second by the 
atoms are equal to each other (condition of detailed balance). 
Thus

Nm Bmn Qmn = N h (Bnm Qnm 4- A nm)

where N m and N n < N m = numbers of atoms at the energy lev- 
els Em and En 

<J»m = <Jmv = volume energy density of radiation 
with the frequency vmn.

If ynmBnm »  A HfHy then, with the aid of spécial methods, the Sys
tem can be transferred to a state with N n > N m. Such an “in
verse” distribution among the states can be conditionally de- 
scribed by the Boltzmann distribution (see 12.5.1.) with a nég
ative absolute température (see 7.1.8.) equal to

rp _ En Em

If such a System is subjected to the action of an external elec
tromagnetic field of frequency vmn or the spontaneous radiation 
of neighbouring atoms, the induced émission of a great number 
of the atoms of the System can be obtained in a very short inter
val of time. This émission has high cohérence (see 36.1.1.), great 
power and is highly directional.
The corresponding devices, operating in the ultrashort radio wave 
range, are called masers. Those operating in the optical range 
are called lasers.



CHAPTEK 45

The Atom

45,1. Atoms and Ions with a Single Valence 
Electron

45.1.1. An atom is tlie smallesl particle of a Chemical element 
possessing the Chemical properties of the element. An atom con- 
sists of a positively charged nucléus and électrons moving about 
in its Coulomb field. In an atom the nuclear charge (see 47.1.2.) 
is equal in magnitude to the total charge of ail its électrons. An 
ion of the given atom is the electrically charged particle formed 
vvhen the atom loses or gains électrons.
45.1.2. The simplest atomic System is the hydrogen atom which 
consists of a single électron moving in the Coulomb field of a 
single proton. Hydrogen-like or hydrogenic or isoelectronic with 
hydrogen are terms used to describe ions which also hâve only 
nne électron, such as He+, Li+ + , Be+ + + , B4+, C6+, etc. Atoms 
liaving a single valence, or outer, électron, one not included in 
Mie filled shells (see 45.6.4.), are Li, Na, K, Rb and Cs.
45.1.3. The émission spectrum of an atom of hydrogen is of the 
line type (discrète). The frequency of the lines of this spectrum 
is described by the Balmer-Rydberg formula:

The quantities R  and R ' are called the Rydberg constant (in sec”1

where R = mln*e*me (in Gaussian units)
m t e l (In SI units)8e?;/l3
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and in cm”1 or m”1, respectively). The value of R  = 3.288 X1016 
sec”1; the value of R ' is given in 45.1.14. The quantifies n and 
m are called the principal quantum numbers (see 44.4.13.), and m = 
= 7i + l, n + 2, etc. A group of lines having the same n value is 
called a sériés. At n = 1 the Lyman sériés is obtained, at n = 2 the 
Balmer sériés, at n = 3 the Paschen sériés, at n = 4 the Brackett 
sériés, at n = 5 the Pfund sériés. The first of these sériés lies in 
the far ultraviolet région, the second covers the visible région 
and the remainder are in the infrared région. Valid for hydrogen- 
like ions is the Balmer-Rydberg sériés formula :

V =

where Z  is the atomic number of the element in Mendeleev’s 
Periodic Table (see 45.6.4.).
45.1.4. The maximum frequency for each value of n in the Balmer 
formula (at m = oo) corresponds to the sériés limit. The frequency 
corresponding to the sériés limit is called the spectral term and is 
denoted by Tn. Thus

T„ = —  (for hydrogen)

The term for a hydrogen-like ion is

45.1.5. In a hydrogen-like ion the energy corresponding to the 
term is

En hRZ*
n* and Tn I En I 

h
The magnitude of En is called the binding energy of the électron 
in an atom which is in a state with the given n. The minimum of 
the E n values

EnHn = _ hRZ2
corresponds to the ground, or normal, state of the System. The 
maximum energy E ^  = 0 corresponds to the ionization of the 
atom or ion, i.e. to the removal of an électron from it. In magnitude 
the ionization energy equals the binding energy of an électron 
in the atom or ion. The ionization potential (see 22.5.3.) is

where e is the magnitude of the charge of the électron. A diagram
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of the energy levels in an atom of hydrogen is given in Fig. 45.1. 
The features of the hydrogen spectrum are explained by Bohr’s 
postulâtes.
45.1.6. Bohr’s first postulate 
(steady States postulate) affirms 
that thereare certain stationary, 
or steady, States of the atom in 
which it does not radiate energy. 
The steady States of the atom 
correspond to stationary (non- 
radiating) orbits along which 
électrons travel. Notwithstand- 
ing their accélération, the élect
rons do not radiate electromag- 
netic waves (see 34.2.4.) when 
they move along stationary or- 
bits.
Bohr’s second postulate (orhit 
quantization rule) affirms that 
when an atom is in the steady 
state an électron travelling in a 
circular orbit should hâve quan- 
tized values of the angular 
momentum which comply with 
the condition

n h
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f i g .4 5 .1where rn = radius of the rc-th 
orbit

mevnrn = angular momentum of the électron on this orbit 
n = whole number (n j* 0).

Bohr’s third postulate (Bohr frequency condition, see 44.5.7.) States 
that the atom emits (absorbs) a quantum of electromagnetic 
energy when the électron passes from an orbit with a greater 
(lesser) n value to one with a lesser (greater) value. The energy of 
the quantum is equal to the différence between the energies of the 
électron on its orbits before and after the transition or “jump”. 
Thus

The frequency of the quantum (photon) emitted or absorbed in 
the transition is

4 9 - 1 5 0 0 9 769
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45.1.7. Bohr’s postulâtes do not follow from any principles of 
classical physics and are completely based on quantum mechanics. 
The stationary (steady) states of the électrons, introduced by 
Bohr’s first postulate, represent the steady-state motion of élec
trons in a Coulomb field given by the solution of the relevant 
Schrôdinger équation (see 44.2.3.). The possibility of emitting and 
absorbing quanta is the resuit of quantum transitions from one 
steady state in the atom to another. The probability of these 
transitions is given by the équation in 44.5.8. and the frequency is 
given by the frequency condition (see 44.5.7.) which coincides with 
the requirement of Bohr’s third postulate. Wave mechanics ena- 
bled the spectral line intensities to be calculated. This could not be 
done using Bohr’s theory.
45.1.8. The concept of the électron orbit in the atom, introduced 
by the Bohr theory, is only conventional, owing to the wave-like 
nature of the électron and Heisenberg’s indeterminacy principle 
(see 44.3.2.), as, in general, is the concept of the path of micro- 
particles possessing wave properties. In accordance with the gen
eral properties of their wave functions (see 44.1.5.), the électrons 
in an atom seem to be charged “clouds” whose density (probability 
density, see 44.1.5.) is a maximum at distances r from the nucléus. 
These distances are called the radii of the orbits. The mean distance 
of the électron from the nucléus in a hydrogen-like System (for 
Z > 1) for the states of the électron with the quantum numbers n 
and l (see 44.4.13.) is

This formula is only approximate since it does not take the lack of 
spherical symmetry into account for orbits with l ^  0. The 
quantity a0 = 0.529X10-8 cm is called the radius of the first 
(innermost) Bohr orbit in the hydrogen atom (see 44.4.15.).
45.1.9. To find the terms of spectral atoms with a single valence 
électron it is assumed that the action of the électrons of the filled 
shells of the atom on the valence (outermost) électron can be 
substituted by their screening of the positive charge of the 
nucléus. The motion considered is that of a single valence électron 
in the field set up by the atomic core, which consists of the nucléus 
and the filled électron shells. The states of électrons with various / 
values correspond, according to quantum mechanics, to électron 
‘clouds” with various kinds of symmetry. For instance, at l = 0, 

the cloud is spherically symmetrical. The appearance of the “or
bits” (in the quantum mechanics sense) dépends upon the magni
tude of the orbital quantum number l (see below). At l = 0, the
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“orbit” is a circle; at / = 1, 2, 3, .. ., it becomes an ellipse whicli 
is more and more prolate as l increases (Fig. 45.2). “Orbits” with 
l = 1, 2, 3, . . penetrating the région of space through which the 
électron “orbits” of the filled shells pass, are subjected to addition- 
al interaction with the “orbits” of the atomic core. The energy

n~ f n - 2

levels Enl of atoms with a single valence (outermost) électron are 
calculated by the approximate formula

w _  hRZ*2
“ ni -  -  -(^Tjy2

where Z* = Z — a = effective nuclear charge
a = so-called screening constant which increases with Z

J 3 aZ*2
4 ~afi

1(1+ 1) 
3n2

2)'('+ r)(,+1,('+i) ~ quantum defect

a = polarizability of the atom (see 20.7.3.) 
a0 = first Bohr radius in the hydrogen atom (see 44.4.15.) 

I = orbital quantum numbers.
The orbital quantum numbers are related to the principal quantum 
numbers by the condition

I = w -1 , m- 2 , 1
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45.1.10. The following notation is used for the spectral terms 
corresponding to the various l values:

l 0 1 2  3 4
Term s p d f  g

These letter symbols correspond to the names of the spectral 
sériés for atoms with a single outer électron : s—sharp, p—princip
al, d—diffuse, and f —fundamental sériés. The sélection rule (see
44.5.10. ) for an orbital quantum number is

Al = ±1
Transitions are possible only between terms Tnii and Tmft±i, 
no restrictions being imposed on the numbers n and m by the 
sélection rules. Combinations are possible, therefore, only between 
the s- and /?-terms, p- and d-terms, etc.
45.1.11. Any of the spectral terms may be either the initial or the 
final one for a transition. Since

\En, i - E mt I±i| = \Em, i±i — En,i\
where En ^  Emi then, in combinations, the same frequencies are 
obtained both for absorption spectra (Em < En) and for émission 
spectra (E^ > En). The intensities of the corresponding lines are 
not equal in the general case because of the unlike conditions of 
excitation for absorption and émission spectra.
45.1.12. The state of an atom in which it has greater energy than 
in the ground state (see 45.1.5.) is called the excited state. Absorp
tion spectra correspond to transitions of atoms from the ground to 
the excited states; émission spectra, to transitions from an excited 
to the ground or a less excited state. The degree of excitation is 
assessed by the différence between the energies of the excited and 
ground states. An excited state characterized by a long lifetime of 
the atom in it is called a metastable state (see 44.5.9.).
45.1.13. The existence of stationary excited states in atoms was 
shown by the experiments of Franck and Hertz in which a gas 
was bombarded by électrons of a defmite energy. Simultaneously 
with the measurement of the loss of energy of the électrons, the 
spectrum of gas glow, due to the électron bombardment, was 
observed. Experiments with mercury vapour established that 
électrons with an energy E  < 4.9 eV do not cause the gas to glow 
and are elastically reflected by the atoms of the gas. At E ^  4.9 eV 
low-velocity électrons are observed. Tliis indicates that électrons 
with E  = 4.9 eV completely transmit their energy to the mercury

Atomic and Nuclear Physics

772



45. The A tom

atoms. At the same time, a line appears in the mercury spectrum 
with A = 2537 Â. The frequency of this line, according to Bohr’s 
rule, corresponds to the différence in the energies of the excited 
and normal states of the mercury atom. This means that an atom 
of mercury, transferred by an electron-atom collision to the excited 
state, returns to the ground state, emitting a quantum with the 
wavelength A = 2537 Â.
45.1.14. Taking into account the motion of both the électron and 
the nucléus in a hydrogen atom with respect to the common 
centre of mass, me in the sériés formula (see 45.1.3.) is to be 
regarded as the reduced mass of the electron-nucleus System. 
Thus

— meM _  me 
^ ~~ me+ M ~  . ■ me 

^  M
where M  = mass of the nucléus 

me = mass of the électron.
If the motion of the nucléus is taken into considération, the 
Itydberg constant reaches its minimum value for the hydrogen 
atom: R'n = 109,677.6 cm-1. Its maximum value is for infinité 
mass (M =oo):i?^ = 109,737.3 cm”1.
< )wing to the different values of R  for different masses M , the 
isotope effect (isotope shift) is observed in certain spectra (see also
46.6.5.). It is associated with the existence of several isotopes of 
the same Chemical element (see 47.1.4.). For a mixture of isotopes 
this effect consists in the presence of additional spectral fines 
hcsides the fines of the atoms whose nuclei belong to the most 
abundant isotope. The intensities of these fines are proportional 
to the percentage of the corresponding isotopes in the substance. 
The wavelengths of the fines are displaced relative to one another 
for isotopes of masses M ' and M" by the amount

AX _  me AM
T  “  M2

where AM  = M " -  M ' = différence between the masses 
of the two isotopes 

M  = mean mass.
< >n the other hand

A À  _
~T ~ Rx

where and R z are the Rydberg constants (see 45.1.3.) of the 
l wo isotopes.
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45.1.15. In the interaction between négative muons (see Table 1 
on page 891) and a substance, the atomic nuclei may capture 
muons on the orbits and form mesonic atoms. The behaviour of 
muons (mu-mesons) in atoms does not essentially differ from that 
of électrons except that muons hâve a short lifetime. The radius of
a muon orbit in a mesonic atom is only of that of the corre-

771sponding électron orbit since —y ^  207 (see Table 1 on page 891).
771 ̂

For this reason the électrons in an atom do not strongly influence 
the motion of a muon in the atom. The small radius of a muon 
orbit, which is further reduced with an increase in the charge of the 
nucléus (see 45.1.9.) brings about the pénétration of the nucléus by 
muons beginning with Z ^  30. Hence the size and structure of the 
nucléus influence the energy levels of the muon, and the nucléus 
cannot be assumed to be a point as in solving the Schrôdinger 
équation for an atom (see 44.2.1.).
45.1.16. In slowing down positrons (see Table 1 on page 891), 
positronium is sometimes formed in the substance. Positronium 
is a System consisting of a positron and an électron which rotate 
about the centre of mass of the System. The positron cannot be 
regarded as fixed since its mass is equal to that of the électron. The 
orbit radii are twice those of the corresponding orbits in the 
hydrogen atom; the binding energy of positronium is only one 
half that of the hydrogen atom.
Depending upon the orientation of the spins (see 28.1.1.) of the 
électron and positron, positronium may be in either of two states: 
the orthostate for parallel orientation of the spins and the parastate 
for their antiparallel orientation (see also 45.2.8.). Orthopositro
nium lias a mean life of 1.4 X10“7 sec and, owing to the annihila
tion of the positron and électron (see 49.3.3.), is converted into 
three gamma-ray photons. This is stipulated by the principle of 
conservation of momentum (see 2.7.1. and 5.6.3.) and the existence 
of spin h (see 42.1.1.) in the photon. Parapositronium has a mean 
life of 1.25 X10“10 sec and upon annihilation is converted into two 
gamma-ray photons. The ground energy level of orthopositronium 
(the triplet state, see 45.3.5.) is 0.84 X l0“3 eV higher than the 
ground level of parapositronium (singlet state, see 45.3.5.). Upon 
the collisions of positronium with molécules having an uneven 
number of électrons and small gaps between the energy levels for 
different orientation of the résultant spin (for example, 13.6 X 10“3 
eV for molécules of No), the transition from orthopositronium to 
parapositronium is possible at room température.
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45.2. Many-Electron Atoms
46.2.1. Many-electron atoms are atoms having two or more 
électrons. The Schrôdinger équation (see 44.2.1.) for many-electron 
atoms is

£  [i?+ £ t ^ - v]'p = o

where
n
v

-  di 02 02
dxf  d y f  dz'f

= distance from the nucléus to the i-tli électron
1 N

= — Y  —  = potential energy of interaction between
1 î ék
the i-th and ail the rest of the électrons; summation 
is carried out over ail N  électrons of the atom; for a 
neutral atom N  = Z

= potential energy of interaction between the i-th
électron and the nucléus 

E = total energy of the atom.
The remaining notation is given in 44.2.1.
46.2.2. The Schrôdinger équation for a many-electron atom can 
be solved only by approximate methods and, first of ail, by 
methods of perturbation theory. The solution is based on represent- 
ing the energy of interaction V between the électrons as a small 
perturbation in comparison with the energy of interaction between 
I lie électrons and the nucléus. As a zeroth-order approximation, 
eigenvalues En and eigenfunctions *PH are obtained which corre
spond to a solution when V — 0. Thus

= £  E nl and ^  = f l
* = 1 i -  1

where J~[ dénotés the product of N  wave functions A solution
' =i

nf the Schrôdinger équation by the methods of perturbation theory 
is practically possible only at small values of N.
15.2.3. With an increase in A, even the approximate solution of 
Schrôdinger’s équation by methods of the theory of perturbations 
hccomes difficult. To find a solution, two principal methods are 
• •mployed to approximate the central field in the atom. They are 
llie Hartree and the Thomas-Fermi method.
The Hartree self-consistent field method is based on replacing the 
••leotric field of the nucléus and ail the électrons of the atom,
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except for one selected électron, by a certain self-consistent field, 
constant in time, in which the selected électron travels. The in
troduction of the potential of this field into the Schrôdinger 
équation enables the quantum numbers n and l to be found for 
each selected électron and, thereby, the energy states of the 
électrons. The Hartree method can be refined by taking the 
quantum exchange efïects into account (Hartree-Fock method).
The Thomas-Fermi method is based on the so-called statistical 
atom model in which a continuous distribution is assumed for the 
electric charges in the atom with a density that complies with 
Poisson’s équation (see 20.4.8.) for the potential of the electric 
field. The density of the electric charges is independently calculated 
by means of quantum statistics (see 12.7.3.) and Pauli’s exclusion 
principle (see 45.6.2.).
The Thomas-Fermi method (or Thomas-Fermi model) is appli
cable to both the atom and the ion, but the potentials at the bound- 
ary (of the atom or ion) are specified difïerently.
In the case of a neutral atom, for the function y(x)y related to the 
potential V(x) of the atom by the équation

n * ) - — w*)
where x = —

0.885ao

the Thomas-Fermi differential équation follows from statistical 
atomic theory. Thus

d2q> _
doc2 ~  Ÿ ~

where r = distance from the nucléus of the atom 
aQ = first Bohr radius of the hydrogen atom 
Ze = nuclear charge.

The Thomas-Fermi équation provides a good description of the 
distribution of électrons in heavy atoms.
45.2.4. The Schrôdinger équation for N  = 2 (the hélium atom) is

where A1 and A2 = Laplacian operators
E  = total energy of the atom

2e2—  and —  = potential energies of interaction between each 
ri r* électron and the nucléus

—  = energy of interaction between the électrons.
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The energy levels and the eigenfunctions of the zeroth approxima
tion (in which électron interaction is neglected) are

E = Eni + Ena and Y n = Y niY nt

where En 2̂ i2me4Z2 
hn2

Y n = hydrogen-like wave function of the électron (see
44.4.15.).

As a first approximation of perturbation theory, the normal state 
of the hélium atom is calculated taking account of the energy of 
mutual repulsion of the électrons, which are described by the wave 
functions of the normal state of the hydrogen type. As the zeroth 
approximation, the total energy of the ground state of a two- 
electron System is

E{) — 2Z2E h

As the first approximation, it is

E, = (2Z2- { Z )£ „

where E H is the total energy of an atom of hydrogen in the normal 
state.
45.2.5. In solving the problem of the arbitrary state of the électrons 
in a hélium atom, it is necessary to take the indistinguishability 
of the électrons (see 12.6.2.) into considération. Owing to the fact 
I hat the two électrons of the hélium atom are indistinguishable 
Trom each other, there may be two types of eigenfunctions:

Y  = ^ ni(l) Wn2(2) and Y  = Y ni(2)Yni (1)
in which the figures in the parenthèses dénoté the “number” of 
( lie électron. Since the energy En corresponding to these two cases 
is one and the same, then Y  describes a doubly degenerate state. 
Such degeneracy of energy levels, associated with the indistinguish- 
ability of atomic électrons (or any identical microparticles), is 
oalled exchange degeneracy. It is typical of quantum Systems.
15.2.6. The general solution of the Schrôdinger équation for the 
hélium atom can be represented in the form of a linear combination 
(sum or différence) of its particular solutions. Thus

=  !Pn i(l) !P„1(2 ) -!P „ 1(2)y»1(l)

^ 5 =  ^ ( 1 ) ^ ( 2 )  +  «Pn i(2)'P„.(l)
The wave function WA changes its sign when the figures (elec-
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trons) 1 and 2 are interchanged, and is said to be antisymmetrical. 
The wave function Y# does not change its sign under the same 
circumstances, and is said to be symmetrical.

6245.2.7. In taking the perturbation —  into account, i.e. mutual
repulsion of the électrons, the exchange degeneracy is removed 
and the doubly degenerate state is split into two states with the 
energies E s and E A. The mean perturbation energy AE  due to 
the interaction of two électrons in the hélium atorn is

= dv2

and, upon normalizing the wave function (see 44.2.4.)
+ oo
JJ \'P\i dvl dv2 = 1

— oo

AE is expressed by the symmetrical and antisymmetrical wave 
functions as follows:

AE : JJ'*'1
f f

— dvi dvz riz______
| |2 dvt dv2

=  C ± A

where | V|* = {| ^  (D !2 ! ^  (2) |2 ±  (1) (1) V *  (2) ï"  (2)}
In this équation, the first intégral in the denominator is equal to 
unity because the wave functions are normalized, and the second 
is equal to zéro because of their orthogonality. The first compo- 
nent of the intégral in the numerator corresponds to Coulomb 
interaction of the électrons. It is the product of the probability 
densities for each of the électrons and is called the Coulomb 
intégral. The second component has no analogy in classical 
physics and is associated with the exchange interaction of the 
électrons due to their indistinguishability. It is called the exchange 
intégral (see also 46.2.3.).
45.2.8. The existence of spin (see 28.1.2.) as a new independent 
variable describing, along with the coordinates, the state of the 
microparticles, leads to certain complications in the wave func
tions. Taking spin into account, they can be written in the form

W = W(x,y, z, ±A, « )
where h = .
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'.5. The Atom
TJsually, the spin wave function Sa(p8) is singled out of W. Thus 

v  = y>(x, y, z, t) Sa(p,)

vvhere a (subscript) = ± ~ ,  and p, = ± --(see  28.1.1.)

The argument of this function can hâve nnlv two values; the 
function itself is defined as follows:

f 1, if a = ± 4- at p, = +A  
■ U p .) = { .. i  n| 0, if a = + - j  at p, = ± ~ 2

The spin function possesses definite symmetry properties. There 
are four possible spin functions for a two-electron System:

S b = Sa( i ) S a(2)
S 8 =  Sp (l)  S p ( 2 )

Sb = Sa( l )S0[2) + Sa{2)Sfi(i)
SA =  6’a( l ) ^ ( 2 ) - . ç a( 2 ) ^ (1 )

in which the subscripts a and p correspond to spins of the électrons
«•quai to -  and — ~  ; the figures in the parenthèses are the
“numbers” of the électrons. The first three functions are sym- 
metrical and refer to the triply degenerate orthostate of the atom, 
rharacterized by a total spin S  = 1 (in units of see 45.3.1.). 
The last function is antisymmetrical and refers to the parastate 
with a total spin S  = 0 (in units of h).
In accordance with Pauli’s exclusion principle (see 45.6.2.) com
plété wave functions, complying with the states of a two-electron 
svstem, should be antisymmetrical: *PA = (or WA = W AS 8 ).

45.3. Vector Model of the Atom
15.3.1. The vector model of the atom is employed for the purpose 
nf systematizing complex spectra of many-electron atoms and 
for investigating the fine structure of spectra (see 45.3.5.). In this 
model the angular momentum corresponding to the orbital motion 
of each électron is represented by vector 1, and the angular 
momentum corresponding to the électron spin by vector s.
The projections of vectors 1 and s in a certain direction (coinciding 
with the external magnetic field) are quantized and assume values
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that are multiples of h. This is called space quantization of the 
orbital and spin angular momenta of the électron in the atom. 
The projection of vector 1 assumes (in units of h) the values Z, 
l — l, . . . , 0, . . . , -Z, i.e. 2Z + 1 values in ail. The projection of

1 lvector s assumes the values + y  and - y  (in units of h). The 
magnitudes of vectors 1 and s equal

|1| = f î ( ï + ï ) h  and | s | = h

The sum j = 1-hs, where |j |  = Ÿj{j + i)fi, is called the résultant 
angular momentum vector of the électron, j  is called the inner 
quantum number; the quantities Z and s are the orbital and spin 
quantum numbers, respectively.
45.3.2. In an atom (or ion) having two or more électrons, the 
orbital and spin angular momenta of ail its électrons can be

added together in two ways. The 
first method is resorted to when the 
interaction between the orbital an
gular momenta 1,- and 1* of the élect
rons, and between the spin angular 
momenta s< and s*, is stronger than 
the interaction of the momenta h 
and sf. The coupling of the orbital 
and spin momenta in this case is 
called weak (also Russel-Saunders or 
LS) coupling. It is the most widely 
found one in light atoms. The vec

tors of the orbital and spin momenta of électrons are combined 
separately to obtain the vector of the total orbital angular momen
tum of the atom (Fig. 45.3.):

L = V 1, and )L| = j L ( L  + i )h
i - 1

and the vector of the total spin angular momentum of the atom:

S = f >  and |S| = ŸS{S + l )h  
< - 1

where N  is the number of électrons in the atom. The two total 
momenta are combined to obtain the résultant total angular 
momentum of the atom:

J = L + S and J| = iT {Y + \)h
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The magnitude J  of vector J, expressed in units of h is called the 
total inner quantum number of the atom. The quantities L  and S 
are the total orbital and total spin quantum numbers of the atom, 
respectively. Owing to the various possible orientations of vectors 
L and S, the quantum number J  assumes the following values

J  = L + S , W - l , - .  \ L - S \

3g

Tlius J  has 2-5 + 1 values for L  ^  S  and 2L + 1 values for L ^ S .  
Vectorial addition of L and S corresponds to algebraic addition 
of L  and S.
45.3.3. The second method of combining orbital and spin angu- 
lar momenta of atomic électrons is 
employed when the interactions bet- 
ween 1, and s< for each of the élec
trons are stronger than the separately 
taken interaction of the orbital and 
spin momenta of different électrons bet- 
ween one another. The coupling of the 
momenta of the atomic électrons is 
called strong or j-j coupling. Such coup
ling exists mainly in heavy atoms. The 
vectors of the orbital and spin angular 
momenta of each électron in the atom 
are added to obtain the vector of the
résultant angular momentum of the électron (Fig. 45.4). Thus

jf =

The total résultant angular momentum of the atom is obtained 
by adding up the résultant momenta of each of the électrons. 
Thus

J =  £  j, and |J | = lfj{J + i) h

45.3.4. For an atom with two outer électrons and weak couplingj 
the total orbital angular momentum is

L = li + l2, i.e. L  = î + ̂ 2» ^1 + ̂ 2 — 1) • • •> | î 2̂ !
The maximum value of L  corresponds to parallel and the minimum 
value to antiparallel orientation of the orbital momenta of the 
two outer électrons in the vector model. The total spin angular 
momentum is

S =81 + s 2 , i.e. S = st ± s 2 = 1 or 0

781



Atom ic and N uclear P hysics  v j

respectively for parallel and antiparallel orientation of the spin 
momenta.
45.3.5. The quantity 2 S + i  is called the multiplicity of a spectral 
term (see 45.1.4.). It shows into what number of components each 
spectral term is split due to the supplementing of Coulomb inter
action (between the électrons and nucléus and between th<* 
électrons) witli the interaction between the spin and orbital 
momenta of the atom (spin-orbit interaction). This splitting 
results in what is known as fine structure of the spectral Unes.
In accordance with the two values of S  for atoms with two miter 
électrons, two kinds of multiplets are obtained:

singlets (single terms) with S  = 0 
triplets (triple terms) with S = 1

The multiplicity of a term 2S +1 coincides with the multiplicity 
of the system to which the given term belongs only when L S. 
Quantum transitions (see 44.5.1.) are optically allowed between 
spectral terms having the same S, i.e. at AS = 0. They are 
optically forbidden between terms with different S  values ( inter
combination exclusion). This forbidding is strictly complied with 
only in light atoms.
45.3.6. The following notation lias been accepted to characteri/.e 
the spectral terms of a many-electron atom:

(«A)* (»t, h f '  • • • ÎS+1L j

where the first to be indicated are the electronic configurations 
of the atom corresponding to its given spectral term, i.e. the 
number of électrons ku k2y . . . in States with the given principal 
and orbital quantum numbers n{ and l{ of the électrons. Also 
indicated are the Symbol of the spectral term L  of the atom, the 
multiplicity 2S + 1 of the term (as a superscript at the left) and 
the inner quantum number J  of the atom (as a subscript at the 
right). Quantities characterizing the state of the atom are denoted 
by capital letters; those referring to the states of the électrons 
are denoted by lower case letters.
45.3.7. The interaction between the magnetic moments of the 
électrons and the atomic nucléus results in hyperfine structure 
of the spectral terms. The magnetic moment of the nucléus, 
made up of the magnetic moments of its component nucléons 
(see 47.1.1.), is of the order of magnitude of the nuclear magneton 
(see 47.3.1.). Thus

Pnuc =*
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where Mp is the mass of the proton (see Table 1 on page 891). 
Consistent with the smallness of the nuclear magneton in corn- 
parison with the Bohr magneton (see 28.1.2.), hyperfine structure 
of spectral lines is characterized by the splitting of lines to a 
degree a thousand times finer than in a fine structure.
Magnetic interaction between the nucléus and électrons, like the 
interaction between the électrons themselves, is expressed in the 
vector model of the atom by means of the nuclear moment 
vector I (spin). Thus

F = I-f J and |Fj = fF{F + \)h

where J = résultant total angular momentum vector of the 
électrons in the atom 

F = total angular momentum vector of the atom (in- 
cluding its nucléus).

The quantum number F corresponding to F can assume the 
following values (for a fixed value of J):

F = /  + /, ./ + / - ! ,  . . ., \ J ~ I \

The systematics of spectral lines with hyperfine structure is no 
different from that adopted for a fine structure in the case of 
vveak coupling.
The vector model of the molécule is dealt with in 46.3.8.

15.4. The Zeeman Effect and Résonance Phenomena
15.4.1.. The Zeeman effect is the splitting of energy levels and 
spectral lines when the radiating substance is subjected to a 
magnetic field. Distinction is made between the normal and ano- 
malous Zeeman effects, and also the longitudinal and transverse 
r/fects. The longitudinal effect is observed along the magnetic 
lield, and the transverse effect in directions perpendicular to the 
lield.
45.4.2. In the normal longitudinal Zeeman effect each spectral 
line is split into two components (normal Zeeman doublet) with 
frequencies v± Av, where v is the frequency of the line when there is 
no magnetic field. In the normal transverse Zeeman effect, an 
undisplaced line is observed along with the doublet mentioned 
nbove, i.e. three lines in ail (normal Zeeman triplet) with the 
frequencies v and v±Av.  In the longitudinal effect the line with
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the frequency v - A v  shows left-hand circular polarization (see 
34.1.8) and that with the frequency v+Av  shows right-hand 
circular polarization. In the transverse effect, the two displaced 
components correspond to a plane of polarization (see 34.1.8.) 
parallel to the external magnetic field [a-components) and the 
undisplaced line to a plane of polarization perpendicular to this 
field (71-component). In the longitudinal effect the line of fre
quency v - A v  is called the red line; that with a frequency of 
v + Av is called the violet line.
45.4.3. The Zeeman effect observed in absorption spectra is 
known as the inverse Zeeman effect. The laws governing the inverse 
effect are similar to those for the direct effect. From the fact that 
the frequencies of the components are near to that of the original 
line in a dispersive medium, dispersion of the index of refraction 
occurs and the index for the red line of the longitudinal effect 
differs from that for the violet line. Since these two lines hâve 
circular polarization of opposite hand, then, upon the propaga
tion of light of these frequencies through a substance, one will 
lag in phase behind the other, i.e. rotation of the plane of polar
ization will occur (see 39.7.5.).
45.4.4. In the classical theory of the normal Zeeman effect, the 
motion of an électron in an atom is regarded as the harmonie 
oscillation of a linear harmonie oscillator (see 44.4.2.).
Arbitrary linearly polarized oscillation of the électron (see 6.3.6. 
Example 2) can be resolved into two oscillations: one along the 
magnetic field and the other in a plane perpendicular to this field. 
The latter can be further resolved into two oscillations, circularly 
polarized (see 6.3.6. Example 2) with opposite directions of 
rotation, that occur at the Larmor precession frequency (see
28.1.7.). For circularly polarized oscillation with the direction of 
rotation coinciding with that of precession, the frequency of 
oscillation of the radiating électron will be v+Av  (violet line) 
and for oscillation in the opposite direction of rotation the fre
quency will be v - A v  (red line). Along the magnetic field, linearly 
polarized oscillation of an électron, coinciding in direction with 
the field, will produce no radiation because a harmonie oscillator 
does not radiate along its axis (see 34.2.4.). Hence, in the longi
tudinal Zeeman effect, only two oscillations are observed. Thev 
are both circularly polarized and are displaced in reference to the 
initial frequency by Av. In the transverse Zeeman effect ail three 
oscillations provide linearly polarized radiation with the frequen
cies v and v± Av.
Line splitting Av in the normal Zeeman effect coincides with the
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Larmor frequency. Thus

Av = - (in SI units)
1 e HAv = 7----- (in Gaussian units)4 7i me ' '

where e and m = charge and mass of the électron 
H  = intensity of the magnetic field.

The quantity Av is usually extremely small ; at H  ~ 106 amperes
per métré, ~  10“5. The Zeeman effect is not easy to observe
and requires optical instruments of high resolving power (see
38.8.2.).
45.4.5. The normal Zeeman effect can be observed only in strong 
magnetic fields. In weak magnetic fields, the anomalous Zeeman 
effect occurs. Here, the effect of spectrum-line splitting is much 
more complex than in the normal effect. The number of compo- 
nents of the lines often considerably exceeds their number in the 
normal effect. The distribution of intensifies in a System of 
components (Zeeman multiplet) turns out to be extremely com
plex. The distance between the line components is determined as 
before from the magnetic field intensity H. Figure 45.5 shows the

F I G .45.5

lines corresponding to the sodium doublet in the cases of the 
anomalous (a) and normal (b) Zeeman efïects, as well as the 
transition from the first to the second. The transition from the 
anomalous to the normal Zeeman effect, as the intensity of the 
•*xternal magnetic field is increased, is known as the Paschen-Back 
effect.
15.4.6. Classical theory cannot explain the anomalous Zeeman 
«•ITect. The quantum theory, however, of the Zeeman effect (both
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normal and anomalous) deals with it as the resuit of changes in 
the energy levels of atomic électrons due to the interaction of 
their spin and orbital angular momenta with each other and with 
the external magnetic field (strong or j-j coupling, see 45.3.3.). 
The vector model of the atom (see 45.3.1.) is made use of to 
describe this interaction. Distinction is made between cases of 
weak and strong magnetic fields.
45.4.7. A weak magnetic field is one with an intensity H  that 
causes the splitting of p ^ p BH  levels in the normal Zeeman 
efïect, satisfying the condition

f i 0/LLBH  «  \ E t - E } \ (in SI units)
where pB = Bohr magneton (see 28.1.2.)
E f and E j = energies of two adjacent levels in the absence of 

a magnetic field.
The condition for a strong field in the Zeeman elîect is

fioUsH »  | Et -  Ej I (in SI units)
[ii a weak magnetic field, the interaction between the orbital and 
spin magnetic momenta is greater than the interaction of each 
of them with the field (see Fig. 45.5). The latter interaction is 
regarded as a small perturbation leading to the change in energy 
A E  of an atom in a magnetic field of intensity H .  Thus

A E  = gmpBp0H (in SI units)
where m = magnetic quantum number 

fj,B = Bohr magneton 
g — so-called Landé splitting factor.

The Landé factor equals
_ .  . J ( J  4-1 ) — L ( L + 1 ) 4- £>(& +  1 )

8  ~  + 2 J( J +1)
here the notation is the same as in 45.3.2.). If there is no spin 

(S = 0, J  = L) then g = 1 ; if L  = 0 then g = 2. The number 
of components of the multiplet is determined by the relationship 
between L  and S.
The magnitude of splitting in the anomalous Zeeman efîect is

Av = \jmxgx-m & ^vL
where mx and m2 = magnetic quantum numbers 

gx and g2 = Landé factors

vL = Larmor frequency.

Atomic and Nuclear Physics
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For light which is linearly polarized parallel to vector H, m1 = m2\ 
for light with circular polarization perpendicular to H, m1 = 
= m2± 1.
15.4.8. In a strong magnetic field the interaction of the orbital 
and spin angular momenta of the électron breaks down and each 
of these momenta interacts séparately with the magnetic field. 
As the magnetic field intensity grows, line splitting increases 
until components of the multiplets of adjacent spectrum lines 
begin to merge with one another. Finally, of ail the components 
of the multiplets only three lines remain (for the transverse 
Zeeman efïect) or only two lines (for the longitudinal efïect). 
Their frequencies are

v = v0 + (m1- m 2) (in SI units)
where v0 = frequency of the undisplaced line 

4wT = Larmor frequency 
m x and m2 = magnetic quantum numbers.
The sélection rule for these quantum numbers is 

m1 — m2 = +1, 0 
froin which the Zeeman triplet is obtained. In strong magnetic 
fields, the results of classical and quantum calculations of the 
Zeeman efïect coincide.
45.4.9. The existence of spin brings about the condition in which 
each energy level of the électron in the atom is doubly degenerate 
(see 12.3.1.). The application of a magnetic field to the atom 
éliminâtes this degeneracy and each spectral line is split into at 
least two (spin doublet).
45.4.10. Electron paramagnetic résonance (EPR) is the sélective 
absorption of electromagnetic radiation b y a substance. It is 
associated with the transitions of the atomic électrons between 
the Zeeman energy levels that are set up when a constant magnetic 
field is applied to the substance. For transitions complying with 
the sélection rule for a magnetic quantum number (see 45.4.8.) 
Am = ± 1 ,  the résonance frequency equais

vEru = S- ’H- (in SI units)
where g = Landé factor (see 45.4.7.), equal to 2 for free électrons 

(conduction électrons in metals) 
pB = Bohr magneton
H = intensity of the constant magnetic field applied to 

the substance 
h = Planck’s constant.
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45.4.11. The magnetic field applied to the substance is usually 
strong enough to eliminate the spin degeneracy of the magnetic 
sublevels (see 45.4.9.). At the same time a weak electromagnetic 
field that brings about transitions is applied to the substance. 
The magnetic vector of the last field is perpendicular to the 
vector of the constant magnetic field.
The quantity vEPR for H  ~ 1010 amperes per métré is of the order 
of 103 MHz and requires radio-frequency measuring instruments 
for its observation (in the range of centimètre waves).
45.4.12. The shape and intensity of the Unes observed in électron 
paramagnetic résonance dépend upon the interaction of the spins 
of the atomic électrons with one another and with the lattice of 
the solid.
Spin-spin interaction of atoms is due to the occurrence of a résult
ant spin magnetic moment of the atom not equal to zéro (see
45.3.2. ). In the general case it is added to the interaction between 
the atoms and the external magnetic field, thereby leading to 
broadening of the résonance lines. This (spin-spin) interaction 
decreases rapidly with an increase in the distance between the 
atoms and can be made negligibly small by diluting the para
magnetic substance in nonmagnetic solvents.
45.4.13. Spin-lattice interaction is due to the fact that the orbital 
magnetic moment of the atom, coupled by an LS coupling (see
45.3.2. ) with the spin moment (spin angular momentum), is 
additionally coupled by electrical forces to the crystalline field 
(spin does not interact directly with the lattice). This interaction 
is responsible for the fact that the spins of the atoms become 
oriented along the external magnetic field not instantaneously, 
but gradually. This phenomenon is called spin-lattice relaxation 
and is characterized by the period r  which is related to the 
energy of atomic transition by the Heisenberg indeterminacy 
relation (see 44.3.). The transition of the atom to a higher (absorp
tion) or lower (émission) level of Zeeman splitting does not occur 
before the neighbouring atoms in the lattice can give up or 
accept an energy quantum hvEPR = AE.
If the spin-lattice relaxation is achieved by interchanging phonons 
(see 15.3.7.) with the lattice, then the relaxation time for hydrogen-
like Systems (having a total spin quantum number S  = y , see
45.3.1.) is

T 00 H *T 2

This équation is usually valid when T  > S D where @D is the 
Debye characteristic température of the crystal (see 15.4.3.).
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If the spin-lattice relaxation is accomplished by the scattering of 
acoustic waves by the atoms of the lattice, then the usual formula 
at 71 «  <9d is

i  oc ———T ^  H2T*
where t =  relaxation period

H  = intensity of the magnetic field 
C = proportionality factor which dépends on the strength 

of the j-j coupling (see 45.3.3.) and on the splitting 
of the orbital levels in the crystalline field 

T = absolute température of the substance.
These two formulas are valid if spin-spin interaction is neglected.
45.4.14. In addition to the factors indicated above, électron 
résonance in ferromagnetic materials also dépends upon the 
presence of demagnetizing fields. In the general case, the résonance 
frequency for a transition with Am = ± 1 equals

Vrer = - K-  A h . + (N, -  N z)It] [H , + (Nx -  tf.)/.]
where iVx, N y and N z = so-called demagnetization factors for the 

x , y and z axes 
I z = magnetization of the specimen in the 

direction of the applied magnetic field 
H z.

lt is assumed that the magnetic component of the electromagnetic 
high-frequency field is directed along the x  axis, that the specimen 
is uniformly magnetized, and that the Landé factor g is the same 
throughout the specimen.
If the constant magnetic field and the magnetic component of the 
variable field are parallel to a fiat surface of the specimen, then

Vmfm =

where B  is the induction of the magnetic field in the specimen. 
If the constant magnetic field is perpendicular and the variable 
field is parallel to a fiat surface of the specimen, then

Ve e r  =  ~  ( H - W )

where I  is the magnetization of the specimen.
For small spherical specimens
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For long circular cylinders with the direction of the constant 
magnetic field along the axis of the cylinder and that of the mag- 
netic component of the high-frequency field perpendicular to t.his 
axis

• efm =  gy  ( H + 2*1)

These formulas are valid under the condition that the depth of 
pénétration of the high-frequency field into the specimen at the 
résonance frequency (skin depth, see 27.3.6.) is comparable to the 
dimensions of the specimen. Ail the formulas of 45.4.14 are given 
in Gaussian units.

Atomic and Nuclear Physics

45.5. The Stark Effect in Hydrogen-Like Systems
45.5.1. The Stark effect is the splitting of spectral Unes due to the 
action of an external electric field on the radiating substance. 
Since even very strong external electric fields are weak compared 
to the intratomic fields, their action on the motion of the atomic 
électrons can be regarded as small perturbations. Consequently, 
the Stark line splitting is very minute and can be observed only 
with instruments having a high resolving power (see 38.8.2.). The 
lines are split into a sériés of components (satellites) located, in the 
case of hydrogen, symmetrically on both sides of the original 
line.
45.5.2. In the first approximation of perturbation theory (see
44.5.5.) in hydrogen and hydrogen-like atomic Systems, the linear 
Stark effect is observed. It partly éliminâtes degeneracy between the 
levels of the single atomic électron (see 44.4.11.). The split
ting is

Avi = (n1- n 2)nê (in Gaussian units)

where ê = intensity of a uniform electric field 
fi, and n2 — so-called parabolic quantum numbers

n1-\-n2 <  n
(where n is the principal quantum number see 44.4.13).
If the linear Stark effect is observed, the System has an aver
age dipole moment of

3 h2 / v
P‘ = s ^ ^ z  K -" * )”

resulting from its polarization in an electric field.
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45.5.3. After a partial élimination of degeneracy in the linear 
Stark effect, degeneracy of the states remains. These States difTer 
in the values of the magnetic quantum number m. Further élimi
nation of degeneracy occurs in the effect of the second approxima
tion—the quadratic, or second, Stark effect. In sufficiently strong 
electric fields, having an intensity £ exceeding 1 0 5 volts per cm, 
the observed splitting is

J v 2 =  [17w2-3 (w 1- n 2)2- y m 2 +  19Jé12
(in Gaussian units)

hswhere B0 = -  102 4 7 ^ ^ 8  and dépends upon the magnetic quantum
number m in addition to other quantum numbers. The quadratic 
Stark effect is always négative and displaces the energy levels in the 
direction of smaller energy.

45.6. The Pauli Exclusion Principle.
The Periodic System of Eléments

45.6.1. On the basis of the principle of indistinguishability of 
identical particles (see 12.6.2.), quantum mechanics leads to the 
conclusion that there are two types of particles differing only in 
their nature. These types are: (a) particles having a spin equal 
to an intégral number of h units (bosons, see 12.7.1.), described by 
the symmetrical complété wave functions W8 (see 45.2.6.) and 
(b) particles with a spin equal to a half-integral number of h units 
(fermions, see 12.7.3.), described by the antisymmetrical complété 
wave functions WA (see 45.2.8.).
45.6.2. A statement, valid for ail particles having half-integral 
spin (fermions, in units of h), is: there cannot be more than one 
fermion in the same quantum state of a given quantum System. 
This statement is called the Pauli exclusion principle. The quan
tum mechanics formulation of the Pauli principle comprises the 
requirement of antisymmetry of complété wave functions for 
Systems of particles that comply with this principle.
45.6.3. In its application to an atom in which the électron state is 
uniquely determined by a set of four quantum numbers, i.e. 
principal n, orbital Z, magnetic orbital m, and magnetic spin 
the Pauli principle states that no two électrons in an atom may 
hâve the same set of quantum numbers rc, Z, mx and mt.
45.6.4. The Pauli principle is at the basis of the systematics for 
filling the électron states in atoms and explains the periodicity of
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the properties of Chemical éléments, i.e. Mendeleev's Periodic 
System of Eléments.
The total number of électron states in a many-electron atom, for a 
given principal quantum number n, is

»—i
2 £  (21 + 1) = 2 n*

1 = 0
Electrons, occupying a totality of states with the same value of 
quantum number n, comprise an électron shell.

Principal quantum number n 1 2 3 4 5 6 7
Maximum number of possible 

électron states 2 8 18 32 50 72 98
Shell Symbol K L M N O P Q

45.6.5. In each of these shells the électrons are distributed between 
the subgroups, or subshells, in accordance with the given value of l 
(l < n, see 45.1.9.). The maximum number of électron states in a 
subshell with a given l equals 2(2/+ 1).

Orbital quantum number l 0 1 2 3 4 .......
Number of possible

électron states 2 6 10 14 18 ........
Subshell symbol s p d f g ........

45.6.6. The order for the filling of the électron states in the shells 
and, within one shell, in the subgroups (subshells) is the same as the 
order in which energy levels with the given n and / are arranged. 
First the states with the minimum possible energy are filled and 
then the states with higher and higher energies. For light atoms 
this order entails the filling of the shell with the least n value first, 
and then the next shells are filled with électrons. Within one shell 
the state with Z = 0 is filled first and then the states with larger 
Z values, up to / = n -1 .
45.6.7. Beginning with potassium (Z = 19), frequent déviations 
from this regular order for filling the électron shells are observed 
because certain électron states with a higher n value correspond 
to smaller energy than some still unoccupied states with a lower n 
value. This pertains to states (71 + 1 ) 5  and (71 +1) p (compare with 
the states nd and nf ). Eléments in which the filling of preceding 
shells (subshells 3d, 4d, 4/*, 5d and 5f) is completed after the partial 
filling of subséquent shells are called transition éléments.
45.6.8. The following table indicates the distribution of électrons 
among the states (shells and subshells) in the atoms of the éléments, 
as well as the fundamental terms of the corresponding atoms.
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ls 2s 2p 3s 3p 3d 4s 4p 4d 4/? 5s 5p 5d5/f 6s 6p6<

1 H 1 2S ,,
2 He 2 12

%

3 Li 2 1 !S-/,
4 Be 2 2 ‘So

5 B 2 2 1 ,J,v ,
6 C 2 2 2 ap<,
7 N 2 2 3 *s;/2
8 0 2 2 4
9 F 2 2 5 2P»/,

10 Ne 2 2 6 'S.

11 Na 2 2 6 1 ‘s */,
12 Mg 2 2 6 2 %

13 Al 2 2 6 2 1
14 Si 2 2 6 2 2 »p»
15 P 2 2 6 2 3
16 S 2 2 6 2 4 »ps
17 Cl 2 2 6 2 5 ipk
18 Ar 2 2 6 2 6 ’So

19 K 2 2 6 2 6 1
20 Ca 2 2 6 2 6 2 %

21 Sc 2 2 6 2 6 1 2 *DV.
22 Ti 2 2 6 2 6 2 2
23 V 2 2 6 2 6 3 2 *F»/«
24 Cr 2 2 6 2 6 5 1 7S ,
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25 Mn 2 2 6 2 6 5 2 *®,/«
26 Fe 2 2 6 2 6 6 2 «Di
27 Co 2 2 6 2 6 7 2 1F»/,
28 Ni 2 2 6 2 6 8 2
29 Cu 2 2 6 2 6 10 1 ,S */,
30 Zn 2 2 6 2 6 10 2 *S0

31 Ga 2 2 6 2 6 10 2
32 Ge 2 2 6 2 6 10 2 2
33 As 2 2 6 2 6 10 2 3 •S?/,
34 Se 2 2 6 2 6 10 2 4
35 Br 2 2 6 2 6 10 2 5 **?/,
36 Kr 2 2 6 2 6 10 2 6 •S.

37 Rb 2 2 6 2 6 10 2 6 1 ! s v .
38 Sr 2 2 6 2 6 10 2 6 2 ■s„

39 Y 2 2 6 « 6 10 2 6 1 2
40 Zr 2 2 o !

I
! 2 6 10 2 6 2 2

41 Nb 2 2 6 2 6 10 2 6 4 1 •D ,/,
42 Mo 2 2 6 2 6 10 2 6 5 1 ’S,
43 Te 2 2 6 2 6 10 2 6 5 2 •s6/.
44 Ru 2 2 6 2 6 10 2 6 7 1 8 F#
45 Rh 2 2 6 2 6 10 2 6 8 1 4F“/2
46 Pd 2 2 6 2 6 10 2 6 10 ■So
47 Ag 2 2 6 2 6 10 2 6 10 1 !S‘/2
48 Cd 2 2 6 2 6 10 o 6 10 2 ‘So
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2s 2p 3s 3p 3d 4s 4p 4d 4 f 5s 5p 5d 5 f 6s 6p6d 7S

49 In 2 2 6 2 6 10 2 6 10 2 1 tp 'i.
50 Sn 2 2 6 2 6 10 2 6 10 2 2 ’Po
51 Sb 2 2 6 2 6 10 2 6 10 2 3 *sî/s
52 Te 2 2 6 2 6 10 2 6 10 2 4 aP«
53 I 2 2 6 2 6 10 2 6 10 2 5 tph
54 Xe 2 2 6 2 6 10 2 6 10 2 6 *S0

55 Cs 2 2 6 2 6 10 2 6 10 2 6 1 *&/.
56 Ba 2 2 6 2 6 10 2 6 10 2 6 2 ’So

57 La 2 2 6 2 6 10 2 6 10 2 6 1 2 ’D»,t
58 Ce 2 2 6 2 6 10 2 6 10 2 2 6 2 •H.
59 Pr 2 2 6 2 6 10 2 6 10 3 2 6 2 •Il,,
60 Nd 2 2 6 2 6 10 2 6 10 4 2 6 2
61 Pm 2 2 6 2 6 10 o 6 10 5 2 6 2 *««/,
62 Sm 2 2 6 2 6 10 2 6 10 6 2 6 2 7F„
63 Eu 2 2 6 2 6 10 2 6 10 7 2 6 2 •s?/t
64 Gd 2 2 6 2 6 10 2 6 10 7 2 6 1 2 •Dî
65 Tb 2 2 6 2 6 10 2 6 10 8 2 6 1 2
66 Dy 2 2 6 2 6 10 2 6 10 10 2 6 2 «J»
67 Ho 2 2 6 2 6 10 2 6 10 11 2 6 2 */ï6/.
68 Er 2 2 6 2 6 10 2 6 10 12 2 6 2 aH.
69 Tm 2 2 6 2 6 10 2 6 10 13 2 6 2 •F?/t
70 Yb 2 2 6 2 6 10 2 6 10 14 2 6 2 *So

71 Lu 2 2 6 2 6 10 2 6 10 14 2 6 1 2 ’D ./,
72 Hf 2 2 6 2 6 10 2 6 10 14 2 6 2 2 •Fs
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3p 3 d 4s 4p 4d kf | 5s bpbdbf 6s 6p 6d 7s

73 Ta 2 2 6 2 6 10 2 6 10 14 2 6 3 2 tF*i,
74 W 2 2 6 2 6 10 2 6 10 14 2 6 4 2 *D0
75 Re 2 2 6 2 6 10 2 6 10 14 2 6 5 2 «s 5/!
76 Os 2 2 6 2 6 10 2 6 10 14 2 6 6 2 5 D*
77 Ir 2 2 6 2 6 10 2 6 10 14 2 6 7 2
78 Pt 2 2 6 2 6 10 2 6 10 14 2 6 9 1 3D3
79 Au 2 2 6 2 6 10 2 6 10 14 2 6 10 1 *Si,t
80 Hg 2 2 6 2 6 10 2 6 10 14 2 6 10 2

81 Tl 2 2 6 2 6 10 2 6 10 14 2 6 10 2 1
82 Pb 2 2 6 2 6 10 2 6 10 14 2 6 10 2 2
83 Bi 2 2 6 2 6 10 2 6 10 14 2 6 10 2 3 ‘Sa/,
84 Po 2 2 6 2 6 10 2 6 10 14 2 6 10 2 4 3P,~
85 At 2 2 6 2 6 10 2 6 10 14 2 6 10 2 5
86 Rn 2 2 6 2 6 10 2 6 10 14 2 G 10 2 6 ‘So

87 Fr 2 2 6 2 6 10 2 6 10 14 o 6 10 2 6 1 2S‘/2
88 Ra 2 2 6 2 6 10 2 6 10 14 2 6 10 2 6 2 ’So
89 Ac 2 2 6 2 6 10 2 6 10 14 2 6 10 2 6 1 2 ,D«/.
90 Th 2 2 6 2 6 10 2 6 10 14 2 6 10 2 6 2 2

91 Pa 2 2 6 2 6 10 2 6 10 14 2 6 10 2 2 6 1 2
92 U 2 2 6 2 6 10 2 6 10 14 2 6 10 3 2 6 1 2 «L|
93 Np 2 2 6 2 6 10 2 6 10 14 2 6 10 4 2 6 1 2 «L„/2
94 Pu 2 2 6 2 6 10 2 6 10 14 2 6 10 6 2 6 2 7F«
95 Am 2 2 6 2 6 10 2 6 10 14 2 6 10 7 2 6 2 »s;/2
96 Cm 2 2 6 2 6 10 2 6 10 14 2 6 10 7 2 6 \ 2 *D2

796



45. The A to m

Concluded

Z

E
le

m
en

t

K L M N O P Q

N
or

m
al

St
at

e

ls 2s 2p 3s 3p 3d 4s 4p 4d 4f 5s 5p 5d 5f 6s 6p 6d 7s

97 Bk 2 2 6 2 6 10 2 6 10 14 2 6 10 8 2 6 1 2 •h 17/i
98 Cf 2 2 6 2 6 10 2 6 10 14 2 6 10 10 2 6 2 »/»
99 Es 2 2 6 2 6 10 2 6 10 14 2 6 10 11 2 6 2

100 Fm 2 2 6 2 6 10 2 6 10 14 2 6 10 12 2 6 2
101 Md 2 2 6 2 6 10 2 6 10 14 2 6 10 13 2 6 2
102 No 2 2 6 2 6 10 2 6 10 14 2 6 10 14 2 6 2 ‘So
103 Lw 2 2 6 2 6 10 2 6 10 14 2 6 40 14 2 6 1 2

15.6.9. The outer (valence) électrons of an atom are those that form 
part of the s- and p-subgroups of the shell having the highest n 
number in the given atom. These électrons détermine the Chemical 
and optical properties of their atoms.
15.6.10. The magnetic spin momenta of the électrons are balanced 
in the completely filled s-subgroup; the magnetic orbital angular 
momenta are also balanced in the completely filled p -, d- and 
/■-subgroups. Hence the total magnetic angular momentum with 
completely filled subgroups is zéro and the corresponding element 
displays diamagnetic properties (see 28.3.1.). In atoms with not 
rompletely filled subgroups, the uncompensated magnetic angular 
momentum (not equal to zéro) brings about paramagnetism (see
28.4.1.) and, in many cases, ferromagnetism and antiferromagnet- 
ism (see 28.6.3.).
15.6.11. The filling of the nd- and n/’-subgroups in atoms takes 
place at almost unchanged électron configuration of the (zi + 1) s- 
;ind (/H-l) p-subgroups and therefore has almost no effect on the 
rhemical properties of the transition éléments, which (properties) 
are similar within the given group of éléments. On the other hand, 
Mie filling of the nd- and nf-subgroups substantially affects the 
\-ray spectra (see 45.7.2.) of the atoms. This is related to the 
électron transitions in the inner shells of the atom.
45.6.12. The total number of électrons in the s +/>-subgroup 
(•quais 8 (see 45.6.5.). The mechanism for giving up or attaching 
valence (outer) électrons is the basis for most Chemical reactions (see
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also 46.1.3.). it  proves expédient, from the energy point-of-view, 
for an atom with the s + jo-subgroup less than half-filled to give up 
électrons and for one with a more than half-filled s+p-subgroup 
to attach more électrons. Depending upon various conditions, an 
atom with its s+p-subgroup just half-filled can either give up or 
attach électrons.

45.7. X-Rays
45.7.1. There are two types of X-rays. One has a line spectrum (see
40.2.5.) and is called characteristic X-rays. The other has a contin
uons spectrum (see 40.2.5.) and is called white, or continuous, 
X-rays. White X-rays are produced by the “slowing-down” of the 
high-speed électrons in their motion through a substance (brems- 
strahlung or braking radiation, see 34.2.9.). Characteristic X-rays 
are associated with the transition of électrons in the inner shells 
of medium and heavy atoms. The différence in energy E m — Ev 
for these shells is considerably higher than for the outer shells. 
Hence the frequencies of characteristic X-ray spectra are several 
orders of magnitude greater than those of optical spectra.
45.7.2. Characteristic X-radiation arises from the émission of an 
électron from one of the shells nearer to the atomic nucléus. This 
vacancy is filled by the transition of an électron from one of the 
shells farther from the nucléus (ones having a higher principal 
quantum number n). This leads to the radiation of a characteristic 
X-ray photon of the frequency v. Thus

-, _ (Em—En) 
h

If ionization is accomplished as a resuit of the collision of high- 
speed électrons with atoms, the X-radiation is said to be prirnary. 
X-radiation is said to be secondary, or fluorescent, if it is produced 
by the photoionization of atoms (see 46.11.5.) resulting from the 
X-ray photons absorbed by the atoms.
45.7.3. When an électron is emitted from the JT-shell the possibil- 
ity arises for transition to this shell from the L - (n = 2), M- 
(n = 3) shell, etc. with subséquent transitions of électrons to the 
vacancies in these shells, until the process is completed by the 
entire distribution of the électrons among the States in the atom. 
The photons produced in these transitions form characteristic 
X-rays. Figure 45.6 illustrâtes the general scheme of these transi
tions which comply with the sélection rules: \Al\ = l, | 4 / 1 = 0, 1 
for dipole radiation, and \Al\ = 0, 2, \Aj\ = 0, 1, 2 for tne con
siderably weaker quadrupole radiation. The spectral Unes produced
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by the électron transitions to the K -, L -, etc. shells of the atom 
constitute the K -, L -, etc. sériés of the characteristic spectrum. 
The lines of each sériés are usually denoted by subscripts consist- 
ing of Greek letters and numbers (for example, KKl, K L a„ etc.). 
45.7.4. Moseley's law for the characteristic frequencies of a speo- 
I.rum can be written as

= a (Z -a )

;md for wave numbers it is

/ A 7 =  a( Z- a)

where H and H' — Hydberg constant in sec~l and cm”1, respect- 
ively (see 45.1.3.)

Z = atomic rmmber of the Chemical element 
(j = screening constant (see 45.1.9.) 
a — constant depending upon the quantum num

bers of the shells between which the transition 
occurs.

799



VI.Atom ic and N uclear Physics

45.7.5. A continuous X-ray spectrum of braking radiation (brems- 
strahlung) is limited from the side of short wavelengths by a 
certain minimum wavelength Xmin called the continuous spectrum 
boundary. The occurrence of such a boundary is associated with 
the fact that the maximum energy hvmax of an X-ray quantum, 
developed at the expense of the energy Ek of the électron, cannot 
exceed this energy. Thus

Ejt = ccpQ —• hvmax

where <p0 is the potential différence as a resuit of which the 
energy E k is transmitted to the électron. The continuous spectrum 
boundary is

2 — c _  ch __ °h
m *n  v m a x  e<Po E j i

A measurement of the short-wave boundary of a continuous 
X-ray spectrum enables one of the most précisé values of h to be 
determined.
45.7.6. X-ray absorption spectra, in contrast to optical spectra, 
do not contain sépara te absorption lines. The coefficient of absorp
tion (see 47.9.14.) of X-rays by a substance decreases with an 
increase in their frequency. This monotonie relationship is violated 
by jumps in the absorption coefficient (absorption edges, or jumps) 
in the frequency régions at which the energy of the X-ray quanta 
becomes sufficient to dislodge électrons from the K -, L -, M -, etc. 
shells of the atom.
45.7.7. Upon the absorption of an X-ray quantum by an atom, 
autoionization of the excited atom may occur. This is known as the 
Auger effect and is brought about by the internai redistribution of 
the excitation energy. The Auger effect is a two-state process. 
First, upon the absorption of an X-ray quantum, the atom 
becomes excited and ejects an électron from one of the innermost 
shells (usually from the A-shell, see 45.6.4.). Then an électron from 
a higher-level shell (L-, M- or iV-shell) jumps into the vacancy. 
The différence in energy AE is libérated, however, not in the form 
of a new X-ray quantum, but causes the éjection of an électron 
from one of the outer shells of the atom. An Auger effect, not 
accompanied by radiation, is an example of a radiationless7 or 
Auger, transition.



CHAPTER 46

The Molécule

40.1. Ionie Molécules
46.1.1. A molécule is the smallest stable particle of a given sub
stance possessing its principal Chemical properties and consisting 
of like or different atoms joined together by Chemical bonds 
(chemical forces). Chemical forces are based on various interactions 
of the outer électrons of atoms.
46.1.2. A large class of molécules are known as ionic molécules. 
They consist of the ions of the Chemical éléments that make up the 
molécule. The total sum of the positive and négative charges of the 
ions in the molécule equals zéro and therefore ionic molécules are 
electrically neutral. The forces which provide for the stability of 
molécules are mainly of an electrical nature.
46.1.3. The formation of ionic molécules is governed by the high 
stability of the outer eight-electron s-i-js-subshell in atoms (see 
'♦5.6.9.). Atoms whose outer shell contains more than four électrons 
fend to acquire the additional électrons needed to completely fill 
an eight-electron outer shell (they are said to possess electronega- 
tivity). The especial stability of the eight-electron configuration 
(■an be explained by the low susceptibility of the s + p-subshell to 
external influence when ail of its eight states are filled. This is 
due to the full compensation of the orbital and spin angular mo- 
menta of the électrons (see 45.6.10.).
46.1.4. The formation of ionic molécules is accomplished, when 
atoms approach each other, by transition of the électrons from the 
electropositive to the electronegative atoms, thereby forming 
positive and négative ions, respectively, of these atoms. Mention 
should be made of the positive valency of an element (i.e. valency
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with respect to hydrogen) whose maximum value oquals the number 
N  of ou ter électrons of the dûment. For this reason, the ou ter 
électrons of the atom are sometimes called valence électrons. 
Négative valency of an element (i.e. valency with respect to fluorine) 
is determined as the number of substituted atoms of fluorine or 
twice the number of substituted atoms of oxygen (négative valency 
with respect to oxygen). The maximum négative valency of an 
element equals 8-iV.
4(1.1.5. The potential energy of a diatomie ionic molécule of the 
NaCl type, formed by the singly charged ions A~ and B+, is
V -  -  -e2 a be2 ~ ep~ -  ePeî -  2PclPg2

y  j»îl j '2  y>2

+ ̂ - + ~ - (in Gaussian unit.s)‘2uï ‘2a2 ' '
where r = distance between the centres of the ions 
pel and pe2 = dipole moments of the two ions (see 20.7.2.) 

ul and a2 = polarizability of the ions (see 20.7.3.) 
b = constant.

Upon dissociation of the molécule into ions (/* -»oo), V = 0. 
The first term at the right-hand side of the above équation takes 
into account the energy of Coulomb attraction of oppositely 
charged ions; the second term—the energy of mutual repulsion of 
the ions; the third and fourth terms—the energy of attraction 
of the free charges of the ions by dipoles with the dipole moments 
p ei and pe2, formed due to the mutual polarization of the électron 
shells of the ions ; the fifth-term—interaction of the induced dipole 
moments between each other; and the sixth and seventh terms— 
energy of deformation of the quasi-elastic dipoles (quasi-elastic 
energy).
46.1.6. The potential energy V of an ionic molécule reaches its 

minimum value Vmtn at r = r„ which 
corresponds to the equilibrium distance 
between the ions (Fig. 46.1).
Thus

V  — _  i l  r_? 4_ 5 (at +Ct2) , W io  -j
y ’nin r , [ o  + 18r̂   ̂ 9r® J

The quantity re is determined from the
condition -d V

d r
0, which dénotés

the condition for the minimum poten
tial energy of the molécule. An approxi-
matc équation for re (if terms with r
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higher tlian /•9 arc neglected whcn pei and pc2 are expanded in a 
sériés of powers of is of the form

1 4- (̂qi+ a8> , ^4aja, _  96̂
1 “*■ r 3 -  « r 2• e Te Te

46.1.7. The breaking up of a molécule into its constituent ions is
called dissociation of the molécule. The quantity Ve is related to
the energy D{ of dissociation of a molécule into two ions by the 
équation

Di = ~ Ve
The quantity Dt is related to energy D of dissociation of a molé
cule into neutral atoms by the équation

D{ = D + eq) — E
where (p = ionization potential of the electropositive atom

E = energy of affinity to the électron of the electronega- 
tive atom.

46.1.8. Examples of typical ionic molécules are those of the al- 
kali-haloid salts, formed by the ions of atoms from the I and 
VII groups of the periodic System: NaCl (Na+Gl“ ), RbBr, Gsl, 
etc. Since ionic molécules can be formed only of the ions of atoms 
of different Chemical éléments, the bond of the ions in such molé
cules is also said to be heteropolar.

46.2. Atornic Molécules
16.2.1. Atornic molécules are ones whose ground state corresponds 
lo the normal states (see 45.1.5.) of the neutral atoms. The 
forces ensuring stability of atornic molécules are exchange forces 
(see 45.2.7.) and are of a specifically quantum nature. Tliey act 
hetween the ou ter électrons of the atoms in the molécule (see
45.6.9.).
16.2.2. In the simplest case of hydrogen molécules formed from 
Iavo like atoms, the Schrôdinger équation (see 45.2.1.) is of the 
form:

d,Y'+ 4 !y, + -^" (e -  v ) v  = o

The First terni in the équation for V corresponds to the Coulomb
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interaction between the électrons of atoms I and II; the second 
term—to the Coulomb interaction between the nuclei of atoms 
I and II (it is assumed with sonie approximation that rI(1I = 
= const, i.e. the nuclei I and II are assumed to be fixed) ; the third 
terni takes into account the Coulomb interaction of the électron 
of atom I with the nucléus of atom II and that of the électron 
of atom II with the nucléus of atom I.
411.2.3. In the zeroth approximation for the hydrogen molécule, 
it is assumed that rltll = oo, i.e. the perturbations in atom 1 
caused by the presence of atom II and vice versa are neglected. 
Tlien the Schrôdinger équation breaks down into two équations 
for the isolated hydrogen atoms. In this approximation the 
équations can be solved by a wave function of the form

^ 0 =  V l (i) 'F l l (2)
which is in conformity with the bond between eacli électron and 
its own nucléus. As atoms I and II approach cach other and, as 
a resuit of the indistinguishability of the two électrons, a wave 
function of the form W  = (2) (1) becomes valid. It conforms
to the bond between each of the électrons and the nucléus of the 
other électron. The complété wave function is of the form

V a.8 = (1) Vu  (2) ± ¥ i  (2) Pn  (1)J
wliere N At s is the normalization factor for which subscript ,1 
and the minus sign correspond to the antisymmetric wave func
tion, and subscript S  and the plus sign to the symmetric function. 
The wave function P A)S, being a précisé solution of the Schrôdin
ger équation for molécules of hydrogen at large distances between 
the atoms, is considered an approximate solution for small di
stances rlt n . Thus
Va, b I2 =  iV i. * [| ^  (1) |* | y u (2) |* +  | W, (2 ) [Wn  (1) |*

± 2 ^ (1 )  Vn (2) ^ (2 )  V Ll (1)]
and gives the électron density distribution in the molécule. The 
first two terms in the square brackets pertain to électrons lo- 
cated in the corresponding nuclei. These terms correspond to the 
electrostatic (Coulomb) portion of the energy of interaction be
tween the atoms. The third term is the exchange energy (see also
45.2.7.).
The exchange interaction of électrons in a hydrogen molécule 
an be understood in the frsense that the électron of each of ils 
atoms spends a certain laetion of the time at the nucléus of 
lhe other atom, thereby b nding the two atoms into a molécule.
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The potential energy of a hydrogen molécule is
y  -  C ± A _

1 ±sI oo
J j  'P1(\)'P l l ( i ) V l {-l)Vn (-l)dvl do,

— OO
H-OO

n r i _ i i M
l m  i n«_ r»  ̂ rm  J

= | V'x (1) |- | (2) |‘“ dvl dv2 = Coulomb intégral (see 45.2.7.)
4 oo

— oo
X (1) Vn (2) ^  (2) Vn  (1) dvl dv2 = exchange 

intégral (see 45.2.7.)
/>i and v2 — volumes of the électrons.

Intégrais C and A an; négative and |yl | |C|; intégral
A < 1. For the two signs in the équation for V

-  T+Û-< 0  ;md v- = r - i  ^ 0
The quantity V+ corresponds to the stable state of the hydrogen 
molécule and V_ to the unstable state. The form of the F+ 
and V- vs /• curves, whcre r is the distance between the nuclei of 
llie atoms in the molécule, is shown in Fig. 46.2. The V +(r) curvc 
resembles the potential curve for ionic molécules. The électron 
density distributions (quantities c | V71-), corresponding to the 
stable and unstable states of the hydrogen molécule, are illus
tra ted in Fig. 46.11. According to the Pauli principle (see 45.6.2.), 
lhe spins of the électrons are antiparallel in the stable state of

whcre A = 

C =

i iii.AG.:!
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the molécule and the total spin of the two électrons A = 0. This 
state corresponds to a symmetric orbital wave function (singlet 
stale). In the unstable state of the hydrogen molécule the spins 
of the électrons are parallel and the total spin of the two élec
trons S = 1. Here the orbital wave function is antisymmetric 
(triplet state).
46.2.5. Both atomic and ionic bonds participate, in the general 
case, to form a molécule. In the case of ionic molécules of the 
NaCl and Csl types, the Coulomb interaction between the ions 
is of prime importance; excliange interaction between atoms plays 
the principal rôle for molécules such as H2, N2, 0 2, etc.
46.2.6. Chemical bonds in molécules are effected*by électrons of 
the s- and p-subgroups in the shell with the highest value of the 
principal quantum number n (see 44.4.13.). In molécules there 
is no individualization in the description of the States of the val
ence électrons, i.e. it is impossible to describe the state of each 
valence électron in a molécule by means of a wave function, 
exclusively peculiar to this state and difïering from the wave 
functions for other valence électrons. The valence électrons are 
in neither the s- nor the jo-states, but in a mixed s-p-state which 
is described by a wave function that is a linear combination of 
functions complying with the s- and p-states. Such a mixed state 
is said to be hybrid.
46.2.7. In the case of a simple Chemical bond between the atoms, 
also called a sigma (o) bond, the électron density of the valence 
électrons is distributed symmotrically about a line connecting 
the nuclei of the atoms in the molécule. A sigma bond can be 
accomplished by either the s- or /^-électrons of the atoms. This 
bond is found in ail molécules with saturated valencies. As a 
resuit of the symmetry of the sigma bond, rotation of one part 
of the molécule is possible in reference to the other part about 
an axis of rotation coinciding with the axis of symmetry of the 
bond. 1 Insaturated and aromatic compounds with unsaturated 
valencies bave what are called pi (ti) bonds. Thèse are formed by 
p-electrons and do not possess axial symmetry.
As a resuit of the mutual overlapping of the électron clouds of 
two pi électrons on the two sides of the line joining the nuclei, 
two “connectors” are formed that impart rigidity to the pi bond. 
A double bond (for example the bond of the carbon atoms in an 
ethylene molécule 1I2C=CH2) consists of one sigma and one pi 
bond (Fig. 46.4). The électron cloud of a pi bond has two planes 
of symmetry passing through the line joining the nuclei. By vir- 
lue of the asymmetry in the électron density for this bond, rota- 
lion of parts of the molécule in reference toone another is impos
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cr- bond

-Nucléus 2

jc- bond 7C-bond
f i  a.40.4

sible. This is manifested, for instance in cis-lrans-isomerism, i.e. 
in the existence of substances of lhe sanie composition, but of 
different géométrie structure. This is associated with the differ
ent relative arrangements of the parts of the molécule. As a 
resuit, there is a différence between the physicochemical proper- 
ties of such isomers.
The properties of symmetry of électron densities, corresponding 
to the électrons which efïect the pi bonds, détermine the valence 
directivity. This, in turn, forms the basis of stereochemistry—the 
study of the spatial structure of Chemical compounds. It bas been 
established that in their géométrie shape molécules may be: 
rectilinear, planar, triangular, pyramidal, tetrahedral, zigzag, 
chain, ring-shaped, etc. The spatial structure of molécules, due 
to the valence directivity, is displayed by molécules consisting 
of more than two atoms. For example, the molécule of water 
lias the form of an isosceles triangle with angle H-O-H equal to 
105°.
46.2.8. In many cases atomic molécules are formed of like atoms. 
Ilence the binding of the atoms in such molécules is said to be 
homopolar or covalent. Homopolar molécules include II2, N2, 0 2, 
molécules of the hydrides (such as LiH, PdH, etc.) and métal 
horides formed of atoms of the éléments from the first three 
groups of the Periodic System.

46.3. Electronic Spectra of Molécules
46.3.1. In accordance with the possible types of motion in a molé
cule (see 12.9.1.), its wave function can be approximately writ- 
ten in the form of the product of three wave functions, correspond-

807



A tom ic  an d  N u clear P h ys ic s  vr.
ing to the motions of the électrons, vibrations and rotations of 
the molécules, provided that these motions are mu tuai ly inde- 
pendent. Thus

V' = xVe Wv Wr
Wlien V7 is substituted into the corresponding Schrodinger équa
tion, the latter can be broken down into threc équations. The 
solution of each équation gives the energy speclrurn of the cor
responding motion: EP, E v or E r. The total energy of the molécule 
is approximately equal to

E = E0 + E, + Er
In their order of magnitude Ee »  Ev »  Er (see also 12.9.2. through
12.9.4.).
46.3.2. The électron ternis of molécules do not differ in origin 
from those of isolated atoms (see 45.1.4.). The numbor of électron 
terms in molécules considerably exceeds their number in atoms. 
Any atom of a molécule is in the electrical field set up by its other 
atoms (intramolecular electric field). This field leads to split- 
ting of the électron levels of the atoms in the molécule analogical 
to that which occurs in atoms in an electric field. The electronic 
levels of a molécule are formed of the electronic levels of its atoms, 
split into numerous sublevels as a resuit of the Stark efïect (see
45.5.1.) in the intramolecular field.
46.3.3. The energy levels of the électrons in a molécule are deter- 
mined by its électron configuration, i.e. the totality of quantum 
numbers corresponding to the states of ail the électrons in the 
molécule. The basis for the systematics of these levels and spectra 
of molécules is the vector model of the molécule, which is a general- 
ization of the vector model of the atom (see 45.3.1.).
46.3.4. In thegreat majority of cases, the basis for the systematics 
of the electronic levels in diatomic and linear multiatomic 
molécules is the orbital quantum number of the molécule:

A -= t  A,

in which summation is carried out over ail the électrons in the 
molécule. Number A détermines the magnitude of the projection 
of the résultant (total) orbital angular momentum of the molé
cule in any direction (for instance, on its axis). The quantity 

détermines the projection of the orbital angular momentum 
of the i-th électron on the axis of the molécule.
Spectral terms corresponding to A = 0, 1, 2,. . . are denoted by 
E, 77, A, etc. Molécules hâve weak coupling (see 45.3.2.) and con-
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scqucntly the vector of the orbital angular momentum of the 
molécule A eau be expressed in ihe forin

m
A = E L ,À — 1

where L* pertains to the various atoms of a molécule having m 
atoms.
46.3.5. A similar concept to be introduced is the spin quantum 
number of the molécule which détermines the projection Z  of its 
résultant spin angular momentum S in a certain direction (for 
instance, on the axis of the molécule). Thus

k — 1
and

^ = J >

in which the sommation with respect to N  and m is carried out 
over ail the électrons in the molécule. Also to be introduced is 
the inner quantum number of the molécule:

Ü  =  A ± Z

The systematics of the électron terms of the molécule with re
spect to the numbers Q ,  A  and Z  is a generalization of the system
atics of the électron terms of the atom with respect to the numbers 
./, L and S. The molecular term is denoted by the symbol 2“ + 1Aq. 
.U A = 0 (for Z - terms) the spin lias no orientation with respect 
to the axis of the molécule and the quantum numbers Z  and Q  

become meaningless.
46.3.6. The vector model of the molécule also accounts for its 
rotation, as a resuit of which the intramolecular magnetic field 
is set up. Taken into considération in the systematics of molecular 
terms is the fact that the electric field of the molécule, causing 
the splitting of the corresponding atomic terrns* is not always 
strong enougli to break the L* and St- bonds in the individual 
atoms. This generalization of the systematics of molecular terms 
classifies three types of Hund terms of a diatomic molécule.
First type. Interaction of the spin angular momenta of the atoms 
in the molécule (S», S*) and the interaction between various L* 
and the field (L,, ë) are large in comparison with the interactions
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(L*, S,-), where ê is the intensity of tlie electric intramolecular 
field, which is high. The voctor combination

£2 = J\ 4 £
corresponds to the systematics of molecular ierms indicated 
in 46.3.4. and 46.3.5. Vector £2 is combined wiih the angular mo- 
mentum of the nuclei Y (rotation of the molécule without taking 
nuclear spin into account) to obtain the résultant vector

J = £2 + Y
The quantum number J  complying with vector J takes intégral 
values when Q and Y are intégral.
Second type. Here interaction (Lt-, Y) is large compared to either 
(L*, S/) or (S/, S*). Quantum number 27 and, with it, Q become 
meaningless. In place of them, systematics is carried out with 
respect to number K  which corresponds to the vector

K = A-fY
Combining tins Vi ctor with the spin vector S, the résultant 
angular moment-uni vector of the molécule is obtained. Thus

J -  K + S
At sufliciently large quantum numbers AT, the quantum number 
© = ± S , ± (6 -1 ), . . ., is introduced. It corresponds to the pro
jection of the spin of the atoms on the axis of the molécule. Upon 
more intensive rotation of the nuclei (increase in K) the second 
type is converted into the first type.
Third type, llere the spin-orbit interaction (L,, S,) of sépara te 
atoms is large compared to ail the other interactions. Tliis occurs 
in a wcak electric field and corresponds to strong coupling in the 
atom (see 45.3.3.). Vector J*, the total angular momentum of 
the atom, and the number Ù which détermines the projection 
Ji on the axis of the molécule acquire definite meanings, while 
numbers A  and 27 cease to be applicable. The combination of 
vectors £2 and Y gives the résultant vector

J = £2 + Y
Vector diagrams of the three types of the Hund ternis of the molé
cule are shown in Fig. 46.5.
46.3.7. Electron terms, corresponding to a given pair, consisting 
of the initial and final levels of a transition (their number is de- 
lermined by the number of possible combinations L , for the
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llO.Ui.f)

individual atoms providing the given total number A ), are said 
to be positive if their respective wave fonction is symmetrical 

and négative if the function is antisymmetrical { ¥ -) . In 
accordance with the magnitude of the sum of orbital quantum 
numbers £/< for each of the atomic terms from which the molec- 
ular terms originate, the latter are said to be even (denoted by 
the symbol {/,}*) at £ /, ~ and °dd (denoted by the symbol 
(O.) £ /, = 2n + 1, where n is a whole number. The splitting
of terms into positive and négative components corresponds to 
two-fold degeneracy of the respective levels. Upon rotation of 
the molécule, the intramolecular magnetic field éliminâtes this 
degeneracy and the total number of terms with A > 0 is doubled 
(so-called Lambda doubling). Degeneracy is also eliminated in 
molécules formed from different isotopes of the saine atom, for 
instance in the molécules HD, 0 l60 18, C135C137, etc. In the case of 
electronic molecular terms, originating from the same atomic 
terms of like atoms, no lambda doubling of the number of terms 
occurs.
40.8.8. Sélection rules, analogical to thoso for atomic spectra 
(see 45.1.10), exist for the électron spectra of molécules:

AA = 0, +1

On the basis of these rules, only the term combinations I  — I ,  
7 7 -  77, . . .  are permissible, as well as I  — 77, 77 — /I, . . . ,  and
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i.e. only tlie term combinations with thesame total spin nu m bers 
arc permissible, and also

AQ = 0, +1

Besides these rules, there is also the intercombination exclusion 
rule (see 45.3.5.):

AS = 0

in accordance with which combinations between terms of 
different multiplicity are forbidden (this forbidding is strictly 
fulfilled only with a low total charge of the nuclei). Still another 
sélection rule is associated with the symmetry of the molecular 
terms. It States that only combinations of positive and négative 
terms, and of even and odd terms are permitted.

46.4. Vibrational Spectra of Molécules
46.4.1. When the atoms in a molécule are displaced from their 
equilibrium positions, they may begin to vibrate about their 
position of equilibrium (intramolecular vibration). The vibration of 
atoms in a molécule can be dealt with within the scope of analytical 
mechanics (see 6.3.1.). In quantum mechanics, intramolecular 
vibration is considered to be the cause of the vibrational spectra 
of molécules. Frequently, the vibrating atoms in the molécule 
are treated as anharmonic oscillators (see 6.1.10.).
46.4.2. In, the simplest case of a diatomic molécule ils potential 
energv can be written bv means of the Lennard-Jones potential:

where a and b are constants, or by means of the Morse potential, 
or fit net ion :

r « ? )  =

where o — 1~r° = relative displacement of atoms from their
equilibrium positions 

a — constant
re equilibrium distance between atoms, corresponding 

to minimum V(r)
D — F(oo) — F(0) — energy of dissociation of the molécule 

into atoms (see 46.1.7.).
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The Schrôdinger équation for the vibration of the molécule is

where I e = moment of inert.ia of the molécule in the equilibrium 
state (see 46.5.2.)

E 0 = vibrational energy of the molécule.
46.4.3. For small vibrations of the molécule, V[o) % Do-q2 and 
the Schrodinger équation is reduced to the équation for a harmonie 
oseillator (see 44.4.2.). The vibrational energy spectrum is

where r = ^  j/"2̂ - = natural frequency of vibration of the 
oseillator

v = 0, 1, 2 ,3 ,. ..  = vibrational quantum number.
The sélection rule for this quantum number is

is called zéro-point vibrational energy (see 44.4.3.). The vibrational 
energy levels of the molécules being considered are at equal 
distances from one another.
46.4.4. Tn the case of anharmonic vibrations of a diatomic molécule, 
ils vibrational energy spectrum is

d2v 8 ti2/,. 
dQi+  h*- \E v- V ( q)YP = 0

E , = /)!>(()+ *-)

Av = ± i
The quantity

V

(lie anharmonicity constant. The 
vibrational energy spectrum of a 
diatomic molécule is shovvn in 
Fig. 46.6. The distance between 
adjacent energy levels is

11 decreases with an increase in v. 
In this case, no sélection rule for 
v exists. The intensity of the

where x = «  1 and is called

AE == hv — ‘l(v-\- \ )xhr

Fin.4fi.fi
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spectral linos is rapidlv reduced with an incrcasc in Av. The energy 
levols coimide at the ixmndary AK O, loi* winch

and
M̂tIX

1
2.v

Sinco .r2 «  1, E mai. can be written, willi sonie approximation, as

K» ia .e
h v
fiX

i. e. the maximum vibrational energy of a molécule is equal to its 
dissociation energy.
4(>.4.5. If tlie various spatial positions of the atoms in the molécule 
are separated by potential barriers then the inhumai rotation of 
the molécule (see 46.5.1.) is completely braked and only its tor- 
sional oscillations (see 6.2.5, Example 5) are possible. The energy 
spectrum for small amplitudes of vibration of symmetrical molé
cules (C2II,, Chu,., etc.) is expressed by the formula in 46.4.3, 
in wliich

•' = " ŸVUH

where F() — height of the potential barrier separat/mg the equi- 
librium configurations of the atoms in the molécule 

n = number of identical minima V 
B = rotational constant (see 12.9.7.).

46.5. Rotational Spectra of Molécules
46.5.1. There are two main kinds of rotation of molécules: rotation 
of the molécule as a whole about a certain direction or point, and 
rotation of certain parts of the molécule in reference to other 
parts. The latter is called internai rotation. The existence of inter
nai rotation is the conséquence of rotational isomerism and a 
number of other physicochemical properties of molécules with 
sigma bonds (see 46.2.7.)
46.5.2. The character of the rotation of a molécule as a whole is 
determined by the spatial arrangement of the atoms in it, i. e. 
by the shape of the molécule, which can be specified, like that of a 
solid, by three principal moments of inertia (see 4.2.4.) with respect
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to Ihe three princi])al axes uf llie molécule (see 4.2.4.). Thus

h  = Y, m*ri (‘ = !» 2> 3)k

where mk = mass of the Æ-th atom in the molécule
rk = distance of the /c-th atom from the corresponding 

principal axis.
The principal axes of symmetrical molécules coincide with tlieir 
axes of symmetry, and the plane of symmetry is always perpendic- 
ular to one of the principal axes. If ail the I { of the molécule are 
equal to one another it is said to be a spherical top. If two moments 
of inertia, with respect to principal axes perpendicular to the 
axis of the molécule, are equal to each other, the molécule is said 
lo be a symmelric top. If ail three 7t are different, the molécule is 
said to be an asymmetric top. The first kind includes the molécules 
of P4, CH4, CCI4, etc., the second kind includes NH3, PC13, BC13, 
etc. and the third H20, etc.
46.5.B. Internai rotation of the molécule is usually hindered by 
the presence of a potential barrier between various positions of 
equilibrium in rotation, corresponding to a defmite symmetry 
of the molécule. In cases when this rotation is practically impos
sible, only twisting of the molécule, accompanied by torsional 
oscillation (see 6.2.5., Example 5) is feasible. If the energy of the 
torsional oscillations is sufficiently high, the molécule may pass 
over to a neighbouring equilibrium state by overcoming the 
potential barrier.
46.5.4. Assuming that the distances between the nuclei of the 
atoms in a molécule are constant and equal to the equilibrium 
value re, the energy spectrum of rotation of a diatomic molécule 
as a whole is found by solving the Schrôdinger équation for a rigid 
rotator (see 44.4.8.):

E ' = 1:S i.  + = hDJ(J + i)

where I e = Mr\ = moment of inertia of the molécule
B  = rotational constant of the molécule (see 12.9.7.)
J  = rotational quantum number.

The energy spectrum of rotation of a spherical top molécule is of 
the same form. The projection of the résultant angular momentum 
vector J  on the given direction of rotation of the molécule is 
determined by the quantum number

Mj -  ± J , ± (J ~  1), . . . ,  0
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whicli can take 2 J + 1 values. If J is projected on llie direction of 
lhe magnetic field, tlien M j is, in essence, the magnetic quantum 
nurnber (sec 45.4.7.). The number J  obeys the sélection rule

AJ = 0, ± 1 at A ^  0
AJ = ±1 at A  = 0

Tlie extension, or stretching, of the molécule (nonrigidity of the 
rotator) upon its rotation, if taken into considération, modifies the 
rotational energy spectrum of the molécule. Thus

E r = hBJ(J + \)+ hD eJ*(J + \ y

where De « B  is a constant characterizing the nonrigidity of the 
rotator.
46.5.5. Rotation of the molécule sets up an intramolecular magnetic 
field in which the degenerate spectral terms, corresponding 
to the values ± A , are split into two terms, one positive and the 
other négative. Degeneracy is eliminated only at A > 0 (there is 
no degeneracy at A = 0) and is called lambda doubling (see
46.3.7.).
46.5.6. Wave functions characterizing the rotational state, which 
corresponds to the given électron state in the molécule, are written 
in the form W = 'Fe'l/ri where We is the électron wave function 
and *Pr is the rotational wave function of the pertinent kind. 
Each of the functions W9 and Wr can be either positive or négative 
depending on whether the sign of function is reversed upon 
changing the sign of the coordinates of ail the électrons and nuclei, 
and whether the sign of Wt is reversed upon changing the signs 
of the coordinates of the nuclei alone. Functions correspond
ing to even values of / ,  are positive; those corresponding to odd 
values are négative. With a positive électron wave function ¥*,+, 
ail rotational spectral terms with even J  values are positive. Thus

xn  — xn  xu  xu x ri xu  xu  xu  xu
« + -* 2j -* «+  ■“ 4> • • • ?  -* 0+ 2«

Terms corresponding to odd J  values are négative. Thus
w .  = wc+̂ 3). . . ,  wc+w 2n+1.

For the négative électron wave function ¥/t,_ even J  values 
correspond to négative rotational terms:

and odd J  values, to positive rotational terms:
'P+ = 'P ,- 'P l9 ¥'c_'/'3, . . . .  Ve-Vln+V
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Fur a given value of xl f r, tlie positiveness or negativeness of the 
terni dépends upon the symmetry of *Pe. In molécules consisting 
of like atorns, distinction is made between symmetric (s) ternis, 
to which ail the positive and even, as well as the négative and 
odd spectral terms belong; and antisymmetric (a) terras which 
include ail the négative and even, as well as the positive and odd 
terms. Only positive terms can be combined with négative ones 
(see 46.3.8.), and only symmetric or only antisymmetric terms 
can be combined. Because of the impossibility of combining the 
rotational spectral terms in molécules consisting of identical 
nuclei, monoisotopic molécules of the X 2 type hâve no rotational 
spectra.
46.5.7. By virtue of the forbidding of combinations of symmetric 
and antisymmetric spectral terms, the rotational terms of molé
cules with identical nuclei are divided into two mutually noncomb- 
ining groups. If nuclear spin and the symmetry properties of the 
complété wave function of the molécule (see 46.2.3.) are taken into 
account, the terms may be classified into two Systems, one of 
which corresponds to the even and the other to the odd values 
of the rotational quantum number J. The quantity 2J + 1 déter
mines the statistical weight of the given rotational state (see 44.5.9.) 
and, consequently, the intensity of the spectral Unes (see 44.5.12., 
44.5.13.). Because of this the lines belonging to each of the Systems 
of terms hâve different intensities (alternation of intensities) . 
Terms with a larger 2 / + 1 value are called orthoterms\ those with 
a lesser value are called paratenns. For example, in the case of 
the H2 molécule, paraferais with J = 0 are symmetric and ortho- 
lerms with J = 1 are antisymmetric. The ratio of the spectral 
line intensities of orthohydrogen and parahydrogen is

' l J 0rtko+ 1 

2 Jpara +  1
- 3 t 1

46.5.8. In the general case the distribution of intensities between 
(lie individual lines of a rotational spectrum is associated with 
the distribution of the molécules among the rotational states. 
The latter distribution is characterized by quantum numbers J. 
If this is a Boltzmann distribution (see 12.5.1.) then

m j )  = y

li B J (J  | 1)

( 2  J  + 1 )a

oo
V (2 JH l)e>

kT
h B J ( J +  1)

,-T~

1)2 - 1 5 0 0 9 817



VI.A tom ic  an d  N u clear P h ysic s

where N (J) = number of molécules in the «/-Ih rolalional siale 
N  = tolal number of molécules.

46.5.6. The energy speclrum of a symmelric-lop molécule is

h f? — __Jl_ __ A    ̂ . • A _  _ J1
4  * / , , ’ 4 n / j _  » 1 4 7 1 / ( 0 ’ ^ 2  knj( 2)

/ h = moment of inertia of the molécule with respect to 
its axis

/jf’ and = moments of inertia with respect to the axis of the 
molécule of the portions of the molécule rotating 
with reference to each other 

I±  = moment of inertia with respect to axes perpen- 
dicular to the molecule’s axis 

J, K, Àj and k.2= rotational quantum numbers.
These rotational quantum numbers can take the following values:

J  = K, K + 1, K + 2 , . . . ;  K = 0 ,1 ,2 , . . . ;  
j(2 = ± K ;  *! = (), ±1, ± 2 , . . .

The lirst two terms at the right-hand side of the équation refer 
to rotation of the molécule as a whole and the third refers to 
internai rotation of the molécule (see also 46.5.3.).

46.6. Electron-Vibrational Spectra of Molécules
46.6.1. Electron-vibrational spectra of the molécule are associated 
with électron transitions in atoms of the molécule which (atoms) 
vibrate about their equilibrium positions. The superposition of 
the vibrational spectrum on the électron spectrum is manifested 
in the fact that each line of électron transition corresponds to a 
sériés of vibrational lines forming a hand.
46.6.2. Neglecting the rotational frequencies, the Deslandres 
formula is valid for the zéro line (see 46.6.3.) of the band for the 
vibrational structure of the électron spectrum of diatomic molé
cules. Thus

V„ = + v'(u'+ -  Vx'(v’ + “5“)2 ~ ̂ + t )  + vx{v + t ) 2
where the primed values refer to the upper level of the transition, 
and quantities v and x are determined from the formulas in 46.4.3. 
and 46.4.4.
46.6.3. The bands described by the Deslandres formula are broken 
down into Iransverso and longitudinal sériés of bands. Frequencies

E r = 

where A =
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of the sport,rum corresponding to v — const. (i. o. to a fixed lowor 
level of tho transition) forrn Lho Deslandres transverse séries. Sucli 
frequencies are typical of the absorption spectra of molécules. 
Frequencies corresponding to v' = const (fixed upper level of the 
transition) form the Deslandres longitudinal sériés which is typical 
of émission spectra of molécules. A characteristic constant of 
cach sériés of bands is the zéro line of the band, which corresponds 
to the transition 7; = 0 ^  v' = 0, also called the zéro band. The 
frequency of the zéro line in the zéro band does not coincide with 
froquency ve due to the existence of zéro vibrational energy of 
the moleeule (see 46.4.3.).
46.6.4. In electron-vibrational spectra, bands corresponding to 
different values Av = v '— v bave a comparable intensity in a 
wide range Av. This is due to the fact that the probability of 
transitions in the électron spectra is determined by the change 
in the électron configuration of the moleeule—the so-called 
transition moment of the moleeule. In the case of an allowed électron 
transition, any values of Av are feasible. Electron transitions in 
molécules are accomplished so rapidly that neither the distance 
between the nuclei in the moleeule nor their momenta hâve the 
npportunity of substantially changing during the transition time. 
Flectron transitions take place at a practically constant distance 
between the nuclei. Such steadiness of the external conditions 
during a transition corresponds to its higher probability and, 
consequently, to higher intensity of the pertinent spectral lines 
( F ranck-Condon principle).
46.6.5. The différence in the frequencies of natural vibrations 
and the anharmonicity constants (see 46.4.4.) of molécules of 
isotopes is the cause of the vibrational isotopic effect in the electron- 
vibrational spectra of molécules. The différence in the moments 
of inertia of isotopic molécules leads to the rotalional isotopic effect. 
For the zéro band of an electron-vibrational spectrum, the isotopic 
vibrational spectral line displacement equals

-  [y2 -  I ) [v'x'(i>'+ 2 f  -  i’.r(î) +  -  )2]

//' and // reduced masses of the molécules of two isotopic

///1and//?2 — masses of the two atoms in a diatomic moleeule.
F = V

compositions
mim2

Wi+m2
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The quantity x has the value given in 46.4.4. The expression for v 
includes the moment of inertia / = pR-, where 7? is the redueed 
radius of the molécule.

46.7. Rotational-Vibrational Spectra of Molécules
46.7.1. Rotational-vibrational spectra of molécules are formed upon 
a change in their vibrational state which change almost always 
is accompanied by a change in their rotational state. In their 
order of magnitude the frequencies of the vibrational spectrum are 
hundreds and thousands of times greater than the frequencies of 
a rotational spectrum. As a resuit of the superposition of the low 
rotational frequencies on the vibrational frequencies, the lines of 
the vibrational spectrum are converted into bands representing 
groups of vibrational lines. This leads to the line-band structure 
of the rotational-vibrational spectrum. Since Ee »  E r, the rota
tion of the molécule has practically no effect on a spectrum cor- 
responding to électron transitions.
46.7.2. Neglecting the interaction of vibration and rotation, and 
taking into account the invariability of the électron energy of the 
molécule, the frequency vrv of the rotational-vibrational spectrum 
will be

in which the primed quantities are the upper energy states in each 
transition.
46.7.8. Upon superposing the rotational-vibrational spectrum on 
the électron spectrum, and taking into account the anharmonicity 
of the oscillator (see 46.4.4.) and the nonrigidity of the rotator 
(see 46.5.4.), the frequencies vrve of the spectrum of a diatomie 
molécule equal

•V„ = >',+ [>'('-+ n ) -  >«•(»• + 2 )1 + r », J  (J + 1 ) + D, J 2(J H-1 )21

whore /?„ = Il -  a,()> + J ) + I ô

D. = n l+ p.(„+-\)

cte, pe and ye = cmpirical constants corresponding to the equilib- 
rium state of the molécule.

The remaining notation is given in 46.4.3. and 46.5.4. In the 
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preceding équation for rrvei x «  1 and Dv «  B v so thaï thr second 
torms in the square brackets are appréciable only al higli values 
of v and J.
46.7.4. The vibrational (band) structure of the rotational-vibrai ion - 
al spectrum of diatomic molécules is characterized bv Mie 
frequencies

Vvrv =  v ( i  — x)  ( v ' — v) — v x ( v '2 — V2)

where v' - v  = Av is the différence between the vibrational quan
tum numbers of the upper and lower levels of the transition. The 
structure lias the appearance of a sériés of lines. The number of the 
sériés is determined by the value of v for the initial level. The lines 
of each sériés coincide at the boundary frequency ver (v„iax), cor- 
responding to dissociation of the molécule (see 46.1.7.). The spectral 
line intensity drops rapidly with an increase in Av.
46.7.5. The rotational structure of the rotational-vibrational 
spectrum is characterized by the frequency

vît = v(rV + B0[J'(J' + l ) - J ( J  + l)]

which is derived from the expression for the rotational enorgy:
Er = h[BvJ(J  + \ ) - D vJ 2{J-\-\)2]

under the assumption of rigidity of the molécule (Dv = 0) and 
with the substitution B v = B0. According to the sélection rule 
AJ = 0, ±1 (see 46.5.4.) for molécules whose normal state is 
the Z-state, the following groups of lines are obtained:

J ' = J-\- 1, r+1 = vv + 2/?0(J  + 1) . . . positive group or B-branrh
band ;

./' = J — 1, = vv + 2B0J . . . négative group or P-branch band.
The lines of this branch begin with J = 1. The B- and P-branches 
of the given band form a sériés of equally spaced lines with the 
missing line rÿi called the zéro line of the band. The distance 
between adjacent lines is Av — 27?0.

46.S. Combination Scattering Spectra of Molécules
46.8.1. Certain linos of displaced frequency may lie observed tn 
the spectrum of light seal tered by some liquid or solid, in addition 
to lines of the frequencies of radiation of the light source. This is 
known as the combination, or Baman, scattering effecl. The spectral
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linos oorresponding to r* -  r0~ r  are callod Stokes Unes; lines 
with va = i»0 -\- v are called anti-Slokes Lines, where ?>0 is the initial 
frequency of the light. Lines vs and va form the combination 
scattering, or Raman, spectrum of the molécule.
46.8.2. The simplest explanation for the appearance of combina
tion scattering reduces to the following two schernes of interaction 
belween a quantum and the scattering molécule:

hv0 + E(i) hv, + E(2)
hv0 \-E(2)+ hvu + E(\)

where E( 1) and E(2) are the energies of the vibrational states of 
the molécule, with £(1) < E(2). In the first. case, the molécule 
goes into a higher vibrational energy State, at the expense of the 
energy hv0 of the incident photon, and a scattered photon of lower 
frequency r, is produced. Tn the second case, the interaction 
betweon the quantum and the excited molécule leads to the 
appearance of a scattered photon of higher frequency r„, which 
(‘quais

and the molécule goes into a lower vibrational state.
4(>.8.3. Vibrational, rotational, and also rotational-vibrational 
spectra are observed for combination scattering. Résides thèse, 
there may be a combination scattering spectrum in which the 
différence in frequencies constitutif the électron excitation energy 
of the molécule. In contrasl to ordinary spectra, in combination 
scattering spectra the sélection ru les may not be complied with 
and are replaced by new rules. Thus combination lines violating 
the exclusion A2J = 0 are sometimes observed in électron spectra; 
and the sélection rule AJ — 0, ±2 becomes valid for rotational 
spectra.

46.9. Continuons and Diffuse Spectra of Molécules
4t>.9.1. Truly continuons spectra of molécules are characterized by 
the fact that they cannot be divided into separate lines or bands 
(see 46.6.1.) even if the spectroscopic instrument is of high resolv- 
ing power. Continuous spectra of molécules are associated with the 
transition of the molécule from the discrète state with E  < 0 to 
the continuous state with E  > 0. This transition corresponds to 
either ionization of the molécule or to its dissociation into ions or
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neutral alunis. Dissociation of the molécule may bc caused by an 
increase in its vibrational energy to such an extent at which vibra- 
tional transitions in it will correspond to the quantum numbers 
v => vmax (see 46.4.3.). As a resuit of such transitions the molécule, 
after having gone over to an unstable excited state, no longer 
returns to the initial state, but dissociâtes. Dissociation of a 
molécule may also be due to a collision with a sufficiently fast 
particle (for instance, a neutron), or else to its absorption of a 
quantum of radiation of sufficiently high energy (photodissocia
tion).
46.9.2. A continuous spectrum can also be formed by heating the 
substance. This imparts higher velocities of motion to the molé
cules. The ensuing Doppler broadening of the frequencies of the 
spectral lines (see 40.2.7.) leads to the overlapping of lines and 
even to the confluence of individual lines into bands. Anothcr 
reason for the conversion of the discrète spectrum of the molécule 
into a continuous spectrum is the collisional broadening of the lines 
(see 40.2.8.), manifested mainly in rotational spectra and caused 
by a substantial réduction of the life of the molécule in the excited 
state and the conséquent broadening of the spectral lines. As a 
resuit of collision broadening, the rotational lines in a band may 
overlap to an extent at which the rotational structure of the band 
disappears. At still higher pressures and températures of the sub
stance, collisional broadening may lead to the overlapping of 
individual bands.
46.9.8. Diffuse spcctra of molécules are characterized by blurring of 
the bands caused by extensive broadening of the rotational lines 
even at ordinary pressures and températures. The life of the 
molécule in the excited state, corresponding to this broadening, is 
one or two orders of magnitude less than the period of rotation of 
the molécule. As a resuit, the quantum nature of the rotation 
vanishes and, with it, the discrète rotational structure of the 
spectral bands. This phenomenon is caused by the so-called pre- 
dissociation of the molécule. Predissociation differs from disso
ciation in that the latter takes place directly from a discrète stable 
to an unstable state of the molécule, characterized by the portion 
of the potential energy curve (see Fig. 46.1) corresponding to 
repulsion of the atoms in the molécule. Predissociation, on the 
other hand, appears from an excited state of the molécule and 
takes place in two stages. First the molécule goes from the normal 
to the excited state, and then its transition is not back to the 
normal state but to an unstable one.

The probabilities of the transition of lhe molécule to the normal 
state with the émission of a quantum of radiation and of a pre-
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dissociative transition to an unstable state détermine the life of the 
molécule in the excited state. If there is a greater probability of a 
radiationless transition, the life in the excited state turns out to 
be short and the corresponding breadth of the spectral lines to be 
large.

46.10. Molecular Spectroscopy
46.10.1. A study of électron spectra yields information of the same 
nature as the study of atomic spectra. Additional data that can be 
obtained concern the électron levels in the molécule, the distribu
tion of électron density in molécules and the nature of Chemical 
bonds. Of spécial interest in the research on molecular structure is 
the study of vibrational and rotational spectra of molécules.
46.10.2. The vibrational and rotational spectra of molécules pro
vide data on the spatial arrangement of the atoms in the molécules, 
on their possible equilibrium configurations, and on the distribu
tion of the molécules among these configurations. A knowledge 
of the shape of molécules enables the nature of valence bonds in 
thern to be understood. This, in turn, permits the reactivity of the 
molécules to be determined. Rotational spectra are usually in the 
infrared région, and their détection and study require spécial 
techniques of infrared spectroscopy.
46.10.8. Because of its simplicity, spectroscopy of combination 
scattering lias many advantages over infrared spectroscopy. Data 
determined from combination (Raman) spectra include: frequen- 
cies of natural vibrations of the molécules (from vibrational 
spectra), moments of inertia and shape of the molécules (from 
rotational spectra) and the structural changes that the molécules 
undergoupon changes in the state of aggregation of the substance.
46.10.4. A new field of molecular spectroscopy—radiospectroscopy 
or microwave spectroscopy—is based on the Zeeinan elïect (see
45.4.1. ) ,  i.e. on the splittingof spectral lines in an external magnetic 
lield. In contrast to optical spectroscopy, microwave spectroscopy 
does not study spectral lines that are due to transitions from some 
level to the sublevel of another level. It studies spectral lines caus- 
ed by transitions between the sublevels themselves. The frequen- 
cies of these spectral lines (see 45.4.4. )  are usually within the range 
of ultrashort radio waves (from tens of MHz). The spécial pattern 
in the microwave spectra of molécules is much simpler than in 
optical spectra. This is essential in the analysis of complex molec- 
ular spectra which frequently consistof many thousands of lines in 
the optical range. This feature, along with the especially higli
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sensitivity of microwave spoctroscopic techniques, many times 
higher than that of optical methods, ensures important advan- 
tages in molecular spectrum researeh.

46.11. Ionization of Atoms and Molécules
46.11.1. Ionization, i.e. the detachment, of électrons from atoms or 
molécules, may he due to varions causes. Thermal ionization is 
caused by the increase in the energy of thermal motion of the atoms 
or molécules. It takes place when a substance is lieated and is the 
resuit of collisions of atoms or molécules possessing sufficient 
energy. Ionization hy électron or ion impact (collision ionization) 
usually occurs in strong electric fields in which the ions or électrons 
acquire energy sufficient for ionization, for example, in a gas 
discharge (see 22.5.5.). This type also includes ionization caused 
by corpuscular radiation (alpha particles, protons, douterons, 
etc.) Photoionization is caused by the absorption of quanta of 
electromagnetic radiation of sufficiently high energy by the atoms 
and molécules.
46.11.2. The ionization energy of an atom dépends on the magni
tude of the charge of its nucléus and from which shell the électron 
is dislodged. This energy increases with approximately the square 
of the atomic number Z and decreases with an increase in the shell 
number n. Numerically the ionization energy equals the binding 
energy of the électron in the atom at the given level (see 45.1.5.).
46.11.3. In thermal ionization, most often observed in fiâmes, the 
collisions of atoms or molécules convert the kinetic energy of their 
relative motion into the work of ionization. Thus

where q> is the ionization potential (see 22.5.3.). The degree of 
ionization a, equal to the ratio of the partial pressure (see 8.2.2.) 
of the gas of ions to the sum of the pressures of the gas of ions and 
the gas of neutral atoms, is determined for conditions of thermo- 
dynamicequilibrium in fiâmes by the Saha équation for the ioniza
tion equilihrium constant Kp (see 10.10.6. and 10.10.7.). Thus

where p = gas pressure
m = mass of the électron 
q) = ionization potential 
k = Boltzmann’s constant (see 8.1.4.) 

T = absolute température.
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The Saha équation is only approximate since it does not take into 
account the distribution of the électrons among the various states 
in the atoms of the gas, as well as the processes in which atoms are 
excited without ionization and radiationless transitions (see
45.7.7.).
46.11.4. In the case of molécules, dissociative ionization may also 
occur along with the ionization of the atoms. Dissociative ioniza
tion entails dissociation of the molécule and simultaneous ioniza
tion of its fragments, and occurs mainly in polyatomic molécules. 
The ions produced in this process may unité with the neutral 
atoms or molécules to form complex ions. The degree of ioniza
tion, for a given cnergy of ionizing particles, is related to the 
distribution of atoms and molécules among the energy states.
46.11.5. Photoionization occurs at energies of the photons which 
are equal to or exceed the ionization energy. Thus

ii ? hch = hv — - - - >  cq>

whcre y  = ionization potential
v = frequency of the photon.

The threshold of photoionization is

Âtomic and Nuclear Physics

Photoionization with hard (gamma or X-ray) pilotons involves 
the detachment of électrons from the innermost électron shells of 
atoms; photoionization with optical photons concerns the detach
ment of the outer, valence électrons. Another possibility is the 
process of photoneutralization of négative ions which involves the 
detachment of the outer, excess électrons from them.



CHAPTER 4 7 *

The Atomic Nucléus

47.1. Composition and Size of Atomic Nuclei
47.1.1. Ail atomic nuclei are inade up of elementary particles 
(see 49.1.1.) called protons and neutrons. A proton has a positive 
charge of the same magnitude as that of an électron, a neutron is 
clectrically neutral. The proton and the neutron are considered to 
be two different charge states (see 49.1.H.) of the same particlc 
which is called a nucléon.
47.1.2. Thenumber of protons in a nucléus is called the charge Z of 
the given nucléus, or the charge number. It is equal to the atomic 
number of the corresponding Chemical element in Mendeleev’s 
Periodic System of éléments (see 45.6.4.). Up to date, nuclei are 
known with Z from 1 (hydrogen) toZ = 104 (kurchatovium). The 
last element was discovered at the Joint Institute for Nuclear Rese
arch in Dubna (USSR) in thesummer of 1964. The number of neut
rons in a nucléus is denoted by N. For ail nuclei iV ^ Z  (with the 
exception of jH1, 2He3 and other recently discovered neulron-
déficient nuclei). For light nuclei the ratio v ^  1; for the nuclei

TVof éléments at the end of the Periodic System 1.6.
47.1.3. The total number of nucléons in a nucléus A = N  + Z is 
called the mass number of the nucléus. Nuclei having the same 
nuclear charge Z but different mass numbers A  (i.e. with different 
numbers of neutrons N) are called isotopes. Nuclei having the same 
mass number A but different nuclear charges Z are called isobars. 
A spécifie nucléus with given mass number A  and charge Z  is

* Ail équations in this cliaptcr are in Guussian units.
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sometimes called a nuclide. The general symbol for designating a 
nucléus is ZX A or X£ , where X  is the symbol of the Chemical 
element corresponding to the given charge Z.
47.1.4. Up to the présent time about 300 stable and over a 1000 
uns table (radioactive) isotopes bave been discovered. Stable isobars 
occur mostly in pairs. No stable isobars are found among the light 
nuclei. With the exception of A = 113 and A = 123, ail stable 
isobaric pairs hâve even A , Z and N  numbers and the charge 
number Z difïers by two units for the membcrs of any pair.
Ail in ail 59 stable isobaric pairs and 5 isobaric triads bave been 
found.

Stable Isobaric Pairs

A Pair A !i Pair
1

^ 1
i

Pair

36 i6̂  i8 A r 104 44 H II 46 Pli 152 «,Sm 64Üd
40 i8 Ar 2oCa 106 40 Pd 48i ' 11 154 62*111 64 Gd
46 îoCh î^Ti 108 46 P d 48^1 I 56 « |G(J 66 B y
48 SoP'il 22̂ 1 110 46 P 11 48C(1 158 64Gd esBy
54 24Cl’ 28 Fe 112 joGd 5«Sn 160 84Gd fi8Dy
58 28Fe 28Ni 113 jgCtl 49I11 162 66 B y 68Br
64 28Ni 30Zn 114 4sGd 5üSn 164 66 B y 68̂ 1’
70 3oZll 32 Üe 116 4»Cd 50S11 168 68 Br 70 Y b
74 32<le 34Se 120 50S11 go l e 170 os Br 70 Y b
76 32 GC 34 S C 122 50S1) 52TC 174 7oYb 7*Hr
78 ajSc 38 K r 123 51 SI) 52TC 176 7oYb72iir
80 aiSe 38Kr 126 52Te 54 X e 180 7 211 f 7 4 W
82 3i S c 38 Kr 128 52T® 54 Ne 184 7 4 W 78<>S
84 3« K r 38Sr 132 54 Xe 58 B a 186 7lW 760886 36 Kr 3sSr 134 54 Xe 5«Ba 190 78ÜS 78 PI
92 40 Z r 4 . Mo 138 56 B a ssCe 192 7bOs 7sP1
94 40Zr 42Mo 142 5»Ce eoNd 196 78P1 8oIIg
98 4 2 Mo 44 K U 144 eoNd 82S111 198 78 P1 80Hg100 4 * Mo 4iKe 148 «oNd 62S111 204 8oIlg 82Pb102 44 Ke 4oP0 150 60Nd 62Sm

Isobaric Triads

A Triad
1

A Triad

50 2 -Ti 23̂  ?4Gr 130 52Te 54X0 56 B a
96 40Zr 42Mo 44Ku 136 54X0 56 B a 5»Ge

124 50S11 sjTe 54 X e
i
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47.1.5. Nuclei consisting of an even (odd) number of protons and 
even (odd) number of neutrons are said to be even-even (odd-odd). 
Nuclei consisting of an even (odd) number of protons and an odd 
(even) number of neutrons are said to be even-odd (odd-even).
47.1.6. A nucléus has no clearly defined boundary. Hencc the 
nuclear radius has only an arbitrary meaning. The empirical 
formula for the nuclear radius is

R = R0A±
where R{) = (1.3 to 1.7) X 10“13 cm.
The volume of the nucléus is proportional to the number of nu
cléons it consists of. The density of matter is constant for ail nuclei. 
Il is of the order of magnitude à ~ 1014 g per cm3 = 10H metric 
tons per cm3. The supposition tliat the nucléus is spherical is not 
alvvays true (see 47.3.5.).

47.2. Nuclear Binding Energy. Nuclear Forces
47.2.1. The nuclear binding cnergy AEB(A, Z) (binding energy of 
the nucléons in the nucléus) is the différence between the energy 
of the protons and neutrons in the nucléus and their energy in the 
free state. Thus

AEb(A, Z) = {Mnuc-[Z M p+ [ A -Z )M n])c>
where Mnuc = mass of the nucléus 

Mp = mass of the proton 
Mn = mass of the neutron.

If AEÜ is expressed in McV, and Mp and M n in atomic mass units 
(see App. 1.6.1.) then

AEB(A/Z) = 931.141{Af,tMC — [1.0075957Z + 1.008982(/1 —Z)]}
or

AEB(A,Z) = 931.141 {M— fl.0081445Z + 1.008982 (yl —Z)]}
where M  is the mass of the atom. The nuclear binding energy is 
négative and equal in magnitude to the work that would be requir- 
ed to take the nucléus completely apart into its individual consti- 
tuents. Very often the nuclear binding energy is understood to be 
the positive quantity — AEB.
Expressed by the mass of a neutral atom, the nuclear binding 
energv is

AEn =, {M(A A /Z )-[Z M „  \ (A -Z )M h\)c> 

where M a is the mass of the hydrogen atom ll l 1.
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The average nuclear binding energy is the quunlity , equul
to the average binding energy per nucléon.
47.2.2. The mass defect* is the différence between the mass of an 
atom, measured in atomic mass units (amu), and the mass 
number A. Thus

A = M — A
The experimentally observed relalionship A{A) is salislaclorily 
described by the équation

A ^  [0.01 (/I —100)2 — 64]X 10~3 amu
The packing fraction

is the “spécifie” mass defect (per nucléon). The dependence of lhe

m u . 4 7.1

The mass ilefect is frequently unUcrstuoü to be the quant îty Z)'
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average binding energy, mass defect and the packing fraction 
on the mass number A  of the nucléus is given in Fig. 47.1.
47.2.3. The magnitude of the binding energy of a nucléus déter
mines its stability against disintegration. For the case of adjacent 
isobars (sec 47.1.3.) when

M (A,Z) > M (A /Z + \)
where AI is the mass of the atom, so that the nuclear binding 
energy is

AEb(A , Z) > AE£(A ,Z  + l)-\ (Mu - M n)<*
where M n is the mass of the hydrogen atom Jd 1,

(MH- M n)c2 = 0.782 MeV
the nucléus of ZX A is unstable with respect to électron decay 
(see 47.7.1.). Thiis

Z % A Z + 1^ A A  6~ +  Ve

where e~ = électron
= elect.ronic antineutrino (see Table 1 on page 891).

For the case when
M (A ,Z + i)  > M (A,Z) + 2m0

so that
AEb(A , Z + 1) > AEB(A i Z) + 2m0c2- ( M u - M n)c2

where m0 is the mass of the électron °leus z+iYA is unstable 
against the positron decay (see 47.7.1;.
Thus

g+1Y * -* MX '  + e+ + rt
where e+ = positron

re = electronic neutrino (see Table 1 on page 891).
For the case when

M (A t Z + 1) > M (A ,Z) + ~
so that

AEB(A ,Z  + i) > AEB(A 1Z) + e - ( M H- M n)c2 

whcrc e is the binding energy of the électron in an atom (see
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45.1.5.), the nucléus may capture an électron from an atorn shell 
(électron capture, sec 47.7.1.). Thus

z +i  Y A -\-e~ -► ZÂ  A

Nuclei that are unstable against positron decay are also unstable 
against électron capture. Ollier kinds ol* nuclear instability are 
treated in 4 7.0.1. and 48.2.9.
47.2.4. Isobaric nuclei / tX A and z + l Y A are stable al a nuclear 
binding energy vvitbin tlie interval
AE„(A, Z) + (MH-M „ y -  + e. > AEn(A, Z + 1) >

=> AEB(A t Z) + (Mn-M„)c*

47.2.5. A nucléus having the least possible energy, equal to tlie 
binding energy, is said to be in the g r o u n d  s ta te . If the nucléus 
has an energy E  > E mi)l it is said to be in the e x c i t e d  s ta te . The 
case E  = 0 corresponds to dissociation of the nucléus into its 
constituent nucléons.
47.2.6. Since stable nuclei exist, it follows that there must be 
certain forces acting between their nucléons that bind them into 
the nucléus. These are called n u c le a r  fo rces . The energy of the 
nuclear forces and of Coulomb interaction between the protons 
in the nucléus is equal to the binding energy. The nuclear forces 
hâve the following properties.
(a) P r o p e r t y  o f  b e in g  in d e p e n d e n t  o f  e lec tr ic  ch a rg e :  the nuclear 
forces acting between two protons, or between two neutrons, or 
between a proton and a neutron, are the saine. It follows that 
nuclear forces are of a nonelectric nature.
(b) S a t u r a t i o n  p r o p e r t y :  each nucléon interacts with only a lirnited 
number of nucléons nearest to it. This follows from the nature of 
the dependence of the binding energy and mass defect on the mass 
number (see 47.2.1. and 47.2.2.). If there were no saturation then 
A E Bc c A ( A  — 1).
(c) Nuclear forces are forces of attraction.
(d) Nuclear forces are of short-range action, i.e. they only operate 
at distances between the nucléons that are comparable in order 
of magnitude with the size of the nucléons. These distances are 
called the a c t io n  r a d i i , or r a n g e  R  of the nuclear forces (R 9= 1.5 X 
X 1 0 “ 13 cm).
(e) Nuclear forces are of a noncentral nature and their potential 
is devoid of spherical symmetry.
(f) Nuclear forces dépend on the orientation of the spins of the 
interacting nucléons.
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47.2.7. In the up-to-date version of the exchange theory of 
nuclear forces it is supposed that interaction between nucléons is 
accomplished by the exchange of pi-mesons (see Table 1 on 
page 891).
47.2.8. The exchange version of nuclear forces explains their 
short-range action. Essential here is that the rest mass of the 
pi-meson is nonzero. According to the Heisenberg indeterminacy 
relation (see 44.3.4.) the time required for nucléons to exchange 
pi-mesons cannot exceed A t, for which

A E  A t z *  h

where A E  =  m nc2 is the rest energy of the pi-meson. The distance 
that a pi-meson can travel away from a nucléon in the nucléus 
during the time A t, even at a velocity near to that of light in a
vacuum, is i?0 ^  —c ^  1 .2 x l0 “13cm. This approximately coin-
cides with the value of the nuclear radius (see 47.1.6.) and is of the 
order of magnitude of the nuclear force range. (For photons 
mph = 0 and/?0 = «>, i.e. an electromagnetic field has an infinitely 
large action radius; see also 49.3.2.).
On the other hand, assuming that during the time A t  the pi-meson 
travels the distance R{), equal to the nuclear force range (see
47.2.6.), the rest mass of the pi-meson can be calculated. Thus

m 71
Tl

R qC
25()me

where me is the rest mass of the électron. This agréés with the 
mass of the pi-meson (see Table 1 on page 891).

47.3. Magnetic and Electric Properties of Nuclei

47.3.1. Nucléons in a nucléus hâve orbital and spin magnetic 
and mechanical moments (see 28.1.2 and 28.1.4.). Nucléons are
fermions (see 12.7.3.); their spin equals \  . The orbital fi, and
spin fi, magnetic moments of nucléons equal

= g/1; P* = g.s; f i t =  gilh  ; p g =  g ssh

where l and s =  orbital and spin quantum numbers 
gi and g t = corresponding g y r o m a g n c t i c  r a t io s .
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Here
h _ f  1 for the proton h _ f + 5.585 for the proton

^  /w  \  0 for the neutron ^  /w  \  -  3.826 for the neutron

where (inue = = 5.050X l0“24 erg per gauss is the so-called
nuclear magneton (Mp is the mass of the proton).
47.3.2. In nuclear physics nuclear spin is the résultant angular 
momentum of the nucléus (see 45.3.1.). It is the vector sum of the 
résultant angular momenta of the nucléons that make up the 
nucléus (see below). Correspondingly, the inner quantum numbcrs 
of the nucléons are added algebraically to obtain a total integer 
(0, 1, 2, 3, . . .) if the mass number A  is even, and a total half-

/1 3 5 \integer ^  * 2 " * T ’ * • 7  ^ ^  *s oĉ '  the first case the nucléus
complies with Bose-Einstein statistics, and in the second, with 
Fermi-Dirac statistics (see 12.7.1. and 12.7.3.).
47.3.3. The foregoing is a resuit of the strong (j-j) coupling (see
45.3.3. ) in nuclei between the spin and orbital angular momenta 
of each nucléon. Hence each nucléon is characterized by the 
résultant angular momentum

j =  1 +  s

The spin J and magnetic moment p of the nucléus equal

J = t  J<; n = gMnji; I Jl = ŸJ(J+ï)h
<== 1

where g is a quantity analogical to the Landé factor for an atom 
(see 45.4.7.).
The states of the nucléus are classified in accordance with the 
values of the total orbital and spin quantum numbers L  and S 
(in the case of strong coupling, these numbers hâve only a condi- 
tional meaning, see 45.3.3.) in the same way as in the vector 
model of the atom. These states are denoted by means of spectro- 
scopic symbols (see 45.3.6.). The quantum number J  assumes 
intégral values (in units of h) for even numbers A  and half- 
integral values (in the same units) for odd numbers A.
47.3.4. The magnetic moments of even-evcn nuclei (see 47.1.5.) 
equal zéro. The magnetic moments of even-odd and odd-even 
nuclei (see 47.1.5.) can be dealt with in the one-nucleon model 
of the nucléus, which assumes that the magnetic moments of sucli 
nuclei are due to the motion of one “valence” nucléon about the
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rest of the nucléus, consisting of an even number of nucléons 
in whieh the vector sum of the orbital and spin angular momenta 
cquals zéro. Here

J = 1 + s and fi = +
lu magnitude the magne tic moments of nuclci equal

/̂ o-c

/ ' e -

J2 — 1.293J
J + i ^ nuc for l =  J + ~

(J -f 2.293)^mmc for l = J - ~ -

1.913/t,tMC fur l = J + C

"J + I t'***
for l = J -  \

in which the subscripts “o-e’’ and “e-o” dénoté odd-even and 
even-odd nuclei.
47.8.5. In the general case the electrical charge of the nucléons 
(protons) in a nucléus is distributed asymmetrically. A measure 
of the déviation of this distribution from spherical symmetry is 
I lie eleetric quadrupole moment of the nucléus Qu. The charge 
distribution in the nucléus is represented approximately as an 
ellipsoid of révolution. The quadrupole moment of the nucléus is

Qu =  * Ze(b*-ar)

wliere h and a are the semiaxes of the ellipsoid. For a nucléus 
stretched along the direction of spin, corresponding to semiaxis h, 
O0 0; forone llattened in this direction, Q() •< 0. For a spherical 
charge distribution in the nucléus, Qu — 0. This occurs wlien the
uuelear spin (‘quais zéro or 2 (in units of h).
17.8.1». The electric dipole moment (sec 20.2.7.) of the nucléus in 
lhe ground state cquals zéro.
17.8.7. Quantization of nuclear spin (space quantization, sec 
Ï5.3.1.) occurs in an external magnetic lield, and each encrgy 
Icvel is split into 2 J - f l  sublevels (Zccman splitting of nuclear
Icoels).
Sélective absorption of electromagnetic radiation by a substance, 
associated with the transitions of its nuclei between different 
/-ceman sublevels of energy, is called nuclear paramagnelic réso
nance. The résonance frcquencics for transitions conforming to the
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sélection rule for the magnetic (inner) quantum number m, 
(see 45.4.10.), Arrij = ±1, equal

__ 8 /* nue H
npr ~ h

where g = splitting factor for the nucléus, introduced in 47.3.3.
and obtained from the spin and orbital gyromagnetic 
ratios (see 47.3.1.) 

finuc = nuclear magneton 
H  = intensity of the external constant magnetic field 
h = Planck’s constant.

For the saine value of H , the frequency of électron paramagnetic 
résonance (see 45.4.10) is greater, in order of magnitude, by
JÜL- ^  rrhiu.c ^  io4 times than the frequency of nuclear paramag-
P nuc W e l
netic résonance. The latter is in the range from 105 to 106 Hz for 
the usually applied magnetic fields (^  103 oersteds).
Because of the weak interaction between nuclear spins and the 
lattice, the spin-lattice relaxation of nuclear spins (see 45.4.13.) 
lias periods reaching many hours. These periods are thousands 
of times longer than for électron paramagnetic résonance.
47.3.8. If the nucléus has an electric quadrupole moment (see
47.3.5.), then, due to its interaction with the intramolecular or 
intracrystalline electric field, Stark splitting (see 45.5.1.) of 
the levels of the nucléus into a sériés of sublevels occurs. The 
sélective absorption of electromagnetic radiation by a substance, 
associated with the transitions of its nuclci between the Stark 
energy sublevels, is called nuclear quadrupole résonance. Nuclear 
quadrupole résonance is an efficient method of studying the 
structure of molécules and crystals by determining the positions 
and intensifies of the lines in sucli résonance.

47.4. Models of Nuclear Structure

A. Tu k L i o u i d - D r o p  M ou kl

47.4.1. Since the précisé nature of the forces acting in the nucléus 
is unknown, nuclear models are resorted to for investigation and 
theoretical prédiction of its properties. Such models may be based 
on the extrinsic analogy between the properties of atomic nuclei 
and those of a liquid drop, the électron shell of an atom, etc. 
The corresponding models are called the liquid-drop, shell and 
other models.
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47.4.2. In the liquid-drop model tlie forces acting in the nucléus are 
assumed to be analogical to the molecular forces in a droplet 
of some liquid (see 14.1.1.). The attraction energy of the nucléons, 
due to nuclear forces, corresponds to the energy of molecular 
attraction of the molécules of liquid in the droplet. The second 
contribution to the energy of the nucléus is provided by the 
Coulomb repulsion of the protons that are of like charge. This 
repulsion increases with the number of protons in the nucléus. 
This corresponds to the réduction in the stability of a droplet 
with an increase in its mass, i.e. the number of molécules in the 
droplet. Nucléons at the surface of the nucléus are subject to 
unilatéral nuclear forces wliich are characterized by the “surface 
tension” a (see 14.2.3.).
47.4.3. The net positive binding energy of the nucléus (see 47.2.1.) 
can be expressed by Weizsàcker'1 s semi-empirical formula:

AEh = +
t  k  5.

f! = 17.8 MeV 
y = 0.71 MeV 
e = 94.8 MeV

1<5| = 34 A~* MeV
{ + | ô \ for even-even nuclei 

0 for an odd A 
-  ] ô | for odd-odd nuclei 

A = mass number 
Z = nuclear charge.

The lirst term of the formula indicates that the binding energy is 
proportional to the quantity A; the second term shows that AEn 
is reduced (due to unilatéral attraction of the surface nucléons 
oT the nucléus as a droplet) by a value proportional to the surface 
of the droplet, i.e. A * (surface tension). The third term represents 
Coulomb repulsion of protons, which is proportional to i.e.
/ “ l~*. The fourth term represents the tendency toward sym- 
metry in nuclear structure, the tendency toward equal numbers 
of protons and neutrons and takes into account déviations from

aIhe equality Z = t) in either direction. This term is not based
on the liquid-drop model and follows because nucléons obey 
l’nuli’s exclusion principle (see 45.0.2.). The last term is introduced 
to account for the different stabilitics of even-even, odd-even and

» r. '
. 'j/v iA ';.

. /V.;. •

where a — 15.75 MeV l^ S
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odd-odd nuclei. The stability of these kinds of nuclei diminishes 
in the order given here. The nature of the last terrn is related to 
the dependence of nuclear forces on the spin orientation of the 
nucléons. The universal character of Weizsàcker’s formula be- 
comes évident when it is compared to experimental data. It 
follows, in particular, from this formula that ail nuclei hâve the 
nuclear radius

R  = (1.451o 1.5)xlO-‘M*cm

B. T he  S h ell  M ode l

47.4.4. The shell model of the nucléus assumes that the energy 
structure (energy levels of the nucléons) of the nucléus is similar 
to that of an électron shell in an atom.
The strong interaction between the nucléons in a nucléus and the 
short range of this interaction enable the nucléons to be dcalt 
Avith as if tliey move independently of one another in a field 
having a spherically symmetrical potential. Here the nucléons 
may be in different energy states. The ground state of the nucléus 
should correspond to the filling of ail the loAver levels. The loss 
of energy by a nucléon in internucleon collisions cannot transfer it 
to a lower state because they are ail filled in accordance with 
Pauli’s principle (see 45.6.2.). As a resuit, the free path of a 
nucléon in an unexcited nucléus becomes larger than the nuclear 
radius. This means that Avithin the scope of the given model, 
nucléons can be dealt with as being noninteracting and noncol- 
liding. The motion of noninteracting nucléons in a field of spherical 
potential, where the orbital angular momentum is the intégral of 
motion, is characterized by the fact that ail 2/+1 possible orien
tations of vector 1 correspond to the same energy level. At this 
level, 2(2/ f l )  nucléons of the given type arc disposcd. Thus, 
in the shell model the nucléons are arranged in definite quantities 
at the nucléon shells. Each nucléon is characterized by an individ- 
ual wave function and individual quantum numbers n and l 
(see 44.4.13.). Thcrc are two Systems of nucléon states: one for 
protons and the other for neutrons. The two Systems are filled 
with nucléons independently of each other. Nuclei having only 
filled nucléon shells should be especially stable (this is évident, 
for instance, from their abundance in nature), and should also 
hâve a spherically symmetrical charge distribution (a quadrupolc 
moment near to zéro, sec 47.3.5.).
47.4.5. The order in which nucléon shells are filled with an 
incrcase in A  is similar to that in which électron shells are filled

838



47 . The A tom ic Nucléus

wilh an increasc in Z. Because of thesl.rong spin-orbital coupling, 
ail levels with l ^  0 are split into two sublevels with j  = l±  \ -, 
which are filled independently.
47.4.6. In general the prédictions of the shell model turn out 
to be true. It has been found that the most stable nuclei, compared 
to adjacent ones, are those with N  or Z values equal to 2, 8, 20, 
28, 50, 82, 126 and 152. These hâve been called magic numbers. 
Such nuclei are the most abundant in nature and their quadrupole 
moments approach zéro. Nuclei in which both N  and Z are magic 
numbers are said to be double-magic. These nuclei (2He4, 8Olr>, 
20Ca40 and 82Pb208) possess especially high stability that is mani- 
fested, in particular, in the fact that they are the most abundant 
isotopes of these éléments found in nature.
47.4.7. On one hand, the analogy of nucléon shells in the nucléus 
and électron shells in the atom is of a purely outward nature. 
The électrons of an atom travel in the central Coulomb field of 
the nucléus, while the field in which the nucléons travel is not 
central. The électrons in an atom do not undergo collisions with 
one another—only under this condition can the number Z, deter- 
mining the System of atomic energy levels, be spoken of as a 
précisé quantum number corresponding to steady motion. At 
the high density that exists in nuclear matter, the nucléons 
should undergo frequent collisions with one another. Hence, it 
would seem to be impossible to quantize their motion.
On the other hand, the success of the model indicates that for 
nuclei the number Z has the sense of a précisé quantum number. 
Cvidently, this has to do with the fact that nucléons cannot 
undergo collisions with one another in the ground state of the 
nucléus (see 47.4.4.).
47.4.8. The shell model of the nucléus is well justificd for light 
nuclei and nuclei in the ground (unexcited) state.

C. T he  Colle cti ve  M o de l

47.4.9. The collective model of the nucléus is a synthesis of the 
liquid-drop and shell models. It assumes that the nucléons of the 
uucleus travel in a certain averaged self-consistent field (see 
!\5.2.3.) acting on any nucléon being considered and set up by 
lhe other nucléons. This averaging of the field is lost near the 
“surface” of the nucléus because the nucléons not included in the 
lliled nucléon shells (“valence” nucléons) cause fluctuations in the 
nolential of the self-consistent field at the “surface” of the nucléus. 
This is manifested as “deformation” of the nuclear “surface”.
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These deformations oecur the more readily beranse the nucléus 
lias no central body tliat would stabilize the motion of the 
System of nucléons. As a resuit of tliese deformations, spherical 
charge distribution is impaired in the nucléus which thereby 
acquires an electric quadrupole moment (see 47.3.5.).
47.4.10. The shell and liquid-drop models are considered to be 
limiting cases of the collective model of the nucléus. The shell 
aspect of the collective model consists in its retaining the sense 
of individual states of the nucléons and nucléon shells. At the 
same time, these states are determined, not by direct interaction 
of the nucléons, but by their collective interaction, as in the 
liquid-drop model, through impairment of the interaction poten- 
tial by “deformations” of the nuclear surface. The droplet aspect 
of the collective model is évident at high excitation of the nucléus 
(lieavy “deformations” and severe distortion of the self-consistent 
field), when individualization of the states of the various nucléons 
is lost. At very highly excited states certain nucléons may “évapo
ra te” from the nucléus (i.e. they may be emitted similar to the 
évaporation of molécules from a liquid droplet).

47.5. Radioactivity
47  J>.1. R a d i o a c t i v i t y  is the spontaneous transmutation of unstable 
isotopes (see 47.1.3.) of one Chemical élément into isotopes of 
another element, and is accompanied by the émission of certain 
particles (for instance, hélium nuclei). Frequently, radioactivity 
is also understood to be the conversion of certain elementary 
particles into others (for example, neutrons and hyperons, see 
Table 1 on page 891).
N a t u r a l  r a d i o a c t i v i t y  is that observed in unstable isotopes that 
exist in nature.
A r t i f i c i a l , or i n d u c e d , r a d i o a c t i v i t y  is that acquired by isotopes as 
a resuit of nuclear reactions (see also 48.3.16.). The properties 
of a given isotope are independent of the method by which it was 
obtained.
Taking into considération the possibility of forming a compound 
nucléus in nuclear reactions (see 48.1.6.), radioactivity can be 
defined as the spontaneous change in the composition of a nucléus, 
taking place by the émission of elementary particles or nuclei 
from the ground or metastable state of the nucléus, during a 
time which substantially exceeds the lifetime of an excited com
pound nucléus in nuclear reactions. The minimum lifetime of 
radioactive isotopes is taken from 10-12 to 10-13 sec.
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47.5.2. Tho main kinds of radiuactivity arc listed below:

R a d io a c t iv ity
C h an ge  in  

n u clea r  
ch a rg e  Z

C h an ge  in  
m a ss  

n u m b e r  A
C lia ra c ler  o f  th e  p roeess

A lp h a  d e c a y Z - 2 A - 4 E m is s io n  o f an  a lp h a  p a r tic le  
w liie h  is  a  S y stem  c o m p o sed  o f 
tw o  p ro to n s  (p ) an d  tw o  n e u 
tro n s  (n ) b o u n d  to g e th e r

B e ta  d eca y Z + l A C on version  o f n eu tro n  (n ) in to  
p ro ton  (p ) in  n u c lé u s , or v ic e  
v ersa  :

0 - -d c c a y Z + l A n -► p +  (e~  + 7 e) 1 *
£ + -d ec a y Z - l A p n +  ( c '  + i-e) f
E le c tro n

ca p tu re
(E .C .)

Z - l A p +  e" -► n +  (re) >

S p o n ta n c o u s

a - A  afis s io n

P ro to n  r a d io 

z 4 z F iss io n  o f th e  n u c lé u s , u su a lly  
in to  tw o  fr a g m e n ts  o f  ap -  
p r o x im a te ly  eq u a l m a ss  an d  
ch arge

E m iss io n  o f a p ro to n  from  th e
a c t iv i t y  

D o u b le  p ro ton

Z - l A - 1 n u c lé u s  

S im u lta n e o u s  é m iss io n  o f  tw o
r a d io a c tiv ity Z - 2 A - 2 p ro to n s  from  th e  n u c lé u s

* an d  >•« are th e  é lec tro n  n e u tr in o  an d  a n t in e u tr in o . ï h c  p a r tic le s  th a t
are e m itte d  from  th e  n u c lé u s  are e n c lo se d  in  p a r e n th è se s .

47.5.3. The five main kinds of radioactivity listed in this table 
are distinguished for the comparatively long time required to 
Iransform the nuclei. This is provided for either by the nature of 
the interaction (weak interaction in beta decay, see 49.1.8.) or 
by the retarding of positively charged particle émission by the 
Coulomb potential barrier in the nucléus (alpha decay, sponta- 
ncous fission, and proton and double proton radioactivity). As a 
rule ail kinds of radioactivity involve the émission of gamma rays 
which constitute a photon flux of hard electromagnetic radiation 
liaving a wavelength of the order of 10~9 to 10“11 cm. Gamma 
rays are the most oommon form in which the surplus energy of
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I lio excited producls of radioactive docay is reinovcd. A nucléus 
tliat undergoes radioactive decay is called a parent nucléus ; onc 
obtained as a resuit of decay is called a daughter, or produel, 
nucléus. If the latter is also subject to decay, it produces whai is 
soinctimes called a “grand-daughter” nucléus.
47.5.4. Spontancous decay of atomic nuclei obeys the law

N  = N 0e~^ ■

wliere N0 = number of nuclei in the given volume of the sub
stance at the instant of time t = 0 

N  = number of nuclei in the same volume at the instant 
of time t 

A = dacay constant.'
The decay constant A can be interpreted as the probability tliat 
the nucléus will decay in one second; it equals the fraction ofi
nuclei tliat decay per second. The quantity is the meant or
average, life expectancy of a radioactive isotope. To characterize 
the stability of nuclei against decay, use is made of the concept 
of half-life which is the length of time after which half of the 
initial number of nuclei of the given substance will hâve decayed. 
The relationship between A and T^ is

T = -  °-693
1 ± “  X ~  A

If llie radioactive isotope undergoes several kinds of radioactivity 
(see 47.5.2.), then the total decay constant is

A = £  hk
wliere A* is the partial decay constant, and the summation is 
carried out over ail the kinds of radioactivity. The number of 
nuclei of a given sample that decay in unit time is called the 
activity of the sample. When referred to unit mass of the sample, 
this number is called the spécifie activity of the substance in the 
sample.
The activity is

A = XN = XN0e-*<

47.5.5. !f the nucléus obtained as a resuit of decay of the initial 
nucléus is also radioactive and in decaying produces a stable or 
another radioactive nucléus, (de., we bave wiiat is called a radio- 
active-lransformalion chain. Ilevo flic total activity of the nuclei

Atomic and Nuclear Pliysics
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formed in the chain, as measured by somc instrument (see, for 
instance, 47.10.3.), dépends on lime according lo a more complex 
law because the decay constants for eaeh stage of the chain are 
not equal to one another and, moreover, lhe instrument registers 
the different radiation from each of the stages of the chain witli 
different efficiency.
'finis, the total activity is

where A* — decay constant of the nucléus in the ?!-t,h stage of the 
chain

ki = sensitivity of the radiation detector to the radiation 
of the i-th stage.

If the chain consists of two stages (n 2) then

vvhere the subscript “0” refers to the instant of time t = 0.
47.5.6. The stability of nuclei is reduced (on an average) with an 
increase of their mass number (see 47.1.3.). Natural radioactiv- 
ily of light and medium nuclei is a rare phenomenon (observed 
in the nuclei of l9K40, 37Rb87, 49In115, 57La138, 62Sm147, 71Lu176 and 
7flRe187). Natural radioactivity is universally found among the 
heavy atoms (beginning with A => 200). These nuclei form three 
natural and one artificial radioactive sériés, or families, named 
after the longest-lived (with maximum half-life see 47.5.4.) 
parent of the sériés. They are: the uranium sériés (from 92U23H), 
the thorium sériés (from 90Th232), the actinium sériés (from 89Ac2:*5) 
and the neptunium sériés (from 93Np237, which is a “man-made” 
clément). The mass number of the members of each of the radio
active sériés is characterized by the expression

where n is an integer and a = 0 for the thorium sériés, a — \ for 
the neptunium sériés, a = 2 for the uranium sériés, and a = 3 
for the actinium sériés. The transformation from one member 
of a sériés to another is accomplished by a chain of consecutive 
alpha and beta decays and terminâtes in a stable nucléus which is 
s2Pb208 for a — 0, 83Bi20tt for a = 1, 8?Pb206 for a = 2, and 82Pb207 
for a = 3. The sequences of radioactive transformations in these 
sériés are shown in Fig. 47.2, where the vertical arrows, parallel

n

A = Y
i = L

A = 4 +a
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VI.Alomic, and Nuclear Physics
to the A axis represent alpha dccays and tlio horizontal arrows 
represent the beta decays. Valid for this sequenco7 of transfor
mations in radioactive sériés is the Fajans-Soddy displacement 
law (see also the table in 47.5.2.):

A ' = ,4 -4  1 
Z' = Z — 2 J alpha decay;

A ' = A 
Z' = Z + l }beta decay

where [A, Z) and (A ', Z') are the parent and product nuclei. 
47.5.7. At the présent time, twelve éléments hâve been found 
witli Z > 92. They are called transuranic éléments. Evidently, 
none of them exists under natural conditions, and they are ail 
produced artificially. Radioactivity is inhérent in ail transuranic 
éléments and their half-life decreases rapidly with an increase 
in Z. The transuranic éléments include neptunium (93Np237), 
plutonium (94Pu214), américium (95Am243), curium (96Cm248), 
berkélium (97Bk247), californium (98Cf219), einsteinium (99Es254), 
fermium (l00Fm2M), mendélévium (101Md25<5), nobélium (^N o257), 
lawrencium (i03Ew257), as well as kurchatovium (nuclear charge 
Z = 104) which was discovercd in the summer of 1964 in Dubna 
(IJSSR) at the Joint Institute for Nuclear Research. The mass 
numhers given above correspond in most cases to the longest- 
lived isotope of the given element. rrhe mass numhers hâve been 
determined only approximately for short-lived éléments. Tlms, 
Np has eleven isotopes with /l = 281 to 241, Pu lias 14 with 
A  = 292 to 246, Am has ten with A = 2117 to 246, (an has 
tliirteen with A = 2.98 to 250, Bk lias eight with A = 248 to 
250, (If has eleven with A — 244 to 254, Es has eleven with . 1 - 246 
to 256 and Fin has seven with /I = 250 to 256.
The principal type of radioactive transformation of tin» trans
uranic cléments is alpha decay. The less the nuinber of neutrons 
N for a given nuinber of protons Z, the mon* stable a transuranic 
élément is. Isotopes with lilled nuclear sliells (see 47.4.4.) hâve a 
longer than neighbouring isotopes. Transuranie éléments are 
unstable against spontaneous nuclear fission (see 48.2.9.).

47.G. Alpha Decay
47.11.1. Only heavy nuclei with A  ^-200 undergo alpha decay 
(see 47.5.2.). The alpha particles emitted from nuclei hâve a dis
crète energy spectrum and consist of several groups. Usually the 
most intensive is the group with alpha particles of highest energy. 
The existence of several groups of alpha particles is called the
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fine structure of ihv alpha specirum. In Un; spectra of alpha-radio
active nuclei wilh very short half-lives 7^, groups of alpha par- 
tieles are also observed wilh energies exceeding those of the most 
intensive group (long-range alpha, partiales). The half-lifc of alpha 
emitters is reduced from ~ 109 years to ~ 10“7 seconds with an 
increase of the energy of alpha particles from about 4 to 9 MeV. 
Altogether about 25 natural and about 100 artificial alpha-radio
active nuclei hâve been found.
47.6.2. Alpha decay is treated as the pénétration of alpha par
ticles through the potential barrier of the nucléus (tunnel efîect, 
see 44.4.31.j. The potential of the nuclear forces is represented 
by a potential well, corresponding to the stable state of the nu
cléus. This well is separated from the région beyond the range 
of the nuclear forces by a potential barrier of finite width and 
heiglit. The height of this barrier usually exceeds the energy of 
the alpha particles emitted by the nucléus. The discrète spec- 
trum of alpha particles is an evidence of the existence of dis
crète energy levels for them in the nucléus. The set ofsuchlevels 
differs for different alpha-radioactive nuclei.
47.6.3. The energy of an alpha particle is equal to the différence 
in energy levels of the parent and product nuclei. The less excit- 
ed the product nucléus, the greater this différence. With a highly 
excited product nucléus having a short half-life (see 47.5.4.), 
alpha particles penetrate the potential barrier before a gamma 
quantum (see 47.8.1.) is emitted. At this, a long-range alpha par
ticle is produced. It has a path length longer than that of ordinary 
particles.
47.6.4. Distinction is made between two stages in alpha decay: 
formation of the alpha particle from the nucléons of the nucléus 
and émission of the alpha particle by the nucléus. The first stage 
nf the process has been studied considerably less than the second. 
The formation of alpha particles occurs with appréciable proba- 
bility and therefore the lifetime of alpha-radioactive nuclei is 
determined mainly by the second, very much slower, stage of 
alpha decay. The séparation of two protons and two neutrons 
into an alpha particle is promoted by the saturation of nuclear 
forces (see 47.2.6.) so that the alpha particle being formed is 
less subject to the action of attractive nuclear forces and, at the 
same time, more subject to the action of the Coulomb forces of 
repulsion from the other protons in the nucléus than separately 
laken nucléons.
This explains why alpha decay is a considerably more probable 
Uind of radioactivity than proton and double proton radioactiv- 
ily (see 47,5.2.).
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47.0.5. The penetrability D of the potential barrier (see 44.4.24.) 
for alpha particles in a nucléus (Fig. 47.3) is

where E  = T  = kinetic energy of the alpha particle (z = 2)
R = nuclear radius
rT = Z—~ = turning point, which is found from the con

dition Vc(rT) = T  
Vc(r) = Zy  2 = Coulomb potential between the alpha par

ticle and a nucléus with the charge Ze 
m = mass of the alpha particle.

The kinetic energy T' of the alpha particle is greater within the 
nucléus than outside: T ' > T  = E.
The resuit of the calculation for D is

D = e~™
where p =

B = VC(R) = -fi- = height of the Coulomb barrier
= de Broglie wavelength (see 44.1.2.) corresponding

to the kinetic energy of a particle, cqual to the 
barrier height (T == B).
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The value ^  for nucléons witli a kinetic energy T  is
,  h  _  ' i . 5 X l O " 13 _A 7  — -yrzr=r = 7 - --------- CRI

\ HmT ŸT (MeV)
47.6.6. The aljkha decay constant A (see 47.5.4.) is related to I) 
by the équation

where R  = nuclear radius (2 R  is the width of the potential well) 
v = velocity of the alpha particle in the nucléus.

47.6.7. The empirical formula relating the range (path length) 
Ra of an alpha particle in a substance (see 47.9.6.) to the alpha 
decay constant A of the nucléus is callcd the Geiger-Nuttal law:

ln A = A In î?a 4- B
where A  and B are constants having different values for each 
of the radioactive sériés. This law indicates that with an increase 
in range, i.e. energy of the alpha particle, A increases and, con- 
sequently, is reduced rapidly.

47.7. Beta Decay
47.7.1. The concept of beta decay unités three kinds of nuclear 
transformations: électron (ft~) decay, positron (p+) decay and élec
tron capture (E.C.) (see 47.5.2.). The conditions for the stability 
of nuclei against various kinds of beta decay are given in 47.2.3. 
About 900 beta-radioactive isotopes are known. Only about 
2 0  of them are natural, the rest were obtained by artificial me- 
tliods (see 47.5.1.). The overwhelming majority of these isotopes 
are subject to -decay. One électron is emitted in each event of 
p - -decay. Double beta decay, with two électrons (positrons) emitted 
in each event, is theoretically possible, but has not been observ- 
ed experimentally as yet.
47.7.2. In beta decay the energy spectrum of the emitted électrons 
or positrons is continuous, extending from E  = 0 to E = E0, 
where the quantity E0 is called the end-point energy of the beta 
spectrum.
The average energy of the électrons emitted by heavy nuclei is 
E ^  * E0; for natural /?“-radioactive éléments E  = 0.25 to 0.45 
MeV. For light nuclei the energy spectrum of the électrons (po
sitrons) is more symmetrical: E  ^  - -  En. The half-lives for beta
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W decays are wilhin a wit rang»*- :
from 2.5 XlO-2 secon 4X1012
years, which is inco surably
longer than the char^cteristic nuc- 
lear time (~10“21 to 10“22 second). 
This indicates that beta decay is due 
to weak interaction (see 49.1.8.). 
Beta decay is commonly accompa- 
nied by the émission of gamma rays 
which hâve a discrète energy spect- 
rum. A beta-particle spectrum is 
shown in Fig. 47.4.

VI.

O E,’in a x E0 E
l ' i G .  47.4

47.7.3. An électron antineutrino is emitted together with the élec
tron in beta decay, and an électron neutrino (see Table 1, page 
891) together with a positron. The interaction between the 
électron neutrino (antineutrino) and the nuclei is negligibly small 
in comparison with the interaction between the nucléons in the 
nucléus (nuclear interaction). In beta decay the électron (positron) 
and électron antineutrino (neutrino) hâve spins equal in magni
tude and opposite in direction. Hence the change in the spin of 
the nucléus equals zéro. The continuous spectrum of beta decay 
is due to the different distributions of energy between the élec
tron (positron) and the électron antineutrino (neutrino), the total 
energy of the two particles being
t / i j u a i  i v  -L /q .

47.7.4. According to the current 
concept, the électron (positron) 
and the électron antineutrino 
(neutrino) do not exist in atomic 
nuclei but are formed at the in
stant of émission from the nuc
léus as a resuit of weak interac
tion (see 49.1.8.) between the nuc
léons in the nucléus. Since new 
particles are produced in beta 
decay, the methods of nonrelati- 
vistic quantum mechanics are in
applicable to this process and the 
problem is dealt with by the 
methods of quantum field theory.
47.7.5. The energy scheme of 
beta decay processes is shown in 
Fig. 47.5. The beta decay process 
corresponds to a nuclear transi-

equal to E0.
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lion from ope discrète energy state lo anollier. Plotled nlong 
the ordinale ôçxis are the rest energies of the atoms minus the rest. 
energy of a System consisting of the product ion and an électron 
which are formed from the atom (A, Z) in a /?~-decay. The transi
tion fromstate I[E(z) > 0] provides fora ^“-decay in which E(Z) > 
> E(Z-1-1). The transition to state I I  corresponds to the transfor
mation Z + l -►Z, i.e. électron capture. Depending upon the élec
tron shell from which the électron was snatched, distinction is 
made between K -, L -, M-capture, etc. The excited product nu
cléus produced in électron capture goes over to the ground state 
by emitting a gamma quantum with the corresponding energy 
(see 47.8.1.). The transition of the nucléus to state I I I  [E(Z)< 
< -  2m0c2] corresponds to the transformation Z + l ->-Z by means of 
either an électron capture or a /?+-decay. In the first of these trans
formations a gamma quantum is also emitted. A beta decay in 
which the product nuclei are formed in a single energy state is 
said to be simple. If these nuclei are produced in several states, 
the beta decay is said to be complex.
47-7.0. In the theory of beta decay, the production of an électron 
and an électron antineutrino (positron and électron neutrino) is 
treated as the resuit of the interaction between a nucléon of the 
nucléus and the électron (positron) and neutrino fields. Besides the 
production of e~ and ve (or e+ and ve) particles (see Table 1, page 
801), 0n‘ is changed to ,pl (or, on the contrary, iPl -*0nl)- ^ l0 
inlensityof this interaction is characterized by the weak interac
tion constant g (coupling constant of the nucléon and electron- 
positron lields) ; g ^  1.4x10"49 erg-cnr.
The probability of beta decay is characterized by the nuclear 
matrix élément of the transition \IIik\ coaitaining: a wave fonc
tion of the nucléon in the initial state i\ wave fonctions of the 
nucléon, électron (positron) and électron neutrino (antineutrino) 
in the final state k\ interaction energy corresponding to the tran
sition i -► /<•; and, tinally, a quantity determining the density of 
I lie number of final states of the System. The sélection rôles 
for beta decay establish a considerably higher probability of 
allowed transitions and a low probability of so-called forbidden 
beta transitions.
17.7.7. Of essential signifieance in the study of beta decay is the 
analysis of the energy spectrum N(E)t where N  is the number 
of emitted électrons (or positrons). According to their N{E) dis- 
Iribution curves, beta spectra are divided into allowed (Fermi 
spectra) and forbidden spectra. Forbidden spectra, in turn, are 
distinguished by their degree of forbiddenness. For allowed beta
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speetra, assuming that. mass of the neut.rino equals/zero,
N(E) dE a  F (Z, E) pE(E0 -  E)- dE

where p and E = momentum and energy of the électrons in 
units of mec and mec2 

me = rest mass of the électron (see 32.6.3.)
E{) = end-point, or maximum, energy of the élec

trons (or positrons) of the beta spectrum (see
47.7.2.).

The function F(Zy E) takes account of the influence of the nuclear 
field on the shape of the N(E) curve. For forbidden beta spectra, 
N(E) contains a factor which dépends on E0i E and the degree of 
forbiddenness.
To décidé whether a given beta spectrum belongs to the Fermi 
or forbidden kind, a Fermi-Curie plot is made. Thus

K i P \  =  [ Nexp(E)
K 'E * lpEF(Z,E)\

where N ezp(E) is the observed curve of the beta spectrum. For 
Fermi beta spectrum, K(E) is a straight line which intersects 
the axis of abscissas at E = Eu. Déviation of K(E) from a straight 
line indicat.es that, the given beta spectrum is of the forbidden 
kind.
47.7.8. The decay constant À (see 47.5.4.) for beta decay is

t  = c f  N(R) dE -  CF(Z, E„) 
0

The factor C is determined in the theory of beta decay as
., _ g-m\cd 
1 ~  2 n W

where g = weak interaction constant (coupling constant) 
\H ik\ = nuclear matrix element (see 47.7.6.).

Since A = , where is the half-life (see 47.5.4.), then

F[Z,E0)T , = T i  red «2mfc4
ln 2

The product F (Z, E0)T± = T±red is called the reduced half-life. 
It dépends only on the character of the interaction between the 
nucléons of the nucléus and the electron-neutrino field. Reduced 
half-life values, obtained from experimental data, enable \Hik\ 
to be determined.
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47.7.Î). According to tlioir T±red values, t.ho types of beta decay 
ean be classified as follows:
(a) those with log T±red =*3.5 are superallowed transitions; 
they include: beta decay of the neutron, j/ /3, and transitions 
between mirror nuclei [(N — Z = 1 for the initial nucléus and 
N — Z = -1  for he final one), as well as transitions for which 
N - Z  = ±1 for one isobar (see 47.1.3) and N - Z  = ±2  for the 
otlier (where N  is the nuinber of neutrons in the nucléus)]; for 
superallowed transitions, the | H ik | values are near to the maximum 
values.
(b) th o se  w ith  lo g  T ^ red ^  5 are normally allowed transitions, and
(c) those with log T ^red ^  9, ^  13, ^18  are forbidden transitions 
of the ls t, 2nd and 3rd orders of forbiddenness, respectively. The 
last cases correspond to a sharp decrease in the probability of 
beta decay, due to large changes in the angular momentum of the 
nucléus and, frequently, to the change in the parity of its states 
(see 47.7.11.).
47.7.10. The decay constant XE for an allowed électron capture is

whero F k[*b, Z) = 2.( [e„ -H -   ̂ ( 8^ ) ‘]’

f" = ïnfc?
This formula does not take into acoount the relativistic eiïects 
wliich become appréciable wlien the value of E{) (see 47.7.2.) 
ap])roaches the rest, energy of the électron, equal to 0.511 MeV.
47.7.11. T he s ta tc  o f th e  q u a n tu m  S ystem  is sa id  to  be even if the  
corresp o n d in g  w a v e  fu n c tio n  is n o t r ev ersed  in s ig n  w lien  the  
s ig n s o f ail the  c o o rd in a tes  of the  p a r tic les  in  th e  S ystem  are 
c h a n g ed  (in in v e rs io n s);  o th erw ise  it  is sa id  to  be odd.
The conservation of the sign of the wave function upon a space 
inversion can also be characterized by even parity P (where 
P = +1). If, upon changing the signs of the coordinates of the 
wave function, the sign of the latter is reversed, then the parity 
is said to be odd [P = - l ) .  The conception of the parity of 
state and of the wave function is related to the symmetry of 
space, i.e. to the équivalence in space of the right- and left- 
liand directions, upward and downward, etc.
A n y S y stem  o f p a r tic le s  can  be in  a s ta te  w ith  a d e fin ite  p a r ity  if  
the n u in b er  of p a r tic le s  in it  rem ain s c o n s ta n t  or is c h a n g ed  b y  
an e v e n  nu in b er .
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U follows frorn tlio properlios of Llio Schrodinger équation (see
44.2.1. ) that if tho energy of a particle (or System of parlicies) is 
conserved constant, then its parity is also conserved (parity 
conservation law). A System of particles before and after beta 
decay should correspond to wave functions of the same parity 
[nucléus before decay; nucléus, beta particle and (antineutrino) 
neutrino after decay].
47.7.12. It has been established that in weak interactions (see
49.1.8.) which, in particular, bring about beta decay, the parity 
of the wave function of the System can change in decay (non- 
conservation of parity). Along with the state described, for instance, 
by an even function, an odd state can also appear. This phenom- 
enon was first discovered in the beta decay of K mesons (see Table 1, 
page 891). In essence, this is the decay of a K meson into two 
or even three pi mesons. In beta decay, the violation of parity 
conservation is manifested in the asymmetry of the spatial direc
tions of the électrons emitted by the nuclei: less électrons are 
emitted in the direction of spin of the nuclei than in the opposite 
direction. It follows from this asymmetry that there is a defini te 
relationship between the direction of spin of the particle and the 
direction of its motion in space.
The spins of a neutrino and antineutrino should always be oriented 
parallel or antiparallel to the direction of their motion: the anti
neutrino is oriented along the direction of motion and the neutrino 
in the opposite direction (longitudinal polarization). If spin is 
likened to rotation, then the motion of the antineutrino cor
responds to the motion of right-hand spin and that of the neutrino 
to left-hand spin. Accordingly, distinction is made between 
right-hand helicity of the antineutrino and left-hand helicity of the 
neutrino. Violation of parity conservation is dealt witli in more 
detail in 49.1.17.

47.8. Gamma Radiation
47.8.1. Gamma radiation is hard electromagnetic radiation whose 
energy is released in the transition of nuclei from an excited to 
the ground or less excited state, as well as in nuclear reactions. 
In the first case, the energy of the gamma quanta is equal to the 
différence in the energies of the final and initial le vois of the 
nuclei. In each event of transition the nucléus emits one gamma 
quantum. Owing to the discreteness of the energy levels of a 
nucléus, gamma radiation has a line spectrum. The frequcncies 
of the gamma quanta are related to the energy différence by the 
llohr frequency condition (see 44.5.7.).
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47.8.2. \n accordance willi the law of conservation of angular 
moinenlum (sec 4.5.1.), a gamma quantum carries an angular 
inomcntum Ÿï(l + ï)fî out of the nucléus, wliicli is equal to tlio 
différence in the angular momenta J  of the nucléus in the final 
(k) and initial (i) states. Here

\ J i ~ j k \ ^ i ^ \ J i + j k \

According to the parity conservation law (see 47.7.11.) in eleclro- 
magnetic interactions

PkPf = Pi
wliere Pk and = parities of states of the nucléus 

Pf = parity of the gamma quantum.
The angular momentum of a gamma quantum and its parity 
détermine the multiplicity of radiation.
47.8.3. The quantity Z is called the order of multiplicity. A parity 
( -  l)z+1 of the gamma quantum corresponds to magnetic radiation ; 
a parity ( — i)1 to electric radiation.
The quantity 2' détermines the multipolarity of the radiation 
(Z = 1 is dipole, l = 2 is quadrupolc, l = 3 is octupole radiation, 
etc.). Electric radiation of a given multipolarity is denoted by 
El and magnetic radiation by Ml. These names hâve been chosen 
because vectors E and H of the intensities of the electric and 
magnetic fields in an electromagnetic wave, corresponding to a 
gamma quantum with the given Z and Pf values, are directed as 
in the field of electric dipole radiation, magnetic dipole radiation, 
etc. The relation between the quantity Z, the kind of multiplicity 
(E or M), the parity Pf of the photon and the change in the 
parity of the nuclear state is as follows:

l
Parity of nuclear 

State is conserved 
Pf = +1

Parity of nuclear 
State is not conserved

Pf=~  1
1 Ml El
2 E 2 M2
3 M3 E 3
4 E4 M4
5 Mb E5

Aller the gamma quantum lias been emitted and lias acquired 
a delinite direction, the given multiplicity is no longer ascribed 
lo it. Il is descrihed by a plane wave which is a superposition of 
ail multiplicities with orders from 1 to oo.
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47.8.4. The sélection rules either enlirely furbid or make extreme- 
ly improbable gamma transitions that do not satisfy definite 
requirements. Absolutely forbidden are transitions whicli do not 
comply with the conditions of 47.8.2. Of low probability are tran
sitions of the nucléus between levels corresponding to a large 
différence in spins, i.e. transitions with a high value of L With 
an increase in the order of multiplicity, the probability of gamma 
transitions decreases rapidly: usually by a factor of 10~5 to 
10~8 in a transition from l to 1 + 1. Usually gamma radiation of 
nuclei lias an order of multiplicity of E l, M l or E2. These orders 
correspond to the radiation of a gamma quantum during a time 
from 10“8 to 10“15 second (lifetime of the excited state of the nu
cléus), depending upon the transition energy.
Along with radiative transitions of nuclei in which a gamma quan
tum is emitted, there is also the competing radiationless process, 
called the internai conversion of gamma radiation and observed 
at transition energies less than 0.2 to 0.5 MeV. In this process 
the energy released in the nuclear transition is transmitted, with- 
out the means of a gamma quantum, to one of the atornic élec
trons, thereby ionizing the atom. Formally, to facilitate calcula
tions, internai conversion is assumed to take place in two stages. 
In the first stage the nucléus is assumed to émit a gamma 
quantum which is absorbed in the second stage by an électron 
to whom the gamma quantum transmits its energy (converting 
the électron).
47.8.5. The ratio of the probabilities that a üT-electron will be 
ejected from an atom in internai conversion and that a gamma 
quantum will be emitted in the same time interval is called the 
partial internai conversion coefficient by the Üf-shell of the atom. 
Partial coefficients for internai conversion are introduced in the 
same manner for the L -, M -,. . . shells of the atom. Thus

V ’ w m ~ t,  -

The sum of the partial coefficients is called the total internai
àconversion coefficient. Thus w = = w£ + wL-{-wM + . . .

where Àe is the probability of emitting converted électrons from 
ail the shells of the atom. The value of A, increases with a réduc
tion in the excitation energy of the nucléus and with an increase 
in the multipolarity of the gamma radiation.
47.8.6. When the energy released in a nuclear transition is great- 
er than twice the rest energy (see 32.6.4.) of the électron 2mvc2 ~ 
— 1.02 MeV, pair internai conversion becomes possible in which
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an electron-positron pair is produced (see 49.3.4.). The correspond
ing conversion coefficient increases with the energy of tin* nuclear 
transition and with a réduction of tho multipolarity of the gamma 
radiation.
47.8.7. In many cases the lifetime of the nucléus in the excited 
state may considerably exceed the commonly observed lifetime 
(see 47.8.4.). For such metastable states of the nucléus the life
time may reach many years. Depending upon the properties of 
the energy levels of the nuclei and the energy différence between 
the levels, the lifetime of a nucléus in a metastable state may vary 
in a very wide range. For example, in Np the lifetime of the ex
cited nucléus is known corresponding to a half-life of 5500 years. 
Varieties of the same isotope which, along with the half-life cor
responding to an ordinary gamma transition, also hâve a half- 
life corresponding to a gamma transition from a metastable ex
cited state, are called nuclear isomers. As a ride, nuclear isomers of 
a given isotope hâve different spin values.
47.8.8. The phenomenon of nuclear isomerism is explained in 
the shell model of the nucléus (see 47.4.4.) by the occurrence, 
in nuclei with almost fdled nucléon shells (at N  and Z near to 
the magic numbers, see 47.4.6.), of excited states having quantum 
numbers l that greatly differ from l for the ground states of the 
nuclei. Because of the substantial différence between the wave 
fonctions of the excited and ground states in this case, the prob- 
ability of a transition between them is low (see 44.5.11.) and 
the lifetime in the excited state is large. Experiments hâve sliown 
that nuclear isomerism is actually observed for N  and Z with 
values near (less than) the numbers 50, 82 and 126 (see 47.4.6.) 
where uislands of isomerism” occur.
47.8.0. In a metastable excited state, a nucléus can give up its 
energy in two ways. The nucléus can go over to the ground state, 
emitting gamma quanta or internai conversion électrons, and 
then emitting beta particles with the same energy spectrum as the 
beta particles emitted in ordinary beta decay. In this case, how- 
ever, due to the fact that the lifetime in the metastable state is 
longer than the half-life of beta decay, a longer beta decay half- 
life is observed. In the second case, if the probability of a radiative 
transition is commensurate with the probability of a beta decay, 
the beta decay can proceed from the metastable state. The energy 
spectrum of the beta particles will differ, however, from the spec
trum in the first case.
47.8.10. When emitting a gamma quantum, a nucléus, due to 
the law of conservation of angular momentum, acquires an angu- 
lar momentum of the opposite direction (recoil). If the nuclei
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emi tti ng gamma quanta are in a sol ul, il ion tlio gamma ray spee- 
trum consists of tvvo components. rrh(»y aro: (a) a comptaient 
with a gamma line of intrinsic breadtli JH, determined b y tlio 
lifetime of thc nucléus in ihe given excited state (see 40.2.6.) and 
having t_he energy E , and (b) a component with a line breadth
r R^  E  — »  where ü is the root-mean-square velocity of ther
mal motion (see 11.2.3.) of the gamma-radioactive nuclei in the 
solid. This component has an energy displaced with respect to 
the value E  by the amount of the reeoil energy

where M 0 is the mass of the emitting nucléus (if it is assumed to 
be free and travelling at a velocity u «  c).
As a resuit the lines of gamma radiation and adsorption (the samc 
line) are heavily broadened and, in addition, are shifted in energy 
in relation to each other by the amount ~ 2R .  Since R  for gamma 
radiation is not small, in general, in comparison witliÆ', the 
phenomenon of r é s o n a n c e  a b s o r p t i o n  o f  g a m m a  r a y s  ( E rnd or
vrad = vabt) is not usually observed practically.
47.8.11. Under certain conditions it becomes possible to hâve 
the emitted gamma quantum transmit momentum, not to a single 
radiating nucléus, but to the crystal as a whole. As a resuit the 
emitted line corresponds to the reeoil energy R  ^  0 ( M  is large) 
and r R % JH, i.e. the line breadth approaches the intrinsic value 
and the shift in energy practically disappears. This phenomenon 
is called the M ô s s b a u e r  e f fec t . One of the conditions that allow 
this effect to appear is

R  «  2 k ®  D

where — Debye characteristic température of the crystal 
(see 15.4.3.) 

k = Boltzmann’s constant (see 8.1.4.).
At R « k O D recoilless gamma transitions can already be observed 
at room température, at R  ~ k S D, low températures arc required 
for their observation.
47.8.12. The extremely small intrinsic breadth of many gamma 
lines in comparison with the energy of gamma transitions enables 
the Môssbauer effect to be used in conducting especially fine
experiments (with a sensitivity of the order of — reaching 10-1,;) .
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Tliis efîect lias found application for measuring the frequency 
shift of photons in a gravitational field, for measuring extremely 
fine Zeeman splitting (see 45.4.1.) of nuclear energy levels, etc.

47.9. Pénétration of Charged Particles and Gamma 
Radiation Through Matter

47.9.1. In passing through a substance, charged particles and 
gamma rays interact with the électron shells and nuclei of its 
atoms. These interactions lead to elastic scattering (see 44.4.16.), 
inelastic scattering (see 44.4.16.), associated excitation and ion- 
ization of atoms, excitation of nuclear reactions (see 48.1.1.), 
as well as to the impairment of the structure of the substance, 
known as radiation damage.
47.9.2. The loss of energy of charged particles passing through a 
substance, on the ionization and excitation of the atoms, is called 
ionization loss, the loss of energy on brcmsstrahlung (see 34.2.9.) 
is called radiation loss. The quantity commonly calculated is the 
spécifie energy loss of the particles per unit of tlieir path through
the substance, -  ( - ^ ) ,  whcre E  is the total energy of the particle.
The spécifie ionization loss for heavy charged particles

\  ÜJC /  ion

(protons, alpha particles) al énergies E  «  Me2, where M is7Ylt
the mass of the particle and me is the mass of the électron, is

fin 2m̂ 2- la\ dx/ion m0v2 I I  J

where ne ~ électron densily in the substance
zc — charge of a particle travelling at the velocity v 
I  = 13.5Z cV = average ionization energy of the atoms 

of the substance 
Z = atomic number of the substance
p = v- .f c

The spécifie ionization loss of a charged particle docs not dépend 
on the mass M  of the particle; it is proportional to the électron 
density in the substance and dépends on the velocity of the par
ticle. Th us
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where y(v) oc —  . With an increase in the energy of a particle,
iis spécifie ionization loss first drops rapidly (as Then this
decrease slows down. After passing through a minimum at E  = 
= Mc2, the ionization loss begins to grow as the logarithm of E.
The dependence of n on the parameters of the particle and
on the medium enables the loss to be calculated for other media. 
Thus

( — 4—) oc ne = nnZ\ dx  lion e n

where Z = nuclear charge of the medium
nn = concentration of nuclei in the medium.

Since nn % constant for ail substances, then
/ _ dE\ _  z, ( _ d E \
' (lx ' ion z2 z i ' dx J ion

where and Z., are Lhe nuclear charges of the first and second 
media.

Comparative Values of Spécifie Ionization Losses for Protons 
Travelling with Different Energies in Air and in Lead

(.dE'\ (dE\ / dE \ (dE \
E, \ d£ / ffir \ <U /i»b’ E, \ d$ )miT' V dsfc /pu’

MeV MeV per 
g-cm “2

MeV per MeV MeV per MeV per
g-cm-2 g-cm ~2 g-cm "2

1 300 150 100 1
7.5 5

10 50 30 1000 2.3 1.6

The spécifie ionization loss can be referred to the unit £ = xq, 
where q is the density of the medium. The quantity £ expresses 
the thickness of the substance in grams per square centimètre 
(g-cm~2). Thus

dE  _  d E  1 
dÇ ~  dx  q

47.U.3. The spécifie ionization loss of the électrons is
/_  dEe\ ___ f [|n ™e»-Te__
l  d x / io n  m ÿo* \ l

-  In 2 ( 2  f l - J 2) -  1 + /i2J +  1 -/I2}
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where Te is the relativistic kinetic energy of the électron. The 
remaining notation is given in 47.9.2.
In the région of relativistic energies the différence between the 
spécifie ionization losses for électrons and heavy particles is 
not great.
47.9.4. The spécifie radiation loss on bremsstrahlung (braking radi
ation) ( -   ̂ is proportional to the square of the accélération
a of a charged particle of mass M. In the Coulomb field set up by
the nuclei of the atoms in the substance, a oc — , and therefore’ M ’

{~l^)raa  00 Â*2 ‘ *r°r heayy Par^ cles» the bremsstrahlung loss is 
small even for substances with a large atomic number Z. Because 
of the smallness of the mass me of the électron, the bremsstrah
lung loss for high-energy électrons is the main type of energy 
loss. The loss of energy with the distance is described by an 
exponential law. The distance L  at which the energy of the élec
tron is reduced by a factor of -- , duc to bremsstrahlung, is called 
the radiation length.
The spécifie radiation loss of the électrons is

nE '0[Z ,E ,)

where n = number of atoms per cm3
E0 = initial kinetic energy of the électron

0(Z, E0) -

5 .7 9 X lO -» Z (Z + l) [4 1 n (^ :) -5 ]  at
. _  137m,i:3

5.79X10-“ Z(Z-Ke) [4 lu (l8H j ] al
I 3 7 m ec*

where £ = 1.2 to 1.4 is the correction for the radiation in the lield 
of atomic électrons. Upon a réduction in the energy of the élec
trons, their bremsstrahlung loss decreases proportionally to Ei)t 
and their ionization loss changes only slightly. At a certain crit- 
i r a i  energy E ^  the radiation and ionization losses are equal. At 
/s0 < Ecn the ionization loss exceeds the radiation loss. The ratio 
of the radiation loss to the ionization loss of an électron of energy
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Ee (in MeV) in a inedium with a nuclear charge Z is
(ËM
\  dx  ) rad È14Z1

( d E e \  ^  "800
\ dx ) ton

47.9.5. Thu energy loss of a charged particle on Cherenkov 
radiation (see 32.8.1.) is

HS»
whcre v = frequency of radiation

n(v) = refractive index of the medium for tiiegiven frequency

Intégration is carried out for tlie frequencies r, for vvliieh 1.
Of significance are the frequeneies in the visible région and
the ncar ultraviolet. In dense media, ( -  vM eonstitutes lü " :i’ \ dx 'ch
of the total energy loss of the particle. In gascons media with 
medium and high values of Z, this fraction increases to 10"2 
and in light gases (hydrogen and hélium) to 10“ 1 of the total 
energy loss.
47.9.0. For a given medium and for a particle of delinite mass 
and charge zry the spécifie ionization loss is a function of the kinet- 
ic energy alone (see 47.9.2.). Tlius

dE

F rom here the particle range can bc determined, i.e. its mean 
fret; pal h in the substance up to a complote stop.
The range R  of a particle having the kinetic energy 7’, is

0

Making use of the formula in 47.9.2., the expression for if can be 
written as

R  -  , mV2 f - " do 
( z e )2 J <pic)

0

where n i — mass of the particle
zc = charge of the particle,
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Fnr two particles having equal volooities in the given ni ed in ni

R l : II mx . ?n2 
27 ‘ z\

Tiie range R and kinetio energy T  of a particle with the charge ze 
are expressed in ternas of the range Rp and kinetic energy Tp 
of a proton in tlie same medium. Thus

R = fl,m„22 p T  = m
mv

47.9.7. The following empirical formulas relate the ranges with 
the energies of certain heavy particles in various media.
For protons in a photographie émulsion Tp = aRpi where a = 
— 0.25 and n = 0.r8. The values of a and 11 may vary for different 
kinds of émulsion. The energy Tp is measured in MeV and the 
i*ang(‘ Rp in microns.
For an arbitrary heavy, charged particle in a photoemulsion

n which the previous values of a and n are used.
For alpha particles cjected by natural alpha emitters in air 
R„ = 0.318 T\ (Ra in cm, Ta in MeV). This formula is valid for 
3 < Ruf< 7 cm.
For alpha particles with an energy up to 200 MeV in air 

À. -  J''* (Ba in m, Tu in MeV).

b'or protons of the same energy in air

n p -  ( - f - ) 1'8 (R, in m, Tp in M«V).

Also frequently used are empirical formulas which relate the ini
tial energy of a particle with its range (see 47.9.6.).
At energies corresponding to the majority of alpha-radioactive 
nuelei, alpha particles mainly cause ionization of the atoms in 
l he substance, as well as a number of nuclear reactions (see 48.1.1.). 
In addition, there is also elastic scattering of the alpha particles 
by the atomic nuelei, described by Rutherford’s formula (see 
'•4.4.22.).
17.9.8. In passing through a substance, électrons are subject to 
imnelastic and elastic scattering. As a first approximation, the
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ionization per unit length of range nf the électron is proportional
to where q is the density, A is the atomic weight, N A is
Avogadro’s number, Z is the atomic number of the medium, 
and v{) is the initial velocity of the électron.
47.0.9. The relation between the range Re and the kinetic energy 
T,, of électrons in aluminium is

Re = 0.407 T \ 38g-cm~2 for 0.15 < T e < 0, MeV 
Rc = (0.542 T e - 0.133) g-cm~2 for T e > 0, MeV

These formulas can be applied for other media as well. 
Applicable for rougher estimâtes is the formula

Re (g-cm“2) -  0.5 T, M eV-0.1

Another quantity, introduced along with Re is the half-value 
thickness d±, i.e. the thickness of the Jayer of the substance that 
halves the intensity. In the general case, the quantity is 
different, for various depths of the absorbing substance.
47.9.10. As gamma rays penetrate through a substance they inter
net with the atoms (or molécules). The main kinds of interaction 
are the photo-effect (see 42.1.2. ) ,  the Compton effect (see 42.2.1)  
and electron-positron pair production (see 49.3.4. ) .  Besides these, 
nuclear reactions due to the action of gamma rays are possible 
(nuclear photo-effect, see 48.2.8. ) .  In the photo-effect an électron 
is ejected, due to the action of the gamma quantum, from the 
/-shell of the atom. This électron has the kinetic energy

T e =  E y - I ;

where E y  = energy of the gamma quantum
I t = ionization energy of /-shell of the atom.

The vacancy is filled by électrons from the higher-level shells. 
This is accompanied by the émission of X-rays or Auger électrons 
(see 45.7.7.).
The photo-effect cross section aph dépends upon the atomic 
number Z and the energy E v  of the gamma quantum. Thus

° Ph cc -  at E y  »  I K and a ph oc — - at Ey >  I K
E y  F yZ

where I K is the ionization energy of the /jT-shell of the atom.
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47.9.11. The dilïerential cross Section of Compton scattering is 
expressed by the Klein-Nishina-Tamm formula

°c,mr, = 2jrr? -  \  In (1 + 2e)]

+ ~ lrl 0  + 2 e ) - ~ ~ }

wherc r, = —— = classical électron radius * mec«
hv E

e = ^  = ô j î î  Mêv = ratio of the ener^y of the gamma quantum to the rest
energy of the électron.

(a) At e «  1 aCompt = aTh(i -  2e +—- e2 + . . .  )
o n .

wherc aTh = — r2 is the classical scattering cross section cal-
culated for one électron (Thomson scattering cross section). At low 
values of Ey, aCompt decreases linearly with an increase in energy.
(b) At e »  1, oCompt = n r \^  (- +ln 2e)> ie - at Ev »  m*c'
°compt ~ j f -  Taking into account the presence of Z électrons in
the atom, the total cross section uComph calculated for the atom, is

z_
°C om pt

47.9.12. If the electron-positron pair is formed in the Coulomb 
field of the nucléus, the recoil energy of the nucléus is insignificant, 
and the threshold energy necessary for pair production is

Eçyy Ç* 2 m / = 1.02 MeV
For pair production in the electron’s Coulomb field

Eoy — 4 mec2 = 2.04 Me Y
Electron-positron pairs, produced by the action of two photons, 
are formed under the condition that E y l  + Ey2 > 2 m /.
The condition for pair production upon the collision of two élec
trons is Ee > 7mec2, where E e is the total energy of the travelling 
électron.
The cross section for pair production in a nuclear field is 

apalr ~ Z2 ln Ey at 5 m / < Ey < 50racc2
At Ey < 5mec2 and Ey > 50mec2, opair increases at a slower rate 
with an increase in energy. In the ultrarelativistic case, apair is 
independent of Ey.
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47.9.1 Ü. The total cross section a for the interaction of gamma ray s 
with a substance is

Atomic and Nuclear Pliysics

a

The cross-section
” ph +  (T0  ompl

formulas for
I -a.\pair
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the sépara te processes are 
given in 47.9.1,0. through 
47.9.12.
In the gamma ray energy 
range Ey < E u where E l 
is of the order of 10“- to 
10” 1 MeV, the main pro- 
cess occurring in the in
teraction between gamma 
vays and a substance is 
the photo-(dTect. In the 
energy range E x< E y < E 2, 
where E 2 is of the order 
of 1 to 10 MeV, the main 
process is the Gompton 
effect.. In the high energy

]'ifi.47.G

range, Ey > E 2t the main 
process is electron-posit- 
ron pair production. Fi
gure 47.6 shows the de- 
pendence of the interac

tion cross section of gamma rays in lead on the energy of a gamma 
quantum for each of the processes and for the total cross section.
47.9.14. The atténuation of the intensity of gamma rays in passing 
through a substance, under the condition that the beam of gamma 
rays is very narrow, complies with the law

/  = V " *
where I  = intensity at the depth x

I 0 = intensity before entering the substance.
For wide beams of gamma rays

I  = h e~^x B ( f i x ,  Eyi Z)
where B is the so-called radiation build-up factor and B  ce 
oc (l+/ux)n > 1, where n ^  2 to 3. The quantity is called the 
atténuation coefficient and is, in essence, the reciprocal of the
length over which the radiation is attenuated e-fold (to 2 T18
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of ils initial value). Since the atténuation of gamma rays in a 
substance isstrictly proportional to the density of the substance, 
ulong with //, the mass absorption coefficient -  is introduced. 
Also used is the half-value loyer d  ̂ for gamma rays: d  ̂ —
• • ^  --- n^'1. The penetrating power of gamma rays is déter
minai hy their initial energy, the density of the substance and 
its atomic number. For very liard gamma rays, with energies 
of the order of 106 tu 108 eV, the penetrating power may reach 
several métrés (in condensed media).

A tténuation Coefficients of Gam m a R ays in Various Media

Energy, 
McV |

j Atténuation coefficient n. cm-1

i air j  watcr lead

ü.l 1.98X10-4 0.172 5.99

0.5 1.11 XlO"* 0.096 1.G7

l.ü 0.81X10-4 0.070 0.75

47.9.15. In calculating the intensity of gamma rays in a given 
substance when the source of radiation is in another medium, 
it is necessary to take into account the reflection of the radiation 
at the boundary between the two media (see 35.1.4.), as well as 
the self-absorption of the radiation in the source itself due to its 
flnite size. The factor that takes these circumstances into consid
ération is called the albedo. The value of the albedo increases 
rapidly with a réduction in the energy of the gamma rays.
47.9.16. Activity units of radioactive substances are determined 
by the number of atomic nuclei that decay in unit time. The 
common unit, the curie, is defined as the activity of a sample in 
which 3.700 XlO10 events of decay occur per second.
Also used are the multiple and fractional units: the microcurie 
(10“6 curie), millicurie (10—3 curie), kilocurie (103 curie) and mega- 
curie (106 curie). Along with the cure, use is imade (less frequently) 
of the rutherford (rd) which is the activity of a specimen in which 
106 events of decay occur per second.
Thus

55* 807
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The fractional units are the millirutherford (mrd) and the micro
rutherford (mcrd):

1 rd = 103 mrd = 106 mcrd
1 mcrd = 1 disintegration per sec.

The curie and rutherford are usually resorted to for characteriz- 
ing the alpha or beta activity of radioactive substances.
47.9.17. The following units of concentration of radioactive sub
stances are used for liquids and gases:
1 curie per litre = 2.2 xlO12 disintegrations per min-litre
1 eman = 10-10 curie per litre = 220 disintegrations per min- 
litre
1 mâche unit = 3.64 x l0 “10 curie per litre = 780 disintegrations 
per min-litre.
The volumétrie concentrations of uranium, thorium and radium 
are also expressed in grams per litre.
47.9.18. A unit of gamma activity is the milligram-equivalent of 
radium. This is defined as the activity of a radioactive specimen 
whose gamma radiation, under identical measuring conditions, 
produces the same ionisation in an air-wall ionization chamber 
as one milligram (mg) of radium of the USSR radium standard. 
A point source of 1 mg of radium, in equilibrium with its decay 
products and after initial filtration through 0.5 mm of platinum, 
produces a physical dose rate of 8.4 roentgens per hour (r/hr) 
(see 47.9.20.) at a distance of one centimètre in air. One milli
gram-equivalent of radium corresponds to the gamma activity 
of any radioactive substance of which a point source produces 
a physical dose rate of 8.4 r/hr at a distance of one centimètre. 
Another unit used is the roentgen per hour-metre. This is defined 
as the gamma activity of a source which produces a dose rate 
(see 47.9.20.) of one roentgen per hour at a distance of one métré. 
A source with a gamma activity of 1.2 gram-equivalents of radium 
produces a dose rate of one roentgen per hour-metre.
47.9.19. The intensity I  of gamma radiation is defined as the 
amount of energy in the gamma rays Crossing unit area of a sur
face normal to the direction of propagation of the rays in unit 
time. Intensity I  is measured in MeV/cm2-sec, ergs/cm2-sec or 
watts/cm2.
47.9.20. Measures of the action of radiation in any medium are 
quantities called radiation doses. Distinction is made between: 
(a) The exposure dosef which is a quantity characterizing the
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amount of radiation in a medium and is measured by determining 
its ionizing action in air. The exposure dose for X- and gamma rays 
is measured in roentgens, for other kinds of ionizing radiation 
it is measured in physical roentgen-equivalents (rep).
A roentgen (r) is a quantity of X- or gamma radiation such that 
the associated corpuscular émission per 0.001293 g of air produces 
in air ions carrying 1 esu of quantity of electricity of each sign. 
This corresponds to the amount that will produce 2.083x10° 
single-valence ion pairs in 1 cm3 of air at standard conditions 
(sec 8.1.2.), and is associated with the expenditure of 0.11 erg or 
6.8 x 104 MeV of energy in 1 cm3 of air. In terms of 1 gram of air, 
1 roentgen corresponds to the production of 1.61 XlO12 single- 
valence ion pairs and an energy expenditure of 84 ergs or 6.8 x 
XlO4 MeV.
One rep (physical roentgen-equivalent) is the dose of any ioniz
ing radiation in which the energy absorbed in 1 gram of the expos- 
ed substance is equal to the loss of energy on the ionization that 
is produced in 1 gram of air by a dose of 1 roentgen of X- or gam
ma rays.
1 rep = 84 ergs/gram = 1.61 XlO12 ion pairs/gram

= 5.3 XlO7 MeV /gram
(b) The absorbed dose, which is the energy of any kind of radiation 
absorbed by unit mass of the exposed substance. The absorbed 
dose is measured in rads for ail types of radiation.
One rad corresponds to the absorption of 100 ergs of energy by 
l grain of the exposed substance:

1 rad = 1.19 reps, 1 rep = 0.84 rad

(<•) The biological dosei which is measured in nonsystem units— 
the man roentgen-equivalents (rem).
The biological dose equals the absorbed dose multiplied by a 
factor called the relative biological effectiveness (RBE) that takes 
into account various kinds of ionizing radiation.
Kor gamma radiation and beta particles this factor is ncar to 
unity; for alpha particles it is of the order of 10 to 20.
I rem = 0.01 joules per kg (man roentgen-equivalent in SI units).
(d) The intégral dose, which is the total dose of ionizing radiation 
of any kind absorbed by the whole mass (or volume) of the sub
stance. It is measured in gram-roentgen s or gram-rads.
47.0.21. The dose of radiation per unit Unie is called the dose rate N. 
The relationship between the dose rate N  of gamma rays (in r/sec)

8 6 9



VI.A tom ic  an d  N u clear P h ys ic s

and tlicir intensity I  (in ergs/cm2-sec) (see 47.9.19.) is

N  = oVil'r/sec = nhv ' r/suc
wliere n  — atténuation coefficient (sec 47.9.14)

n  — nuniberof photons Crossing an area of 1 cm2 per sec
ond

kv — cnergy of the photon in McV 
0.11 = energy équivalent of 1 roentgen in air (see 47.9.20.).

The following table lists certain data on radiation doses.

Source of radiation Radiation dose or 
dose rate

N attirai radiation background (cosinic rays, on- 
vironmcntal radioactivily and that of the huinan 
body)

Radiation doses used for medical purposes 
(local exposure)

Radiation doses leading to total-body irradiation 
(fatal radiation sickness)

0.1 rem/y car 

up to 10,000 rems 

400 to 500 rems

47.9.22. The biological effectiveness of various kinds of radiation 
is:

Radiation 1 rep corresponds to 1 rem corresponds to

Reta and gamma rays 1 rem 1 rep
Alpha particles and

protons 10 rems 0.1 rep
Thermal neutrons 5 rems 0.2 rep
Fast neutrons

(<40  MeV) 10 rems 0.1 rep

47.10. Détection and Observation of Ionizing 
Particles and Radiation Quanta

47.10.1. Ionizalion chambers are used for the détection of and 
research on various kinds of radiation, both of the ionizing and 
nonionizing types.
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Tn Mie case of nonionizing radiation, ionization is a seoondary 
proooss caused by secondary cliarged parl.iclcs produced in l.lio 
interaction between the radiation and llie substance. An ioniza
tion chamber is an enclosed volume with two électrodes and a 
window for admitting rays. Under the action of the applied volt
age, the ions produced in the gas by the radiation travnl to the 
électrodes. The resulting ion current is usually weak and requires 
highly sensitive ineters for its measureinent. Tho voltage aoross 
l lie électrodes is selected so that, the chamber opérâtes with satura
tion conditions of its volt-ainpere characteristic (see 22.G. 1.).
47.10.2. The tracks of individual ionizing particles are observed 
in their various interactions with atoms and nuclei by means of 
the Wilson cloud chamber, the nuclear photoemulsion method 
and bubble chambers.
47.10.3. The Wilson expansion, or cloud, chamber cnn tains the 
saturated vapour (see 13.4.2.) of sonie liquid. Periodically, by 
sharply expanding the volume of the chamber, the vapour be- 
comes supersaturated (see 13.4.3.). If, at the instant of expansion, 
an ionizing particle enters the chamber, the ions it produces be- 
come condensation centres (see 13.4.3.) of the molécules of super
saturated vapour. By illuminating the working volume of the 
chamber at this instant with a strong beam of light and simul- 
taneous stereophotography of the ion tracks, the path of the ioniz
ing particles in the chamber can be recorded. By putting the 
chamber in a magnetic field (Wilson-Skobeltsyn method),it becomes 
possible to détermine the nature and properties of the par- 
ticlcs by studying the track parameters. Thus, the curvaturo of 
the particle’s track in a magnetic field détermines the sign of its 
charge. The length and thickness of the track and its déviation 
from straightness (without the field) due to repeated scattering, 
the number of droplets per unit length of the track enable the 
particle to be identified. The chamber can also be started by a 
signal from a counter (see 47.10.8.) which registers the appearance 
of particles in a coincidence circuit (see 47.10.11.).
47.10.4. The nuclear photographie émulsion method (in particular, 
hcavy-coat photoplates) is based on the fact that in passing 
through the émulsion, the charged particles ionize the atoms and 
molécules of the medium which constitutes the émulsion. For 
example, the crystals of silver halide of the plate break down 
under the action of the ionizing particles and become develop- 
able. The latent photographie image produced by the particles 
becomes visible after developing the plates and is investigated 
stereographically on the layer-by-layer sections of the émul
sion. The advantage of the nuclear émulsion method over the
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Wilson chamber is in t.lie gréater retenti vity, i.o. in the high ca- 
pacity for slowing dovvn the particles. This enables tho interac
tion of particles of very high energy to be studied (see 49.4.3.).
47.10.5. The bubble chamber combines the advantage of directly 
obtaining a three-dimensional picture of the particle tracks with 
high retentivity for high-energy particles. This chamber is a 
vessel filled with some transparent superheated liquid. As an 
ionizing particle enters the chamber, it causes sudden boiling in 
a narrow channel along its path. This chain of vapour bubbles is 
photographed as in the Wilson chamber. Most commonly used 
pure liquids are liquid hydrogen, propane, and the Fréon family 
(CC1F3, CC1F2, GBrF3, etc.). Bubble chambers fdled with liquid 
hydrogen are used to study the collisions of high-energy particles 
with hydrogen nuclei (protons). In addition to pure liquids, super- 
saturated solutions of gases in liquids are used, as well as liquid 
mixtures that allow operation at room température.
47.10.6. Various types of counters are used to register ionizing 
particles if their sources do not possess high activity. These in- 
clude the proportional counter, Geiger-Müller tube, spark and 
scintillation counters. Though they do not allow the particles 
to be directly identified, counters enable their flux density to be 
determined as well as their energy distribution in the flux.
47.10.7. A proportional counter is an ordinary cylindrical vessel, 
filled with some gas and having two concentric électrodes, one 
of which (the anode) is a wire stretched along the axis of the cy- 
linder and the other (the cathode) is the external métal shell of 
the counter. Since the counter opérâtes along the linear portion 
of the volt-ampere characteristic of the working gas (see 22.6.1.), 
a nonself-maintaining discharge (see 22.6.1.) occurs when an 
ionizing particle enters the counter. Because of the high gradient 
of electric field intensity, collision ionization (see 22.5.5.) of the 
gas molécules by primary ions takes place near the anode. This 
produces a current puise whose magnitude is proportional to the 
primary ionization, i. e. to the energy of the particle that entered 
the counter.
47.10.8. The Geiger-Müller tube does not difïer essentially in de
sign or principle of operation from the proportional counter, but 
opérâtes on the saturation portion (the so-called plateau) of the 
volt-ampere characteristic of the gas that fills the tube. As a 
resuit, identical current puises are produced, independently of 
the primary ionization. Thus the tube directly counts the num- 
ber of ionizing particles.
47.10.9. The operation of a scintillation counter is based on the 
phenomenon of luminescence (see 43.1.1.). The tiny flash of light,
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produced wlicn a cliarged particlc falls on a scintillating crystal, 
is received by a photomultiplier and is counted by an electronic 
circuit. The puise height dépends on the intensity of the flash 
and the latter, in turn, is determined by the energy of the par- 
ticle. Consequently, these counters enable the energy distribution 
of the particles to be determined.
47.10.10. When the ionization produced by the particles in the 
effective volume of the counter or ionization chamber is insignif
ia n t  or entirely absent (for neutral particles), a substance is 
placed before the détection instruments or inside them, from which 
cliarged particles are ejected by the primary particles. For in
stance, in detecting gamma rays, producing only weak iopiza- 
tion in gases and substances of low atomic number, thin métal 
foil is used, and the counter records the photoelectrons ejected 
from the foil. Hydrogenous substances are used to detect neu
trons, and the counter records the protons ejected from the sub
stances by the neutrons.
47.10.11. A set of several counters or chambers, connected in a 
coincidence circuit, is used to observe the motion of any single 
particle in a flux or the motion of particles of one kind in a flux 
consisting of many kinds of particles. In this circuit the puises 
of the counters are recorded only if the ionization is detected 
consecutively, during a short time interval, by ail the counters. 
The coincidence method enables the direction of motion of the 
particles to be determined, as well as their velocity, spatial flux 
distribution, the genetic relation between the primary particles 
and the secondary ones produced in the substance as a resuit of 
interaction, etc.
47.10.12. If the counter records a great number of particles in 
unit time, mechanical recorders or registers cannot be used to 
eount the puises because of their inertia. In such cases a scaler 
is placed before the recorder. This is a spécial electronic device 
which scales the number of puises of the counter in a ratio 1 : 2n 
or 1 : 10m (more widely used are scalers of the first type with 
n = 6, i.e. at a scale of 64).
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Nuclear Reactions

48.1. Basic Concepts
48.1.1. Nuclear reactions are transformations in atoinic nuclei 
brouglit about by their interactions with elementary particles 
or with one another. Most nuclear reactions involve two nuclei 
and two particles. One pair—a nucléus and a particle—is said 
to be the parent, and the other one—the final pair.
48.1.2. Nuclear reactions are symbolically represented in the 
form

A + a -* B  + b or A(a, b)B

where A  and B  = parent and final nuclei
a and b = original and final particles in the reaction.

A nuclear reaction is characterized by its energy (called the nu
clear reaction energy). It equals the différence between the kinetic 
energies of the final and parent pairs in the reaction. At Q < 0, 
the reaction proceeds with the absorption of energy and is said 
to be endothermie (or endoergic). At Q > 0, energy is released and 
the reaction is said to be exothermic (or exoergic).
48.1.8. Endothermie reactions become possible at the tlireshold 
kinetic energy of the particles causing them. Thus

77 __ M a i r \  i
Lth ~ wA

where M A = mass of the target nucléus
Ma = mass of the particle incident to the nucléus.

18.1.4. The interaction of the original nuclcus-parlicle pair (seo
48.1.1.) may be as follows.
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(1) Elnstic scattering, in wlrïcli only a redistribution of the kinet- 
ic energy of the colliding particles takes place.
(2) Inelastic scattering, in which particle b = a' ejected from tho 
nucléus is identical with that incident to the target, but bas less 
energy. The target nucléus goes over to the excited state ( A  = A  *). 
The symbolic représentation of inelastic scattering is a + A  A  * + 
+ af or A(a, a')A*.
(3) A nuclear reaction which results in a new nucléus B ^  A  and a 
new particle b ^  a, so that the process proceeds as a + A  -► B + b 
or A (a, b) B. A nuclear reaction leads to changes in the proper- 
ties and composition of the original pair or to the transformation 
of elementary particles. The conservation laws of the following 
quantities are complied with in nuclear reactions: total electric 
charge and the number of nucléons (baryon charge, see 49.1.12), 
energy, momentum, angular momentum and parity (see 47.7.11), 
as well as isotopic spin (see 49.1.11.) or its projection.
48.1.5. Nuclear reactions are studied by the methods of collision 
theory. The probability of a nuclear reaction is characterized by 
the magnitude of the effective cross section a (see 44.4.16.). 
Another characteristic is the yield, which is the ratio of the num
ber of nuclear transformations to the number a of original par
ticles. The function describing the dependence of o on the energy 
of the bombarding particles is known as the excitation function 
of the nuclear reaction. A nuclear reaction can be treated as a 
quantum transition of System (a + A) to System (b + B).
In many cases, a nuclear reaction may proceed in more than one 
way. Along with the scheme a + A  -*• B + b, it can proceed ac- 
cording to the scheme a + A - ^ C  + c, i.e. A (a, c)C or other 
schemes. The possible way s in which a nuclear reaction can 
proceed are called its channels. The initial stage of the reaction 
is called the entrance channel.
48.1.6. In accordance with the nature of the interaction between 
particle a and target A, distinction is made between direct inter
actions, when a nuclear reaction occurs in one stage, and nuclear 
réactions that proceed in two stages. In the first stage the inci
dent particle is captured by the target nucléus. The energy of the 
particle is quickly shared among the nucléons of the nucléus, 
but none of them gains sufficient energy to be ejected from the 
nucléus. A long time passes, in terms of the characteristic nuclear 
time (10“22to 10“23sec), before the energy in the nucléus is again 
concentrated on a single particle which is then ejected from the 
nucléus (second stage of the nuclear reaction). Such nuclei, 
formed by the absorption of a particle, are in an excited state. 
They are called compound nuclei. The nuclear reaction proceeds
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as if it comprisod two stages. Tlius
r/ h A -► C* -> B \ b

where C* is the compound nucléus. The lifetimc of compound 
nuclei may reach 10“ 15 to 10“ 10 sec.
48.1.7. The manner of decay of a compound nucléus does not dé
pend on how it was formed. Yarious possible ways of decay hâve 
one or another probability, determined by the partial width r { 
corresponding to the given type of decay. The probability wh 
of decay of the compound nucléus with the éjection of particlo 
b (see 48.1/i.) is

where r b = partial width of the given type of decay
r  = total width, equal to the sum of ail the widths rep- 

resenting ail possible types of decay.
The width of the level r =  r b is here a measure of the indeter- 
minacy of energy in the nucléus in the given state. Tins is asso- 
ciated with the indeterminacy relation for energy and timc (see
44.3.4.). The effective cross section o(a, b) of the nuclear réaction 
A (a, b)B (see 48.1.4.) is

a(a, b) = o(a)wb
where a{à) is the effective cross section for forming the compound 
nucléus. Thus

°(n) ~ Ë  W + i ) £ d m1-0 171
where Z — angular momentum of the incident particles

A = de Broglie wavelength (see 44.1.2.) of the incident 
particles

D, = probability that an incident particle of angular mo
mentum l will penetrate the potential barrier 

rh = probability that this particle will be captured by the 
target nucléus, determined by nuclear interaction 
between a and A  (see 48.1.4.).

In the liquid-drop model of the nucléus (see 47.4.2.), the incident 
particle is treated as the source of an increase in the “tempéra
ture” of the droplet-nucleus, and the particle ejected from the 
nucléus as the resuit of “évaporation” of nuclear matter from 
the droplet.
48.1.8. The effective cross section an for the nuclear reaction 
of the formation of a compound nucléus by the action of a neu-
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tron having zéro angular momentum (/ - 0), near one of the 
levels of this nucléus (for a single level), can he found hy the 
Breit-Wigner formula:

n — ” j , 2
( E - E 0)2 \- T

where A = —2n
A = de Broglie wavelength of the neutron 

l 1 = total width of the level 
F n = neutron width 
É  = energy of the neutron

E0 = résonance energy of the neutron, equal to the energy 
level of the compound nucléus.

At r  = r n and in résonance (E = E0), the cross section reaches 
its maximum value on ^  4:tA- (the spin factor is omittcd).

48.2. General Classification of Nuclear Réactions
48.2.1. Nuclear reactions are classified according to: (a) the energy 
of the particles that initiate them; (b) the kind of particles par- 
ticipating in them; (c) the kind of nuclei participating in them; 
and (d) the nature of the nuclear transformations that occur.
48.2.2. Distinction is made between nuclear reactions that pro- 
ceed at low, medium and high energies. Reactions at low éner
gies (of the order of 1 eV) proceed mainly with the participation 
of neutrons. Reactions at medium energies (up to several MeV) 
are also induced by charged particles, gamma quanta and second- 
ary cosmic rays (see 49.4.2.). Reactions at high energies (hun- 
dreds and thousands of MeV) lead to the décomposition of nu
clei into their constituent nucléons and to the production of ele- 
mentary particles not found in the frec form (mesons, hyperons, 
etc.) (see Table 1, page 891).
48.2.3. According to the kind of particles participating in nuclear 
reactions, distinction is made between : (a) reactions initiated by 
neutrons; (b) those induced by charged particles, such as protons, 
deuterons (heavy hydrogen nuclei), alpha particles (hélium nuclei) 
and multiply charged ions of heavy Chemical éléments [the sources 
of charged particles being the natural radioactive éléments (see
47.5.1.), charged particle accelerators (see 26.3.1.), and cosmic 
rays (see 49.4.1.)] ; and (c) reactions induced by gamma quanta.
48.2.4. According to the kind of nuclei participating in nuclear 
reactions, distinction is made between: light-nuclei reactions
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(with mass numbers A  -< 50), medium-nuclei reactions (50 < 
< A  < 100), and heavy-nuclei reactions (A > 100).
48.2.5. Gharacteristic of reactions induced by charged particles 
is the presence of a Coulomb potential barrier which should be 
surmounted by the particles in order to enter the nucléus and ini- 
tiate a reaction. Owing to the tunnel effect (see 44.4.31.) such 
reactions begin at particle energies less than the height of the 
potential barrier. The similarity of the mechanism of nuclear reac
tions induced by charged particles and by neutrons is in the 
formation of an excited compound nucléus (see 48.1.6.) which 
subsequently decays. The différence between nuclear reactions 
initiated by charged particles and by neutrons is manifested 
outside the nucléus and is associated with the different potential 
barrier penetrability for charged particles and for neutrons. In the 
région of low energies the most probable réaction is inelastic 
scattering of the proton p or alpha particle a, i.e. the reactions 
(p, p) and (a, a). In the région of medium energies (E ~ 1 MeV) 
the reactions (p, n), (a, n), (a, 2n) and (a, 3n) are feasible. In each 
event of these reactions, one, two and three neutrons n are eject- 
ed, respectively.
48.2.6. A spécial kind of reaction is the stripping reaction of either 
the (d, p) or (d, n) type by deuterons d.
Owing to the weak coupling between the proton and neutron 
in the deuteron, and also to the large size of the deuteron, as it 
approaches the target nucléus, the neutron pénétrâtes the nu
cléus and the proton remains outside. A nucléus is formed, as a 
resuit, that is an isotope of the target nucléus. Such nuclear reac
tions, proceeding at the deuteron energies of the order of several 
MeV, are called stripping reactions. Here the reaction (d, p) turns 
out to be more probable than (d, n) and the nucléus is charac- 
terized by a low excitation energy, frequently lower than the 
binding energy of the neutron in the deuteron which détermines 
the possibility of its decay (see Table 2, page 892). At higher en
ergy of the deuterons, stripping nuclear reactions remain the pré
dominant type of deuteron-induced reactions. In this case, how- 
cver, either the neutron or the proton of the deuteron can pene- 
trate the nucléus, the other particle remaining outside the target. 
Hence at high energies the reactions (d, p) and (d,n) are equally 
probable.
48.2.7. Gharacteristic of reactions induced by neutrons is their 
appréciable probability, beginning with the région of thermal 
energies of the neutrons (En ~ 0.025 eV), because neutrons hâve 
no potential barrier that would prevent them from penetrating 
the nucléus. Réactions involving neutrons at low energies pro-
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ceed with the formation of a compound nucléus and are résonance 
reactions. A common slow-neutron reaction, involving ail nuclei 
except the very lightest, is radiative capture of the neutrons by the 
protons of the nucléus (n, y), as a resuit of which no compound 
nucléus is formed, and the nucléus returns from the excited to 
the ground state, ejecting a gamma quantum (see 47.8.1.). Along 
with their radiative capture, neutrons are also emitted with ini
tial energy (elastic scattering of neutrons). In fast-neutron reac
tions, their inelastic scattering occurs and is accompanied by the 
émission of gamma quanta (n, ny). Neutrons can also induce 
nuclear fission reactions (discussed in more detail in 48.2.9.).
48.2.8. In interactions between nuclei and incident gamma quanta, 
a photonuclear reaction (nuclear photoeffect) occurs. The types of 
this reaction are: the émission of a proton or a neutron from the 
nucléus and the fission (photo-fission) of the nuclei. One of the 
common reactions is the photodisintégration of the deuteron: 
d + y -► n-hp, which becomes possible when the energy of the 
gamma quantum exceeds the binding energy of the neutron and 
proton in the deuteron (2.23 MeV). The nuclear photoeffect 
is explained by means of the concept of a compound nucléus ex
cited by the absorption of a gamma quantum. The most probable 
resuit of this reaction is the émission of a neutron. Along with 
this (for heavy nuclei) there also exists a process in which a pro
ton is knocked out of the nucléus by a head-on, or direct, impact 
of a gamma quantum, in which the ejected proton takes almost 
ail the energy of the gamma quantum (direct nuclear photoeffect). 
The effective cross sections of photonuclear reactions are charac- 
terized by a very wide maximum in the energy région Ey = 10 
to 20 MeV of almost ail the nuclei (the so-called giant résonance). 
At Ev => 2mnc2 and Ey >  2mi>t nc2, a reaction occurs involving the 
photoproduction of mesons, nucléons, etc. (mn = rest mass of 
the pi meson and mp>n = rest mass of the nucléon). The région 
of photoproduction corresponds to energies from 108 to 10° eV.
48.2.î). Nuclear fission reactions (and also spontaneous nuclear 
fission) are possible only for the very heavy nuclei of éléments 
located at the end of the periodic System. The instability of nuclei 
with respect to fission is due to the large number of protons they 
contain and the conséquent increase in Coulomb répulsion forces, 
especially near the boundary of the nucléus. Hence the potential 
barrier for nuclear break-up into two or more large parts (frag
ments) is not very high and can be surmounted beginning with 
the low activation energies imparted to the nucléus by incident 
neutrons, evcn if with only low kinetic energies. As a resuit, 
résonance capture of the neutron by the nucléus forms a compound
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nucléus which is then subject to fission. The above-mentioned 
potential barrier can also be penetrated by the tunnel effect 
(spontaneous nuclear fission).
48.2.10. Within the scope of the collective model of the nucléus 
(see 47.4.9.), nuclear fission is dealt with as the resuit of such de- 
formation of the nucléus surface that it becomes unstable, leading 
to “necking” and subséquent séparation of two or more parts 
of the nucléus at different sides of the “neck” (like the breaking 
down of a liquid drop). The liquid-drop model of the nucléus (see

Z247.4.2.) leads to the condition s=> 17 which détermines the
Z2possibility of nuclear fission. The quantity is called the

fission parameter. This condition is complied with for ail nuclei 
beginning with silver 47Ag108, for which the fission parameter 
is 2 = 20. It follows from the liquid-drop model that nuclei for
which 5̂  49 (critical fission parameter) are entirely un-
stable against fission (the potential barrier of fission disappears) 
and cannot exist in nature. The element kurchatovium (Z = 104), 
discovered in Dubna (USSR) in the summer of 1964, has a fission

Z2parameter — ^  41. This approaches the critical value. The
energy instability of heavy nuclei against fission has to do with 
the fact that the spécifie binding energy (see 47.2.1.) in heavy 
nuclei is ^  7.6 MeV while for the nuclei of atoms in the middle of 
the periodic System the binding energy per nucléon is êë 8.7 MeV.
48.2.11. The most probable resuit of a fission reaction is the split- 
ting of the nucléus into two parts. In fission induced by thermal 
neutrons and in spontaneous fission the mass ratio of fission 
fragments is approximately 3:2. The probability of fission into 
three parts (ternary fission) is from 10~2 to l0 “6 ofthat for fission 
into two parts (binary fission). Fission of a nucléus into a greater 
number of parts is of negligible probability at ordinary particle 
energies. Both fragments that are formed are overloaded with 
neutrons and are consequently in strongly excited States from 
which they return to the ground state through a number of 
stages, undergoing several beta decays (see 47.5.2.) and emitting 
neutrons (the so-called delayed neutrons). Nuclear fission reactions 
are usually exothermic and the amount of energy evolved is 
Q ~ 108 eV per event of the reaction. The reaction energy is 
released in the form of kinetic energy of the fragments and the 
neutrons that are ejected directjy at the moment of the reaction 
from the fissioning nucléus (prompt, or instantaneous, neutrons).
48.2.12. A spécial kind of nuclear réaction js the exotherinjc
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fusion réaction of light nuclei. This proceeds officiently at ultra- 
high températures (of the order of 107 to 109oK) and is self- 
sustaining due to the considérable energy evolved in it. This is 
called a Üiermonuclear reaction. A high température is required for 
such a reaction so that the kinetic energy of thermal motion of 
the nuclei will be sufficient to surmount the Coulomb potential 
barrier of the nuclei and to subsequently induce a fusion reaction. 
Thermonuclear reactions begin at nuclear thermal-motion énergies 
somewhat lower than the height of the potential barrier (tunnel 
efTect, see also 48.3.15.).
48.2.13. Thermonuclear reactions are evidently the principal 
source of energy of the stars. There are two thermonuclear reaction 
cycles in which energy is liberated when hydrogen nuclei are 
transformed into hélium nuclei. In one of the versions of the 
proton-proton chain :

p + p -► d + e+ + re 
d + p 2He3 + y 

2 2IIe3 2p + 2He4
the hélium nucléus is formed of four protons and energy is released. 
In one of the versions of the carbon-nitrogen, Bethe or C12, cycle:

«G12 + p -  7N“ + y  ; 7N14 + p -  80 15 + y;
7N13 -  6C13 + e+ + re; 80 15 -  7N15 + e+ + i'e;

6C13 + p -  7N14 + y ; 7N15 + p -  6C12 + 2He4
i.e. 4p -► 2He4 + 2e+ + 2re (where ve = électron neutrino and y  = 
gamma quantum). Here the carbon nucléus 6C12 plays the part of 
a “catalyst”. This cycle also involves a great libération of energy.

48.3. The Physical Basis of Nuclear Power Engineering
48.3.1. The dependence of the effective cross section in a nuclear 
fission reaction on the energy of the neutrons that induce the 
reaction difïers for various nuclei. For one group of nuclei (for 
example, U233, U235 and Pu239), the effective cross section of the 
reaction has maxima for slow neutrons (E  ~ 0.025 eV), as well 
as for intermediate neutrons (E ~ 1 to 102 eV). For another group 
of nuclei (for example, Th232 and U238), the effective cross section 
in a fission reaction is greatest for fast neutrons (E ^  10® eV). 
This is due to the different binding energies of the neutrons in

5 6 -  15009 881



A to m ic  an d  N u clear P h y s ic s  Vi.
nuclei having an even or an odd nurnber of nucléons. When 
captured by nucléus 92U235, the neutron is an even one and its 
binding energy is greater than that of a neutron captured by 
nucléus 92U 238 and being odd.
48.3.2. In each event of a fission reaction with lieavy nuclei, the 
highly excited nuclei émit two or three prompt neutrons (see
48.2.11.). These fission neutrons interact with neighbouring nuclei 
of the fissionable substance. This, in turn, produces fission in the 
new nuclei so that more neutrons are emitted. The resuit is an 
avalanche-like build-up of fission events. Such a fission reaction is 
called a chain reaction by analogy with Chemical chain reactions, 
which are defmed as reactions whose products can combine again 
with the initial substances. A feature of such reactions is the 
continuous régénération of active centres. The formation of each 
new centre is accompanied by a great nurnber of repeating links 
(chains) of the reaction. In a nuclear fission chain reaction, the 
rôle of the active centres is played by the fission neutrons.
48.3.3. The rate v of a fission chain reaction is equal to the nurnber 
of nuclear fission events per unit time. Thus

v  —  a V 0  f l  — e - ( t»i + «s)(1-.«n)<’]
1 —/ta I -•

wliere zq = spécifie reaction rate (calculated for one initial neu
tron)

v0 = rate of neutron production in the fissionable sub
stance

= spécifie rate of decrease in the nurnber of neutrons 
participating in the reaction 

a = probability of capturing a neutron emitted by fission- 
ing nucléus in the preceding reaction event 

// = neutron-multiplication factor in the reaction 
t = time.

Tlio quantity v0 is determined mainly by the probability of sponta- 
neous fission (see 48.2.9.) of nuclei of the given isotope, in the 
absence of external irradiation of the substance by neutrons. The 
quantity z;2is determined from the leakage rate of neutrons beyond 
the limits of the fissionable substance and the rate at which 
neutrons escape from the reaction due to their absorption (not 
leading to fission) by nuclei of impurities in the fissionable sub
stance and by other isotopes of the fissionable element.
The neutron-multiplication factor fi equals the ratio of the nurnber 
of neutrons produced in some link of a chain reaction to the num- 
ber produced in the preceding link of the chain. A necessary 
condition to accomplis!! a chain reaction is that (x ^  1. At (i ^  J
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Llie cliain réaction is said 
and to operate under abov<

n ..

.‘A said J-irfCrèasing (self- propagat in g ) 
Conditions. At p — 1, the chain

reaction is said to be self-sustaining and to operate under critical 
conditions. At p < 1, an attenuating chain reaction is accom- 
plished. It opérâtes under subcritical conditions. The neutron- 
multiplication factor is determined by the géométrie configuration 
of the volume in which the reaction takes place, its dimensions, as 
well as the size and substances of the moderator and the neutron 
reflector (see 48.3.8. and 48.3.9.).
In addition, p is determined by the relationship of the probabilities 
of various processes of interaction between the neutrons and the 
nuclei of fissionable substance and of its impurities. Of great 
importance for the possibility of accomplishing a chain reaction is 
the size of the core, which is the space in which the chain reaction 
occurs. A réduction in the size of the core increases the share of 
neutrons that escape beyond it and decreases the possibility of 
further development of the chain reaction. The minimum size of 
the core at which a chain reaction can still be accomplished is 
called the critical size. The mass of the fissionable substances that 
are contained in a System of critical size is called the critical mass.
48.3.4. The spécifie fission reaction rate is

where a(v) = effective fission cross section of the given isotope at 
the neutron velocity v 

N  = number of nuclei of the fissionable isotope in the 
substance.

A t p<x <  1 ,

and a steady chain fission reaction is obtained. At //oc ^  1

where A  = (vi + e2) (//oc — 1), i.e. the reaction turns out to be a 
run-away chain reaction.
48.3.5. A nuclear reaction can be forced either by increasing 
e, or by reducing v2. The former is accomplished, for instance, by 
increasing the mass of the fissionable substance. The lat.ter can be 
accomplished by rapidly slowing down (moderating) the neutrons 
lu an energy al. which the fission cross section of the main mass of

v1 = a(v)vN

lim v  =  -
l—► 00 1

lim 7> = lim y_î o_eAt = 
t-+oo t-*~oo A
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tlie substance is at its maximum, and by the reflection of neut
rons from the refleclor substance.
In an atomic, or A -, bomb, an uncontrolled nuclear chain reaction 
occurs. This is a fast-neutron reaction, and is of an explosive na
ture due to the huge amounts of energy released in a fraction of a 
second. The bomb is detonated by rapidly bringing several of its 
parts together to form a mass of fissionable substance exceeding 
the critical mass (see 48.3.3.).
48.3.3. A nuclear reactor is a device in which a neutron-induced 
self-sustaining chain reaction, involving the nuclear fission of 
heavy éléments, can take place. Nuclear reactors consist of five 
main éléments : the fissionable substance, fast-neutron moderator, 
neutron reflector, cooling System, and the safety and control 
Systems.
48.3.7. The commonly used fissionable materials are the uranium 
isotopes U233, U235 and U238; the thorium isotope Th232, and the 
plutonium isotopes Pu239, Pu240 and Pu241.
48.3.8. Materials used as neutron moderators hâve a large inelastic- 
scattering cross section and, at the same time, a small neutron- 
capture cross section. Commonly used as neutron moderators are 
graphite, heavy water (D20), béryllium, béryllium oxide, hydrides 
of mctals and organic liquids. The nuclei of these substances ab- 
sorl) neutrons only to a slight extent.
48.3.9. As neutron reflectors surrounding the reactor core, con- 
taining the fissionable material and moderator, the same substances 
are used as for the moderator. The efficiency of the reflector in- 
creases rapidly with its thickness and reaches its limiting value 
when this thickness is several times the mean free path (see 11.3.2.) 
of the neutrons in the substance.
48.3.10. The cooling System is intended for removing from the 
reactor core the energy released in it (usually in the form of a 
definite amount of beat). This heat is evolved from the kinetic 
energy of the fission fragments when tliey are slowed down in the 
fissionable substance and moderator. The coolant, or heat- 
transfer agent (water, steam, He, C02, air and certain molten 
metals and alloys), is pumped through the reactor core. Then, 
through a heat exchanger, the coolant transfers heat to the 
secondary thermal System of the reactor.
48.3.11. The control and safety Systems enable the chain reaction 
to be controlled, prevent it from spontaneously running away 
(see 48.3.5.) and also protect the space surrounding the reactor 
against intensive neutron flux and gamma rays existing in the 
reactor core. The first of these aims is accomplished by pushing 
control rods into the reactor core. These rods are of a material
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(boron or cadmium) having a large neutron-absorption cross 
section. The second aim is achieved by surrounding lhe reactor 
with massive layers of substances that strongly absorb neutrons 
and gamma rays (for instance, combinations of concrète and lead), 
and also by providing completely closed coolant circuits without 
any leakage.
48.3.12. Nuclear reactors are classified according to the types of 
nuclear fuel, moderator and heat-transfer agent employed. Used 
for raw materials and fissionable substances are 92U235, 94Pu239, 
92U233, 92U238 and 9oTh232. The materials used for moderators and 
heat-transfer agents are given in 48.3.8. and 48.3.10.
With respect to the arrangement of the nuclear fuel and moderator 
in the core, nuclear reactors are classified as homogeneous, in 
which these two substances arc finely divided and uniformly mixed 
together, and as heterogeneous, in which the two substances are in 
scparate éléments as blocks. As to the energy région of the 
neutrons, reactors may be thermal, intcrmediate, and fast. In the 
latter, fission neutrons are directly used and the moderator is 
dispensed with.
In their purpose, nuclear reactors are subdivided into power, 
research, test, breeders for producing new fissionable materials, 
radioactive-isotope-production reactors, etc.
Taking into account ail the foregoing features, nuclear reactors 
can be classified as uranium-graphite, water-moderated water- 
eooled, hoiling, and other types.
48.3.13. In a hreeder reactor (or simply hreeder), nuclei of one 
fissionable material are transformed as a resuit of nuclear reactions 
into nuclei of another fissionable material. Here, owing to the 
different isotopic compositions of the fissionable materials, the 
quantity of the bred fissionable isotope exceeds that of the 
primary isotope. In breeder reactors proper, the bred and initial 
substances are different isotopes of the same Chemical element 
(for example, U235 is “burned” to obtain U233). In converter 
reactors, these are isotopes of different Chemical éléments (for 
example, U235 is “burnt” and Pu239 is obtained).
48.3.14. The high température required for an uncontrolled 
thermonuclear reaction (T ~ 5 x l0 7 °K) is obtained by the 
détonation of an atomic bomb (see 48.3.5.). This provides such a 
lemperature when the explosion takes place during an extremely 
short time interval ( ~ 10”6 sec), which, however, is sufficient for 
a thermonuclear reaction to occur in the mass of hvdrogen isotopes 
(hydrogen, or H -, bomb).
48.3.15. Thermonuclear power engineering is based onutilizing the 
energy released in exothermic fusion reactions of light nuclei
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(see 48.2.12.). The mosl feasible with respect to the necessnry 
températures is the réaction between tbe nuclei of deuterium and 
tritium: j ^  + jT3 -> 2He4-f n. The energy released in tliis reaction 
is 17.6 MeV. The energy release per nucléon in such a reaction is 
^  3.5 MeV. In the fission of the nucléus 92U238, only 0.85 MeV 
per nucléon is released.

A controllable thermonuclear reaction, self-sustained by the 
libération of energy, will be able to proceed for a considérable 
time on a controlled scale. The heating of the thermonuclear 
mixture and the control over its behaviour are determined by 
the fact that at ultrahigh températures it is converted into a 
plasma (see 22.8.1.). For such heating the rate of heat delivery to 
the mixture should exceed the rate of energy leakage from it. The 
main kinds of leakages are heat passing through the reactor walls 
and bremsstrahlung (braking radiation, see 34.2.9.) in the plasma. 
The most important problem in practically realizing a controlled 
thermonuclear reaction is the création of conditions under which 
a high-temperature plasma is stably confined by means of mag- 
netic fields in a state of thermal insulation. Magnetic traps and 
spécial toroidal discharges with a longitudinal magnetic field are 
used for this purpose. Magnetic traps are magnetic fields of 
extremely complex configuration which confine the plasma to 
prevent its contact with the walls of the reactor. Plasma confine
ment is accomplished in Systems having plasma filaments, or 
pinches, in which the plasma is constricted to a filament by the 
magnetic field of the current in the plasma (pinch effect).
48.3.16. The formation of excited nuclei in reactions involving 
neutrons leads to the decay of the nuclei a considérable time after 
the end of the reaction which was induced by neutron irradiation. 
The radiation of such nuclei, usually consisting of beta particles 
and gamma rays, is an example of artificial radioactivity. The half- 
life of artificially radioactive nuclei lies in the range from fractions 
of a second to a thousand years. Artificially radioactive isotopes 
can be produced today that hâve a high spécifie activity (see
47.5.4.). This enables extremely compact sources of radioactive 
radiation to be produced. These sources are extensively employed 
in science and engineering for a technique known as the tracer, or 
radioactive isotope, method.



C1IAPTER 49

Elementary Particles

49.1. Basic Data on Elementary Particles
49.1.1. Elementary, or fundamental, particles are ones to wliicli an 
internai structure, that would be a simple combination of other 
particles, cannot be attributed at the level reaclied by present- 
day physics. In its interaction with other particles and fields, an 
elementary particle behaves as an intégral unit. The problem of 
the structure of elementary particles is treated in two ways. In 
many cases they are considered to be structureless, i.e. as material 
points (what we hâve called particles) possessingdefmiteproperties: 
rest mass, electric, baryon and lepton charges (see 49.1.10.), spin, 
isotopic, or spin and its projections (see 49.1.11.), strangeness 
(see 49.1.13) and a prédominant decay scheme (see Table 2). The 
concept of a point elementary particle is in agreement with the 
theory of relativity. An extended particle, being indivisible, would 
hâve to deform, as otherwise independent motion of various 
parts of the intégral unit would be possible. External action on an 
extended particle would be instantaneously transmittcd from 
certain parts to others. This contradicts Einstein’s spécial prin- 
ciple of relativity (see 32.1.2.).
It is permissible to deal with elementary particles as being 
structureless only in the range of particle energies at which their 
structure does not affect the results of interaction between them. 
The corresponding range of energy of the elementary particles is 
below 2m /2, where m() is the rest mass (see 32.6.2.) of the particles.
49.1.2. At the présent time several groupsof elementary particles 
are known. They differ in properties and in the nature of their 
interaction. The most important properties of elementary particles
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are listed in the tables on pages 891 and 892. According to tlieir 
rest mass, distinction is made betwecn: leptons (light particles), 
mesons (intermediate particles) and baryons (heavy particles). As 
to the sign of their electric charge, they can be divided into 
positive and négative particles, carrying the charge \e\, and 
electrically neutral particles. Up to the présent time, particles 
with an electric charge | e | > 1 hâve been discovered among the 
résonances (see 49.1.4.). The hypothesis lias been put forth that 
particles with fractional electric charges exist (quarks and 
antiquarks). Most of the particles listed in the tables on pages'891 * 1
and 892 hâve a spin of ^ (in units of h). Therc are also spinless 
particles (pions and kaons), as wcll as particles with a spin cqualg
to h (photons). Particles with a spin of 2 h are evidently the 
négative oméga hyperon and its antiparticle, the négative anti- 
omega hyperon (û~  and Q~ hyperons).
49.1.3. If a positive ^ +-meson (muon) is combined with an électron 
they may form muonium, a peculiar atom in which the électron 
rotâtes about the ^ +-meson. It has been found experimentally 
that muonium has hyperfine structure. Hyperfine splitting of the 
energy levels and spectral lines of muonium is associated with the 
possibility of parallel and antiparallel orientation of the spins of 
the électron and yu+-meson in muonium. The magnitude of hyper- 
fine splitting coïncides with the calculated value if the assumption 
is made that the /w+-meson has the characteristics listed in Tables 
1 and 2.
49.1.4. In addition to the elementary particles given in Table 1 
(page 891), a great number of new particles hâve been discovered 
in recent years. They are called résonance particles, résonant States, 
or Fermi résonances. These short-lived formations, with a lifetime 
characteristic of strong interaction (see 49.1.6.), hâve definite 
properties, enumerated in 49.1.1., as well as certain momenta and 
energies that enable résonances to be regarded as particles. The 
characteristics of baryon and meson résonances are listed in 
Tables 3 and 4.
49.1.5. There are believed to be three types of interaction between 
elementary particles: strong, electromagnetic and weak. Each one 
is characterized by its interaction constant and characteristic 
lifetime (see the table in 49.1.8.).
49.1.9. Strong interactions refer to processes involving baryons, 
antibaryons, and also pions (pi-mesons) and kaons (K-mesons) 
(see Tables 1 and 2). These interactions give rise to nuclear forces 
between the nucléons in the nuclei and to the processes of forma-
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tion and decay of mcsons and hyperons in nuelear interactions at.
liigh energies. The intensity of strong interactions is characterized/2by the Fermi constant ^  1 where f  is the “charge” of the
field of nuelear forces. Processes in which strong interactions are 
manifested are said to be fast and hâve a characteristic lifetime 
(time constant of interaction) from 10“23 to 10“22 sec. Strongly 
interacting particles are called cuirons (large and heavy particles). 
411.1.7. Electromagnetic interaction takes place between particles 
having electric charges (for instance, Coulomb interaction of 
charged particles, processes of électron and positron production 
by gamma quanta, etc.). The intensity of this interaction is
characterized by the fine-structure constant a = —  = ^ — (sec
Appendix II). The corresponding processes are called electro
magnetic and hâve a lifetime of the order of 10“20 to 10“18 sec.
49.1.8. Weak interactions are typical of leptons (the interaction 
between muons and nuclei, interaction of électrons and positrons, 
and neutrinos and antineutrinos with nuclei, beta decay processes 
of nuclei, etc.). The intensity of interaction is determined by the
constant ^  10“14, where g has the meaning of the “charge”
corresponding to the hypothetical field of weak interactions. 
The corresponding processes are said to be slow and hâve a charac
teristic lifetime from 10“10 to 10“8 sec. The relative strengths of 
the various kinds of interaction between elementary particles are 
listed in the following table.

Interaction Relative
strength

Characteristic lifetime, 
sec

Strong 1 10-23 tO 10-22

Electromagnetic 1
137" 10-20 tO 10-18

Weak 10-n 1 0 - 1 0  to 1 0 - 8

49.1.9. The laws of conservation of some physical quantifies (energy, 
momentum, angular momentum, and electric charge) hold for ail 
kinds of interaction between elementary particles. These laws 
characterize the properties of the particles before and after the 
given kind of interaction and occurrence of physical processes.
49.1.10. In order to distinguish between the various elementary 
particles of the lepton group, they are ascribed a characteristic
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callcd the lepton charge ït. is assumod that, ail loptons (seo 
Tables 1 and 2) hâve /, — -i l and (liai ail antileptons hâve L -- 
= — 1. For the other elementary pai*liclos L = 0. Procosses in 
which loptons participate occnr in such a way that the algebraic 
sum of the lepton charges is consorved (the law of conservation of the 
lepton charge).
41U.11. Charge independencc in strong interactions consists in the 
tact that the nature of thèse interactions is independenf of whether 
the particles hâve or hâve not an electric charge.
Thus the strong interactions in nuclei hetween protons and 
neutrons, betvveen protons and protons or between neutrons are 
ali identical.
Development of the concept of charge independencc in strong 
interactions leads to the characteristic of elementary particles 
known as isotopic spin, or isospin, T. Particles of nearly the saine 
mass are charge siales of the saine particle. For example, the 
nucleonic states constitute a doublet consisting of a proton and 
a neutron, and pi-mesons are a triplet of a tt+, n~ and tiü mesons. 
The number of charge states in a given multiplet equals 2T+A.  
To provide an individual characteristic for each member of a 
charge multiplet, the projection T^ of the isotopic spin on a certain 
“axis” is introduced. This projection T^ can assume 2T + 1 
values: T, T - 1, . . . ,  0, . . . , -  T. The concept of the vector T and 
its projection T f is not related to the orientation of T and in 
ordinary space, and is introduced to describe the properties (and 
the transformations) of elementary particles.
For the elementary particles that hâve been discovercd to date 
(Tables 1 and 2) either T = 1/2 (charge doublet of a proton and 
a neutron), or T = 1 (charge triplet of n v, n~ and n0 mesons) or 
T  = 0. The value T  > 1 has been found for certain résonances 
(see Table 3).
Gomponents of a charge multiplet with T^ values that are equal in 
magnitude but opposite in sign correspond to a particle and its 
antiparticle. For charged particles, different signs of T^ correspond 
to the different signs of the electric charges of the particle and the 
antiparticle. For neutral particles, different signs of Tc correspond 
to different signs of the magnetic moment and certain other 
characteristics of the particles. Particles whose properties are 
completely identical with those of their antiparticles are said to 
be truly neutral.
The law of conservation of isotopic spin holds for ail processes 
associated with the transformations of elementary particles that
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VI.

Table 2. Important Decays, Energy Release Q and DecayProbability 
Fraction % of Mesons and Baryons*

Atomic and Nuclear Physics

Energy
Particle Decay modes release Q, Decay probability

MeY

/U- -► e"+ Vfi +  ve 105 .66 100 %

7t+ +  *■/( 33 .9 5 ~  100 %
e+±t'e 139 .60 ( 1 . 2 4 ± 0 . 0 5 ) X  10 4

+  vf l + y 33.94 ( 1 . 2 4 ± 0 . 2 5 ) X  1 0 “ 4
n° +  e+ +  *’o 4 .08 ( 1 . 5 ± 0 . 3 ) X 1 0 " 8

70 Y + Y 135 .01 98.8  %
e++ e*+ y 133.99 ( 1 . 1 9 ± 0 . 5 ) %

K+ M+ +  V/1 388.1 (63.1 ± 0 . 5 )  %
7l+ +  70 219 .2 ( 2 1 . 5 ± 0 . 4 )  %
7i+ +  7i++7i~ 75.0 ( 5 . 5 ± 0.1 ) %
71++ 7 0 +  71° 84 .2 ( 1. 7 ±  0.1 ) %
70 +  f ^  +  v ^ 253.1 ( 3 . 4 ± 0 . 2 )  %
7 0 + e + + v e 358 .3 ( 4 . 8 ± 0 . 2 )  %
7t* +  jr" +  C+ H re 214.1 ( 4 . 3 ± 0 . 9 ) X l 0 - 6
n + +  n + +  e~ +  ve 214.1 <  0.1x10-5

K? — n + + n ~ 218 .8 ( 6 9 . 4 ± 5 . 1 ) %
7 0 + 7 0 2 28 .0 ( 3 0 . 6 ±  1.1) %

7 0 +  7I° +  n° 93 .0 (27.1 ± 3 . 6 )  %
7l+ 4-7 T  +  70 83 .8 ( 1 2 . 7 ± 1.7) %
7l+ + lM- + Vn 
TT + Ĥ  + Vfi J 252.7 ( 2 6 . 6 ± 3 . 2 )  %

n+ + e- + ~0
7t_ + C+ + r0 }  357.9 ( 3 3 . 6 ± 3 . 3 )  %
7i++ 7r } 218 .8 ~  2 X 1 0 - 3

il -*■ p + e- + ve 0 .78 100 %

AO P + 7t" 37.5 (0 7 .7 ±  1.0) %
IH- 71° 40.9 ( 3 1 . 6 ± 2.6) %

l>+/<_+5t# 71.5 < io-«
p + e“ + ve 176 .6 ( 0 . 8 8 ± 0 . 0 8 ) X l Ü - 3

♦Aller A. 11. Rosenfeld, A. Barbaro-üallieri, W. H. Barkas, P. L. Bastion,
J. Kirz and M. Iioos, Revs. Mod. Phys., 36, No. 4 : 977 (1964) .
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49. E lem en ta ry  P a rtic les

Continued

Particle Decay modes
Energy 
release 
Q, MeV

Decay probability

27+ P+ 71° 116.1 (51.0±2.4) %
n + 7r+ 110.3 (49.0±2.4)%
n + 7r++y 110.3 ~ 0.4X10“*
/t° + e+ + »’e 73.5 ~ 0.2X10“*
p+y 251.1 ~ 3X10-3
n+^++*v/ 144.2 < 2.3X10“*
n + e+ + »’e 249.3 < 1.0X10“*

vo —► AO+y 77.0 100 %

v- 11 + 71“ 117.9 ~ 100 %
n + 7r“+ y 117.9 ~ 0.1X10“*
n + fi~ + v/t 151.9 (0.66 + 0.14)X10“3
ll + e“ + re 257.0 (1.4±0.3)X10“3
/i° + e“ + ?e 81.2 (0.75±0.28)Xl0*

£0 A0+n<> 76.9 -  100 %
P+ 7l~ 249.4 -c 0.4 %
p + C“ + re 388.5 < 0.4 %
27+ + e- + re 137.4 < 0.3%
27“ + C+ + re 129.7 < 0.25 %

s -  -► Ao+n~ 65.8 ~ 100 %
AO + i\- + ~e 20 4.9 (3.0+ 1.7)X 10“3
11+ TT" 214.7 < 5x10-3

+ 71° 221 ?
/1ü+K“ 66 ?

are due to charge-independent strong interactions (see 49.1.6.). 
This law states that the total isotopic spin T of ail the particles of 
an isolated System does not change in ail the transformations caused 
by strong interactions. The projection Tc of the isotopic spin is 
conserved both for strong and electro magne tic interactions.
49.1.12. The concept of a baryon, or nuclear (nucléon), charge B  is 
introduced to characterize the elementary particles belonging to 
the baryon group. It is assumed that for baryons (see Tables 1 
and 2) B = i, for anlibaryons B  = -1 , and for ail other element-

893



VI.

ary particlcs B = 0. In ail nuclear transformations in isolated 
Systems, the sum of tlie baryon charges remains constant (the 
law of conservation of baryon charge).
49.1.13. Because of the spécial features of the production and 
transformations of K-mesons (kaons), as well as of lambda, sigma 
and xi-hyperons, these are classed under a new name, s frange 
particlcs. Typical features of strange particlcs are:
(a) they are produced by strong interaction (sec 49.1.0.);
(b) when decaying into nuclearly active pi-mesons, K-mesons 
bave a lifetime characteristic of weak interactions;
(c) they are produced in pairs and not in any combinations, for 
example, a K+-meson is produced in a pair with either a K“-moson 
or with hyperons, while the K“-meson is produced only in a pair 
with a K+-meson.
A spécial characteristic of elementary particles, strangeness S, lias 
been introduced to explain their properties theoretically. Strange
ness is related to the electric charge z (in units of c), the baryon 
charge B  and the projection of the isotopic spin T f by the Gell- 
Mann—Nishijima formula

S = 2 (Z~ T C) - B
where S  = 0, ±1, ±2, ±3, . . .  is the strangeness value of the 
elementary particle. It is nonzero only for strange particles and 
equal to zéro for ail other particles. The quantity Y = B + S = 25 
(where z is an average electric charge of the charge multiplet) is 
called the hyperon charge (hypercharge) of the given multiplet of 
particles.
In strong and electromagnetic interactions, the algebraic sum of 
the strangeness values of ail the particles in an isolated System is 
conserved (the law of conservation of strangeness).
49.1.14. The conservation laws in physics are associated with the 
general properties of space and time. It is precisely the isotropism 
and homogeneity of space and time—the principal forms of 
existence of matter—that lead to the conservation laws. From the 
isotropism of space there follows the law of conservation of angular 
momentum, from the homogeneity of the course of time the law of 
conservation of energy, from the symmetry of space with respect 
to inversion transformations the law of conservation of parity of 
state (see 47.7.11.).
49.1.15. The laws of conservation of parity and strangeness are 
violated in weak interactions of particles. In ail meson and 
hyperon decays AS = 0, ±1.
49.1.16. The charge-conjugation operation is a transformation from 
a particle to its antiparticle. In this transformation the signs of ail

Atomic and Nuclear Physics
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40. Ë le m m ta ry  P  articles

the charges, magnetic momonts and other oharaoteristios of the 
parliclcs aro siimdtaneously reversed in ail Iho corresponding 
équations. Charge conjugalion reverses l he signs of z, 7^, 77, /,, S 
and Y.
49.1.17. Parity nonconservation in weak interactions indicates 
flie lack of syinmelry in tlie spatial properties of particles witli 
respect to inversions (see 47.7.11.). This, liowever, would seem to 
conlradict the isotropism of space in weak interactions because of 
the conservation of the angular moinentiiin in these interactions. 
The contradiction is eliminated by the Landau-Lee-Yangprineiple. 
This prineiple states lhat in weak interactions, in contrast to 
strong ones, the parity conservation law and the invariance with 
respect to charge-conjugation operations (particle inversions) inay 
be violated when taken separately, but there inusl be in
variance with respect to the combination of the two transforma
tions. This is called combined inversion. In sucli invariance, asym- 
metry is manifesled only in the charges of the particles; space 
rem ai ns syrnmetrical (G-parity).
4M. 1.18. Parity conservation can refer only to truly neutral 
particles (see 49.1.11.) since any other particles are converted inlo 
their antiparticles. For truly neutral particles, the law of conser
vation of combined parity coincides with the law of conservation 
of ordinary parity. The violation of parity in the decay of K°- 
mesons is explained by the fact that the neutral K°- and K°-me- 
sons can form two combinations with each other: KJ and KJ, for 
one of whicli the combined parity equals +1 and for the other 
-1 . Owing to the conservation of combined parity, KJ- and 
KJ-mesons hâve different lifetimes and different decay schemes. 
The decay KJ 2n lias been registered experimentally. This means 
that combined parity is not conserved in weak interactions in 
which strange particles participate.

49.2. Conception of Symmetry 
in Strong Interactions

■49.2.1. In the up-to-date System for denoting baryon adrons, ail
adrons with the strangeness -5* = 0 and the isotopic spin T = ^
[nucléons and (n — TV)-isobars] are denoted by N^, where M  is 
the mass in MeV. Adrons with the strangeness S = 0 and the
isotopic spin T = ~~ [(fi - N ) -isobars with T = -|-J are denoted
by A m \ lambda hyperons and baryon résonances with S — -1
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VI.A tom ic and N uclear P hysics

and T = 0  are denoted by AM\ sigma hyperons and baryon 
résonances with S  = - 1  and T = 1 are denoted by Eu \ xi- 
hyperons and baryon résonances with S  = 2  and T = - are
denoted by Eu \ and oméga hyperons and baryon résonances 
with S — -  3 and T = 0  (if and when they are discovered) will be 
denoted by QM. Sometimes the particle or résonance with the 
smallest mass in the given group is denoted by the corresponding 
letter without indicating the mass. This retains the previous 
notation [N, (n, p), A, U, Ey ü] for the elementary particles. 
Antiadrons are denoted by the same letters, but with the opposite 
sign of the electric charge and with a tilde above the letter (for 
example: l'~ -*■ £ +). The properties of baryons and baryon réso
nances are listed in Table 3.
411.2.2. For meson adrons (meson résonances)> the standard System 
of notation lias bcen worked out so that particles and résonances 
with the saine strangeness S and isotopic spin T values are denoted 
by lhe same letter. The subscript indicates the mass in MeV. The 
letter ?7 dénotés mesons and meson résonances with S  = 0 and 
T = 0 , the letter n, thosc with £ = 0  and T = 1 , and the letter
K, those with S = -\ 1 and T = . Table 4 lists the properties of
meson adrons.
4D.2.3. The quantum numbers B, S  and T are regarded to be the 
principal oncs for ail known baryons, mesons and résonances. 
These numbers are given in the table below. Also given are the 
values of the hypercharge Y = B + S> multiplicity of the isotopic

Quantum
numbers N A A 2 s ü V n K

B 1 1 1 1 1 1 0 0 0

S 0 0 -1 -1 _0 - 3 0 0 + 1

T 1U a/2 0 1 v 2 0 ü 1 >/*

Y = B + S 1 1 0 0 -1 - 2 0 0 + 1

z = i/2(ü  + S) 1 /a 1li 0 ü - 1 /1 -1 0 0 + 1/*

ÜT + 1 2 k 1 3 2 1 1 3 2

9üü



49. E lem en ta ry  P a rtic les

multiplet (2T + 1) and the rncan electric charge of the multiplet
Y 4- Sz = = " 2— ’ Tliese last values can be regarded as “derived”

quantum numbers along witli the first-mentioned principal ones.
49.2.4. Adrons having the same spin and parity, and being in the 
states J p, where J is th e  spin of the particle and P  is its parity, 
form symmetrical sets. Eight mesons cxist in the state 0” 
(J — 0 and P — -1), nine mesons in the state 1~, eight baryons 
in the state l/2 + , and ten baryon résonances in the state 3/2+. The

r i  ü .  49 .1  f i g . 4 9 . 2

FIG.4 9 . 3  F I G .4 9 . 4

lirst tliree groups consist of multiplets arranged on the T^S(Y) 
plane in the form of hexagons (Figs. 49.1, 49.2 and 49.3). The 
group of the last ten résonances forms a regular triangle (Fig. 49.4) 
witli the particle Q~ at its vertex. Ail the géométrie figures are 
unified by tlicir being made up of particles of close mass values

901



VI.

and by the fact that they are symmetrical with respect to rotation 
through 120°. Symmetrical groups of particles having the samc 
spin and parity are regarded as supermultiplets of particles obtained 
as a resuit of the “splitting” of a single particle whose state is 
determined by the quantity J p inhérent in ail the members of the 
given supermultiplet.
49.2.5. It is believed that the rôle of each of the three kinds of 
interaction (see 49.1.6., 49.1.8.) in forming the mass of the particles 
is determined by the relative strength of each interaction. This 
rôle grows with an increase in the intensity of the interaction and 
the rate of its action. Nuclear (strong) interaction is isotopically 
invariant, i.e. independent of the electric charge of the particle, 
and is approximately 102 to 103 times as strong as electromagnetic 
interaction which is charge dépendent. The intensity of weak 
interaction is 10“13 to 10“14 as much as that of strong interaction 
(see 49.1.8.). The principal interaction that forms the mass of 
adrons is strong interaction ; electromagnetic interaction plays a 
very small part. Practically ail (~  99 per cent) of the adron’s 
mass arises from strong interaction and only a small fraction 
(~ 1 per cent) from electromagnetic interaction. This fact is 
apparent in the large mass of ail the strongly interacting particles. 
The lightest of them, the pion (pi meson) has the mass mn = 
= 273me. Particles that do not participate in strong interaction 
(e“ , e+, ve, vc, vM, and vu) hâve a mass m «s rae. Exceptions are the 
muons (mu mesons) with a mass 207 me which do not participate 
in strong interactions and occupy a spécial, and not yet clear, 
position in the systematics of elementary particles.
49.2.6. The main part of the mass of an adron, arising from strong 
interaction which is charge independent, should be the same for 
the various members of an isotopic multiplet. The différence in 
their mass values is due to electromagnetic interaction, the 
weaker kind, which removes degeneracy. In other words, the 
splitting of mass is caused by the nonconservation of isotopic 
spin in electromagnetic interactions (see 49.1.11.).
49.2.7. Isotopic invariance of strong interaction is manifested for 
pi mesons, nucléons and nuclei in the form of the law of conserva
tion of isotopic spin (see 49.1.11.), and the extension of the princi- 
ple of isotopic invariance to K-mesons (kaons) and hyperons 
leads to the law of conservation of strangeness (see 49.1.13.).
49.2.8. The similarity noted in 49.2.4. in the properties of the 
group of adrons having the same spin and parity (but different 
strangeness values and electric charges) has led to the supposition 
that, apart from isotopic invariance, there exists a higher, so- 
called unitary symmetry of strong interactions,

Atomic and Nuclear Physics
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The conception of unitary symmetry amounts to the assumption 
tliat strong interaction consists of two parts : very strong (strongest) 
and moderately strong interaction. For ail the particles belonging 
to the large group of particles having relatively close mass 
values—unitary multiplets or supermultiplets—the very strong 
interaction is the same. It déterminés the structure of unitary 
multiplets and their quantity. Intrinsically strong interaction is 
independent of the strangeness and electric charge of the particles. 
Moderately strong interaction dépends upon strangeness and, 
owing to this interaction, the degeneracy with respect to strange
ness is removed. At this the supermultiplet is split into charge 
multiplets. Further splitting within the charge multiplets can be 
explained by electromagnetic interaction, and a complété set of 
the corresponding particles appear. üased on the conceptions of 
unitary symmetry, schemes of the unitary symmetry of element
ary particles hâve been realized in various forms. These include: 
the Sakata-Okun composite model, the Gell-Mann—Ne'eman octet 
représentation of SU (3) symmetry (the eightfold way, octet symmetry 
or SU(S)'symmetry) ; the Gell-Mann—Zweig quark, or ace, model; 
and the Pais-Radicati-Gürsey scheme of SU (6) symmetry. Ail of 
the foregoing, as well as the systematics of adrons càlled the 
Regge trajectories, explain to some degree the existence of super
multiplets of a definite kind and nonexistence of others. They 
indicate the relationships between the properties of various 
adrons, included in the given supermultiplet, enabling, in partic- 
ular, their mass ratios to be established. These schemes also 
«niable the properties of hitherto unknown particles of the given 
supermultiplet to be predicted, and many other problems to be 
solved. The fruilfulness of the various versions of unitary sym- 
metry dépends to a great ex tout on the state of the experimental 
data available when the given scheme is worked out.

49.3. Particles and Fields
49.8.1. Each field is associated with particles called field quanta. 
Flectromagnetic field quanta are photons, nuclear field quanta 
are pi-mesons and gravitational field quanta are the hypothetical 
gravitons. Field quanta are bosons (see 12.7.1.). In distinguishing 
field quanta from true “maternai” particles, the feature of their 
rest mass being equal to zéro cannot be considered as sufficient 
since, for example, the rest mass of pi-mesons m0 ^  0 (see 
Table 1).
49.3.2. The interaction of particles with one another manifested
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in their attraction or répulsion, is described as the virtual exchange 
of field quanta hy the particles, The exact mechanism of particle 
interaction is unknown as yet. The concept of the Virtual exchange 
of photons in an electromagnetic interaction properly expresses 
the dependence of the force of interaction (field intensity) on the 
distance /• between the particles (oc r~-).
40.3.3. In a collision of a particle having m05* 0 with its antiparticle 
their annihilation is possible. In this case both particles are con- 
verted into field quanta which correspond to the kind of interac
tion between the particles. Upon annihilation of an électron and a 
positron, electromagnetic field quanta—photons—are produced; 
in an antinucleon and nucléon annihilation, pi-mesons are 
produced, etc. The number of quanta produced in annihilation is 
determined by the laws of conservation of electric charge (as 
well as nucléon charge in the case of baryons), energy and momen- 
tum. The probability of agivenkindof annihilation also dépends 
on the direction of the spins of the particle and its antiparticle. One- 
photon annihilation of an électron and positron is possible only in 
the vicinity of some third particle (for instance, a nucléus). Of 
higher probability at nonrelativistic velocities of the électrons 
and positrons is the retarding of annihilation with the formation 
of a metastable System—positronium (see 45.1.16). The most 
common type is two-photon annihilation. A kind of annihilation 
has been observed in which an électron and positron are converted 
into three photons.
49.3.4. The opposite of annihilation is the process of particle and 
antiparticle production from the field quanta when the energy of 
the latter reaches the value 2m0c2, where ra0 is the rest mass of the 
produced particle. This energy constitutes 1.11 MeV for an elec- 
tron-positron pair. The calculated minimum energy required for 
the production of a proton-antiproton pair equals 5.6 GeV in a 
System of coordinates in which one nucléon is at rest. In practice, 
the minimum energy, required for the pair production due to 
internai motion of nucléons in the target nuclei and other efïects, 
is reduced to 4.3 GeV.
49.3.5. The capacity of rapidly uniting with its particle is a feature 
of antiparticles—positrons, antiprotons and antineutrons. Upon 
meeting their “pair partners”, when the latter are redundant in 
the substance, antiparticles recombine with them and cease to 
exist, bringing about the production of new particles and fields 
in accordance with the conservation laws. In the hypothetical 
“antimatter”, whose “antiatoms” would contain antiprotons and 
antineutrons in their nuclei about which positrons would rotate, 
électrons, protons and neutrons would undergo as rapid recombi-
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nation upon meeting the particles of these “antiatoms”. The 
stability of particles and the instability of antiparticles is purely 
arbitrary. In a vacuum, antiparticles—positrons, antiprotons and 
antineutrons—are just as stable as their particles—électrons, 
protons and neutrons.
49.3.6. The processes of particle-antiparticle production and 
annihilation are formally explained by the Dirac theory as the 
resuit of interaction of particles and a vacuum. The vacuum is 
conceived as an energy “zone” completely filled with fermions 
with the upper energy level -  w()c2. Fermions in the vacuum (at 
E ^ - m 0c2) are undetectable since they cannot participate in 
any interactions whatsoever. If they could, it would mean that 
they could lose energy and could occupy a lower level in the zone. 
This is impossible for fermions because of the Pauli principle (see
45.6.2.). When the particles in the vacuum are imparted an energy 
AE 2m0c2, they pass through the forbidden zone, their energy 
becomes E m{ic2 and they become détectable. The “hole”, or 
vacancy, left in this case in the zone of négative energies has the 
properties of an antiparticle.
49.3.7. In elementary particle theory, a vacuum is understood to 
be the ground, lowest state of fields describing the oorresponding 
particles in relativistic quantum theory (see 49.3.1.). This concep
tion of a vacuum differs from the one in which it is considered to 
be the state of a gas at a subatmospheric pressure (see 11.5.1.). 
The conception of a vacuum held in quantum theory enables 
quantitative results to be obtained if the fields are considered to 
be weakly interacting with one another. Then the vacuum is the 
totality of the ground States of the noninteracting fields. Distinc
tion is made in quantum electrodynamics between the vacuum of 
an electromagnetic field and the vacuum of an electron-positron 
field. It follows from the indeterminacy relation that in a vacuum 
the fields undergo zéro-point vibrations, dealt with as states 
with virtually appearing and disappearing photons, electron- 
positron pairs and, generally speaking, particle-antiparticle pairs. 
The interaction of the external electromagnetic field with the 
zéro-point vibrations of the vacuum leads to nonuniformity in the 
space distribution of the total charge of the Virtual pairs. This, in 
turn, results in the phenomenon called vacuum polarization which 
is associated with a number of efïects that hâve been confirmed 
experimentally. Vacuum polarization is manifested at small 
distances of the order of the Compton wavelength of particles 
corresponding to the given field, for instance, of the électron. 
Vacuum polarization brings about the condition in which the 
observed charge of the particle dépends upon the distance. For
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example, an électron travelling at small distances from a nucléus 
is subject to the action of a greater charge than the effective 
charge of the nucléus at greater distances. This is the cause of the 
energy level shift of atomic électrons. Vacuum polarization is 
responsible for the scattering of light by the Coulomb field of the 
nucléus and for other effects. Vacuum polarization is évident in 
the différence between the potential of a fixed point charge q and
the Coulomb potential. At distances r <?c r0, where r0 = — is the

7ïleC
Compton wavelength of the électron, and with an accuracy up to 
terms of the order of e2,

where e = charge of the électron
mc = rest mass of the électron 

c = velocity of light in a vacuum 
= permittivity of a vacuum in SI units.

49.3.8. Zéro-point vibrations of the electromagnetic field bring 
about perturbations in the motion of an électron and lead to 
effects known as radiation corrections. These include :
(a) The appearance of an anomalous magnetic moment of the élec
tron, exceeding the value of the magnetic moment obtained from 
the Dirac theory. Taking into account the fourth-order effects in 
the interaction between an électron and the zéro-point vibrations 
of the electromagnetic field,

where a ----- fine-structure constant (see 49.1.7) 
fjin = Bohr magneton (see 28.1.2.).

The experimental value (jlb = 1.00114535 is confirmed by this 
formula.
(b) A small disagreement between the energy levels of électrons 
in hydrogen-like Systems (see 44.4.11.), calculated in the relativ- 
istic theory bascd on the Dirac theory, and those observed experi- 
mentally (Lamb shift of levels). The energy levels 22S± and 
22P^ in a hydrogen atom hâve the same quantum numbers n and 
j  and should be degenerate. Actually the level 22S± has an energy 
greater than that of 221\. The shift in frequencies is (1057.77 + 
± 0.1) MHz and can be determined by radiospectroscopic melhods. 
In deuterium the différence between the 22Â  and 221^ levels i$
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1058 MHz, and in He it is (14020±60) MHz. The Bethe formula 
for the correction of the energy ievel in hydrogen-like Systems is

AT? iA E  = a3Ü7rz *?-lnnA
2 n2 
~ââ~

where n = principal quantum number (see 44.4.13.)
R  = Rydberg constant (see 45.1.3.)
a = fine-structure constant.

Improved calculations of the relative shift of the levels 22S± and 
22Pj in hydrogen with an accuracy to terms of the order of 
Za3 and with the influence of the interaction between the électron 
and the magnetic dipole moment of the nucléus, and of the struct
ure and fmite mass of the nucléus taken into account, lead to the 
value 1057.8 MHz.
The interaction between particles and a vacuum is an evidence of 
universal interaction and interconversion of particles of matter 
and field quanta.
40.3.9. The structure of elementary particles cannot be described 
by graphie géométrie concepts. This structure is evidently not a 
steady-state one. On the one hand, it détermines the kind of interac
tion of the given elementary particle with others and is manifested 
in this interaction. On the other hand, this structure is a reflection 
of ail the interactions that the particle is subject to at the given 
instant of time.
49.3.10. Data on the structure of nucléons were obtained in 
investigating the elastic scattering of pi-mesons having an energy 
of the order of 7 GeV by protons and the elastic scattering of 
électrons by protons and neutrons. The nucléon is believed to 
hâve a central part (nucléon core) of a radius rc ^  0.2X10-13 cm 
in which is concentrated the positive charge ec ss +  0.35e,  where e 
is the elementary charge. The nucléon core probably consists of 
several layers of heavy particles, which are virtually produced 
and annihilated in particle-antiparticle pairs. In a région with 
the linear dimension r„ ^  0.8X10-13 cm a pi-meson cloud of 
Virtual pi-mesons is distributed (the pi-meson coat of the core 
or the pion atmosphère). This cloud has a density that decreases 
toward the boundaries of the nucléon. The pi-meson cloud accounts 
for the charge en = ± 0 . 5  e. The plus and minus signs refer to the 
proton and neutron. Distributed in a région of the size rt 1.45  X 
X 1 0 ~ 13 cm (pion stratosphère) is the positive charge of the 
nucléon e, = + 0 . 1 5  e.
49.3.11. The structure indicated in 49.3.10. explains the anomalous 
value of the proton’s magnetic moment which is equal to 2.9 pnuc,
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where pnue is the nuclear magne ton, and the négative magne lie 
moment of the neutron which is equal to -1 .9  jbtnuc. The rotation 
of the pi-meson cloud about its “axis” should be associated with 
the appearance of a certain “current” and its corresponding 
magnetic moment. In the case of the proton, the positive pi-meson 
cloud créâtes a magnetic moment supplementary to the magnetic 
moment of the core and having the same sign as the latter. This 
results in the anomalously high value of the proton’s magnetic 
moment. With a neutron, the négative pi-meson cloud créâtes a 
négative magnetic moment which, when added to that of the 
core, leads to the négative magnetic moment of the neutron. The 
electromagnetic interaction between the nucléon core and the 
pi-meson clouds is also the reason why the neutron and proton 
hâve different rest masses (see also 49.2.6.).

49.4. Cosmic Rays
49.4.1. Cosmic rays are streams of atomic nuclei of high energy, 
mainly protons, arriving on the earth from outer space, as well as 
the secondary radiation produced by these nuclei in the earth’s 
atmosphère. Cosmic rays that are beyond the earth’s atmosphère 
are said to be primary. Primary cosmic rays contain atomic 
nuclei with different mass numbers (see table below) and with 
energies per nucléon in the range 1 GeV E  1013 eV.

Group of nuclei Charge Z
1

Flux densily, 
m-2-sr-1-sec“1

Per cent of 
lotal flux

Protons 
Hélium nuclei 
Light nuclei 
Medium nuclei 
Ileavy nuclei 
Superhcavy nuclei

1O
îi to 5 
0 l.o !>
^ 10 
^ 20

1300
SS

1.9
5.0
2.5
0.7

92.9
0.3
0.13
O.'i
0.IS
0.05

In primary cosmic rays thero arc nuclei of Chemical éléments of a 
composition that dilfers only slightlv from that in the earth’s 
crust or the sun’s atmosphère. The volume density of energy in 
cosmic rays is about 1 eV per cm3 on an average. A flux of primary 
cosmic rays with an energy exceeding 2.5 GeV per nucléon lias a 
density of % 0.14 em- --sr “'-sec-1. The average energy per nucléon 
is approximatoly the saine loi* ail nuclei, and therefore about one
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third of the total energy is accounted for by the medium and 
heavy nuclei. Primary cosinic rays havo isotropie space distri
bution. They hâve a constant intensity at altitudes above 50 or 
60 km. Nearer to the earth’s surface, there is an increase in the 
intensity of cosmic radiation owing to secondary cosmic rays.
49.4.2. Secondary cosmic rays are formed as a resuit of inelastic 
collisions of primary rays with the nuclei of the oxygen and nitro- 
gen atoms of the air in the upper layers of the atmosphère. Below 
an altitude of 20 km ail cosmic radiation is secondary. The 
penetrating power of cosmic rays is measured by the thickness d 
of the layer of lead through which they can penetrate. At thick- 
nesses d from 0 to 10 or 13 cm the intensity of the rays is rapidly 
decreased. At greater thicknesses the intensity remains practically 
constant. In tins connection, distinction is made between the soft 
and hard components in the composition of secondary rays. The 
soft component is the part of the rays subject to heavy absorption 
in lead; the hard component has a high penetrating capacity in 
lead. The soft component consists of électrons, positrons and 
photons. Muons, formed upon the decay of pi-mesons and weakly 
interacting with the nuclei of the atoms in the atmosphère, make 
up the hard component. The ratio of the intensities of the soft 
and hard components varies substantially with the altitude 
because of the unequal absorption of different particles by the 
atmosphère and also due to the decay of unstable particles.
49.4.8. At high energy of the primary particles (greater than 
5 x l0 9 eV), their collisions with the atoms of air lead, as a rule, 
to the initiation of électron-nuclear showers. The resuit of interac
tion between the primary particles and the nuclei of atoms of the 
air is the disrupting of the latter into separate nucléons or larger 
fragments, and the formation of unstable particles (n±- and 
:r0-mesons). The subséquent decays

n -  -► oA and 7r°->2y-+e+ + e"

lead to the formation of a soft electron-photon component (see
49.4.2. ) of the shower. This component is then intensively nuilti- 
plied due to the consecutive (cascade) formation of new e+ -e~  
pairs (see 49.3.4.) and to bremsstrahlung of new gamma quanta 
by the particles (see 34.2.9.) (électron cascade process). The 
energetic nucléons produced in disrupting the nuclei are capable, 
in their turn, of initiating electron-nuclear showers (nuclear 
cascade process). The totality of nuclear high-energy interactions 
brings about extensive air showers (also called Auger showers). 
Al, energies of the primary particles over 10,:{ eV, these showers
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may contain many millions of particles (mainly o±) vvitli the 
transverso dimensions of the shower excceding 1 ^an2.
49.4.4. Cosmic rays, coming toward the earth iSotropically from 
outer space, undergo déviation in the earth’s magnetic field. As 
a resuit, the intensity of cosmic rays that reach the eartli’s 
surface dépends upon the latitude. Near the equator, the deviating 
effect of the earth’s magnetic field is more strongly manifested 
and the greater part of the particles, subject to a large déviation, 
ne ver enter the atmosphère (latitude effect). The positively charged 
particles in the cosmic rays are deviated by the earth’s magnetic 
field toward the east and the négative particles toward the west 
(east-west effect). The latitude and east-west efïects become more 
évident with an increase in the altitude. The intensity of cosmic 
rays dépends upon the longitude of the point of observation as 
well (longitude effect).
49.4.5. Radiation (Van Allen) belts hâve been found in near space 
outside the earth’s atmosphère. These are two delimited régions 
having highly increased intensity of cosmic ionizing radiation 
(in comparison with that observed at relatively low altitudes). The 
formation of these radiation belts is associated with the trapping 
of charged particles by the earth’s magnetic field. The inner 
radiation belt extends from 600 to 6000 km from the earth, but 
at certain locations it drops down to 300 km (for example, in the 
région of the magnetic anomalies in the Southern Atlantic). This 
belt consists mainly of high-energy protons (up to 100 MeV) with 
a flux density of % 102 cm”2-sr“1-sec~1. The outer belt extends 
from 2 to 6X104 km from the earth, and at certain places (from 
55° to 70° latitude) it drops to from 300 to 1500 km from the 
earth. The outer radiation belt was formed by électrons of solar 
origin which reached near space. It consists mainly of électrons 
with energies less than 100 keV and has a flux density of 10® cm"2- 
sr~1-sec“1. Radiation belts are characteristic of ail celestial 
bodies having a magnetic field. The moon has no magnetic field 
of its own and consequently it has no radiation belts around it.
49.4.6. Variations in the intensity of secondary cosmic rays with 
time are called cosmic ray variations. Atmospheric variations are 
associated with irregular changes in atmospheric pressure, variable 
solar activity that influences processes in the atmosphère, etc. 
Sidereal and diurnal variations are due to the earth’s rotation and 
to the motion of the supposed sources of primary rays beyond the 
limits of the solar System. Besides these, intensity-time variations 
of cosmic rays hâve been found to occur with 27-day, seasonal, 
annual, 11-year, etc. periodicity.
49.4.7. Hypothèses on the origin of primary cosmic rays are based
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on data on the energies of primary particles and on radio astronom- 
ical observation, lt is believed that the charged particles in 
primary rays acquire high energies due to the accélération impart- 
ed to them by the electromagnetic fields of the stars and the sun. 
This accélération of charged particles must take place gradually. 
Otherwise, if the energies up to 1013 eV possessed by the heavy 
and superheavy nuclei in the primary radiation were obtained at 
once, the nuclei would immediately disintegrate into their con
stituent nucléons because the binding energy of the nuclei would 
be insufficient to hold them together under such conditions. Grad
uai accélération of the primary cosmic rays may take place 
similar to the accélération of particles in a betatron (see 26.3.3.). 
Upon the rotation of stars having a magnetic field, rotational 
electric fields are set up. The magnetic fields of the stars, acting 
on the protons and nuclei, hold them in closed paths along which 
they travel and acquire immense velocities in the electric fields. 
Another element of the mechanism for accelerating the particles 
of primary rays involves efïects arising when the particles get into 
clouds of interstellar matter which has nonuniform magnetic 
fields. Movements of charged masses, initiated in these clouds, set 
up variable electromagnetic fields. In these fields the charged 
particles of primary cosmic rays can be accelerated to the highest 
energies that hâve been observed. The initial energy of the 
primary particles (injection threshold) has its source in the shock 
waves developed as a resuit of the collision of gaseous masses 
upon the explosion of supernovae. The energy of these explosions 
has an intranuclear source. Hence the initial cause of the energy 
of cosmic rays is nuclear energy.
In such supernova explosions the stellar matter is thrown out 
vast distances and gets into interstellar variable magnetic fields 
where it gains further accélération. Owing to the low density of 
interstellar matter, the mean free path of the accelerated particles 
is exceedingly long so that at a long lifetime (10® or 109 years) 
the cosmic rays particles speed up to very high energies. In their 
accélération and décélération in the interstellar magnetic fields, 
bremsstrahlung and synchrotron radiation (see 34.2.8.) of the 
particles are produced. This radiation lies within the range of 
visible light and short radio waves (cosmic radiowaves).

A flux of cosmic rays is cmitted by the sun. The intensity of 
this flux sharply increases during solar flares.



Appendices /

APPENDIX I

Units of Physical Quantities and Their 
Dimensions in Various Systems^

1.1. Units of Mechanical Quantities
1.1.1. Three metric Systems of units werein use up to 1963. Tliey 
were:
(a) the absolutephysical System (cgs units) in which the fundamen
tal units are the centimètre, gram and second;
(b) the absolutepractical systern (mks units) in which the fundamen
tal units are the métré, kilogram and second;
(c) the engineering systern [mk(force)s units] in which the funda- 
mental units are the métré, kilogram-force and second.
The International System of Units (SI) was recommended in 1960 
by the International Conférence of Weights and Measures as 
préférable for ail branches of science and engineering. This systern 
(SI) coincides with the mks System in its mechanical quantities 
and with the MKSA systern in its electromagnetic quantities. 
In ail the Systems, the radian has been accepted as the unit for 
plane angles, and the steradian as the unit for solid, or space, 
angles.
1.1.2. The fundamental units are defined as follows.
The fundamental unit of length, the métré (m), is represented by 
1,650,763.73 wavelengths in vacuum of the radiation correspond- 
ing to the transition between the 2p l0 and 5d5 levels (orange-red) 
of the Kr86 atom. In comparison with the previous définition (the 
distance between two feducial marks on a bar of platinum-

* The principal débilitions and liasic data on dimcnsional llicury arc given 
in dclail in 19.0.1., 19.5,2. and 19.0.3.
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iridium kept at the International Bureau of Weights and Measures 
at Sèvres, Franèe) this new définition of the métré implies no 
change in its length, but only increases the accuracy of its re
production.
A centimètre (cm) is ^qual to one hundredth of a métré.
A kilogram (kg), the ynit of mass, is defined as the mass of an 
adopted platinum standard kept at the International Bureau of 
Weights and Measures at Sèvres, France.
A gram (g) is one thousandth of a kilogram.
A second (sec or s) is defined as 1/31,556,925.9747 of the tropical 
year 1900 on January 0 at 12 o’clock ephemeris time. The tropical 
year is the mean interval between successive March crossings of 
the sun over the terres trial equator. Ephemeris time is the uniformly 
elapsing time which has been used in astronomy from the time 
it was established that the rotation of the earth and the passage 
of universal time based on this rotation are irregular. The new 
définition of the second implies no change in its magnitude in 
comparison with the previous définition.

A kilogram-force (kgf) is the force which gives an accélération 
of 9.80665 m per sec2 to a mass equal to that of the international 
standard kilogram.
A radian (rad) is the angle subtended at the centre of a circle by 
an arc the length of which is equal to the radius.
A steradian (sr) is equal to the solid angle subtended at the centre 
of a sphere by an area of surface equal to the square of the radius.

1.1.3. Préfixés to names of units designate multiples and submulti
ples of any unit by powers of 10 as follows:

pico (p) 10-12 deka (da) 10
nano (n) 10-» hecto (h) 102
micro (mu) 10-6 kilo (k) 103
milli (ni) 10-3 mega (M) 106
centi (c) 10"2 giga (G) 10»
deci (d) i o - i tera (T) l o i s

1.1.4. Dimensional formulas and units of certain géométrie and 
mechanical quantities are listed in the following table for vari
ons Systems.

08 — 10000 m
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1.1.5. In ilio following relations the standard value et l.he accolera- 
tion due to gravity, 9.80665 m/sec2, lias been /eplaced by ibe 
approximate value 9.81 m/sec2.
Quantity Relation between the cgs, mks, SI and mk(force)s units

Length
Mass
Area
Volume
Force
Density
Spécifie weight
Energy or work
Power
Pressure, and Young’s, 

shear and bulk 
moduli 

Dynamic viscosity

1 cm = 10"2 m /
1 g = 10"« kg; 1 kgft-sec2/m = 9.81 kg
1 cm2 = 10"* m* T
1 cm2 = 10"«m2
1 dyn = 10“® N; 1 kgf = 9.81 N
1 g/cm2 = 102 kg/m2; 1 kgf-sec2/m4 = 9.81 kg/m2
1 dyn/cm2 = 10N/m2; 1 kgtm 2 = 9.81 N/m2
1 erg = 10-7 J; 1 kgf-m = 9.81 J
1 erg/sec = 10-7 W; 1 kgf-m/sec = 9.81 W

1 dyn/cm2 = 10-i N/m2; lkgf/m2=9.81 N/m2
1 P = 10-i N-sec/m2;

1 kgf-sec/m2 =9.81 N-sec/m2

1.1.6. Nonsystem units and their relations to SI units are listed in 
the following table.

Quantity
Unit

Name Abbrcv. Relation to SI unit

Length Micron
Angstrom

v \/i = 10“« m

unit À 1À = 10-io m

Mass Millier (me- 
tric ton) 

Quintal

MT 1 MT = 102 kg

(metric) q 1 q = 102 kg
Carat CM 1 CM = 2X10-1 kg

Time Hour 11 1 h = 3G00 sec
Minute min 1 min = 00 sec

Plane angle Pegrcc - , 0 = ï**0n "

Minute or arc '
w x l 0 ' s r ar t

Second of 
arc

" 1" -  - y-  x l0 ~ 2 rad
O'iS
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Continued

Quantity
Unit

Famé Abbrev. Relation to SI unit

Area Are a 1 a = 102 m2
Hectare ha 1 ha = 10* m2

Volume Litre 1 il = 1.000028X10-3 m»

Angle of
rotation Révolution rev 1 rev = 2tt rad

Angular Révolutions rpm 1 rpm = —  rad/sec
velocity per minute 30

Révolutions 
per second

rps 1 rps = 2 n rad/sec

Force Ton-force tnf 1 tnf = 9.80665X103 N

Work Watt-hour W-hr 1 W-hr = 3.6X10® J

Power Force de 
cheval 
(metric 
horse power)

hp 1 hp = 735.499 W 
(75 kgf/sec)

Pressure Bar (new)* 
Millimétrés of 
mercury

bar 1 bar = 10» N/m2

column 
Millimétrés 
of water

mmHg 1 mmHg = 133.322 N/m2

column
Technical

mmTT20 1 m m ll20  = 9.80665 N/m2

atmosphère
Normal

at 1 at = 9.80665X10* N/m2

atmosphère atm 1 atm = 1.01325X 
XlO5 N/m2 (760 mmHg)

♦The préviens définition of the bar ia given in the footnote to the table 
in 1 .1 .4 .
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1.2. Units of Heal Quantifies

1.2.1. Heat quantities should preferably be measured with SI 
units, the fundamental units being the métré, kilogram, second 
and Kelvin degree.
It is also permissible to employ nonsystein units based on the 
calorie.
1.2.2. The basic scales are the absolute thermodynamic tempéra
ture scale (T °K) and the international centigrade (Celsius) scale
(*°C).
The first of these scales, used in the SI, lias as its main reference 
point the triple point of water (see 15.5.11) with a température 
equal to 273.16 °K.
The main reference points of the second scale are the melting point 
of ice (0 °C) and the boiling point of water (100 °C) at standard 
pressure (101,325 N/m2).
1.2.3. The calorie (international stearn calorie) is defined on the 
basis of the following relationship :

1 cal = 4.1868 J

The thermochemical calorie is

1 cal,, = 4.1840 J

(The dimension formulas and derived units of certain molecular 
and heat quantities are listed in the table on pages 919 through 921.)

1.3. Units of Electric and Magnetic Quantities

1.3.1. The SI units for electric and magnetic quantities coincide 
with those of the previously established MKSA System. The ampere 
has been taken as the fourth fundamental unit. In applying this 
System of units ail electromagnetic field équations should be 
written in the rationalized form.
1.3.2. The unit of current, the ampere (A) is defined as the intensity 
of the constant current which, when maintained in two parallel 
straight conductors of infinité length and negligible cross section 
placed one métré apart in a vacuum, would produce between 
them a force equal to 2 x l0 “7 SI units of force per métré length. 
In SI units, the permittivity of free space, or permittivity of a

9 1 8
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vacuum, eu equals
eo = ^ 2  f /m (farads per métré)

where c is the velocity of light in a vacuum.
The permeability of free space, or of a vacuum (also the magnetic 
constant), is

/z0 =  4 7 iX lO “ 7 H/m
1.3.3. The following three Systems, based on the cgs System for 
mechanical quantities, are also used in physics:
(a) The absolute electrostatic (cgse) System of units, in which the 
fundamental units are the centimètre, gram and second, and the 
absolute permittivity (permittivity of free space) is considered to 
be dimensionless and equal to unity for a vacuum. Thus

(b) The absolute electromagnetic (cgsm) System of units, in which 
the fundamental units are the centimètre, gram and second, and 
the permeability of free space is considered to bc dimensionless 
and equal to unity for a vacuum. Thus

= 1
(c) The absolute Gaussian System of unitsy in which the fundamental 
units are the centimètre, gram and second, and the permittivity 
and permeability of free space are considered to be dimensionless 
and simultaneously equal to unity for a vacuum. Thus

= flu = 1
When cgse, cgsm or Gaussian units are used, electromagnetic 
field équations are written in the unrationalized form.
1.3.4. The dimensional formulas and units of the principal electric 
and magnetic quantities are listed in the following table in SI 
(MKSA) units.

Quanlity 1 Dimensional Unit
formula

i Narne Abbrev.

Work and onergy m2-kg/sec2 joule J
Power m2-kg/sec3 watt W
Amount of electricity 

(electric charge)
A-sec coulomb

ampere-
-second

C
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1
Quantity | Dimensional ! Cnit

formula Name AbbreV.

Electric displacement flux A-sec coulomb C
Electric displacement 

(induction)
A-sec/m2 coulomb 

per sq 
métré

C/m2

Polential différence, voltage, m2-kg/A-sec3 volt V
electromotive force (emf)

Capacitance A2-sec4/m2-kg farad Y
Electric dipole moment A-sec-m - C-m
Polarisation vector A-sec/m2 _ C/m2

(polarizability)
Permittivity of free space 

(or of a vacuum)
A2-sec4/m3-kg farad per 

métré
F/m

Electric field strengtli m-kg/A-sec3 volt per 
métré

V/m

Electric résistance m2-kg/A2-scc3 ohm fl
Resistivity m3-kg/A2-sec3 - fl-m
Conductivity A2-sec3/m3-kg - i/ci-m
Charge mobility A-sec2/kg - m2/V-scc
Magnetic flux m2-kg/A-sec2 weber Wb
Magnetic induction kg/A-sec2 tesla T
Magnetic moment A-m2 - A-m2
Intensity of magnétisation A/m _ A/m

(magnetization)
Inductance and mutual m2-kg/A2-sec2 lienry H

inductance
Permeability of free space 

(or of a vacuum)
m-kg/A2-sec2 henry per 

métré
ri/m

Magnetic field strengtli A/m ampere
per
métré

A/m

Magnetomotive force (mmf) A ampere or 
ampere- 
turn

A or At

Réluctance A2-sec2/m2-kg A/Wb or 
At/Wb

1.3.5. The following table lists the dimensional formulas and ratios 
between units for electric quantifies in the cgse, cgsm and Gaussian 
Systems (c is the electrodynamic constant, or conversion coefficient, 
equal to the velocity of light in a vacuum: c ^  3X1010 cm/sec).
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1.3.7. Certain nonsyst.em units of energy are:
(a) Eleclron-voll (eV); 1 eV = (1.60210±0.00007) X10"19 J
(b) Kiloelectron-volt (keV); 1 keV = 103 eV
(c) Megaelectron-volt (MeV) ; 1 MeV = 106 eV
(d) Gigaelectron-volt (GeV); 1 GeV = 109 eV

1.4. Units of Sound Pressure Level
1.4.1. The sound pressure level L = 2k ln ^  (see 33.5.5.) is
measured in bels (B) or décibels (dB). For the former k = 1, and 
for the latter A* = 10.

1.5. Units of Light Quantities
1.5.1. The fundamental SI unit is that of luminous intensity of 
a light source—the candela (cd)—whose magnitude is such that 
the luminance of a full radiator (black body) at the température 
of solidification of platinum is 60 candelas per square centimètre.

1.5.2. The derived light units are:
i

Quanlily
Units Nonsystemi units

Naine A libre v. Naine Abbrev.

Luminous flux 
Quanlily of

Lumen* lm - -
light Lumen-second Im-s — —

Luminous emil- Lumen per lm/m2 Phot Im/cm2
lanee square métré 

(lux)
(lx) (l»b)

Illuminai ion Lux** lx Phot,**** ph
Quanlily of 
illuminai ion

Lux-second Ix-s —
Luminance Nil.*** 

Candela per
n t Sl.ilh***** sh

square métré cd / m2 — ~~

*Tlm luminous flux emitled wilhin iunit solid angle (one sleradian) by a
point source having a uniform intensity of one candela.
**The illumination of the surface of a sphere of one métré radius pro-
duced hy a point source at its centre having a luminous intensity of one 
candela.
♦♦♦The luminance of a luminous plane surface in a direction perpendicu-
lar to it, if in this direction the luminous intensity equals one candela 
per square métré.
*♦*♦1 pli = 1 lm/cm2 = 10* lx.
♦♦*♦♦1 sb = 10* nt.
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LG. Certain Units of Atomic 
and Nuclear Physics

ï . 0 . 1 .  The former alomie mass unit (amu) was equal to 1/1 h of 
the mass of one a loin of the oxygen isotope ()lfi. Th us

1 amu = 1.6597 X 10“27 kg
1.0. 2. A new unified atomic mass unit, adoptée! in 1961 by the 
International Union of Pure and Applied Physics, is based on the 
çC12 seule. It equals 1/12 of the mass of one atom of tiw; carbon 
isotope fiC12. rrhus

1 u = 1.6604 X 10“27 kg
1.0. 0. The barn is a unit for moasuring the effective cross section 
in nuclear réactions:

1 b = 10“24 cm2



ÀPPENDIX II

Universal Physical Constants

The following refined values of physical constants were recommend- 
ded by the International Union of Pure and Applied Physics at 
its General Assembly in Warsaw (September, 1903).
Normal atmospheric pressure

p0 = 1 atm = 1.01325 X105 N/m-
Element.ary charge 

e = (1.60210 ± 0.00007) X lO '13 G (coulomb)
e = (4.80298 ± 0.00020) X 10-,oesu (electrostaticunits)

Charge-to-mass ratio of the électron

e- = (1.758796 + 0.000019) X 10" C/kg (conlomh/kg)ine
= (5.27274± 0.00006)X i017 osu/g 

Compton wnvelength of the proton
Ap = (1.32140 ± 0.00004) X10” '5 m

= (2.10307+ 0.00006) X10-'6 m

Compton wnvolongth of the électron
A„ = (2.42621 ± 0.00006)X 10“ ls m

** -  (3.80144 ± 0.00009) X19“13 m

5 9 -  1 5 0 0 9 929
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Bohr magneton 
/uB = (9.2732 ± 0.0006) X10"24 J/T (joule/tesla)

Nuclear magneton
finue = (5.0505± 0.0004) X lO " 27 J/T

Neutron rest mass
mD =  (1 .6 7482  ±  0 .00008)  X 1 0 " 27 kg

mn = (1.0086654 ±0.0000013) u (unified atomic
mass unit)

Proton rest mass
m p =  (1 .6 7 2 5 2 ± 0 . 00008)  X l 0 “ 27 kg

mv = (1.00727663 + 0.00000024) u
Electron rest mass

m e =  (9 .1091 ±  0 .0004)  X 1 0 " 31 k g

m e =  (5 .48597  ± 0 . 0 0 0 0 9 )  X 1 0 ~ 4 u (unif ied a to m ic
m a ss  un it)

Proton magnetic moment 
f ip =  (1 .41049  ±  0 .00013)  X 1 0 - 2(Î J/T (joule/tesla)

=  2 .7 9 2 7 6  ± 0 . 0 0 0 0 7
llnuc

Anomalous magnetic moment of the électron 

^ - 1  =  (1 .159615  ±  0 .0 0 0 0 1 5 )  X lO - -1
/'B

Volume of one kilomole of idéal gas at standard conditions 
V0 = (22.4136 ±0.0030) m3

Boltzmann constant 
k -  (1.38054 ± 0.00018) X10-23 J/deg K

’ -= (1.16049 ± 0.00016) X104- do£ K/oV

Wien displacement-law constant 
b -  (2.8978 ± 0.0004) X 10"3 m-deg K
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Gas constant 
R -  (8.3143 ± 0.0012) XlO3 J/deg K-kmole

Gravitational constant 
G = (6.670 ± 0.015) X10"11 ma/kg-sec2

Zecman splitting constant

= (46.6858 ±0.0004) 1/in-T (1/niotrc-tcsla)

Planck constant
= (6.6256± 0.0005) X 10~34 J-soc (joule-soc)

= (1.05450 + 0.00007) X10-34 J-sec

= (4.13556 ± 0.00012) X10"15 J-scc/G

(joule-sec/coulomb)

= (1.37947 ± 0 .0 0 0 0 4 )  X 1 0 “ 17 erg-sec/esu 
(erg-sec/electrostatic unit)

-  (2.41804 ± 0.00007) X lO 14 Ilz/eV

= (1.23981 +0.00004) X 1 0 - 6 m-eV

= (8.06573 + 0.00023) X105 1/m-eV

First radiation constant
Ci = 2nhc2 = (3.7405 ±0.0003) X lO"16 W-m2

Second radiation constant

c2 = - F =  (1-43879 ±0.00019) X lO -2  m-deg K

Rydberg constant 
RL  = (1.0973731 ± 0 .00 0 0 0 0 3 )  X 1 0 7 1 /m

Stefan-Boltzmann constant 
a = (5.6697 ± 0.0029) X10"8 W/m2 (deg K)4

h

h
9

Jl
9

1
h
ch
1
ch
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Fine-structure constant 
a = (7.29720 +0.00010) X l O ' 3

— =  137.0388 +  0.0019a

-£• =  (1.161385 +0 .000016)  X 1 0 ' 3

a2 =  (5.32492 + 0 .00014)  X 1 0 " 5

First Bolir radius 
o„ = ( 5 . 2 9 1 6 7 ± 0 .0 0 0 0 7 ) X l 0 - “  in

Classical électron radius 
r e =  (2 .8 1 7 7 7 ± 0 .0 0 0 1 1 ) X 1 0 - 16 in

r? = (7.9398 ±  0.0006) X ÎO '3» m2
Thomson cross section

| - w r 2 =  (6.6516 +  0.0005) X 1 0 - 2* in2

Speed of light in a vacuum
c = (2.997925± 0.000003) XlU8 ni/sec

Standard accélération of free fall 
g = 9.80665 m/sec2

Avogadro’s number (Avogadro constant)
N A = (6.02252 ± 0.00028) X1026 1 /krnole

Faraday constant
F = (9.G4870 ± 0.00016) X107 C/kg-cquiv

(coulomb/kilogram-equi valent)
F =  (2.89261 ± 0 .00005)  X lO 14 esu/g-equiv

(electrostatic unit/gram-equi valent)
Neutron rest energy 

mnc2 = (939.550 ± 0.015) MeV
Proton rest energy 

!iipc2 = (938.256 + 0.015) MeV

932



A ppendices

Electron rcst energy 
w.c2 = (0.511006 ±0.000005) MeV

Energy associated with the atornic mass unit 
1 amu = (931.478 ±0.015) MeV

o -
Précisé measurements were made in 1967 of the constant rh
(where e is the elementary charge and h is Planck’s constant) by 
a method based on the Josephson transient effect [see the journal 
Progress of Physical Science (Soviet Physics-Uspekhi) vol. 94, 
No. 2, pp. 353-358, 1968]. This effect consists in the following: 
if a constant potential différence V is applied over two supercon- 
ductors separated by a thin insulating layer (of the order of 
10”7 cm), a superconduction current flows across the junction 
with a frequency

The above-nientioned measurements led to the following results: 

— = (483.5912 ±0.0030) MHz/muV (megahertz/microvoll)

= (4.135725 ± 0.000026) X10'16 J-sec/C (joulo-sec/coulomb)

--- — (1.379526±0.000008)xl0-17 erg-sec/csu

Obtained at the saine time was the following refiiied value of the 
reciprocal of the fine-structure constant a:

-  = (t A — = 137.0359 ±0.0004
a  \  4 K o o F P U n  h  /

and for the velocity c of light in a vacuum, the Rydbcrg constant 
for infinité mass R , the gyromagnetic ratio of the proton gf, and 
the magnetic moment of the proton in Bohr magnetons the
following more exact values were adopted :

c =  2.997925 X ( l ±  0.3 X 10-®) X l 0 8 m /scc

R'oo = 1.0973731 X (1 ±0.1 X10”6) X107 1/m
gp = 2.675192 X ( 1 ± 3 X  10-®) X l 0 8 G/kg

=  1.5210325 X ( l ±  0.5 X l 0 - « ) X l 0 - :'1/B
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Accordingly, the following refined values were obtained for certain 
fundamental physical constants (the digits in the parenthèses 
following each value are to be multiplied by 10“6 after which they 
represent the standard déviation error that coïncides witli the 
standard error of the values adopted in 1963):
Elementary charge e = 1.60220 (13)X10“19C 

e = 4.80328 (13) X10"10 esu 
Planck constant h = 6.62628 (24) X10”34 J-sec 
Avogadro constant N Â = 6.02214 (15)xl026 1/kmole 
Electron rest mass m9 = 9.10965 (14)xl0“31 kg
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Abbe’s sine condition, 662 
Abbe’s zéro invariant, 648 
Aberration, 660 

chromatic, 660, 663 
geometrical, 660 
spherical, 660 

Aberration ellipse, 663 
Absolute System, 335 
Absolute température, 150 

négative, 178 
Absolute zéro, 150 
Absorptance, monocliromatic, 

711
Absorption, 286 

résonance, 858 
of Sound waves, 568 

Absorption edge, 80 
Absorption jump, 800 
Absorptive power, 711 
Accélération, 23 

absolute, 31 
angular, 28 
average, 25 
bulk, 31 
centripetal, 29 
complementary, 31 
convection, 323 
Coriolis, 31 
frce fall, 50 
gravitational, 50 
instantaneous, 23 
kinds of, 31 
linear, 29 
local, 322 
normal, 24

Accélération, radial, 23 
relative, 31 
rotational, 29 
tangential, 24 
transport, 31 

Accélération 4-vector, 541 
Accelerator, charged parücle, 456 

cyclic, 456 
direct-fiel d 456 
inductive, 456 
linear, 456
magnetic résonance, 4 57 
résonance, 456 

Achromat, 664 
Acoustic wave intensity, 559 
Acoustic waves, 550 
Acoustics, 550 

molecular, 575 
physiological, 570 

Actinium sériés, 843 
Action intégral, Hamilton’s 103 

Lagrange’s 103 
Action radii, 832 
Activation energy, 261, 409, 722 
Activity, 202, 842 

optical 690 
spécifie, 842 

Adhérence condition, 329 
Adiabat, 165
Adiabatic curve, Hugoniot., 533 
Adiabatic exponent, 164 
Adron, barion, 895 

meson, 900 
Adsorbate, 286 
Adsorbent, 286
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Adsorption, 286 

activated, 286 
physical, 286 

Affinity, Chemical, 202 
Albedo, 867 
Alfvén wave, 531 
Amagat-Leduc rule, sec 

Amagat’s law 
Amagat's law, 156 
Ammeter, 392 
Amonton’s law, 55 
Amorphous substance, 293 

vitrified, 293 
Ampère (unit), 918 
Ampère force, 435 
Ampère’s circultal law, see 

Total current law 
Ampère’s formula, 435 
Ampère’s law, 435 
Amplifiers, 504 
Amplitude, complex, 556 

relative, 627 
scattering, 750 
of vibration, 113 
of wave, 555 

Analogue method, 338 
Analogy, optical-moolmnical, 

105
Analyzer, light, 684 
Anastigmat, 663 
Angle, Brewster, 610 

contact, 264
of convergence of rays, 616 
diffraction, 632 
of friction, 56 

A ngle, grazing, 64 I 
of incidence, 560 
Macli, 579
of minimum déviation, 647 
nutation, 28, 88 
of precession, 28 
prism, 647 
projection, 657 
of reflection, 560, 605 
of refraction, 561, 605 
of small disturbances, 579 
of view, 656 
wetting, 264 

Angles, Euler’s, 27 
Angular momentum, 78 

conservation of, 81 
intrinsic, 89, 477 

Anharmonieity of vibrations, 275 
Anion, 395
Anisotropy, optical arlifieial, 673 
Annihilation, one-pliolon, 904 

of particles, 904 
Iwo-photon, 904 

Anode, 395
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Antenna, frame, 594 
receiving, 598 
transmitting, 598 

Antiatom, 904 
Antiferromagnetism, 488 

uncompensated, 488 
Antimatter, 904 
Antinode, 565 
Antiquark, 888 
Anti-Stokes lines, 822 
Anti-Stokes radiation, 733 
Aperture, angular, 657 

interférence, 616 
relative, 658 

Aperture ratio, 658 
Aplanat, 663 
Apochromat, 665 
Approximation, adiabatic, 765 
Approximation, quasi-classical, 229 
Apsidal distance, 85 
Arc, electric, 404 
Archimedes’ principle, 320 
Astigmatism, 663 
Aston mass spectrograph, 4 55 
Astronomy, radar, 600 

radio, 600 
Atmosphère, pion, 907 
Atmospheric variations, 910 
Atom, 767 

acceptor, 412 
don or, 411 
mesonic, 774 

Atomic bomb, 884 
Atomicity of electricity, 397 
Atténuation coefficient, 866 
Audibility, threshold of, 571 
Audible Sound, 570 
Augcr effect, 722, 800 
Auger showers, 909 
Auger transition, 800 
Auto-phasing, 458 
Avalanche, électron and ion, 404 
Avogadro’s law, 154 
Avogadro’s number, 150 
Axioms of dimensional analysis, 336 
Axis

of dynamic synimetry, 76 
free, 82 
optic, 674
of intertia, principal, 75 
ray, 677 

Axoid, 27

Babinet’s principle, 632 
Background, noise, 247 
Balance, spring, 24 6 
Balmer-Rydberg formula, 767 
Bal mer sériés, 768
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B and, 702 

conduction, 386, 759 
P-branch, 821 
valence, 759 

Barkhausen effect, 489 
Barometric height formula, 229 
Barrier, potential, 752 
Barion résonances, data on, 896 
Baryons, data on, 892, 896 
Beam, radio, 600 
Beer’s law, 704 
Belt, radiation, 910 
Belt, Van Allen, 910 
Bernoulli équation, 329 
Bernoulli-Euler équation, 331 
Bernoulli intégral, 329 
Berthelot équation of State, 251 
Betatron, 456 
Bethe cycle, 881 
Biological effectiveness, 870 
Biot-Savart-Laplace law, 436 
Blot-Savart law, see 

Biot-Savart-Laplace law 
Blot's inverse-square law, 693 
Biradial, 677 
Biréfringence, 679 

artificial, 681 
Bivariant System, 201 
Body, 15 

black, 711 
grey, 711
perfectly black, 711 
perfectly rigid, 16 
specular, 713 

Boguslavsky-Langmuir équation,
431

Bohr frequency condition, 763 
Bohr magneton, 478 
Bohr radius, 748 
Bohr’s postulâtes, 769 
Boiling, 266
Boltzmann distribution, 228 
Boltzmann’s constant, 155 
Boltzmann’s relation, 241 
Bond, covalent, 807 

heteropolar, 273, 803 
bomopolrr, 273, 807 
metallic, 273 
pi, 806 
sigma, 806 

Born's formula, 751 
Bose-Einstein distribution, 230 
Bose-Einstein statistics, 230 
Boson, 230
Bouguer-Lambert-Beer law, 704 
Bouguer-Lambert law, 703 
Boundary, continuous spectrum, 800 
Boundary-layer Reynolds number.

Boyle-Mariotte law, see 
Boyle’s law 

Boyle’s law, 153 
Brackett sériés, 768 
Bragg law, see Wulff-Bragg formula 
Breit-Wigner formula* 877 
Bremsstrahlung, 597 
Brewster angle, 610 
Brewster’s law, 610 
Broadcasting, radio, 597 
Broadening of spectral lin es 

collisional, 702 
Doppler, 702 

Brownian motion, 248 
Bulk modulus, 248 
Bunsen-Roscoe law, 729

C™ cycle, 881 
Candela, 669
Canonical équations of motion, see 

Hamilton's canonical équations 
of motion 

Canonically conjugate value, 107 
Capacitance, 366 

mutual, 367 
output, 508 

Capacitor(s), 367 
series-connected, 368 

Cardinal planes and points, 655 
Carnot cycle, 170 
Carnot theorem, 171 
Cathode, 395 

composite, 722 
Cathode fall, 402 
Cathodoluminescence, 731 
Cation, 395 
Cauchy relation, 330 
Cauchy-Riemann équations, 331 
Causality principle, classical, 99 
Causality relationship, 536 
Caustic, 661 
Cavitation, 573 
Celsius température scale, 150 
Centre(s), condensation, 256 

of crystallization, 285 
of force, 83 
of gravity, 50 
impurity, 410 
of inertia, 39 
luminescence, 731 
of mass, 39 
of oscillation, 119 
réduction, 37 
scattering, 748 
of vaporization, 267 
wave 554 

Cerenkov radiation, see 
Vavilov-Cherenkov radiation
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Chain, crosslinked, 299 

highly kinked, 304 
main, 299 
network, 299 
polymer, 298 
proton-proton, 88i 
radioactive-transformation, 842 
side, 299 

Chamber, bubble, 872 
ionization, 870 
Wilson expansion, 871 

Channel, entrance, 875 
of nuclear reaction, 875 

Characteristic, dynamic, 508 
quasi-elastic, 137 
static grid, 506 
static plate, 507 
symmetrical quasi-elastic, 137 

Characteristic équation, 126 
Characteristic function, 182 
Characteristic température, Debye, 

283
of rotation, 240 
of vibrations, 239 

Charge, baryon, 893 
bound,352 
effective, 759 
elementary, 397 
free, 352 
hyperon, 894 
induced, 365 
kinds of, 352 
nuclear, 827 
point, 348 
polarization, 373 

Charge-conjugation operation,
894

Charge independence, 890 
Charles’ law, 153
Chemical equilibrium, conditions of, 

199
Chemiluminescence, 731 
Chemisorption, 270, 286 
Cherenkov radiation, see 

Yavilov-Cherenkov radiation 
Child-Langmuir équation, see 

Boguslavsky-Langmuir équation 
Choke coil, 505 
Circle, 

of confusion, 661 
of diffusion, 661 

Circuit, branched DC, 391 
coincidence, 873 
complex DC, 391 
magnetic, 449 
oscillating, 497 
Wheatstone bridge, 394 

Circulation, field intensity vector, 
358

magnetic fieid intensity vector, 
447

magnetic induction vector, 448 
velocity, 323 

Cis-trans-isomerism, 807 
Clapeyron-Clausius équation, 201 
Clapeyron équation, see

Mendeleev-Clapeyron équation 
Classical causality principle, 99 
Classical Langevin function, 372 
Classical mechanics, 15 
Clausius inequality, 182 
Clausius-Mosotti équation, 376 
Clausius theorem, 177 
Close packing, 274 
Coefficient, anharmonicity, 275 

atténuation, 866 
conversion, 434 
of diffusion, 215
Einstein, for absorption of light, 

763
Einstein, of spontaneous émission, 

763
extinction, 709 

Coefficient, Hall, 413 
heat transfer, 278, 334 
of increase of pressure, 190 
of induced émission, 766 
of internai friction, 214, 327 
Joule-Thomson, 188 
linear absorption, 612, 703 
mass, of absorption, 867 
of overall heat transfer, 278 
partial internai conversion, 856 
Peltier, 426 
of performance, 172 
pressure, 190 
of pressure diffusion, 216 
of quasi-elastic force, 116 
reflection, 563, 605 
of restitution, 71 
scattering, 709
secondary électron émission,

433
of self-diffusion, 215 
sound absorption, 569 
of surface ionization, 401 
température, of resistivity, 388 
of thermal diffusion, 215 
of thermal expansion, 189, 275 
Thomson, 430 
transmission, 563, 684, 605 
true, of friction, 56 
velocity, 346 
of viscosity, 214 
virial, 251
of volume expansion, 153, 189 
of volume ionization, 401 

Coercivity, 491
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Colierence method, 459 
Collective, 495 
Collector, 509
Colliding beam method, 459 
Collision, 69 

direct, 70
imperfectly elastic, 71 
inelastic, 71 
oblique, 70 
perfectly elastic, 71 

Colloïdal solution, 269 
Coma, 660
Column, positive, 401 
Combination scattering effect, 822 
Composition of motions, 32 
Composition of velocities, law of, 

540, 31
Compressibility, adiabatic, 190 

isothermal, 189 
Compression, uniform, 289 
Compton effect, 723 
Compton shift, 724 
Compton wavelength, 724 
Concentration, équivalent, 398 

molar, 155 
mole-fraction, 155 
weight, 155 
weight-fraction, 155 

Concentration quenching, 734 
Condensation of vapour, 256 
Condition, adhérence, 329 

of adiabatic flow, 333 
Bohr frequency, 763, 769 
breakdown, 401 
Lagrange-Helmholtz, 650 
Lorentz, 517 

Condition, no-convection, 319 
for normalization, 223 
plasma raréfaction, 407 
slip, 329 

Conditional period, 121 
Conditions for thermodynamic equi- 

librium, 199 
Conductance, mutual, 506 
Conduction, current, 383 

electric, in gases, 399 
electric, of liquids, 395 
électron, 409 
électron impurity, 411 
électron theory of, 384 
extrinsic, 410 
hole, 410
hole impurity, 412 
impurity, 410 
intrinsic, 409 
n-type, 409 
p-type, 410, 412 
in semiconductors, 409 
thermal, 213

Cjcrnduotivily, electric, 3 8 6  
m c i l i r a i ,  2 1 3  
tfcermometric, 277 
tfflipolar, 505 

Conductor in electrost.atic field, 
3 6 3

Conductor, second-order, 395 
Configuration, 301 

electronic, 782 
of System, 65  
zéro, 66 

Conformation, 301 
Conservation of electric charge, 348, 

519
Conservation law(s), 108 

of angular momentum, 81 
of baryon charge, 894 
of isotopic spin, 890 
of lepton charge, 890 
of mass, 38
of mechanical energy, 69 
of strangeness, 894 

Conservation of magnetic flux, 528 
Conservation of momentum, prin- 

ciple of, 44 
Conservation and conversion of 

energy, law of, 109, 
Conservation and transformation of 

energy, law of, 59 
Constant, anharmonicity, 813 

Boltzmann’s, 155 
Cotton-Mouton, 683 
Curie, 482 
decay, 842 
dielectric, 349 
electrodynamic, 434 
Faraday’s, 396 
Fermi, 889 
fine-structure, 747 
gravitational, 48 
ionization equilibrium, 825 
Kerr, 682 
partial decay, 842 
Planck’s, 716 
rotational, 815 
Rydberg, 747, 767 
screening, 770 
spécifie gas, 154 
Stefan-Boltzmann, 713 
thermodynamic equilibrium, 203 
time, of interaction, 889 
universal gas, 154 
Yerdet, 692 
Weiss, 482 
Wien’s, 714 

Constants, universal physical, 929 
Constitutive équation, 515 
Constraint, 19 

bilateral, 19
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Constraint, continued 

external, 19 
géométrie, 20 
holonomie, 20 
internai, 19 
kinematic, 20 
mechanical, 19 
nonholonomic, 20 
rheonomous, 20 
scleronomous, 20 
stationary, 20 
time-dependent, 20 
time-independent, 20 
unilatéral, 19 

Constraint équation, 19 
Continuity équation, 324 
Continuum, 316 
Contraction, latéral, 289 

Lorentz, 539 
Conversion, internai, 856 

pair internai, 856 
Cooler, 170
Cooling energy ratio, 172 
Coordinate, cyclie, 99 

generalized, 92 
ignorable, 99 
normal, 127
normalized normal, 128 
principal, 127 

Copolymer, 300 
Core, 883 

atomic, 770 
Coriolis accélération, 31 
Coriolis inertial force, 57 
Corkscrew rule, 435 
Cornu’s spiral, 626 
Corona, 403

external space of, 403 
négative, 403 
positive, 403 

Correspondence, principle of, 744 
Cosmic rays, 908 

hard component of, 909; 
primary, 908 
secondary, 909 
soft component of,\909 
variations of, 910 

Cotton-Mouton constant, 683 
Cotton-Mouton magneto-optic 

effect, 683 
Coulomb intégral, 778 
Coulomb’s law, 56, 348 
Counter, proportional, 872 

scintillation, 872 
Couple of rotation, 33 
Coupling, j-j, 781 

LS, 780 
strong, 781 
weak, 780

m

Criteria of similitude, 337 
Criterion for resolution, Rayleigh’s, 

665
Critical gap, 404 
Critical Reynolds number, 343 
Crookes dark space, 401, 403 
Cross section, collision, 212 

effective collisional, 212 
gas-kinetic, 212 
mutual collision, 212 
scattarnig, 749 
sound scattering, 570 

Crystal, 272 
atomic, 274 
biaxial, 674 
biréfringent, 679 
bydrogen-bonded, 274 
ionic, 273 
liquid, 259 
inolecular, 274
principal coordinate axes of, 

273
properties of, 272 
pyroelectric anisotropic, 376 
uniaxial, 674 
valence, 274 

Crystallinity of polymère, 309 
Crystallite, 272 
Crystallization, 285 
Curie (unit), 867 
Curie law, 482 
Curie point, 378 
Curie température, 489 
Curie-Weiss law, 482 
Current, 383 

convection electric, 383 
direct, 383 
displacement, 513 
eddy, 468 
electric, 383 
Foucualt, 468 
fluctuation, 247 
induced, 465 
macroscopie, 437 
molecular, 437 
pbotoelectric, 720 
pulsating, 505 
saturation, 400, 432 

Curve, caustic, 661 
isochromatic, 690 
material, 332 
résonance, 124, 502 
shock adiabatic, 533, 575 
shock polar, 578 
Stoletov's 492 
sublimation, 285 
technical magnetization, 490 

Curve plateau, 872 
Cybotaxic région, 261
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Cycle, 151 

Bethe, 881 
C«, 881
carbon-nitrogen, 881 
Carnot, 171 
combination, 173 
Diesel, 173 
direct, 170
dual-combination, 173 
gas turbine, 172 
generalized Carnot, 191 
heat engine, 172 
limit, 144 
reverse, 170 
semistable limit, 144 
stable limit, 144 
theoretical, 172 
unstable limit, 144 

Cyclotron, 457 
frequency-modulated, 458

D-layer, 599
d’Alembert-Lagrange principle, 

102
d’Alembert’s équations, 518 
d’Alembert's inertial force, 57 
Dalton’s law, 155 
Damping, aperiodic, 120

logarithmic décrément of, 121 
Damping factor, 120, 497 
Dark space, cathode, 401 
de Broglie formula, 736 
de Broglie waves, 736 
Debye characteristic température, 

282
Debye-Langevin formula, 372 
Debye number, 406 
Debye screening radius, 405 
Debye shielding distance, 405 
Debye’s T8 law, 283 
Decay, alpha, 846 

beta, 849 
double beta, 849 
électron, 849 
positron, 849 
spontaneous, 842 

Dee, 458
Defect, quantum, 771 

mass, 830 
Deformability, 288 
Deformation, 287 

elastic, 287 
high-elastlc, 310 
permanent, 289 
plastic, 288 
unit, 228 

Degeneracy, exchange, 777 
Pegeneracy parameter, 233

Degree, 150 
of blackness, 712 
of crystallinity, 309 
of dissociation, 396 

Degrees of freedom, 92 
Deionization, 396 

of gas, 406 
Density, 38 

beam, 749
displacement current, 513 
momentum, 520 
probability, 223, 738 
volume energy, 381, 475 
weight, 51 

Deslandres formula, 818 
Deslandres sériés, 819 
Desorption, 286 
Dextrorotary substance, 691 
Dewar flask, 220 
Diagram, s-T, 190 

thermodynamic, 152 
Diamagnetism, 482 
Dichroism, 681 
Dielectric, 369 

polar, 369 
polarized, 371 

Diesel cycle, 173
Différences, contact-potential, 416 

phase, 618 
potential, 359 

Differential équation (s), 
of harmonie motion, 113 
Poisson s, 52 
of motion, 41 

DifTerential Joule-Thomson effect, 
255

Diffraction, Fraunhofer, 631 
Fresnel, 627 
of light, 623 
with parallel ray s, 631 
of radiowaves, 642 

Diffraction grating, 632, 633 
three-dimensional, 640 

Diffraction studies, 642 
Diffusion, 214 

thermal, 289, 290 
Dimensional analysis, axioms of, 

336
Dimensional formula, 336 
Dimensionality, 336 
Dimensionless value, 336 
Diode, 504 

semiconductor, 425 
Dlopter, 652 
Dioptrie power, 652 
Dlpole, electric, 353 

Hertzian, 591 
induced, 369 
magnetic, 445
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Dipole, continued 

permanent, 369 
quasi-electric, 369 

Dirac theory, 905 
Direct current laws, 388 
Direction, 

of easy flow, 424 
of easy magnetization, 489 
of hard magnetization 489 
high-resistance, 424, 425 

Discharge, abnormal glow, 402 
aperiodic, of capacitor, 498 
brush, 404
cathode région of, 401 
corona, 403 
in gases, 400 
glow, 401
nonself-maintaining, 400 
normal glow, 402 
self-maintaining, 400 
toroidal, 886 

Discontinuity, contact, 532 
rotary, 532 
tangential, 532 

Dispersion, 585
anomalous, 586, 694 
of light, 694 
normal, 586, 694 
rotary, 693 
second viscosity, 328 

Displacement, electric, 355 
Virtual, 92 

Displacement law, Wien’s, 714 
Dissipation function, Rayleigh’s, 

97
Dissipative function, 333 
Dissociation, electrolytic, 395 

of molécule, 803 
photochemical, 854 

Distortion, barrel, 663 
image, 663 
pincushion, 663 

Distribution, Boltzmann, 228 
Bose-Einstein, 230 
classical canonical, 225 
électron, in atoms, 793 
Fermi-Dirac, 231 
Gaussian, 243 
Gibbs canonical, 224 
Gibbs microcanonical, 223 
Gibbs quantum canonical, 225 
intensity, 701 
Maxwell-Boltzmann, 227 

Diurnal variations, 910 
Domain, 377, 489
Doppler broadening of spectral 

lines, 702 
Doppler effect, 568 

in optics, 548

Dose, absorbed, 869 
biological, 869 
exposure, 868 
intégral, 869 

Dose data, radiation, 870 
Dose rate, 869 
Double-focusing, 456 
Doublet, spin, 787 
Doubling, lambda, 811 
Drop, voltage, 390 
Dropping charge characteristic, 403 
Dropping discharge characteristic, 

404
Drude-Lorentz theory, 385 
Dualism, wave-particle, 719 
Dulong and Petit law, 283 
Dynamical laws, 222 
Dynamics, 16 

fluid, 321 
relativistic, 541 
of rotary motion, 80 

Dynatron effect, 508

E-layer, 599 
E ray, 679 
East-west effect, 910 
Easy flow, direction of, 424 
Effect, Auger, 722, 800 

Barkhausen, 489 
combination scattering, 821 
Compton, 723
Cotton-Mouton magneto-optic, 

683 
Doppler, 568 
dynatron, 508 
east-west, 910 
émission, 431 
Faraday, 692 
Hall, 412
inverse Zeeman, 784 
isotope, 493, 773 
Josephson transient, 933 
Joule-Thomson, 254 
junction, 415 
Kerr electro-optic, 682 
Knudsen, 220 
latitude, 910 
linear Stark, 790 
longitude, 910 
mechanocaloric, 271 
Môssbauer, 858 
Paschen-Back, 785 
Peltier, 428 
photoelectric, 719 
photoemissive, 720 
photovoltaic, 723 
piezoelectric, 378 
pinch, 886

V 42



Index
Ëffect, continued 

quadratic Stark, 791 
Raman, 821 
rotational isotopic, 819 
Seebeck, 426 
shot, 247 
skin, 472
standard thermal, 205 
Stark, 790 
thermal, 164 
thermoelectric, 426 
Thomson, 430 
transverse Doppler, 548 
tunnel, 755 
Tyndall, 705 
vibrational isotopic, 819 
volume, 303 
Zeeman, 783 

Efficiency, luminous, 668 
thermal, 171 

Eigenfunction, 740 
Eigenvalue, 740 
Eightfold way, 903 
Einstein coefficient for absorption 

of light, 763 
Einstein coefficient of spontaneous 

émission, 763 
Einstein postulate, 728 
Einstein’s équation for Brownian 

motion, 248 
Einstein’s general theory of rela- 

tivity, 53 
Einstein’s photoelectric émission 

équation, 720 
Einstein's spécial theory of relat- 

ivity, 534 
Electric breakdown of gas, 401 
Electric charge, law of conservation 

of, 348 
Electric field, 350 

circuital, 467 
effective, 373 
intramolecular, 808 

Electric and magnetic quantities, 
units of, 918 

Electrochemical équivalent, 396 
Electrode, 395 

corona, 403 
Electrodiffusion, 215 
Electrodynamic constant, 434 
Electroluminescence, 731 
Electrolysis, 395 
Electrolyte, 395 
Electromagnetic field, 350 
Electromotance, 390 
Electromotive force, 390 

fluctuation, 247 
Electron, 348 

conduction, 384

outer, 797 
recoil, 725 
valence, 797, 802 

Electron capture, 849 
Electron cascade process, 909 
Electron detachment factor, 399 
Electron diffraction study, 737 
Electron-optic instruments, 461 
Electron optics, 459 
Electron theory of conduction,

384
Electronegativity, 801 
Electronic tube, 504 
Electrostatic field, 350 

conductors in, 348 
Electrostatic generator, Van do 

Graaff, 364 
Electrostatics, 348 
Electrostriction, 349 
Elément, transition, 792 

transition matrix, 762 
transuranic, 846 

Elementary particle, 887 
properties of, 891 

Eléments of symmetry, 272 
Ellipsoid, momental, 75 
Elongation, 288
Elongation per unit length, 276 
Eman, 868 
Emf, 390
Emission, autoelectric, 433 

cold, 433
photoelectric, 433 
secondary électron, 433 
thermionic, 431 

Emission effect, 431 
Emissive power, 710 
Emittance, luminous, 670 

radiant, 712 
Emitter, 431, 509 
End group, 298 
Energy, 59

activation, 261, 410, 722 
binding, 768 
critical, 861 
dissipation of, 69 
electrical, 379 
Fermi, 235 
free surface, 263 
internai, 157 
intrinsic, 379 
kinetic, 64
law of conservation and conver

sion of, 109 
mechanical, 59, 64 
mutual, of currents, 475 
nuclear binding, 829 
nuclear reaction, 874 
potential, 65
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Energy, continued 

rest, 542 
surface, 263 
threshold kinetic, 874 
volume density of, 38i 
zéro-point, 238, 743 
zéro-point vibrational, 813 

Energy band, 386 
allowed, 756 
forbidden, 756 

Energy-band tbeory of solids, 759 
Energy efficiency of luminescence. 

733
Energy spectrum, 740 
Engine, expansion, 258 
Enthalpy, 159 
Entropy, 177 

of mixing, 180 
Equation(s),

Bernoulli, 329 
Bernoulli-Euler, 331 
Boguslavsky-Langmuir, 431 
Cauchy-Riemann, 331 
characteristic, 126 
Clapeyron-Clausius, 201 
Clausius-Mosotti, 376 
constraint, 19 
continuity, 324 
d’Alembert’s, 518 
Einstein’s, for Brownian motion, 

248
establishment, 145 
Eulerian, for fluids, 325 
Fresnel’s of normals, 676 
Gibbs’, 287, 185 
Helmoltz’s, 185, 555 
Kirchhoff's, 185 
Laplace, 331 
Laue, 640 
Lorentz, 522 
Lorenz-Lorentz, 697 
magnetohydrodynamic, 526 
Maxwell’s, 296, 512 
Mendeleev-Clapeyron, 154 
Navler-Stokes, 326 
path, 18 
Poiseuille, 345 
Rayleigh-Jeans, 715 
Richardson-Dushman, 432 
Saha, 825
Schrôdinger wave, 739 
secular, 126 
of State, 151 

Berthelot, 251 
calorific, 151 
Mayer’s, 251 
reduced, 251 
thermal, 151
Vukaloviçh-Novikov, 251

of stream line, 323 
Thomas-Fermi differential, 776 
transport, 218 
Van der Pol’s 145 
van der Waals, 250 
of vortex line, 324 
wave, 552 
WLF, 315 

Equilibrium, adsorption, 286 
Chemical, 202 
metastable, 200 
stable, 200 
unstable, 200 

Equilibrium distance, 802 
Equipartition of energy, 227 
Equivalence principle, 58 
Equivalent, Chemical, 397 

electrochemical, 396 
Equivalent length of compound 

pendulum, 119 
Establishment équation, 145 
Euler formula, 26
Eulerian équations for fluids, 325 
Eulerian method, 322 
Eulerian variable, 322 
Euler’s angles, 27 
Euler’s équations of motion, 81 
Euler’s kinematic équations, 28 
Eutectic, 285 
Evaporation, 266 
Exchanges, Prevost’s law of, 710 
Exciton, 760 
Expander, 258 
Expansion, latéral, 288 

molecular coil, 304 
thermal, 275 

Exponential law of absorption, sec 
Bouguer-Lambert law 

Exposure, 670 
Extension, longitudinal, 288 

uniaxial, 288 
Extensive quantity, 152 
Extinction coefficient, 709 
Eyepiece, 658

F-layer, 599
Factor, amplification, 508 

atomic scattering, 752 
damping, 120, 497 
électron detachment, 399 
Landé splitting, 786 
mu, 507
neutron-multiplication, 882 
radiation buila-up, 866 
similarity, 338 
static, amplification, 507 

Fajans-Soddy displacement law, 
846
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Faraday dark space, 401 
Faraday effect., 692 
Faraday’s constant, 397 
Faraday’s law of electromagnetlc 

induction, 465 
Faraday’s laws, 396 
Faraday’s United law, 397 
Feeling, threshold of, 571 
Fermat’s principle, 644 
Fermi constant, 889 
Fermi-Curie plot, 852 
Fermi-Dirac distribution, 231 
Fermi-Dirac statistics, 231 
Fermi energy, 235 
Fermi level, 385, 418 
Fermi résonance, 888 
Fermi spectrum, 851 
Fermion, 231 
Ferrite, 468 
Ferroelectric, 377 
Ferromagnetism, 487, 489 
Fick’s first law, 215 
Fick’s second law, 216 
Field, axisymmetric, 460 

critical, 493 
electric, 350 
electrostatic, 350 
gravitational, 51 
intramolecular electric, 808 
magnetic, 434 
physical, 350 
self-consistent, 776 
uniform electrostatic, 350 

Filament, plasma, 886 
stream, 323 
tube, 505 
vortex, 324 

Filter, 505
Fine-structure constant, 747 
Fission, binary, 880 

ternary, 880
spontaneous nuclear, 879 

Fission parameter, 880 
Flaw détection, ultrasonic,

574
Flory température, 305 
Flow, laminar, 342 

plane, 331 
steady, 323 
turbulent, 342 
two-dimensional, 331 
unsteady, 323 
wave energy, 560 

Flow density, diffusion, 216 
Fluctuation, 242 

relative, 242 
square, 242 

Fluid, barotropic, 317 
compressible, 317

idéal, 317
incompressible, 317 
viscous, 317 

Fluid dynamics, 321 
Fluid flow in pipes, 344 
Fluid flow, stabilized, 344 
Fluid mechanics, 316 
Fluid statics, 317 
Fluidity, 261 
Fluorescence, 731 

résonance, 731 
Flux, displacement, 375 

electric, 355
of field intensity vector, 375 
luminous, 668 
magnetic, 449 
radiant, 668 
thermal, 278 

Flux linkage, 465 
Focal length, 651 
Focal plane, 651 
Focal point, 651 
Focus, 142
Focusing, alternate-gradient, 459 

axial, 457 
radial, 457 
strong, 459 

Focusing action, 462 
Force(s), 35 

active, 37 
Ampère, 435 
body, 317 
central, 83 
centre of, 83 
centripetal, 42 
Chemical, 801 
coercive, 491 
conservative, 62 
conservative mass, 317 
Coriolis inertial, 57 
dispersion, 253 
disturbing, 122 
driving, 122 
electromotivc, 390 
external, 37, 389 
generalized, 93 
gravity, 50 
impact, 69 
independence of, 41 
induced electromotive, 465 
induction, 253 
inertial, 57 
instantaneous, 69 
of intermolecular attraction and 

repulsion, 252 
internai, 37
limiting, of static friction, 55 
lines of, 350 
Lorentz, 453

60 — 15009 945



Index
Force(s), continuée! 

magnetizing, 450 
magnetomotive, 450 
mass, 317 
moment of, 72 
motive, 42
of mutual attraction, 48 
nonconservative, 64 
nonstationary, 63 
nuclear, 832 
orientational, 252 
photoelectromotive, 723 
polyharmonic disturbing, 141 
potential, 62 
quasi-elastic, 116 
reactive, 46
reduced disturbing, 136 
reduced, of inelastic résistance, 

139 
résultant, 36 
retarding, 42
spécifie thermal electromotive, 

426 
surface, 318
thermal electromotive, 426 
transport inertial, 57 
van der Waals, 252 

Force function, 63 
Formula(s),

Ampère’s, 435 
Balmer-Rydberg, 767 
barometric height, 229 
Born’s, 751 
Breit-Wigner, 877 
de Broglie, 736 
Debye-Langevin, 372 
Deslandres, 818 
Fresnel, for p-waves, 606 

for s-waves, 606 
Gell-Mann-Nishijima, 894 
Klein-Nishina-Tamm, 725, 865 
lens makers’, 651 
Lorentz transformation, 544 
Mooney-Rivlin, 313 
Newton’s, for conjugate points, 

648 
Nyquist, 247 
Planck’s, 716 
Planck’s radiation, 232 
Rutherford’s, 752 
for spherical mirror, 649 
stoichiometric, 203 
thin lens, 651 
Thomson, 499 
Tsiolkovsky’s, 47 
Weizàcker’s semi-empirical, 837 
Wulff-Bragg, 641 

Foucàult current, 468 
Fourier intégral, 699

Fourier law of heat conduction, 213 
Fourier sériés, 114, 698 
Fraction, mole, 155 

packing, 830 
weight, 155 

Frame of reference, 16, 27, 34 
absolute, 29 
fixed, 27 
geocentric, 35 
heliocentric, 34 
inertial, 34 
lab System, 449 
moving, 27 
relative, 27, 29 

Franck-Condon principle, 765, 819 
Fraunhofer diffraction, 631 
Free articulated segment model,303 
Free fall, 50 
Freedom, degrees of, 92 
Frequency,112 

beat, 114 
carrier, 597 
circular, 113 
combination cycle, 141 
cyclic, 113 
natural, 566 
natural cyclic, 117, 126 
principal cyclic, 126 
résonance cyclic, 124, 502 
of wave, 556 

Fresnel diffraction, 627 
Fresnel formulas for p-waves, 606 
Fresnel formulas for s-waves, 606 
Fresnel zone, 625 
Fresnel's équation of normals, 676 
Friction, angle of, 56 

boundary sliding, 55 
contact, 54 
dry, 55 
fluid, 55 
internai, 54 
kinetic, 55 
rolling, 54 
semifluid sliding, 55 
sliding, 54 
static, 55
thin-film sliding, 55 

Fringe, isoclinic, 621 
isopachic, 620 

Fringe width, interférence, 617 
Fringes of equal inclination, 621 
Fringes of equal thickness, 620 
Front, wave, 555 
Froude number, 339 
Fugacity, 201
Function, characteristic, 182 

dissipative, 333 
excitation, 875 
force, 63

9 4 6



Index
Function, continued 

generating, 106 
Gibbs, 183 
Hamiltonian, 97 
Kirchhoff’s 712 
Langrangian, 94 
Morse, 812 
outer work, 418 
partition, 225
probability distribution, 223 
radial distribution, 259 
spin wave, 779 
State, 152 
wave, 737 
work, 415, 418 

Fundamental particle, 887 
Fundamental unit, 335 
Fusion, 284

G-parity, 895
Galilean transformation, 47 
Galileo’s relativity principle, 48 
Gas, dilute, 218 

electrode, 384 
idéal, 153 
perfect, 153 
real, 250 

Gas mixture, 155 
Gases, kinetic theory of, 207 
Gauge, vacuum, 220 
Gauss theorem, see 

Ostrogradsky-Gauss theorem 
Gaussian distribution, 243 
Gaussian formula for a single spher- 

ical surface, see formula for 
a refracting spherical surface 

Gaussian unit, 922 
Gay-Lussac’s law, 153 
Geiger-Mtllier tube, 872 
Geiger-Nuttal law, 849 
Gell-Mann—Ne'eman octet repré

sentation, 903 
Gell-Mann—Nishijima formula, 894 
Gell-Mann—Zweig ace model, 903 
Gell-Mann—Zweig quark model, 

903
Generalized Carnot cycle, 191 
Generalized total current law, 514 
Generating function, 106 
Generator, 598 
Geometrical optics, 644 
Gibbs canonical distribution, 225 
Gibbs-Duhem relations, 194 
Gibbs équation, 185, 287 
Gibbs free energy, 183 
Gibbs function, 183 
Gibbs function change . standard, 

205

Gibbs microcanonical distribution, 
223

Gibbs’ paradox, 180 
Gibbs’ phase rule, 201 
Gibbs quantum canonical distribu

tion, 225 
Glass, 294 
Globule, 309 
Glow, négative, 401 
Gram-equivalent, 397 
Gram molécule, 149 
Gram-roentgen, 869 
Grashof number, 340 
Gravitation, law of universal, 48 
Gravitational constant, 48 
Gravitational field, 51 

nonrelativistic theory of, 53 
Graviton, 903 
Gravity, centre of, 50 

zéro, 53 
Grid, control, 506 

screen, 508 
suppressor, 508 

Grip phenomenon, 55 
Gyration, radius of, 74 
Gyromagnetic ratio, 477, 478 
Gyroscope, 87 

balanced, 87 
heavy, 87 
spherical, 89 
symmetrical, 87

Hagen-Poiseuille équation, see 
Poiseuille équation 

Half-life, 842 
Half-value thickness, 864 
Half-width, relative, 503 
Hall coefficient, 413 
Hall effect, 412 
Hamiltonian, 97 
Hamilton’s action intégral, 103 
Hamilton’s canonical équations of 

motion, 99 
Hamilton’s principle, 103 
Hardening, cold, 289 

strain, 289 
Harmonie, 115, 570 
Harmonie motion, differential 

équation of, 113 
Harmonie oscillator, 115 

linear, 742
one-dimensional, 742 

Hartree-Fock method. 776 
Hartree method, 775 
Head, dynamic, 330 

kinetic-energy, 330 
piezometric, 330 
température, 334 
velocity, 330
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Heat, amount of, 60 

of fusion, 284 
latent, 200
mechanical équivalent of, 162 
of phase transition, 200 
of physical adsorption, 286 
of reaction 164 
reduced, 177 
spécifie, 161
of vaporization, 201, 268 

internai, 268 
Heat capacity, 161 

atomic, 161 
average, 161 
molar, 162 
of solids, 282 
true, 161

Heat conduction, Fourier law of, 
213 

lattice, 280 
Heat content, 159 
Heat exchange, 59 

convective, 334 
Heat quantities, units of, 918 
Heat transfer, 334 

forced-convection, 334 
free-convection, 334 
natural convection, 334 

Heat transfer coefficient, 278 334 
Heater, 170
Heavy-coat photoplate, 871 
Heisenberg indeterminacy relation, 

740
Helicity of neutrino, 854 
Helmholtz équation, 185 

for voltaic cell, 186 
Helmholtz free energy, 183 
Helmholtz potential, 183 
Helmholtz resonator, 567 
Helmholtz équation, 555 
Helmholtz theorem, 551 
Henry’s vapour pressure law, 269 
Hertzian oscillator, 591 
Hess’ law, 164 
Hooke’s law, 288 
Hopkinson formula, 449 
Hugoniot adiabatic curve, 533, 575 
Hund terms, 809 
Huygens' principle, 623 
Huygens-Fresnel principle, 623 
Hydration phenomena, 269 
Hydrogen bomb, 885 
Hypercharge, 894 
Hystérésis, 139 

dielectric, 378 
magnetic, 491

Illumination, 669 
quantity of, 670

Image, erect, 649 
inverted, 649 
stigmatic, 645 
Virtual, 646 

Impédance, 501 
characteristic, 499 
wave, 499, 553 

Impulse, 40 
instantaneous, 69 

Independence of forces, principle or, 
41

Index, absolute, of refraction, 604 
complex refractive, 604 
of electron-optic refraction, 460 
relative refractive, 561, 606 
viscosity, 307 

Indicatrix, optical, 673 
scattering, 706 

Indistinguishability of identical 
particles, principle of, 230 

Inductance, mutual, 473 
Induction, electromagnetic, 465 

electrostatic, 355, 965 
mutual, 472 
residual magnetic, 491 
saturation, 491 

Induction furnace, 468 
Inertia, centre of, 39 

law of, 34 
moment of, 73 
product of, 74 

Injection of holes, 509 
Integra], Bernoulli, 329 

Coulomb, 778 
exchange, 778 
Fourier, 699 
of motion, 108 
phase, 226 
State, 226 

Intégral Joule-Thomson effect, 255 
Intensity, 350 

electric, 350
of electromagnetic wave, 585 
electrostatic field, 350 
gravitational field, 52 
luminous, 669 
of magnetic field, 437 
of magnetization, 481 
mean spherical, 669 
nonuniform field, 350 
Sound, 559 

Intensive quantity, 152 
Interaction, direct, 875 

electromagnetic, 889 
spin-lattice, 788 
spin-orbit, 782 
spin-spln, 788 
strong, 888 
weak, 889
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Interactions or short-range order, 

303 
Interférence, 

of light, 615 
of polarized rays, 686 
thin film, 619 

Interval, 535 
space-like, 537 
time-like, 536 

Invariance, Lorentz, 538 
relativistic, 538 

Invariant motion équation, 48 
Inverse piezoelectric effect, 379 
Inverse-square law, Biot’s, 693 
Inverse Zeeman effect, 784 
Inversion, combined, 895 
Ion, 395

hydrogen-like, 767 
hydrogenic, 767 

Ion track, 871 
Ionization, 399

of atoms and molécules, 825 
collision, 399, 825 
dissociative, 826 
surface, 400 
volume, 400 

Ionization loss, 859 
Ionosphère, 599 
Iso-processes, 151 
Isobar, 165, 827 
Isobaric pairs, stable, 828 
Isochore, 165 
Isochromatic rings, 690 
Isomer, 807 

nuclear, 857 
rotational, 302 

Isomerism, islands of, 857 
Isomorphism, 2vu 
Isospin, 890 
Isotherm, 165 
Isotope, 828 
Isotope effect, 493, 773

i- j coupling, 781
Joint Institute for Nuclear Re

search, 827, 846 
Josephson transient effect, 933 
Joule heat, see Lenz-Joule heat 
Joule-Lenz law, 387 
Joule-Thomson coefficient, 188 
Joule-Thomson effect, 254 
Joule’s law, see Joule-Lenz law 
Jump, Barkhausen, 489 
Junction, electron-hole, 424 

metal-semiconductor, 418 
p-n, 424
semiconductor-semiconductor, 4 24 

Junction effect, 415

Jurin’s rule, 266

Kelvin circulation theorem, 331 
Kelvin température scale, 150 
Kennelly-Heaviside layer, 599 
Kenotron, 505 
Kepler’s first law, 87 
Kepler's problem, 85 
Kepler’s second law, 84 
Kerr constant, 682 
Kerr electro-optic effect, 682 
Kilogram, 913 
Kilogram molécule, 149 
Kilomole, 149
Kinematic équations, Euler’s, 28 
Kinematics, 16 
Kinescope, 599 
Kinetic energy, 64 
Kinetic theory of gases, 207 
Kirchhoff’s équations, 165 
Kirchhoff’s function, 712 
Kirchhoff’s laws, 391 

for magnetic circuits, 450 
Kirchhoff’s radiation law, 712 
Klein-Nishina formula, see Klein- 

Nishina-Tamm formula 
Klein-Nishina-Tamm formula, 725, 

865
Knudsen effect, 220 
Knudsen’s law, 220 
Koenig’s theorem, 65

Lagrange-Helmholtz condition, 650 
Lagrange-Helmholtz theorem, 650 
Lagrange theorem, see Lagrange- 

Helmholtz theorem 
Lagrange’s action intégral, 103 
Lagrange’s équations of motion ,96 
Lagrangian, 94 
Lagrangian function, 94 
Lagrangian method, 321 
Lagrangian variable, 321 
Lamb shift of levels, 906 
Lambert law of absorption, see 

Bouguer-Lambert law 
Lambert’s law, 670 
Landau-Lee-Yang principle, 895 
Landé splitting factor, 786 
Langevin-Debye formula, see

Debye-Langevin formula 
Langevin dipole-orientation theory, 

see Langevin function, class- 
lcal

Langevin function, classical, 372 
Laplace équation, 331 
Laplace’s law, 265 
Larmor precession, 479 
Larmor’s theorem, 480
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Index
Laser, 766 
Latitude effect, 910 
Lattice constant, 278 
Lattice plane, 641 
Laue équations, 640 
Laval nozzle, 346 
Layer, antibarrier, 422 

barrier, 415, 422 
boundary, 342 
contact, 417, 421 
corona, 403 
D-, 599
double electric, 415 
F-, 599 
F-, 599
balf-value, 867 

Layer, Kennelly-Heaviside, 599 
Least action, principle of, 104 
Le Châtelier principle, 200 
Lee-Yang principle, see

Landau-Lee-Yang principle 
Length, Debye, 405 

path, 18 
proper, 539 
radiation, 861 

Lennard-Jones potenlial, 812 
Lens, 650

achromatic, 664 
aplanatic, 663 
compound, 653 
condensing, 658 
convergent, 461 
converging, 651 
converging meniscus, 651 
diverging, 651 
diverging meniscus, 651 
double convex, 651 
electrostatic, 461 
immersion, 461 
inagnetic, 462 
négative meniscus, 651 
piano-concave, 651 
plano-convex, 651 
positive meniscus, 651 
thick, 650 
thin, 462, 650 
unipotential, 461 

Lens makers’ formula, 651 
Lenz’s law, 466 
Level, acceptor, 412 

Chemical potential, 418 
donor, 411 

Level, Fermi, 385, 418 
localized, 411 
sound-loudness, 571 

Levorotatory substance, 691 
Light, natural, 672 

unpolarized, 672 
Light cône, 537

Light quantities, units of, 927 
Lightning, 404 
Limit, elastic, 289 
Limiting viscosity index, 307 
Line(s), 

of action, 36 
anti-Stokes, 822 
of force, 350 
of impact, 70 
of induction, 435 
nodal, 28 
Stokes, 822 
stream, 323 
vortex, 324 
world, 535 

Line-breadth, 702 
Link, polymer Chain, 301 
Linkage, magnetic, 465 
Liouville’s theorem, 107 
Liquéfaction, cascade, 257 

of gases, 257 
Liquids, 259 

boiling, 256 
nonassociated, 262 
simple, 260 
supercooled, 285 

Lissajous figure, 130 
Little’s model, 496 
Local équivalence principle, 58 
Logarithmic viscosity number, 307 
Long-rangé order, 272 
Longitude effect, 910 
Looming, 609 
Loop, 392 

antenna, 594 
hystérésis, 491 

Lorentz condition, 517 
Lorentz contraction, 539 
Lorentz équations, 521 
Lorentz force, 453 
Lorentz invariance, 538 
Lorentz theory of électrons, 521 
Lorentz transformation, 537 
Lorentz transformation formulas, 

544
Lorenz-Lorentz équation, 697 
Loschmidt’s number, 154 
Loss, hystérésis, 491 

radiation, 859 
Loudness, 571 
LS coupling, 780 
Lumen, 668 
Luminance, 670 
Luminescence, 730 

induced, 731 
metastable, 731 
recombination, 731 
spontaneous, 731 

Luminophor, 731
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Luminous efficiency, 668 
Luminous emittance, 670 
Lyman sériés, 768

Mach angle, 579 
Mach number, 339 
Mâche unit, 868 
Magnetic circuit, 449 
Magnetic field, 434 

internai, 486 
intrinsic, 486 

Magnetic flux, 449 
lines of, 435 

Magnetic materials, 
classification of, 481 

Magnetic phase, 489 
Magnetic Reynolds number, 528 
Magnetic trap, 886 
Magnetization, 481 

saturation, 484 
spontaneous, 489 
technical, 489 

Magnetodielectric, 468 
Magnetohydrodynamics, 525 
Magnetomotive force, 450 
Magneton, Bohr, 478 

nuclear, 834 
Magnétostriction, 492 

linear, 492 
spontaneous, 492 
true, 492 

Magnification, 656 
angular, 654 
latéral, 649 
linear, 649 
longitudinal, 655 

Magnifying glass, 658 
Malus law, 684
Man roentgen-equivalent, 869 
Many-electron problem, 756, 775 
Maser, 766 
Mass, centre of, 39 

critical, 883 
effective, 758 
gravitating, 38 
inert, 38 
reduced, 97 
rest, 541 

Mass action law, 203 
Mass defect, 830 
Mass number of nucléus, 827 
Material, ferromagnetic, 487 
Material System, holonômic, 20 

nonholonomic, 20 
quasi-linear, 145 

Maupertuis-Jacobi principle, 105 
Maupertuis-Lagrange principle, 104 
Maxwell-Boltzmann distribution, 

227

Maxwell-Boltzmann law, 227 
Maxwell’s equal area rule, 257 
Maxwell’s équation, 296 
Maxwell’s équations, 512 
Maxwell’s law of distribution of 

molecular velocities, 208 
Maxwell’s relaxation time, 296 
Maxwell’s rule, 435 
Maxwell’s theory, 511 
Mayer’s équation of state, 251 
Mayer’s relation, 164 
Mean free path, 212 
Mean life, 842
Mean spherical intensity, 669 
Measurement, photometric, 668 
Mechanical equlibrium, conditions 

of, 199
Mechanical équivalent of heat, 162 
Mechanics, 15 

fluid, 316 
Newtonian, 15 
quantum, 736 
relativistic, 541 
statistical, 221 
variational principles of, 101 
wave, 736 

Mechanocaloric effect, 271 
Medium, continuous, 316 

dispersive, 585 
linear, 554
optically anisotropic, 672 
optically homogeneous, 705 
optically pure, 707 
turbid, 705 
working, 170 

Melting, 284 
Membrane, 269
Mendeleev-Clapeyron équation, 154 
Mendeleev’s periodic System, 792 
Meniscus, 264 
Mesh, 392 
Mesh rule, 392
Meson résonances, data on, 898 
Mesonè, data on, 892, 898 
Method, analogue, 338 

cohérence, 459 
colliding beain, 459 
dark-field, 667 
Eulerian, 322 
Hartree, 775 
Hartree-Fock, 776 
Lagrangian, 321 
modeling, 338
nuclear photographie émulsion, 

871
radioactive isotope, 886 
simulation, 338 
statistical, 147
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Method, continued 

thermodynamic, 147 
Thomas-Fermi, 776 
tracer, 886 
turning mirror, 245 
vector diagram, 114 
Wilson-Skobeltsyn, 871 

Métré, 912 
Microfield, 521 
Microparticles, 15 
Microscope, 658 
Microscopy, électron, 464 
Microstate, 230 
Mie scattering, 707 
Mirage, 609
Mirror, convergent, 461 

divergent, 461 
électron, 461 

Mixing, entropy of, 180 
Mobility, 398 
Model, collective, 839 

free articulated segment, 303 
Gell-Mann—Zweig quark, 903 
liquid-drop, 837 
Little’s, 496 
one-nucleon, 834 
pearl-string, 305 

Model, nuclear, 836 
Sakata-Okun composite, 903 
Shell, 838
statlstical atom, 776 
vector, of atom, 779 

Modeling method, 338 
Moderator, 883 
Modulation, amplitude, 597 

of electromagnetic waves, 597 
frequency, 598 
phase, 598 

Modulator, 598 
Modulus, bulk, 290

of canonical distribution, 225 
of elasticity, 288 
instantaneous, 314 
relaxation, 314 
shear, 290 
ultimate, 314 
Young’s, 288 

Molal quantity, partial, 194 
Mole, 149
Molecular physics, 147 
Molecular velocities, Maxwell’s law 

of distribution of, 208 
Molecular weight, apparent, 156 

average, of polymère, 300 
numerical average, 300 
viscosity average, 301 
weight-average, 301 

Molécule, 801 
atomlc, 803

952

effective diameter of, 212 
ionic, 801 

Moment, centrifugal, 74 
dipole, 353 

Moment, electric, of dipole, 353 
electric quadrupole, 835 
of force, 72 
of friction, 56 
gyroscope, 89 
induced dipole, 369 
of inertia, 73 
magnetic, 440 
of momentum, 78 
orbital magnetic, 478 
permanent dipole, 369 
principle, of inertia, 75 
résultant, 72 
spin magnetic, 477 
toreional, 291 

Momental ellipsoid, 76 
Momentum, 39 

angular, 78 
conservation of, 44 
generalized, 95 

Monochromatic light, interférence 
with, 688 

Monocrystal, 272 
Mooney-Rivlin formula, 313 
Morse function, 812 
Morse potential, 812 
Moseley’s law, 799 
Môssbauer effect, 858 
Motion, absulute, 29 

accelerated, 24 
curvilinear, 18 
decelerate, 24 
domain wall, 490 
Euler’s équations of, 81 

Motion, finite, 85 
Hamilton’s canonical é q u a t i o n s  

of, 99 
inertial, 34 
infinité, 85
instantaneous plaue-parallel, 32 
intégral of, 108 
irrotational, 323 
kinds of, 29
Lagrange’s équations of, 99 
mechanical, 15 
Newton’s firet law of, 34 
potential, 323 
rectilinear, 18 
relative, 29 
rotary, 25 
rotational, 323 
subsonic, 340 
supereonic, 340 
translatory, 25 
vortex, 323



Index
Motions, composition of, 32 
Mu factor, 507 
Multiplet, Zeeman, 785 
Multiplets, unitary, 903 
Multiplicity, 399 

degeneration, 223 
of spectral terms, 782 

Muonium, 888

Navier-Stokes équations, 326 
Néel température, 489 
Négative Joule-Thomson effect, 255 
Neptunium sériés, 843 
Nernst postulate, 205 
Neutron, 827 

delayed, 880 
instantaneous, 880 
prompt, 880 

Neutron-multiplication factor, 882 
Newtonian mechanics, 15 
Newton’s équation for viscosity, 214 
Newton’s first law of motion, 34 
Newton's formula for conjugate 

points, 648 
Newton’s problem, 85 
Newton’s rings, 621 
Newton’s second.law of|motion, 40 
Newton’s third law of motion, 42 
Nit, 670
No-convection condition, 319 
Node, 142, 565 
Noise, 570
Nonrelativistic theory of a gravita- 

tional field, 53 
Normalization, condition for, 223 
Nozzle, converging-diverging, 346 

Laval, 346 
Nuclear reaction(s), 874 

classification, 877 
Nucléon, 827 
Nucléus, 827 

compound, 875 
double-magic, 839 
neutron-deficient, 827 
target, 874 

Nuclide, 828
Number, Avogadro’s, 150 

boundary-layer Reynolds, 343 
critical Reynolds, 343 
Debye, 406 

Number, Froude, 339 
Grashof, 340 
inner quantum, 809 
Loschmidt’s 154 
Mach, 339 
magic, 839
magnetic quantum, 786 
magnetic Reynolds, 528 
mass, of^nucleus, 827

Nusselt, 340 
orbital quantum, 808 
parabolic quantum, 790 
Prandtl, 340
principal quantum, 747, 768 
quantum, 900 
of révolutions, 27 
Reynolds, 339 
rotational quantum, 815 
spin quantum, 809 
Strouhal, 339 
transition Reynolds, 343 
vibrational quantum, 813 
viscosity, 307 
wave, 555 

Nutation, 90 
Nyquist formula, 247

O ray, 679 
Objective, 658 

apochromatic, 665 
immersion, 666 

Ocular, 658 
Ohm’s law, 390 

for closed magnetic circuits, 449 
of current density, 386 
for currents in liquids, 398 

Opalescence, critical, 257, 707 
Optic axis, 674 
Optical axis of a lens, 650 
Optical-mechanical analogy, 105 
Optical reversibility, principle of, 

645
Optical structure, three-dimensio- 

nal, 640 
two-dimensional, 639 

Optical System, 653 
idéal, 653 

Optics, Doppler effect in. 548 
geometrical, 644 
métal, 611 
ray, 644 

Orbit, eecentricity of, 85 
électron, 770 

Orbit parameter, 85 
Orbit quantization rule, 769 
Order, 

of forbiddenness, 853 
long-range, 272 
of multiplicity, 855 
short-range, 259 

ürtliostate, 779 
Orthoterm, 817 
Oscillation(s), 112 

circularly polarized, 131 
elliptically polarized, 130 
free electromagnetic, 498 
jsochronous, 118
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Oscillation(s), 

linearly polarized, 131 
natural electromagnetic, 498 
sustained electromagnetic, 500 
torsional, 292 

Oscillator, 115 
anharmonic, 115 
harmonie, 115 
Hertzian, 591 
magnetostrictive, 572 
piezoelectric, 573 
radiation, 715 
ultrasonic, 572 

Osmotic phenomena, 269 
Ostrogradsky-Gauss theorem, 356 

for magnetic induction flux, 449 
Otto cycle, 173 
Outer work function, 418 
Overdamping, 498 
Overtone, 570

P-branch band, 821 
p-wave, 606 
Packet, wave, 585 
Pair, isobaric, 828 
Pals-Radicati-Gürsey scheme of 

SU (6) symmetry, 903 
Parallel axis tbeorem, 74 
Parallel rays, interférence with, 686 
Paramagnetism, 483 
Parastate, 779 
Paraterm, 817 
Parity, 853 

even, 853 
G-, 895
nonconservation of, 854 
odd, 853 

Parity conservation law, 854 
Particle, 15 

fundamental, 887 
long-range alpha, 847 
résonance, 888 
strange, 894 

Particle identification, 871 
Particles, System of, 16 
Partition function, 225 
Pascal’s principle, 319 
Paschen sériés, 768 
Paschen-Back effect, 785 
Paschen’s law, 401 
Path, 18 

optical, 618 
phase, 100 

Path équations, 18 
of paraxial électron beams, 463 

Pattern, interférence, 615 
Pauli exclusion principle, 385, 791 
Pearl-string model, 305 
Peltier coefficient, 426

Peltier effect, 428 
Peltier heat, 428 
Pendulum, 117 

compound, 118 
cycloidal, 118 
double spring, 134 
mathematical, 117 
physical, 118 

Pendulum, simple, 117 
spring, 117 
torsion, 119 

Penetrability, potential barrier, 754 
Penetrance, 507 
Pentode, 509
Performance, coefficient of, 172 
Perihelion, 86 
Perimeter, wetted, 264 
Period, 

of révolution, 26 
of vibration, 112 
of a wave, 556 

Periodic System, Mendeleev’s, 792 
Permeability, 

of free space, 436 
relative, 437 
of a vacuum, 436 

Permittivity, 
of free space, 349 
relative, 349 
of a vacuum, 349 

Perpétuai motion machine, 163, 
176

Perturbation, small, 671 
Pfund sériés, 768 
Phase, 148 

magnetic, 489 
scattering, 751 
of vibration, 113 
of wave, 555 

Phase intégral, 226 
Phase rule, Gibbs’, 201 
Phase transition, first-order, 200 

second-order, 200 
in solids, 283 

Phasotron, 458 
Phonon, 280 
Phonon component, 427 
Phosphor, 731 
Phosphorescence, 730 
Photochemical équivalence, law of, 

728
Photoconduction, 722 

in semiconductors, 410 
Photocurrent, 720 
Photodisintegration, 728 

of deutron, 879 
Photodissociation, 728, 823 
Photoeffect, 719 

barrier-layer, 723
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Photoeffect, continued 

nuclear, 879 
sélective, 722 

Photoelectric effect, 719 
Photoelectric émission équation, 

Einstein’s, 720 
Photoelectron, 720 
Photoemissive effect, 720 
Photofission, 879 
Photoionization, 825 
Photoluminescence, 731 
Photolysis, 728 
Photometry, 668 
Photomultiplier, 873 
Photon, 719
Photoneutralization, 826
Photovoltaic effect, 723
Physical quantity, homogeneous,

336
Physical quantities, like, 336 
Physical roentgen-equivalent, 869 
Physics, molecular, 147 

plasma, 405 
statistical, 221 

Pi bond, 806 
5r-theorem, 337 
Piezoelectric effect, 378 
Piezomagnetism, 492 
Pinch, 886 
Pitch of tone, 570 
Planck's constant, 716 
Planck’s formula, 716 
Planck's radiation formula, 232 
Plane, conjugate, 650 

nodal, 654 
of polarization, 584 
principal, 650 
shear, 290 
vibration, 551 
of vibration, 584 

Plasma, 405 
fully ionized, 407 
gas-discharge, 406 
high-temperature, 405 
ionized, 405 
isothermal, 406 

Plasma raréfaction condition, 407 
Plate, full-wave, 686 

quarter-wave, 685 
zone, 626 

Pleochroism, 681 
Point, boiling, 268 

branch, 392 
branching, 299 
Curie, 378 
eutectic, 285 
focal, 651 
junction, 392 
material, 15

melting, 284 
near, 658 
nodal, 654 
ordinary, 142 
phase, 100 
représentative, 100 
singular, 142 
triple, 201, 286 
world, 535 

Point rule, 392 
Point source of light, 669 
Poiseuille équation, 345 
Poisson’s differential équation, 52 
Poisson's équation in differential 

form, 360 
Poisson’s ratio, 289 
Polarimetry, 691 
Polarizability, 369 
Polarization, 371 

circular, 685
electronic, of a dielectric, 371 
ionic, 371 
longitudinal, 854 
orientational, of a dielectric, 371 

Polarization, spontaneous, 378 
vacuum, 905 
of waves, 551 

Polycrystal, 272 
Polydispersity, 301 
Polymer(s), 298 

atactic, 300 
block, 300 
graft, 300
incompressibility of, 311 
isotactic, 300 
linear, 298
mechanical properties of, 310 
syndiotactic, 300 
three-dimensional, 298 

Polymer molécule, branched, 299 
Polymorphism, 275 
Poly trope, 165 
Polytropic exponent, 165 
Port, entrance, 657 
Position, initial, 19 
Positive Joule-Thomson effect, 255 
Positronium, 774 
Postulate, 

of Einstein, 728 
Nernst, 205 
steady States, 769 

Potential(s), 52 
Chemical, 195 
delayed, 518 
electric field, 359 
electrochemical, 415 
of eletrostatic field, 357 
Helmholtz, 183 
generalized, 97
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Potential(s), continued 

ionization, 399 
isobaric-isentropic, 183 
isobaric-isothermal, 183 
isochoric-isentropic, 183 
isochoric-isothermal, 183 
Lennard-Jones, 812 
mass force, 317 
Morse, 812 
retarded, 518 
scalar, 517 
thermodynamic, 182 
vector, 517 
velocity, 323 

Potential jump, surface, 416 
Potential well, 752 
Power, 62 

of lens, 462 
Power density, thermal, 387 
Poynting vector, 519 
PrandtJ number, 340 
Precession, 89 

angle of, 28 
fast, 90
pseudoregular, 90 
regular, 88 
slow, 90 

Predissociation, 823 
Pressure, 149 

internai, 250 
light, 726 
osmotic, 269 
partial, 155 
sound, 560 
static, 330 

Pressure coefficient, 190 
Pressure shock, 575 
Prévost's law of exchanges, 710 
Principle, Archimedes’, 320 

Babinet’s, 632 
of correspondence, 744 
d’Alembert-Lagrange, 102 
of equipartition of energy, 227 
équivalence, 58 
Fermat’s, 644 
Franck-Condon, 765, 819 
Hamilton’s, 103 
Huygens’, 623 
Huygens-Fresnel, 623 
of indistinguishability of identi- 

cal particles, 230 
Landau-Lee-Yang, 895 
of least action, 104 
Le Châtelier, 200 
Maupertuis-Jacobi, 105 
Maupertuis-Lagrange, 104 
of optical reversibility, 645 
Pascal’s, 319 
Pauli exclusion, 385, 791

of phase stability, 458 
Ritz combination, 765 
solidification, 317 
of superposition of waves, 554 
of temperature-time invariance, 

315
of unattainability of absolute 

zéro, 205-206 
Virtual work, 102 

Problem, Kepler’s, 85 
many-electron, 756 
Newton’s, 85 

Process, adiabatic, 151 
électron cascade, 909 
equilibrium, 151 
isentropic, 178 
isobaric, 151 
isochoric, 151 
isoenthalpic, 159 
isothermal, 151 
isovolumic, 151 
magnetic reversai, 490 
polytropic, 165 
quasi-static, 151 

Processes, thermodynamic, 151 
Product of inertia, 74 
Production, particle and antipar- 

ticle, 904 
Proton, 348, 827 
Psi-function, 737 
Pupil, entrance, 657 

exit, 657 
Pyrometer, radiation, 717 

total radiation, 717 
Pyrometry, optical, 717

Q-factor of circuit, 504 
Quantization, space, 780 
Quantum, 

of action, 716 
energy, 716 
field, 903 

Quantum mechanics, 736 
Quantum yield, 721 

in photoluminescence, 733 
Quark, 888 
Quasar, 601
Quasi-classical approximation, 229 
Quasi-elastic characteristic, 137 
Quenching of luminescence, 734

Jt-branch band, 821 
Radar, 600
Radial distribution function, 259 
Radian, 913 
Radiation, 588 

betatron, 597
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Radiation, continued 

black-body, 714 
braking, 597 
dipole, 589, 855 ' 
electric, 855 
electric dipole, 589 
equilibrium, 710 
gamma, 854 
magnetic, 855 
octupole, 855 
quadrupole, 855 
résonance, 731 
synchrotron, 597 
thermal, 710 
Vavilov-Cherenkov, 546 

Radiation damage, 859 
Radiation doses, 868 
Radiation law, Kirchhoff’s, 711 
Radiative capture, 879 
Radio communication, 597 
Radio source, quasi-stellar, 601 
Radioactivity, 840 

artificial, 840, 886 
induced, 1016 
natural, 840 

Radiogalaxy, 601 
Radiospectroscopy, 824 
Radiowaves, cosmic, 911 
Radius* first Bohr, 748 

of gyration, 74 
nuclear, 829 

Raman effect, 821
Raman scattering, see combination 

scattering 
Raman spectrum, 822 
Range, particle, 862 
Raoult’s law, 270 
Ratio, charge-to-mass, 455 

Poisson’s, 289 
of viscosities, 307 

Ray(s), 556, 580 
canal, 403 
cathode, 403
convergent, interférence with, 689 
E t 679
extraordinary, 679 
gamma, 841 
ground, 643 
homocentric, 645 
light, 644 
O, 679
ordinary, 679 
paraxial, 647 

Rayleigh-Jeans équation, 715 
Rayleigh scattering, 705 
Rayleigh’s criterion for resolution, 

665
Rayleigh’s dissipation function, 97 
Rayleigh’s law of scattering, 706

Reactance, 501 
capacitive, 501 
inductive, 501 

Reaction, Chain, 882 
fusion, 881 
nuclear, 874 
nuclear fission, 879 
photochemical, 727 
photonuclear, 879 
photoproductive, 879 
run-away Chain, 883 
stripping, 878 
thermonuclear, 881 

Reactor, breeder, 885 
nuclear, 884 

Receiver, radio, 598 
Reciprocity law, 729 
Recoil, 857 
Recombination, 402 
Rectifier, 504 

copper-oxide semiconductor, 505 
Rectilincar propagation of light., 

law of, 645 
Reference, frame of, see 

frame of reference 
Reflection, diffuse, 608 

internai, 562 
laws of, 561, 605 
mirror, 695 
order of, 641 
scattered, 608 

Reflection coefficient, 563, 605 
Reflector, 883
Refraction, astronomical, 609 

atomic, 697 
double, 679 
laws of, 561, 605 
molar, 376, 697 
molecular, 376 
spécifie, 697 
terrestrial, 609 

Regge trajectory, 903 
Relation, Boltzmann’s, 241 

Cauchy, 330
Heisenberg indeterminacy, 740 
Mayer’s, 164 
Thomson’s second, 426 

Relations, Gibbs-Duhem, 194 
Relationship, causality, 536 

Williams-Landel-Ferry, 315 
Relative biological effectiveness, 869 
Relativistic mechanics, 541 
Relativity, general theory of, 53 

of simultaneity, 535 
Relativity principle, Galileo's, 48 
Relaxation, 151 

spin-lattice, 788 
stress, 297, 314 

Releasability, principle ol’, 37
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Réluctance, total, 450 
Remanence, 491 
Résistance, 390, 501 

magnetic, 450 
radiation, 592 
thermal, 278 
wave, 658 

Resistivity, 386 
Resolving power, 665 
Résonance, 124 

current, 503 
in electric network, 502 
électron paramagnetic, 787 
Fermi, 888 
giant, 879 
meson, 900
nuclear paramagnetic, 835 
nuclear quadrupole, 836 
voltage, 502 

Resonator, Helmholtz, 567 
Restitution, coefficient of, 70 
Reynolds number, 339 
Richardson-Dushman équation, 432 
Right-hand rule, 466 
Rings, Newton's, 621 
Ritz combination principle, 765 
Rocket thrust, 46 
Roentgen (unit), 869 
Rotary motion, dynamics of, 80 
Rotation, 25 

angular velocity of, 25 
domain, 490 
free, 82 
inertial, 82 
internai, 301, 814 
spécifie, 691 

Rotational constant, 815 
Rotational isotopic effect, 819 
Rotator, 745 

plane, 100 
Rotatory power, 691 
Rule, corkscrew, 435 

left-hand, 435 
Maxwell’s, 435 
mesh, 392
orbit quantization, 769 
point, 392 
rigi^ h and, 466 

Russel-Saunders coupling, 780 
Rutherford (unit), 867 
Rutherford’s formula, 752 
Rydberg constant, 747, 767

«-wave, 606 
s-T diagram, 190 
Saccharimetry, 691 
Saddle, 142 
Saha équation, 825

Sakata-Okun composite model, 903 
Saturation, 377 

technical, 490 
Saturation property, 832 
Scaler, 873
Scattering, elastic, 875 

inelastic, 875 
of light, 705 

molecular, 707 
Mie, 707 
Rayleigh, 705 
Rayleigh’s law of, 706 
résonance, 731 
of Sound, 570 

Scattering cross-section, Thomson, 
865

Scheme, Pais-Radicati-Gtlrsey, 903 
Schrôdinger wave équation, 739 
Screening, 770
Screens, complementary, 632 
Seat of electromotive force, 389 
Secular équation, 126 
Seebeck effect, 426 
Segment, rigid, 303 
Sélection rules, 764 
£elf-excitation, 144 

hard, 144 
soft, 144 

Self-diffusion, 215 
Self-inductance, 469 
Self-induction, 468 
Semiconductor, 409 

électron, 411 
hole, 412 
n-type, 411 
p-type, 412 

Sensitivity, limit of, 245 
spectral, 668 

Sensitizing agent, 729 
Sériés, actinium, 843 

B aimer, 768 
Brackett, 768 
Deslandres, 819 
Fourier, 698 
Lyman, 768 
neptunium, 843 
Pfund, 768 
radioactive, 843 
spectral, 768 
thorium, 843 
uranium, 843 

Shear, 290 
absolute, 290 

Shear modulus, 290 
Shearing stress, 288 
Shell, électron, 792 

nucléon, 838 
Shielding, electrostatic protective, 

365
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Shift, Compton, 725 
energy level, 906 
isotope, 773 
Lamb, of levels, 906 
phase, 734 
red, 548 
violet, 548 

Shock adiabatic curve, 533, 575 
Shock polar curve, 578 
Shock wave, 532, 575 

inclined, 533 
parallel, 533 
perpendicular, 532 

Short-range action theory, 512 
Short-range force action, theory of, 

350
Short-range order, 259 
Shot effect, 247 
Showers, electron-nuclear, 909 

extensive air, 909 
Shunt, 393
Sidéral variations, 910 
Similar physical processes, 337 
Similarity factor, 337 
Similitude, criteria of, 337 

theorems of, 338 
Similitude laws, 463 
Simulation method, 338 
Sine condition, Abbe’s, 662 
Singlet, 782 
Sink, heat, 170 
Size, critical, 883 
Skin effect, 472 
Slip condition, 329 
Snell’s law, 460, 605 
Soddy-Fajans displacement law, 

see Fajans-Soddy displace
ment law 

Softening, 294 
Solenoid, 443 
Solid, 272
Solidification, température of, 285 
Solidification principle, 317 
Soluté, 148 
Solution, 148 

dilute, 268 
true ionic, 269 
true molecular, 269 

Solvent, 148 
Sonar, 574 
Sorption, 286 
Sound, musical, 570 
Sound pressure level, units of, 927 
Source of disturbance, 549 
Source, heat, 170 
Space, configurational, 99 

four-dimensional, 535 
gamma, 99 
phase, 99

Spark, 404
Spécial theory of relativity, 534 
Spécifie gas constant, 154 
Spécifie heat, 161 
Spectral density of radiant 

emittance, 710 
Spectral line, half-width of, 702 
Spectrograph, 660 

mass, 455 
Spectrometer, 660 

mass, 455 
Spectroscope, 660 
Spectroscopic instruments, 659 
Spectroscopy, microwave, 824 

molecular, 824 
Spectrum, 659-660 

absorption, 703 
allowed, 851 
band absorption, 704 
band-type, 702 
continuous, 701 
continuous absorption, 704 
diffuse, 823
electron-vibrational, 818 
émission, 703 
energy, 740 
Fermi, 851 
forbidden, 851 
line absorption, 704 
line-type, 701 
mass, 455 
Raman, 822 
relaxation time, 314 
rotation al, 814 
rotational-vibrational, 820 
truly continuous, 822 

Spectrum, vibrational, 812 
wave, 557 

Speed, 21
of optical instrument, 657 

Sphere of molecular action, 254 
Spin, 477 

isotopic, 890 
nuclear, 834 

Spin wave function, 779 
Spiral, Cornu’s 626 v
Standard conditions, 154 
Standard Gibbs function change, 

205
Standard thermal effect, 205 
Star, supermassive, 601 
Stark effect, 790 
State, degenerate, 223 

équation of, 151 
equilibrium steady, 149 
excited, 772 
ground, 768 
liybrid, 806 
metastable, 772
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State, conlinued 
résonant, 888 
singlet, 806 
standard, 202 
steady, 149 
superconductive, 493 
triplet, 806 

State function, 152 
State intégral, 226 
State sum, 225 
State variable, 148 

external, 149 
internai, 149 
principal, 149 

Statement, unattainability, 206 
States, corresponding, 251 
Statics, 16 

fluid, 317 
Statistical average value, 223 
Statistical laws, 221 
Statistical method, 147 
Statistical physics, 221 
Statistics, Bose-Einstein, 230 

conformation, 302 
quantum, 229 

Steady States postulate, 769 
Stefan-Boltzmann constant, 713 
Stefan-Boltzmann law, 233, 713 
Steiner’s parallel axis theorem, 74 
Steradian, 913 
Stereochemistry, 807 
Stilb, 670
Stokes’ law, 341, 733 
Stokes lines, 822 
Stokes’ theorem, 323, 512 
Stoletov’s curve, 492 
Stop, aperture, 657 

field-of-vision, 657 
Strain, compressive, 288 

unit, 288 
Strangeness, 894 
Stratosphère, pion, 907 
Strength of current, 383 
Strength, tensile, 289 

ultimate, 289 
Stress, 288 

normal, 288 
tangential, 288 

Stress analysis, photoelastic, 682 
Striation, 402 
Strouhal number, 339 
Structure, fine, 782 

hyperfine, 782 
line-band, 820 

SU(3) symmetry, 903 
Subgroup, 792 
Sublimation, 283-284, 286 
Subshell, 792
Subsystem, quasi-closed, 224

Sum over States, 225 
Superconductivity, 388, 493 
Superconductor, 493 
Superfluidity, 270 
Superheat, 256 
Supermultiplet, 902 
Supernova, 911
Superposition of electric fields, 

principle of, 351 
Superposition, principle of, 41 

of vibrations, 114 
of waves, principle of, 554 

Surface, aplanatic, 663 
caustic, 661 
characteristic, 579 
discontinuity, 531, 575 
equipotential, 359 
ergodic, 224 
hydrophilic, 265 
hydrophobie, 265 
normal-velocity, 677 
perfectly matt, 608 
ray, 677
refracting spherical, 648 

Surface, small-discontinuity, 579 
wave, 555, 677 

Surface-active substance, 264 
Susceptibility, electric, 372 

magnetic, 481 
Symmetrical quasi-elastic charac

teristic, 137 
Symmetry, octet, 903 

unitary, 902 
Symmetry class, 272 
Symmetry operation, 272 
Synchrocyclotron, 458 
Synchrophasotron, 458 
Synchrotron, 458 

proton, 458 
System, adiabatic, 148

autonomous nonconservative, 136 
autonomous vibratory, 136 
centered optical, 653 
centre-of-mass, 749 
closed, 37
concurrent force, 36 
conservative, 69 
conservative autonomous, 136 
constrained material, 19 
dissipative, 69 
ergodic macroscopie, 224 
free material, 19 
isolated, 37 
linear, 115 
monovariant, 201 
multicomponent, 194 
multiphase, 194 
nonautonomous vibratory, 136 
noninertial, 35
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System, nonlinear, 115 

nonvariant, 201 
optical, 653 
of particles, 16 
physically uniform, 148 
self-oscillatory autonomous 

nonconservative, 136 
System of units, 335

absolute electromagnetic, 922 
absolute electrostatic, 922 
absolute Gaussian, 992 
absolute physical, 912 
absolute practical, 912 
engineering, 912

Tautochronous paths, 618 
Telescope, 658 

radio, 600 
terrestrial, 659 

Température, 150 
brightness, 718
characteristic, of rotation, 24 0 

of vibrations, 239 
colour, 717 
of crystallization, 285 
Curie, 489
Debye characteristic, 282
degeneracy, 234
électron, 406
Flory, 305
fusion, 284
inversion, 255
Néel, 489
négative absolute, 178 
radiation, 717 

Température, softening, 294 
solidification, 285 
statistic, 225 

Temperature-indicating substance, 
150

Température scale, absolute 
thermodynamic, 172 

Celsius, 150 
Centigrade, 150 
empirical, 150 

Temperature-time invariance, 
principle of, 315 

Tension, surface, 263 
Term, électron, 808 

spectral, 768 
Terms, Hund, 809 
Tetrode, 508 
Theorem, Carnot, 171 

Clausius, 177
of correspond ing States, 251 
Helmholtz’s, 551

Kelvin circulation, 331 
Koenig’s, 65
Lagrange-Helmholtz, 650 
Larmor’s, 480 
Liouville’s, 107 
parallel axis, 74 
/7-, 337 
Steiner’s, 74 
Stokes’, 323, 512 

Theorems of similitude, 337-338 
Theory, Dirac, 905 

energy-band, 759 
of short-range force action, 350 
two-fluid, 270 

Thermal conductivity, électron, 280 
Thermal diffusion ratio, 216 
Thermal effect, 164 
Thermal efficiency, 171 
Thermal equilibrium, 199 
Thermal équivalent of work, 162 
Thermal expansion, coefficient of,

189 
linear, 275 
volume, 275 

Thermion, négative, 431 
Thermochemistry, 164 
Thermocouple, 426 
Thermodynamic degreesof freedom, 

201
Thermodynamic diagram, 152 
Thermodynamic equilibrium, * 

conditions, for, 199 
Thermodynamic equilibrium cons

tant, 203 
Thermodynamic identity, 182 
Thermodynamic parameter, 148 
Thermodynamic process, 151, 166, 

169
compensating, 169 
irréversible, 169 
isentropic, 159 
réversible, 169 

Thermodynamic System (s), 148 
closed, 148 
components of, 148 
heterogeneous, 148 
homogeneous, 148 
isolat ed, 148 

Thermodynamic theory of super- 
conductivity, 495 

Thermodynamic variable, 148 
Thermodyn amies, 147 

basic relationships of, 182 
ftrst law of, 162 
laws of, 147 
phenomenological, 147 
second law of, 176 
third law of, 205
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Thermoelectric effect, 426 
Thermoelectron, 431 
Thermoelement, 426 
Thermometer, gas, 246 
Thermométrie substance, 150 
Thermostate, 224 
Thin lens formula, 651 
Thomas-Fermi differentialéquation, 

776
Thomas-Fermi method, 776 
Thomson coefficient, 430 
Thomson effect, 430 
Thomson formula, 499 
Thomson heat, 430 
Thomson scattering cross-section, 

865
Thomson’s first relation, 430 
Thomson’s second relation, 426 
Thorium sériés, 843 
Three-halves power law, 431-432 
Threshold, 

of audibility, 571 
of feeling, 571 
injection, 911 
pain, 571
photoconductive, 722 

Threshold, photoelectric, 721 
Throttling of gas, 254 
Timbre, 571
Time, dimensionless, 145 

ephemeris, 913 
proper, 538
relaxation, 121, 151, 260 
réverbération, 570 
unit, 27 

Tone, 570
fundamental, 570 
pure, 570 
simple, 570 

Tone colour, 571 
Top, 87 

asymmetric, 815 
spherical, 815 
symmetric, 815 

Toroid, 442 
Torsion, 291
Total current law, 448, 514 
Townsend’s approximate theory, 

401
Tracer method, 886 
Train, wave, 585, 614 
Transconductance, control-grid-to- 

anode, 506 
Transconformation, 302 
Transformation, canonical, 106 

Galilean, 47 
Lorentz, 537 
phase, 200 
point, 106

Transformer, 473 
Transistor, 509 

junction, 510 
Transition, allowed, 765 

Auger, 800 
forbidden, 764, 853 
normally allowed, 853 
phase, 200 
quantum, 761 
radiationless, 800 
résonance, 753 
superallowed, 853 

Transition Reynolds number, 343 
Translation, 25 
Transmission coefficient, 563 
Transport équations, 218 
Transport phenomena, 213 
Transportation, 29 
Trap, magnetic, 886 
Triads, isobaric, 828 
Triode, 506 

junction-type semiconductor, 
510

point-contact germanium, 509 
semiconductor, 509 

Triple point, 201 
Triplet, 782
Transverse Doppler effect, 548 
Tropical year, 913 
Troposphère, 599 
Tsiolkovsky’s formula, 47 
Tube, capillary, 266 

Geiger-Milller, 872 
stream, 323 
vortex, 324 

Tunnel effect, 755 
Turning mirror method, 245 
TV station link, 600 
Two-fluid theory. 270 
Tyndall effect, 705

Ultramicroscope, 667 
Ultrasonics, 572 
Umov vector, 559 
Unattainability of absolute zéro, 

princ pie of, 205-206 
Unit, basic, 335 

cgs, 912 
cgse, 922 
cgsm, 922 
derived, 335 
fundamental, 335 
of measurement, 335 
mk(force)s, 912 
mks, 912 
monomer, 298 
nonsystem, 916 

Universal gas constant, 154
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Universal gravitation, law of, 48 
Universal physical constants, 929 
Uranium sériés, 843

Vacuum, 218 
Valence directivity, 807 
Valency, négative, 802 

positive, 801 
Van Allen belt, 910 
Van de Graaff electrostatic generator, 

364, 456 
Van der Pol’s équation, 145 
Van der Waals équation, 250 
Van der Waals force, 252 
Van’t Hoff law, 269 
Vaporization, 266 
Vapour, 250

dry saturated, 255 
superheated, 255 
supersaturated, 256 
wet saturated, 256 

Variable(s), 
critical, 256 
Eulerian, 322 
Lagrangian, 321 
thermodynamic, 148 

Variational principles, 
differential, 101 
of mechanics, 101 

Vavilov-Cherenkov radiation, 546 
Vavilov’s law, 734 
Vector, current density, 384 

of magnetic induction, 434 
polarization, 371 
Poynting, 519 
résultant force, 37 
Umov, 559 
wave, 556 

Vector diagram method, 114 
Vector model of the atom, 779 
Vector model of the molécule, 

808
Velocities, gas, 210 
Velocity, 20 

absolute, 30 
areal, 22
arithmetic mean, 210 
average, 22 
bulk, 31
circular orbital, 87 
critical, 346 
escape, 87 
gas, 210 
generalized, 92 
group, 586 
instantaneous, 20 
intrinsic angular, 89

kinds of, 19 
linear, 26
most probable, 210 
normal, 675 
parabolic, 87 
phase, 555 
radial, 21 
ray, 675 
relative, 30 
root-mean-square, 210 
temporal mean, 342 
transport, 31 
transverse, 21 

Velocity circulation, law of 
conservation of, 331 

Velocity coefficient, 346 
Velocity core, undisturbed, 344 
Velocity 4-vector, 540 
Velocity vector, average, 22 
Verdet constant, 692 
Vibration(s), 112 

amplitude-modulated, 115 
damped, 121, 132 
forced, 122, 133, 139, 141 
free, 115, 137, 138 
frequency-modulated, 115 
full, 112 
harmonie, 112 
harmonie analysis of, 115 
intramolecular, 812 
kinds of, 125 
magnetostrictive, 492 
modulated, 115 
nonlinear, 115 
parametric, 137 
phase-modulated, 115 
self-induced, 141 
sinusoïdal, 112 
small, 116 
subharmonic, 141 
superposition of, 114 
undamped, 117 

Vibrational isotopic effect, 819 
Video signal, 599 
Virial coefficient, 251 
Virtual work, 93 
Virtual work principle, 102 
Viscoelastic property, 296 
Viscoelasticity, linear, 313 
Viscosity, 54, 214 

bulk, 327 
dynamic, 327 
intrinsic, 307 
kinematic, 327 
magnetic, 527 
Newton’s équation for, 214 

Viscosity, relative, 307 
second, 327 
spécifie, 307
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Viscosity nuinber, 307 
Visibility of fringes, 618 
Vitrification, structural, 293 
Voltage, 390

anode, 431, 506 
breakdown, 368, 401 
corona, 404 
cutoff, 506 
grid-to-cathode, 506 
sparkover, 404 

Voltaic cell, Helmholtz 
équation for, 186 

Volta’s laws, 416 
Voltmeter, 393
Volume, effective excluded, 306 

intrinsic, 250 
molar, 149 
partial, 156 
spécifie, 149 

Volume effect, 303 
Volume expansion, coefficient of, 

153, 189
Volume increase per unit volume, 

276
Vukalovich-Novikov équation of 

State, 251

Wall, domain, 489 
Wave(s), 549 

acoustic, 550 
Alfvén, 531 
carrier, 597 
cohérent, 614 
cylindrical, 557 
de Broglie, 736 
elastic, 549 
electromagnetic, 580 
elementary, 623 
entropy, 530
harmonie longitudinal, 555 
hypersonic, 572 
incohérent, 614 
infrasonic, 570 
latéral, 564
magnetohydrodynamic, 529 
magnetosonic, 530 
monochromatic electromagnetic, 

583
p-, 606
plane electromagnetic, 582 
plane longitudinal, 553 
polarized plane, 584 
probability, 737 
reflected, 560, 603 
refracted, 560, 603 
running, 553

s-, 606
secondary electromagnetic, 603 
shock, 532, 575 
side, 564 
sine, 555
sinusoidal longitudinal, 555 
sonie, 550 
standing, 564 
stationary, 564 
travelling, 553 
ultrashort, 599 
ultrasonic, 570 

Wave-corpuscle dualisin, 719, 737 
Wave équation, 552 
Wave mechanics, 736 
Wave number, 555 
Wave parameter, 629-630 
Wave vector, 556 
Wavelength, 556 

Compton, 724 
Weber-Fecliner law, 571 
Weight of a body, 51 
Weightlessness, 53 
Weiss constant, 482 
Weizsàcker’s seini-empirical for

mula, 837 
Wetting,264 

idéal, 265 
Wheatstone bridge circuit, 394 
White light, interférence with, 688 
Width, partial, 876 
Wiedemann-Franz law, 387 
Wien law, 713 
Wien’s constant, 714 
Wien’s displacemcnt law, 714 
Williams-Landel-Ferry relationship, 

315
Wilson cloud chamber, 871 
Wilson-Skobeltsyn method, 871 
Windings, transformer, 474 
WLF équation, 315 
Work, 60 

expansion, 160 
of ionization, 399 
thermal équivalent of, 162 
Virtual,|93 

Work function, 415, 418 
Working substance, 170 
World point, 535 
Wulff-Bragg formula, 641

X-rays, 798
characteristic, 798 
continuous, 798 
white, 798
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Yang-Lee principle, see Landau- 
Yang-Lee principle 

Yield of nuclear reaction, 875 
Young’s modulus, 288

Zeeman effect, 783 
Zeeman multiplet, 785

Zeeman splitting of nuclear levels, 
835

Zéro invariant, Abbe’s, 648 
Zone, Fresnel, 625 

half-period, 625 
of hydrodynamic stabilization, 

344 
wave, 588
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